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ABSTRACT. Proximity, contiguity and nearness structures are here
studied from a unified point of view. In the discussion the role that
grills can play in the theory is emphasized. Nearness structures were
recently introduced by Herrlich and Naimpally. Thron pointed out the
importance of grills in proximity theory. Nearness structures v are then
used to generate proximity extensions (¢, (X V, Ilv)) of a given LO-
proximity space (X, II), where l'lu=Il. Finally, the relation of the exten-
sions (¢, (XV, l'lv)) to arbitrary extensions (i, (Y, oY) is investigated.

1. Introduction. It was shown by Smirnov [16] that EF-proximities can
be used to generate all T ,-compactifications of a given Tychonov space.
Somewhat later Ivanova and Ivanov [8] introduced contiguity structures and
showed that they can be employed to obtain a large class of T -compactifi-
cations of a given T -space. The concept of contiguity was further inves-
tigated and slightly modified by Terwilliger [17]. Very recently Herrlich,
Naimpally, and Bentley [6], [12], [2] have introduced nearness structures
and have applied them, among others, to the study of extensions of spaces.
Also recently Thron [19] brought out the importance of grills in proximity
theory.

All of these ideas and concepts are brought to bear here on the study
of proximity extensions of proximity spaces. We introduce a construction
which may have been first suggested by Bentley (see [14]) and is similar
to one employed by Herrlich to obtain completions of N-spaces. The con-
struction associates with every nearness structure v, compatible with the
given proximity II on X, proximity extensions (X", II”) of the original
space (X, II). This is done in §3. That the simple construction of proximity
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extensions, employed by Leader [10] for EF-proximities cannot be extended
to LO-proximities was recently shown by Naimpally and Whitfield [14]. In
$4 we investigate to what extent all proximity extensions can be obtained
as (X V, ™).

In $2 we take another look at the definitions of proximity, contiguity,
and nearness. This is done partly to emphasize the importance of the con-
cept of grill, which appears naturally in A() as well as in maximal A-com-
patible families (for A a contiguity or a nearness). We are also able to bring
out the similarities as well as the differences between the three types of
structures.

A structure A shall be called clan (bunch) generated if it satisfies the
condition

% € A =3Ja A-clan (bunch) 8 such that ¥ C G,

It is known [19] that all basic proximities are clan generated. In $2 we
show that the same is true for all basic contiguities. Very recently Naim-
pally and Whitfield [13] have given an example of a nearness which is not
clan generated. It follows that in this important respect nearness structures
are much more complicated than proximities or contiguities.

Bunch generated structures are exactly the ones which can be topologi-
cally induced. A structure A on X is said to be topologically induced if
(X, c)) can be embedded via a map ¢ in a topological space (Y, d) and U=
[4;:i €l e if |¥| is appropriately restricted and Nd($(4,): i e 1£g.
Here c, is the closure operator induced by A (see Definition 2.5). For
details on this result see Bentley [3].

In what follows there is always an underlying nonempty set X and fre-
quently also a set Y DX, It will be convenient to denote elements of X or
Y by %, y,..., subsets by A, B,.... Families of subsets will be denoted
by ¥4, B,... . In particular § will be used for filters, 1, B for ulerafilters,
and @ for grills. Letters a, B, ¥5... shall be used for collections of families
of sets (i.e. aC B(P(X))). For nearness structures we shall use v, gy...,
for contiguities &, {s..., a collection which may be any of the three struc-
tures shall be denoted by A,.... However, for proximities we shall continue
to use 1L

In analogy to its use for relations we shall employ the notation A) to
mean AW) = [A: [AJU YU € Al. In addition A([[x]]) shall be simplified to
A(x) and II([A]) to TI(A). Otherwise we shall refrain from using abbreviations.
In particular we shall write & €A or ¥ £A. The notation |A|, |¥|,... refers
to the cardinal number of the set under consideration.
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Clusters were initially defined for proximities by Leader [10] as A-
closed A-clans (see Definition 2.8). We use this definition also for conti-
guities and for nearness structures, for both of which one can prove (Theo-
rems 2.4 and 2.5) that the A-closed A-clans are exactly the maximal A-com-
patible families. Thus there is no real conflict between our definition and
that of Herrlich, Naimpally, and Bentley (6], [12], [2] who, for near struc-
tures, define a cluster as a maximal A-compatible family. In order to save
space many straightforward proofs shall be omitted or given only in outline.
The authors would also like to thank S. A. Naimpally and the referee for a
large number of valuable comments.

2. Proximities, contiguities, and nearness structures. We begin by re-
calling the definition of a stack and a grill.

Definition 2.1. A family Gof subsets of X is called a stack on X if it
satisfies ADB€EG = A € @ A stack @ on X is called a grill on X if it
satisfies the conditions F£8; AUBec@=AcBGorB €@,

A proximity is usually considered as a relation on X, but since it is
assumed to be a symmetric relation it can be taken to be a collection of two
element families [A, Bl. This enables us to make the following definition.

Definition 2.2. A collection II of families of subsets of X is called a
basic (or Cech) proximity on X if it satisfies the requirements:

P :Uell=|¥| =2,
P:|¥=2 NULg=Ae,
P,: 1I(4) is a grill on X for all A CX..

The equivalence of this definition to Cech’s [4] is established in [19].

In Terwilliger’s modification of Ivanova and Ivanov’s definition of a
contiguity the LO-condition and separatedness are still included. We remove
these conditions in defining a basic contiguity.

Definition 2.3. A collection £ of families of subsets of X is called a
basic contiguity on X if it satisfies the conditions:

Co: e =¥ <X,

Ct [ <Ry MU LB =U e,

C,: &) is a grill on X for all U C P(X),
C3:%Cﬂef=%€§.

For every infinite cardinal number C one can define a C-contiguity by



106 M. S. GAGRAT AND W. J. THRON

replacing the requirement || < X in C; and C, by Y| < C.
It is helpful to introduce an operation @ as well as a relation > on
families of subsets of X. We have

UOB=[AuB:4€¥ BeB]
and

B>Ue=VBeB 3JAe U such that B DA.

