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ABSTRACT. Compactness properties of topological groups and finiteness
of Haar measure on homogeneous spaces are studied. Some concrete structure
theorems are presented.

Finiteness properties of groups have been studied by R. Baer [1] and B. H.
Neumann [9]. For topological groups, the analogous compactness properties were
studied by V. I. Usakov [13], [14], [15], J. Tits [12] and the author [17], [18].
The present work is a continuation of [17], [18]. Some concrete structure
theorems of topological groups are established.

Let G be a topological group. An element x of G is called periodic if x is
contained in a compact subgroup of G. We denote by P(G) the set of all periodic
elements of G. An element x of G is called conjugate-bounded, or simply bounded,
if the conjugacy class {gxg~!: g € G} is relatively compact in G. We write F(G)
for the set of all conjugate-bounded elements of G. In this paper, we discuss com-
pactness properties related to F(G) and P(G).

Let G be a locally compact group. If G is connected, G has a unique max-
imal compact normal subgroup. In general, this is not true. In the first section,
we define a radical W(G) of P(G) such that W(G) is a closed characteristic sub-
group of G contained in P(G) which has analogous properties of maximal compact
normal subgroups. We have proved the following theorems.

THEOREM 1.5. Let G be a locally compact group and W(G) the radical of

P(G). Then W(G) has the following conditions:
() W(G) is a closed characteristic subgroup of G.

(ii) Every relatively compact subset X of W(G) generates a relatively com-
pact subgroup {(X) of G; in particular W(G) C P(G).

(iii) The inverse image of P(G/W(G)) in G is P(G).

(iv) G/W(G) has no nontrivial compact normal subgroups; moreover W(G)
is characterized to be the smallest closed normal subgroup N of G such that G/N
has no nontrivial compact normal subgroups.
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(V) If G has a maximal compact normal subgroup K, then W(G) = K.

THEOREM 1.6. If G is a finitely generated discrete group, then W(G) =
F(G) N P(G).

In §2, we consider closed subgroups of G which are contained in F(G).
Here we present the following theorems.

THEOREM 2.3. Let G be a locally compact group and H a subgroup of
F(G). Then the following conditions are equivalent:

() CI(H) C F(G).

(ii) For every subset X of H relatively compact in G, the union of gXg~}
(g € G) is relatively compact in G.

THEOREM 24. Let G be a locally compact group. Then the following con-
ditions are equivalent:

(@) F(G) N P(G) is closed in G.

(ii) Every subset X of F(G) N P(G) relatively compact in G is contained
in a compact normal subgroup of G.

In §3, we discuss closed normal subgroups H of G with CI(H N F(G)) = H.
We prove the following structure theorem.

THEOREM 3.8. Let G be a locally compact group, H a closed normal sub-

group of G with H = CI(H N F(G)). Then we have the following conditions:
() P(H)=CI(HNF(G)N P(G)).

(i) H®° C F(G).

(i) H=HNF@GHPE).

(iv) H/P(H) is the direct product V x D where V is a normal vector sub-
group of G/P(H), and D a normal discrete torsion free abelian subgroup of G/P(H)
with D C F(G/P(M)).

(v) H/K is the direct product W x T where K is the maximal compact
normal subgroup of H®, W a normal vector subgroup of G/K and T a totally dis-
connected normal subgroup of G/K with T = CI(T N F(G/K)).

Applying Theorem 3.8 to compactly generated normal subgroup H, we have
a structure theorem, Theorem 3.10, for elements in F(G). We also generalize the
results of Tits in [12].

In §84 and 5, we discuss the relationship between compactness and finite-
ness of Haar measure. We have the following theorems.

THEOREM 4.5. Let G be a Lie group and H a closed subgroup of G such
that the Lie algebra G of G has no noncompact semisimple subalgebras. Then
the following two conditions are equivalent:
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(i) G/H is compact.
(ii) G/H has a finite invariant Haar measure.

THEOREM 5.6. Let G be a locally compact group and A a subset of the
automorphism group A(G) of G and Zg(A) = {§€G: M) =g VAE A} If
G/Z;(A) has a finite invariant Haar measure, then G has an open subgroup H
such that H/(H N Z 5(A)) is compact.

Finally we prove that under some mild assumption on G that for an element
g € F(G), G/Z;(g) is compact if and only if G/Z;(g) has finite invariant volume.