In terms of this notation we can, following Naimpally [12], define a basic
(or Cech) nearness as follows:

Definition 2.4. A collection v of families of subsets of X shall be
called a basic (or Cech) nearness on X if it satisfies:

I:n?«[;éjzf-_-»?leu,
yUev=g¢,

B;:B>¥ and Yev=Bey,
c 84y, Bev=UQB{,

In the sequel it will be convenient to omit the prefixes ‘‘basic’’ or
*‘Cech”’. Thus a nearness is understood to be a basic nearness and simi-
larly for proximities and contiguities.

With these definitions we are able to prove:

Theorem 2.1. (a) Let |U| < X |B| < K and let £ be a contiguity then

() B>Uand U eé& =B e,

(i) UEEBEE=UDBEEL,

b) U e = UC\), where X may be a proximity, contiguity or near-
ness.

(c) If v is a nearness on X then v(U) is a grill on X for all L C P(X).

Proof of (a). Let B = [Bl, cees Bm]. If B> U then for every B p there
exists an A, € U, such that B,JOA,. Here 4 = Aj, k£ j, is possible. Set
U= [Al,-- . Am], then U'C Y. Hence by C3 and the assumption U € &
we have U’ € £, Set ‘l[;: [Bl"' .y Bk, Ak+1’ ceey Am]. Then %1' € & since
from A € f([Az, ceey Am]) it follows by C2 that B, € f([Az, ceey Am]) and
hence that ¥ € £, Now assume that 2[,: €é. Then A, € {'(?I,: ~ [Ak+ l])
and hence B, € f(?I,:'\» [Ak+ 1]), that is QI,:“ € £, By induction we thus

arrive at ?I;:% € £, This establishes (i). We now turn to the proof of (ii).
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Set ¥ @ B =C. Further, let A = [Al"" , An], B =A[BI""’ Bm] and
define U =[A;:i<s], B =[B:j<sl. Then U=U  andB=%B .
Assume € € £, Either %mﬂ UC€ =8 UC €¢, in which case B € ¢ follows
from C, or there exists a least £, 1 < k< m + 1 such that %k UG £E
Since B, =@ and U € =€ €{ we must have k> 1. Set 7=k~ 1, then
B,UC €{. Further, if B, €£{(B,uC)then[BJUB UE=8 ULC-=

%k U € € ¢, which is a contradiction. Hence B UuCefand B, ¢§(23ru €).
We next observe that since 211 =@ it is true that 211 U B’ U eé. Let
1< t<m. Assume that we know that L, UB UC e, Now A UB €U @
%:@C?It U 93r UC. Hence A,UB ef(?[t U 23ru €). Since B ¢

£, €) it is true, a fortiori, that B, ¢ (&, U B U €). This fact, together
with C,, yields 4, € rf(?lt U ‘Bf U €) and hence ?I“_l U %r uCeé By
induction and recalling that W = U, we conclude thart YU B U E €&,
Using C, it then follows that ¥ € £,

Proof of (b). The result follows from the observation that A € &4 =
[A] vl = ?I,

Proof of (c). Set €=[CluW and D=[DIU Y. Then €C@D >[Cc U
D]JU¥. Assume CU D €v®). This is equivalent to [CUDIU U €.
Hence by B;, € @ 9 €v. An application of the contrapositive of B 4 Vields
Cevordev. Thus C ev®)or D € vA). Now assume that E D F € py@).
Then [F1U ¥ € v and hence, by B3, [Elu ¥ e, that is E € v¥). Clearly
@£ v@) and hence () is a grill.

The analogues of B, and B thus are also valid for contiguities. It is
also clear that C 2 follows from (a)(i) and (ii). The proof is completely
analogous to that for (c). The analogue of C, holds for nearness structures.
However we are not able to derive B3 and B 4 from it, since in those axioms
we may be dealing with infinite families ¥ and B. The axioms B 3 and B,
can be derived from the following:

L BCc%andU ev=Bevw.

II: Let B be well ordered by indexing B = [B].] by means of ordinal
numbers andset%j=[3i:i<j]. Then %iU@ €v Vi<j”%ju@ Ev
provided either B > € or € = U @ B for some U ¢ v.

The proof resembles the proof of (a) but is by transfinite induction.

Finally, note that if I is a proximity and [A, B] € Il then II([4, B]) =
[4, B It follows that II¥) is not always a grill.

Definition 2.5. For a nearness v on X we define
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£, =W Uey, |¥) < X I,=[Uey, |¥| =2],
cv(A) = [x: [[x] Ale vl

For a contiguity £ on X we have

D= Uef, [A=2], c4)=l:I[l] Aleél

If Il is a proximity on X we define cpd)= [x: [[x], Al eTIL.
The following results are immediate.

Theorem 2.2. The family £ is a contiguity on X: I, and 11 g are
proximities on X. The functions c , s and cp are Cech closure operators
on X. Finally, Il = va’ c,= c§u=.cnfv.

Definition 2.6. A proximity (contiguity, nearness)A is called a LO-
proximity (contiguity, nearness) if it satisfies the additional condition:
eya):ieea=[Aziellea

Definition 2.7. A proximity (contiguity, nearness) A is called separated
if it satisfies the additional condition [[x], [yll eA = x = y.

A LO-nearness induces a LO-contiguity, which in turn induces a LO-
proximity. However a non-LO-nearness may induce a LO-contiguity, and a
non-LO-contiguity may induce a LO-proximity. This is illustrated by
Examples 2.2 and 2.3 below.

It is well known that the closure operator induced by a LO-proximity
(and hence by any LO-structure) is a Kuratowski closure operator.

Definition 2.8. Let A be a proximity, or contiguity, or nearness on X,
then a family ¥ C B(X) is called A-compatible if B C U (and |B| = 2, or
IB| < R, if appropriate) implies B € A. The family ¥ is called A-closed if
[A1UB €, for all BC U (and |B| =1, or |B| < R, as appropriate), implies
A €U, If A is a nearness then a family ¥ is A-closed iff AQL) C U.

A A-compatible grill is called a A-clan. Finally, a A-closed A-clan is
called a A-cluster,

The next result was proved for separated LO-contiguities by Terwilli-
ger [17]; it is also, in a disguised form, asserted by Herrlich [6] for LO-
nearness structures.

Theorem 2.3. Let A be a contiguity or a nearness on X. Then every
maximal \-compatible family U is a grill and hence a maximal A-clan on X.

Proof. Except for the *‘union property’’ of U the proof is straightfor-
ward. We shall consider the case where A is a contiguity. For nearness
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structures the argument is somewhat simpler. Set a = [B: BC ¥, |B| < X L.
Let A U B € U, Thenfor all B € awe have [A UB]UB €. Now either
[AJUB e forall Bea, or [B1UB € for all B € a, or there exist families
93-1 and 32 in a such that [4] U%l £)\and [B]JU %2 ¢ A. Then by (a)(ii) of
Theorem 2.1 ([A] USBI) @ ([B] UBZ)= € ¢X. However € >[AUBluU

(931 U %2) and ‘Bl (@] 932 €a. Thus [AUBluU (§Bl V] .‘Bz) € A. This contra-
dicts (a)(i) of Theorem 2.1. Hence either [AJU ¥ or [B] U is a A-com-
patible family. It follows from the maximality of ¥ that A € ¥ or B € U.

Theorem 2.4. Let A be a proximity, or a contiguity, or a nearness. Then
every A-cluster is a maximal A\-clan and a maximal A\-compatible family.

Theorem 2.5. Let A be a contiguity, or a nearness. Then every maximal
A-compatible family is a A-cluster.

Proof. Since every maximal A-compatible family ¥ is a A-clan by Theo-
rem 2.3, it suffices to show that [A] UB € for all BC YU with the appro-
priate cardinality restriction implies A € Y. This clearly follows from the
maximality of ¥ as a A-compatible family.

Theorem 2.6. If A is a proximity or contiguity then every A-compatible
family is contained in a maximal A-compatible family,

For a contiguity £ it now follows from Theorems 2.3 and 2.6 that every
&-compatible family is contained in a maximal é-clan. Hence all contigu-
ities are clan generated.

Using Theorem 2.7 it is easy to construct examples of nearness struc-
tures v, where not ali v-compatible families are contained in maximal
families.

Example 2.1. Let X=AUB,ANB=g,|A|> R, |B|> K. Leta
closure operator ¢ be defined on X by requiring that X, A, B and all finite
sets form a subbase for the closed sets of the space. Define a proximity m*
on X by: [C, D] € IT* iff c(C) N c(D) # @ or both C and D are infinite. Then

B-[c:CcCX,|C|2R,]
=Ull: is a nonprincipal ultrafilter on X]

is a maximal T*-clan. The maximal H*-compatible families containing B are
S =D:aeD,DNBEZF UBand F, =[D: b€D, DNA£ZI UB where a €4,
b € B. It is also clear that B is not a T*-cluster. Even for an EF-proximity
I there may be maximal [l-compatible families which are not clusters. An

example can be constructed by considering the three sides of a triangle in the plane.
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We can summarize the results obtained above, by considering the follow-
ing statements:

(A) A clusters are maximal A-clans and maximal A-compatible families,

(B) maximal A-compatible families are grills,

(C) maximal A-compatible families are A-clusters,

(D) A-compatible families are contained in maximal A-compatible fami-
lies,

(E) maximal A-clans are maximal A-compatible families.

The following table now gives the desired information:

A B Cc D E
proximity | yes | g0%.1 | Exc21| YeS | Ex. 2.
contiguity yes yes yes yes yes
neamess yes yes open Th"%.7 | open

Theorem 2.7. Let [8,: i € 11 be a family of grills on X with the property
that for every x € X there exists an i such that [x] € @i. Then v defined
by U e v iff UC 8, for some i €1, is a basic nearness on X.

Proof. We show that B 4 holds, the other properties are easily seen
to be true. If U £ v then for every i € I there exists a set A, €A such
that A, £ 8. Similarly B £ v implies the existence of sets B, € B such
that B; £ @i‘ Now assume that ¥ @ B € v. Then there exists a j € I such
that ¥ @ B C @J.. In particular 4, U B, must be in @J. but this is a contra-
diction since neither A j mor B]. belongs to @j‘

The following stronger theorem holds for contiguities.

Theorem 2.8. Let [8: i € 1] be a family of grills on X satisfying the
two conditions

(a) for every x € X there exists a @i such that [x] € @i’

(b) i4j—=8,26.
Then & defined by W € & iff W C @, for some i and |U| < R is a basic con-
tiguity on X. Every contiguity £ on X is generated by the family of all its

maximal é-clans.

Proof. The proof of the first part is completely analogous to the proof
of Theorem 2.7. The second part follows from Theorems 2.3 and 2.6.
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Theorem 2.8 can be thought of as a representation theorem for conti-
guity structures since it asserts that all such structures are of the simple
type described there.

Theorem 2.9. Let A be a proximity, or contiguity, or nearness on X.
Let S C X. Define Ag = [A: AL er nBSBEN], then Ag is a proximity, or
contiguity, or nearness on S. A is called the structure induced by \ on S.
Finally, if A is a LO-structure then so is Ag.

Definition 2.9. If A is a proximity, or contiguity, or nearness on X then
the pair (X, A) is called a proximity space, or a contiguity space or a near-
ness space,

Definition 2.10. A mapping f: (X, A) — (Y, 1) is called a proximity
map, or a contiguity map, or a near map if L e\ = [f(A): A e U] € . The
expressions p-comtinuous, c-continuous and n-continuous are also used.

Definition 2.11. A structure A will be said to be larger that a structure
X' if A, considered as a collection of families of sets, contains A'.

We now turn to the discussion of some special nearness and contiguity
structures and to some examples.

Definition 2.12. Let £ be a contiguity on X and let [@ifz i € 1] be the
family of all maximal é-clans. By v(€) we shall denote the collection
[A: A c @;’: for some 7 € Il.

[@f] is a family of grills and satisfies the conditions of Theorem 2.7,
hence v(£) is a nearness. Since every U € ¢ is contained in a maximal &-
clan it is true that fy( &= £. From this equality it also follows that for
every contiguity £ there is at least one nearness, namely v(€), which induces

it.