Notations. Let G be a topological group. The identity element of G is
denoted by e and the identity component of G is given by G®. Given subsets X,
Y of G, we write C(X, Y) for the subset {xyx~!:xE€E X,y EY}. Let X be a
subset of G. CI(X) is the closure of X in G. By an analytic group, we mean a
connected Lie group.

1. The radical of P(G). Let G be a locally compact group and P(G) the
subset of all periodic elements of G. If G is connected, it is well known that G
has a unique maximal compact normal subgroup. However the existence of max-
imal compact normal subgroup is not true in general. In this section, we are going
to define a radical W(G) of P(G). W(G) is a closed characteristic subgroup of G
contained in P(G) which has analogous properties of a maximal compact normal
subgroup. In case G has a maximal compact normal subgroup K, W(G) = K. We
define inductively W,(G) = CI(P(G) N F(G)), Wy (G) the preimage of
W,(G/W\(G)) in G, and if A is a limiting ordinal number W, (G) = CI(U, <,\W,(G)).

DEFINITION 1.1. Let G be a locally compact group. The radical W(G) of
P(G) is the group Wg(G) with Wy(G) = Wg,(G).

Before we present the properties of the groups W, (G) and W(G), we shall
first establish a lemma.

LEMMA 1.2. Let G be a locally compact group, H a closed normal subgroup
of G, and m: G — G/H the projection map. Suppose that H has the property that
every relatively compact subset X of H generates a relatively compact subgroup
(X)of H. If Y is a relatively compact subset of G such that the group n({Y?)) is
relatively compact in G/H, then the group (Y) is relatively compact in G.

Proor. Since n({Y?) is relatively compact, there is a compactly generated
closed subgroup M of G containing Y such that (M) is compact. Since M is
o-compact, M/(H N M), being homeomorphic to n(M), is compact. Then by [16,
Theorem 6.2], H N M is compactly generated. By assumption on H, H N M is
compact, hence consequently M is compact.
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THEOREM 1.3. Let G be a locally compact group and the groups W,(G)
defined as above. Then we have the following conditions:

(i) Every relatively compact subset X of W,(G) generates a relatively com-
pact subgroup of G, in particular W,(G) C P(G).

(i) mx1(P(G/W\(G))) = P(G) where m,: G — G/W(G) is the projection
map.

ProOF. By Lemma 1.2, (i) implies (ii), hence it suffices to show (i). We
prove the assertion by a transfinite induction argument.

Case 1. X\ = 1. This is just (ii) of Theorem 1.1 in [17].

Case 2. A > 1 and is not a limiting ordinal number. Leta=A—1. Let X
be a relatively compact subset of W, (G). Then m,(X) is a relatively compact sub-
set of W,(G/W,(G)). By Case 1, the group {(m, (X)) is relatively compact in
G/W,(G). Hence by Lemma 1.2, the group (X) is relatively compact in G.

Case 3. A is a limiting ordinal number. First we prove that W, (G) has a
compact open subgroup. Let H be an open subgroup of W, (G) which is a pro-
jective limit of Lie groups. Let us write H,, for H N W,(G). Clearly the groups
H, (v <) are closed normal subgroups of A and the union {J,<,H, is dense in
H for W,(G) = CI(lJ,<AW,(G)). Now let K be a compact normal subgroup of
H such that the quotient group H/K is a Lie group. By passage from H to HK/K,
we may assume that H is an analytic group. Therefore by Lemma 1.4 coming
next, HK is compact. Let M = H°K. Clearly M is a compact open subgroup of
Wi(G), and W,(G) = U, < W,(G)M. Let X be a relatively compact subset of
W\(G). Then there are finitely many elements x,, ..., x; in some W,(G) with
v <\ such that X is contained in the union {J!_ ;x,M. Let Y be the union of
CM, x) (i=1,...,1) where C(M, x;) = {mx;m~': m € M}. Clearly Y is rela-
tively compact in W,(G), hence the group (Y) is relatively compact in G. Certainly
M normalizes Y hence (Y). This shows that M(Y) is a relatively compact subgroup
of G containing X. Therefore the proof is completed.

LEMMA 14. Let H be an analytic group and H, closed normal subgroups
of H such that H,, C P(H) for v <\ and \J,<)H,, dense in H. Then H is compact.