Theorem 2.10. Let v be a nearness which satisfies the condition:
Ufviff IBCYU,|B[< KR, B£v. (That is: v is a *“*contigual nearness"’
as defined by Herrlich [6).) Then v = W€ ,), where & is the contiguity
defined in Definition 2.5. Moreover, v is clan generated. Finally, for any

contiguity & the nearness v(£) is a contigual nearness,

Proof. That v =v(£,) can be seen as follows: A e v iff VB CU, |B| <
K, Bev,iff U is a £ -compatible family, iff ¥ C 8, where 8, is a maxi-
mal £ -clan, iff ¥ € u&,). Clearly all ¥(£) are clan generated. The last
assertion can be proved by substituting V() for v in the first argument and
recalling that £, ) = ¢,
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Definition 2.13. Let A be a proximity or a contiguity or a nearness on
X. A \-clan @ on X will be called a A-bunch iff b(@) = [A: c\(A) e 8]=8.

Theorem 2.11. If A is @ LO-structure on X then every maximal A-clan
on X is a A-bunch.

Proof. This is an extension of a theorem proved for proximities by
Thron [19].

Now let (X, II) be given and consider any nearness structure v such
that II =1L Let [@?: i € I] be the collection of all maximal Il-clans. If
¥ € v then U is £ -compatible and hence there exists a maximal £, -compat-
ible family §, which is a £ -clan, such that ¥ C §. § is a [I-clan and hence
9 is contained in one of the maximal Il-clans @?. It is thus easy to see
that there is a largest nearness V1, which induces II. It is defined as fol-
lows: v = [U: A C @? for some i € Il. It is slightly easier to show that
EM_ U U< K, UqC @? for some 7 € I] is the largest contiguity which
induces IL

If [A, B] €Il there are in general several ways (but always at least
one) of choosing ultrafilters 11“2 and 11‘?3 sothat A € Hg ,Be€ 11‘; and @ AB=
115 U 11’; is a ll-clan. (This is shown in [19].) Any collection [U:
A C @A,B for some [A, B] € Il] is a clan generated nearness. That these

nearness structures are ‘‘small’’ in a very real sense follows from the fact
that they are generated by grills which are as small as possible, at least for
ANB=g. If AN B DIx] one could agree to choose 115 = 11’; =)=
[C: x € C] and thus, in that case, also have @A,B = U(x) as small as pos-
sible. Nevertheless, it will not in general be the case that these near struc-
tures are minimal with respect to inducing Il and being clan generated. It
is conceivable that certain grills @ A,B could be deleted from the family of
grills defining one of these structures without affecting the proximity in-
duced by the structure. This is always the case if [A, B]C @C,D for a
pair [C, D] €Il and 84,5 # 8c,p- If minimal clan generated nearness
structures compatible with a given proximity Il do indeed exist, they must
be of the type discussed here.

That for certain proximities Il there does not exist a least near struc-
ture compatible with II has just been shown by Njastad [15].

The situation becomes much simpler for contiguities. For them we
have the theorem:

Theorem 2.12. Let Il be a given proximity then
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én=[B:8]<x,, B=8, U8, [NB,NB,lemn]

is the least contiguity compatible with II. & can also be characterized as
En=1B:|B| <R, BCB, 5 for some [4, Blelll

&y is independent of the choice of the family [8, p: [A, B] €11], provided
that for each [A, B] € 1 there is at least one ® p containing [A, B].

Proof. That the two characterizations define the same collection is
easy to check. That the collection is a contiguity compatible with II can
be deduced from the second characterization. Clearly all B with [ﬂ%l,
ﬂ%zl € Il must be in every £ compatible with IL. It follows that £y is the
least contiguity compatible with I

If Il is a LO-proximity then, by Theorem 2.11, the @? are Il bunches
so that we have in particular [cn(Ai): jellc @? = [A,': jeJlc @?. It
follows that vMand f" are LO-structures and hence the largest LO-struc-
tures inducing IL.

Example 2.2. Let X be the Euclidean plane and Il be the proximity in-
duced by the usual metric on X. Then (X, II) is a LO-proximity space, but
&q (as defined above) is not a LO-contiguity. To see this let A and B be

two disjoint closed sets with A € II(B). Let
caBy)=cy(B8,)=B, B,nNB, =g.
No union of two ultrafilters can contain the four disjoint sets A 1 Az’ Bl’
B, hence [4, A, B, B,]1 £ £ however [eg(4)), cp(A,), cp(B)),
cn(B 2)] €&pe
**Small’’ LO-structures compatible with a given LO-proximity Il can be
induced by bunches of the form (8 a,p)- In particular

&5 = [8: |B] <Xy, B Cb(@B, ) for some [4, Ble ]

is the least LO-contiguity compatible with II. As before, it can be shown
that fll-l is independent of the choice of the @ A,B* 51!1 can also be de-

scribed as

L . a
é-n = [%o B = [Bl )9 e ’B'(ll)]u [B(lz)y.ot ’B’(nz)],

[Nleg BM, Nieg (BT e M,
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The existence of {Mand ‘fl’f was known to Terwilliger [17].

Example 2.3. Let X be an infinite set and define U(x) = [A: x € A],
B = J[U: U is a nonprincipal ultrafilter]. Define the contiguity & on X as
follows: ¥ € £ iff || < X and % C Ux) U B for some x € X. This conti-
guity induces the minimum T -topology on X and is a LO-contiguity. Now
define a nearness vby U eviff ACUx) U N U ... UT, where U ,..., U,
are arbitrary nonprincipal ultrafilters on X. Clearly, ‘fu =¢. visnotalO-
nearness, since for a LO-nearness every family of infinite sets would have
to be near. This is so because in a minimum T,-space the closures of all
these sets would be equal to X.

Example 2.4. Let X =U[4,: k=1, 2,...], where |4,] is infinite for
each k and all A are disjoint. Define a contiguity { on X by ¥ € { iff
U} < X and A C U(x), for some x, or L C B, (U(x) and B are as defined in
the preceding example.) Then HC is the proximity in which two sets are
close iff they intersect or they are both infinite. This is the largest LO-
proximity on X compatible with the discrete topology. Denote by & any
finite union of nonprincipal ultrafilters and by y the collection of all of
these grills. Then { can also be characterized by U € { iff || < X and
U C U(x), for some x, or A C @ for some @ € y.