ProoF. HY contains only periodic elements. Then by [17, Theorem 5.2]
and [16, Theorem 7.1], HY is compact. Since H,/H is discrete and central in
G/H? and H,/HO C P(G/HY), H,/H? has to be a finite central subgroup of
G/HY. This implies that H,, is compact. Let K be a maximal compact subgroup
of H. Since H,, is compact normal in H, H, CK for all v <\. As U,,H, is
dense in H, H = K follows immediately.

As an immediate consequence of Theorem 1.3,we have the following theorem
of the radical W(G) of P(G).
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THEOREM 1.5. Let G be a locally compact group and W(G) the radical of
P(G). Then we have the following conditions:

(i) W(G) is a closed characteristic subgroup of G.

(ii) Every relatively compact subset X of W(G) generates a relatively com-
pact subgroup (X) of G, in particular W(G) C P(G).

(iii) 7~ 1(P(G/W(G))) = P(G) where n: G — G/W(G) is the projection map.

(iv) G/W(G) has no nontrivial compact normal subgroups; moreover W(G)
is the smallest closed normal subgroup with condition (iv).

(v) If G has a maximal compact normal subgroup K, then W(G) = K.

ProoF. (i) to (iii) are immediate from Theorem 1.3, since W(G) = Wy(G)
for some ordinal number 8 with Wg(G) = Wy, ,(G).

(iv) By [16, Corollary 5.6], W,(G) = CI(F(G) N P(G)) is the closed sub-
group of G generated by all compact normal subgroups of G. Hence the first
part of (iv) follows for W(G) = Wy(G) with W,(G/W(G)) = {e}. Now let N be
a closed normal subgroup of G such that G/N has no nontrivial compact normal
subgroups. By [16, Corollary 5.6] and an easy induction argument, one shows
readily that W,(G) C N for all ordinal numbers v < f.

(v) If G has a maximal compact normal subgroup K, then K C W,(G) C
W(G) and clearly W,(G/K) = {e}, hence by (iv) W(G) C K. Therefore W(G) = K
follows easily.

REMARK. The radical W(G) of P(G) is rather useful in the sense that the
passage from G to G/W(G) kills more or less only compact normal subgroups of
G. By (iii) of Theorem 1.5, in G/W(G) we have not introduced new periodic
elements. By set theory, we know that W,(G) = Wy, ((G) holds for some ordinal
number B. It may be interesting to find the smallest § with W(G) = WB(G). In
some cases, W(G) = W, (G) is possible. By (iv) of Theorem 1.5, W(G) can be
defined as the intersection of all closed normal subgroups N of G such that G/N
has no nontrivial compact normal subgroups.

THEOREM 1.6. Let G be a finitely generated discrete group. Then W(G) =
W, (G).

We shall postpone the proof until §2. Actually in §2, we are going to
present a more general theorem of this type.

2. Closed subgroups of G contained in F(G). Let G be a locally compact
group and F(G) the group of all conjugate-bounded elements of G. In this section,
we are going to study closed subgroups of G contained in F(G).

LemMA 2.1. Let K be a nonempty compact subset of F(G). Then there are
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a point k in K and a neighborhood N of k in K such that the union gNg~ 1 g€G)
is relatively compact in G.

PrROOF. Suppose that the assertion is false. Let ¥ be a symmetric open
relatively compact neighborhood of e in G. We are going to construct inductively
two sequences {k,} and {g,} of elements in K and in G respectively such that
the following conditions hold:

® g,k.87'V (n=1,2,...) are disjoint,
(i) &,k,8;" €8,k 8,V forallm > n.

(GY)

Assume that we have elements g, €G, k; €K (i = 1, ..., n) satisfying the con-
ditions
() gkg 'V (i=1,...,n)are disjoint,

3,
(i) gkg ' €gkg Viorn>i>j>1.