For each & let B , be a nonprincipal ultrafilter containing 4,. Now
define a nearness g on X as follows: U € p iff & C U(x) for some x € X, or
A C @, for some G € y,or UC U[%Zk]=8§2, or UcU [SBM__ J= 351. Clearly
f#= {. For further reference note that ?II = [Azk-l’ k=1,2,...]C 351,
U, =[4,,, k=1,2,...1CH,, that §, U H, £ p but that every finite subset
of it is in {, We shall use this example in $3 to show that not all II” can
be generated by contigual nearness structures v(£).

The final three results are of importance in §3.

Theorem 2.13. Let v be a nearness on X and let U e v. If v(A) € v
then v(N) is a v-cluster.

Theorem 2.14. If A is a LO-proximity or a LO-contiguity or a LO-
nearness on X then, for every x € X, A(x) is a A-cluster,

Theorem 2.15. Let v be a nearness on X and let U, B, € be families of
subsets of X such that U U C ¢v,BUT v, Then A @ BYu € ¢,

Proof. Define €*=[A: 3B € €, ADB). Then YUC* ¢pand B U
C*¢v. It follows from B 4 that
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F-AVEHQ@BUEH .

Now

T UAVB U QC*HUBOC*) UE*DEC*),
The last three families are all contained in € since € is a stack. We thus
obtain 9 C U @ B) UC* and hence UL @ B) UC™ £, In view of condition
B, this is true iff L @ B)U C ¢v.

3. Proximities defined in terms of near structures. We begin this section
by reviewing some facts about extensions of topological spaces. We make
certain modifications, such as the transition to dual traces, and extend con-
cepts, where feasible, to closure spaces (see Cech [4]).

The triple (¢, (Y, d)) is an extension of the closure space (X, c) if
(Y, d) is a closure space and ¢ is a homeomorphism from (X, c) to (¢(X),
d'), where d'(A)=d(A) N ¢(X), A C p(X), and if d($(X))=Y. That is
(X, ¢) is densely embedded in (Y, d). Two extensions (¢, (Y, 4)) and
(¢T, (YT, dT)) are equivalent if there exists a homeomorphism ¥ from (Y, &)
onto (YT, dT) such thaty 0 ¢ = ¢T on X. If there is no danger of confusion
we may sometimes refer to (Y, d) as an extension of (X, c).

For each y € Y define

T(y) = T(yv (Y, d» = [A: AC X’ y € d(qS(A))]’

the dual trace of the point y with respect to the extension (¢, (Y, d)). The
set [r(y): y € Y] is called the dual trace system of the extension.
We note that 7(y) is a grill on X and hence its dual

D(y) = [B: X~ B ¢ r(y)]1=[B: BNA£gZVAer(y)]

is a filter on X. If d is a Kuratowski closure operator then 7(y) is a c-grill
(a grill 8 is a c-grill iff c(A) € 8 = A € ) and D(r(y)) is an open filter for
all y € Y and [D(r(y)): y € Y] is the trace system of the extension (¢, (Y,
d)). A simple translation of the usual statement in terms of trace systems
gives the following:

Let (X, c) be a T j-topological space (this insures that r(¢(x,)) #
7(P(x,)) iff x, ;éxz, X1, %, €X)and let X*be a collection of c-grills on X
containing all Fc(x) =[A: x € c(A)]. Define

A*=[8: BeX* Ac @],
é(x)=T"_(x), and
d*(a) = N[A*: a CA*] forall a C X*.
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Then d* is a Kuratowski closure operator and (¢, (X*, d *)) is equivalent
to the principal extension of (X, c) with respect to the dual trace system
X* (see Thron [18]). The dual trace system of this extension is indeed x*,
More specifically it is true, for every 8 € X*, that 7(@) = 8.’

These (or equivalent) extensions have a number of other names. Bana-
schewski [1] calls them the strict extensions with respect to X*. Lodato
[11] in a more special context obtains the same extensions and Gagrat and
Naimpally [5] refer to the topology generated by 4 * as the absorption topology
on X*, Wagner [21] calls these extensions filter spaces.

We next observe that

d*(¢(A)) = NIB*: $(4) C B*] = 4* = (c(A)* = a*(¢(c(4))),

and that in view of the definition of d " the family [A*: A*=d *(¢>(A ),
A € X] forms a base for the closed sets of (X*, d™).

An extension (¢, (Y, d)), where the closure operator 4 is determined by
dB)=NId($(A)): A C X, d($(A)) D Bl (this is equivalent to saying that the
sets d(¢(A)) form a base for the closed sets of the space) is called by
Ivanova and Ivanov [8] a regular extension. Thus the principal extension
is a regular extension.

Moreover, since the dual trace system (and hence the trace system) of
an extension determines the family [d(¢(A)): A C X], and since knowledge
of this family determines the dual trace system, there is exactly one (up to
equivalent ones) regular extension of a given space for a given dual trace
system, namely the principal extension. It is also clear that for any T ;-
topological extension (¢, (X*, d)) of (X, c¢) with dual trace system X*, con-
sisting of c-grills, the relation d(a) C 4 *(a), aC X*, holds.

We now turn to the description of a method to define proximity exten-
sions of proximity spaces. Let (X, II) be a LO-proximity space and let v
be a LO-nearness on X which satisfies Il = II. Define

=[% ¥ jsa veclan] O [hx): x€ X],
=[U Uex¥, Ac¥U] for ACK,
U - [4%: A€ U] for A CP(X).
We then let TI” be the collection of sets [a, Bl, a C X¥, B C X" determined
as follows: [a, B e 1" iff (M) U (NB) € v. Note that we do not require
X" to contain all v-clans. We do however require that it contain all v-clans

of the form v(x).

Theorem 3.1. (X¥, II¥) as defined above is a proximity space.
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Proof. If a NB ™D [U] then (na) v (ﬂ/s)c U, Since A ev,[a,Ble
I” follows. If oD B € I”(y) then (NB)U (Ny) e v and Nac NB.
Hence (Na)u (Ny) € v and a € 1*(y). Finally, a £11”(y) and B ¢ 1" ()
implies Ny u (ny) ¢vand (NB)U (ny) £ v. An application of Theo-
rem 2.15 yields ((Na) @ (NB)U (Ny) £ v. Now Na and ﬂB are
stacks. It follows that (ﬂ 0@ B c N u B). Thus we obtain
(N@uB)U NG ¢ v.

Theorem 3.2. Define ¢: (X, II) — (X¥, II”) by ¢(x) = v(x), for all
x € X, and let ¢¥ = cqv. Then

Bleg(A) = A% N ¢(X) = M(4”) N $(X)

for all AC X, and
cf(A) Ceg(B) iff AN ¢(X)C BY n ¢(X).

Proof. v(x) € p(c(A)) iff x € cp(A) that is iff [[x], Al e I C v, since
I, =1L Hence v(x) € p(c(A)) iff A € v(x) iff v(x) € AY N H(X). Next,
v(x) € cY(AY) iff v(x) U [A] e v. This is the case, since v(x) is a v-cluster
by Theorem 2.14, iff A € v(x) € AY N (X). Though ¢ may not be one-to-
one, it is true that ¢(x) = p(x') iff v(x) = v(x") iff x and x’ are contained in
the same closures.

Theorem 3.3. ¢: (X, II) = (X¥, I1”) is a proximity mapping and $H(X)
is dense in (XV, c¢¥). Moreover, ¢: (X, cp) = (BX), (cv)¢(x)) is a closed
mapping. If Il is a separated proximity then ¢ is one-to-one and provides
a proximal embedding of (X, Il) into (X¥,11”). Thus (¢, (X¥,11¥)) is a
proximity extension of (X, II).

Proof. We first observe that for A C X, C e Np(A) if [Clu (]l e v
foralla €A iff ACc(C). Now [p(4), B £11” iff (Np(A) U
(NG(B)) £ v. Recalling that v is a LO-nearness, we then have [4]U
[B] ¢ v and thus finally [A, Bl £ II. Hence ¢ is a proximity mapping. The
remaining assertions of the theorem are easy to verify.

The properties of the space (X V,11”) depend very much on the choice
of X”. II will continue to be a LO-proximity and v a LO-nearness on X.
Our first result is:

Theorem 3.4. The proximity I1” is separated iff for 6,8,eX v,
@l # @2 it is true that @1 ) @2 £,
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Proof. It follows from the definition of II” that [[8,], [8,1] € I iff
SR @2 €.

Theorem 3.5. The trace of the point @ € X with respect to the exten-
sion (¢, (X¥, c”)) of (X, cpy) is 1@®) = (B). If X¥ is such that all v(8)
are v-clans then NI” is separated iff v(@))= v@,) = @l = @2. If one
thinks of r as a function from X to W(B): @ € X¥]defined by r(8) = 1(8)
then the condition for TI” to be separated (provided all v(8) are v-clans)

becomes the one-to-one behbavior of r.

Proof. 7(8) = [A: 8 € c"(p(A)] = [A: [A] U B e v] = v(B). If there exist
@1, @2 € X" such that @1 £ @2 and V(@l) = v(@z), then @1 € v(@z) and,
since all ¥(@) are assumed to be v-clans, @1 ) @2 € v so that I1” is not
separated. If I1” is not separated there exist & # @, such that @ U
@, e v. It follows that @2 C v(@l) which if ¥(8)) € v implies »8,) D V(@l).

By an analogous argument we obtain v(@l)'D ¥(8,) and hence u(8,)=v@)).

Theorem 3.6. If all € X" are maximal v-compatible families, then
@ =1(@®) for all ® € X¥. Further, I” is a LO-proximity on X, the closure
operator c¢” is a Kuratowski operator, and (¢, (X¥, c¥)) is the principal

extension of (X, c) with respect to the dual trace system xY.

Proof. If @ is maximal v-compatible then @ = ¥(8) = 7(®). Let aC X”

then

M) =[%: Na = (4 ie Nc@]= ﬂ[A:.’].

Assume [a, B] ¢ 11" then U = [Ai] =Naand B= [Bj] = 0/3 is such that
AU B¢v. However c”(a)C n[A:J] and c¥(B) C ﬂ[B;’] and hence

[c¥@), c¥(B)) £11”. Thus I” is a LO-proximity and the closure operator
induced by it is a Kuratowski operator.

Theorem 3.7. Let (XY, 11”) be such that

@) v(@®) e v, for all @ € X7,

®b) 8, £8,=v@)~v@,), 8,8, ex”,

(c) ¢ is a Kuratowski closure operator on X" .
Then 7: (X¥, c¥) — (X*, d*), where 1(8) = v(B), is a homeomorphism, and
rw(x)) = v(x). Thus (b, (X", c”)) is equivalent to the principal extension
with respect to its dual trace system x*= [(@): 8 € X¥). If only (a) and
(b) hold one has r(c*(@)) D d ¥ ((a)).
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Proof. (@) € v implies that ¥(@) are maximal v-compatible hence the
v(8) are also c-grills. The maximality of the (&) together with the fact
that v(v(x)) = v(x) and condition (b) insures that (X, c) isa T o"Space.

(As a matter of fact itisa T |"Space since it is generated by a proxxmny.)
This suffices for the existence of the principal extension (¢, (X d* ) with
dual trace system X" = [1(8): @ € X”). We recall that

(B = N[A*: Bc4a*], Bcx*,
where A*= [V(@): A4 € v(8)]. Thus for aC X¥
Ac”a) = r[8: Na=[4] Cu(@)]
=[®: Na=[4]CuB)]
= NIAB): 4,ev(B)]: 4,e N[B: Beall
- N[4*: 4,eNIB: Geall
> NIAY: 4, eNU): Beall
=Nl4a%: 4 e NUB): U(B) e {a)]l
=N[A4%: o) C ATl = d*(da)).

If ¢” is Kuratowski then we must have r(c”(a))C d *(r(a)). Combining
these two inclusion relationships we conclude that 7 is a homeomorphism.
That r(v(x)) = v(x) follows from the fact, already noted before, that v(v(x)) =
v(x).

It would be desirable to have a better sufficient condition for ¢” to be
a Kuratowski closure operator than that contained in Theorem 3.6. This
however appears to be a difficult problem.

Partly motivated by Lodato’s [11] constructions and partly by that em-
ployed in the construction of the principal extension we are led to the fol-
lowing definition.

Let (X, II) be a LO-proximity space and let X' be a family of II-
bunches on X such that X.‘L O [MI(x): x € X]. Define ¢(x)=1I(x), A" = [@
9 e XT, A €8], and d'@=NMaT:aca’],ac xT. We call @' the ab-
sorption closure operator on X T.

By standard arguments, using the fact that the § are grills, one shows
that d’ is a Kuratowski closure operator on X T. Moreover, ¢: (X, cg) —
(H(X), de () is 2 homeomorphism, since the $ are cp-grills, provided II

is separated.
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The fact that the § are Il-compatible begins to play an important role

only if xT contains enough $ so that [A, B] € I implies the existence of an
9 € X" such that 4, B € 9. In this case

(4, Bl el iff dT(@(4) N dT(&(B) £ 2.

It is of interest to compare d' with c? in the case X” = XT, We have
the following result.

Theorem 3.8. Let (X, II) be given and let XV = xt be a family of v-
bunches (and bence ll-bunches). Then c¥ = dt iff all @ € XY are maximal
v-compatible families.

Proof. If all @ are maximal then by Theorem 3.6 c” = dl, 1 c¥= dT,
then in particular ¢(4”) = dT(AV) = dT(AT) —AT-a”, However, if 8 is not a
maximal v-compatible family then there exists an A C X such that A4 ¢ 8 but [A]JU
® € v. It follows that @ € c¥(AY) but 8 # A” and hence c” £ dl,

Let £ be a LO-contiguity on X. For a family X¢ of &-clans one can,
in analogy to the definition of I”, define II¢ by [a, 8] € ¢ iff (Na) U
(NP) is a &-compatible family. However, (X € méy=(x YO NI, where
v(£) is the nearness defined in Definition 2.12. First, observe that the
v(€)-clans are exactly the £-clans, hence any X £ isan X ”(f), and con-
versely. Next, let [a, Bl € 04, This is equivalent to €= Nay v
(NB) € v(&), which is true iff € is ¥(£)-compatible. This is the same as
€ is &-compatible, which is the same as [a, Bl € II¢. Thus nothing is lost
by not considering separately extension spaces of the form (X £, 1)

The question remains whether anything is gained by considering exten-
sion spaces generated by nearness structures. The answer is in the affirma-
tive as the following example shows:

Let X, ¢, ps etc. be defined as in Example 2.4. Set

X”’= x;=[ll-(x): XGX] Uy U[%ls %2]'
II* and II® are distinct, since [[51], [-352]] £ I1* but [[851]. [@2]] et m*

could not be obtained from a smaller contiguity {’ since for no smaller con-
tiguity will all grills in X be ¢'-clans.

4. Comparison of extensions (X”, II”) with arbitrary extensions. Let
(X, II) be a LO-proximity space and let (i, (Y, H*)), where i is the identity
mapping, be an arbitrary proximity extension of (X, II). The question we
propose to investigate in this section is: how close can we come to (Y, 1)
by a suitable choice of v and X”? It will be convenient to impose on m*
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a restriction which is slightly weaker then the LO-restriction.
Definition 4.1. Let (X, A) be a nearness or contiguity or proximity
space and let S C X. Then A is said to be a LO/S-structure iff for all
A.CS
1

[CA(Ai)’ iellen=[A:ie NNeA.

Theorem 4.1. Let (¢, (Y, IT*)) be a proximity extension of a proximity
space (X, 1) and let \* be a LO/p(X) nearness or contiguity or proximity
on Y such that Il,, = IT*, Define A on X by ¥ € ) iff U C B(X) and [p(A):

A €Ul e \*. Then every 1(y) is a A=clan on X. If in addition cs isa
Kuratowski closure operator then the 7(y) are A-bunches (and hence a for-

tiori c,-grills).

Proof. It was already noted in $3 that the 7(y) are always grills on X.
Since all elements of [CA*@S(A»: A € 7(y)] have the point y in common, the
family [, ($(A): 4 € 7] €A™, Since $(4)C $(X) and A" is LO/B(X) it
follows that [p(4): A er(y)] € A* and hence (y) €A,

The function ¢: (X, c,) — (Y, cx,) is continuous; hence ¢'(CA(A »NC

Cx*(¢(A))' If we now assume that ¢,

u(Bc)(A)) C 46, (HA)) = ¢, ((A)).
Thus y € €,4($(c,(A))) implies y € )4 ($(A)) so that from c,(4) €7(y)

follows A € 7(y). Hence if C\x is a Kuratowski operator, then each 7(y) is
a A-bunch.

An immediate consequence of Theorem 4.1 is

Theorem 4.2. If in (¢, (X”, 7)) 1" is @ LO/p(X)-proximity then for
all @ € X, 1(8®) = (@) are ll-clans.

+ is a Kuratowski operator then

Unfortunately, the behavior of the dual trace system of a proximity
extension with respect to maximality of its members is not as nice as one
might wish. This is illustrated by the following two examples.

Example 4.1. Let Y=4,54,0 4,3 ... whereNl4,: k=1,2,...]=
&. Further let X C Y be such that l(A,c ~ Ak+i) N X| = o and that
A, ~ A )N~ X)£D for all k> 1. Now let k(B) be the smallest
natural number # such that for |B| = o, B~ A k() is infinite. The prox-
imity I on Y is then defined as follows: [A, B] e Il iff c(A) N Cp(B) £ 4,
where for finite sets B, cg(B)= B. If |B| = e then c(B)=B U Ak(B)-l'
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Then Il is a separated LO-proximity on Y and (7, (Y, II)) has as dual traces,
with respect to (X, ), the following: for y, € (A,e ~ Ak“) NY ~ X)

dy) =[B:BCX, |[B~A, | ==l

Thus, clearly, 7(y, , ;) 2 7(¥,) so that no 7(y, ) is maximal.

Example 4.2. Let Y=4 04, A3’ A NA =g, kimyk=1,2,3;
m=1,2,3. X=A/UA VA A =A NX,|A]=c0,A ~A £F. Let
B, be a nonprincipal ultrafilter on Y containing A and define

9% -[B:BCZ, |BNC|=wl
It is a grill on Z. Now define c*on Y by
c*(B)=BulUIlA,: |4, n B| =]

and let II* be the least separated LO -proximity on Y for which cpx = c*,

Then v*, is the least LO/X-nearness on Y which induces II*, where v*is

defined by U C B(Y) is in v*iff A C U(y) U DY RERT R AcCB, U By,

A CY,BCY ~ X both infinite, or ?IC@ ' U@A,.
Ie

by v*on X can then be described as follows: ¥ € v iff & C P(X) and ?ICr(y)
some eror?IC‘é) ' U@A;. Fory €A, mA we have 7(y) = 9%

The proximity v induced

X
A

These 7(y) are thus not maximal as v-clans. We also observe that
W) = %, u 9%, U B
which is a Il -clan, but is not v-compatible.

For purposes of comparison it seems desirable to choose X" to be the
dual trace system of (Y, H*). However, since the dual trace system of
(XY, 1"y is [(@): 8 € X¥] it becomes clear that our choice can be com-
pletely successful only if the 7(y) = @ = 1(8), that is only if the 7(y) are all
maximal v-clans. The two preceding examples show that this is not always
attainable.

We now show that with the above choice of X, and with a suitable
selection of v, the natural mapping from (Y, l'I*) to XV, II”) is at least a
proximity mapping.

Theorem 4.3. Let (i, (Y, II*)) be an arbitrary proximity extension of
the LO-proximity space (X, II). Let v* be a LO/X-nearness on Y such that
I, =%, Finally, let v=v* ABBX)). Set X”=[r(y): y € Y] and define

f: (Y, IT*) = (XY, TI”) by [(y) = 7(y) for all y €Y. Then { is a proximity mapping.
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Proof. Clearly II =1l and 7(y) is a v-clan on X (Theorem 4.1). We
also have 7(x) = ¥(x), for all x € X, and hence X" =[r(y): y € Y] is a per-
missible choice.

Let D C X; then

f-UDY) =ly: yeY, Dell*()) =[y: ye Y, ye cn*(D)] = n*(D)'

Now let a, 8C X" be such that [a, 81 ¢11”. Then (Na)u (NB) £ v.

Set A=f"1(a), B=/"1(8), Na=%, and NB=B. Then ¥, BC B(X) and
Aci Y (N0AY: 4, W)= NI/~ HAY): A,e W =Ncu(4): 4,€ Ul
Similarly B C Nlc;.(B,): B, € B1. 1 [4, Bl I1* then [4, B] € v* and hence

[cn*(Ai): Ae Alu [Cn*(Bj): B,.e Bl € v*.

Since v*is a LO/X-nearness and 4, C X, B]. C X, it follows that ¥ U B e v*,

Since Y U B C P(X) it is also true that L U B € v. This is a contradiction
and hence [4, B] ¢ IT",

The content of the preceding theorem is meaningful only if for any
proximity II* on Y, which induces a LO-proximity II on X, there exists a
LO/X-nearness v*on Y such that Hv* =II*, This, though not quite trivial,

is indeed the case.
Theorem 4.4. Let X C Y and let (Y, II*) be a proximity space such

that the proximity induced by I on X is a LO-proximity. Then there exists
P Yy y pr Yy

a LO/X-nearness v*such that 11 , = II*,
v

Proof. For every pair of sets [C, D] e IT* we determine a pair %g, %g
of ultrafilters on Y such that C € 932, De %g, and %g U 935 is a M*-clan.

Next, for any grill § on Y define
by(D) =[B: 34 C X, BD 4, ¢ x(4) 3518

It is then easy to verify that bx(@) is a grill on Y, and that v* defined by
U e v*iff
U CMM*(y), some yeY,

or

AC %g Uﬂg, some [C, D] e IT¥,

or

2 Cbx(%g @) %g), some [C, D] e I1*,



124 M. S. GAGRAT AND V. J. THRON

. . pe .. *
is a LO/X-neamess on Y and satisfies the condition II »=1I".
v

Theorem 4.5. The map f, as defined in Theorem 4.3, is one-to-one iff
My, # ¥, € Y, implies the existence of A C X such that either Y evn*(A),

éc *(A) ory,€c *(A), Y £c ,,,(A), holds,

Proof. Condition () is exactly what is needed to insure that r(yl) =
7(y,) and hence that f(y) = 7(y) is one-to-one. The condition is mentioned
by Ivanov [9] as a possible additional requirement for an extension to be
regular. Note that (I) implies but is stronger than the condition that I*is
separated.

Theorem 4.6. The function f: (Y, I*) — (X¥,11¥) provides a proxi-
mally isomorphic mapping iff condition (I) of Theorem 4.5 and: (J) For A,
BC Y, [A, B] ¢II* = the existence of collections U, B C B(X) such that
AC n[cn*(Az.): A e A1, BC n[cn*(Bi: Bi €Bland U UB ¢ v, are satis-
fied. Here {, v and X" are defined as in Theorem 4.3, Condition (]) implies
that all 7(y) are maximal v-compatible families,

Proof. Condition (1) is necessary and sufficient for /"l to exist and
(J) is necessary and sufficient for /~! to be a proximity map. The condi-
tions of Theorem 4.3, which are assumed to be satisfied, insure that f is a
proximity map. Finally, A £ 7(y) implies [4, [y]] ¢ II* and hence by (J), and
if we assume that A C X, it follows that there exists a family B C 7(y)C
B(X) such that [A] UB ¢ v, that is 7(y) is a maximal v-compatible family.

Theorem 4.7. A sufficient condition for all 1(y) of (i, (Y, II*)) to be
maximal v-compatible families is that for y € Y and EC X E ¢ r(y) = 3N
such that [E, N ] ¢TI,

Proof. Since N, N X=D#g we have that E £7(y) implies the exis-
tence of D C X such that [E, D] ¢II. Hence every 7(y) is a maximal II-
compatible family and, a fortiori, maximal v-compatible. A sufficient con-
dition for these conditions to be satisfied is if m* is an RH-proximity (see
[19]) and hence certainly if II* is an EF -proximity.

The conditions appearing in the results above all depend on ¥ as well
as on the *‘position”’ (a sort of *‘super density”’) of X in Y. The stronger
the assumptions on II* the less i important will be the requirements on the

*‘position’’ of X in Y. Conversely, with relatively weak assumptions on *
the requirements on X become critical.
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