Clearly there is a neighborhood W of k,, in G such that g;gg;! € g;k;g; !V, for
gEW,1<i<n. Let M=WNK. The union of gMg~! (g € G) is not relatively
compact in G by assumption. Hence there is k,,,, in M and'g,, ., in G such that

-1 " —1p2
&nr1kn+18ns1 ¢ylgikigi Ve,

Clearly the elements g, k; (( = 1, ..., n + 1) satisfy the conditions of (4, ,).
Hence by induction, the existence of the sequences {k,} and {g,} with conditions
of (A) follows. However K is compact. The sequence {k,} has a limiting point
kin K. From condition (ii) of (4), g,kg; ! € g,k,&; 'V for every n. Since
k € F(G), the conjugacy class C(G, k) containing k is relatively compact. Hence
there is a compact subset L of G containing gkg~! (g € G). Hence g,,k,,g;l €
LV for every n. But LV is compact, the sequence {g,k,g, '} has a limiting
point x. It follows that x lies in g,k,8, 1y for infinitely many n. Certainly this
contradicts condition (i) of (A). Therefore the assertion of the lemma has to be
true.

The argument used in Lemma 2.1 is a modification of [21, Theorem 1]. In
order to apply Lemma 2.1 to study closed subgroups of G contained in F(G) we
need to know the local structure of a locally compact group.

LEMMA 2.2. Let G be a locally compact group. Then G has a compact
neighborhood N of e with the condition: If W is a nonempty open subset of N,
then the interior W of Win G is nonempty.
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ProoF. Locally G has the structure K x L where K is a compact group
and L a local Lie group. Now the assertion of the lemma is immediate.

THEOREM 2.3. Let G be a locally compact group and H a subgroup of
F(G). Then the following conditions are equivalent:
(i) CI(H)C F(@G).
(ii) For every relatively compact subset X of CI(H), the union of gXg~?!
(g € G) is relatively compact in G.
(iii) For every subset X of H relatively compact in G, the union of gXg~!
(g € G) is relatively compact in G.

ProoF. (i) = (ii). Let L = CI(H) C F(G). Let V be a compact neighbor-
hood of e in L with the condition in Lemma 2.2. By Lemma 2.1, there is a non-
empty open subset N of ¥ such that the union gNg~! (g € G) is relatively com-
pact in G. By our choice of V, the interior Ic\,/ of Nin L is not empty. Let M =
n=N for ann €N. Obviously M is an open neighborhood of e in L. Since
n € F(G), the union of gMg™! (g € M) is again relatively compact. This shows
that L has a compact neighborhood X of e in L such that K is normal in G. Now
let X be a relatively compact subset of L. Clearly there are finitely many elements
Xy, «eo s % in L with X € Ul xK. Hence U,cceXg™", being contained in the
union of C(G, x)K (i = 1, ..., I), is relatively compact.

(ii) = (iii) is immediate.

(iii) = (i). Let L = CI(H) and V a relatively compact open neighborhood
ofein L. Let T=HN V. Clearly T is dense in ¥ and T is a subset of H rela-
tively compact in G. Hence UgeGng‘l is relatively compact, and consequently
V C CT) C Cl(U,eceTe™") € F(G). Thus CI(H) = L C F(G).

In [16] the author proved that F(G) N P(G) is a characteristic subgroup of
G. However, in general, it is not closed in G. With the aid of Theorem 2.3, we
can give the following criterion when F(G) N P(G) is closed.

THEOREM 2.4. Let G be a locally compact group. Then the following con-
ditions are equivalent:
(i) F(G) N P(G) is closed in G.
(ii) Every relatively compact subset X of CL(F(G) N P(G)) is contained in
a compact normal subgroup of G.
(iii) Every subset X of F(G) N P(G) relatively compact in G is contained
in a compact normal subgroup of G.

Proor. (i) = (ii). Let L = F(G) N P(G) and L = CI(L). By [17, Theorem
1.1], L has a compact open subgroup K. By Theorem 2.3, the union of Y of
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gKg! (g € G) is relatively compact. Certainly Y is contained in L, and by
[17, Theorem 1.1] Y is contained in a compact normal subgroup N of G. Let X
be a relatively compact subset of L. Then X is contained in the union of x,V for
finitely many x; €L (i =1, ..., ). Clearly the set Uf=1C(G, XN is a relatively
compact subset of L. Again by [17, Theorem 1.1], it is contained in a compact
normal subgroup of G.

(ii) = (iii) is trivial.

(iii) = (i). Let L = CI(F(G) N P(G)). By [17, Theorem 1.1], L has a com-
pact open subgroup K. Clearly the set X = K N (F(G N P(G))) is dense in K and
X is relatively compact in G. By (iii), X is contained in a compact normal sub-
group N of G. Hence K C N C F(G) N P(G) and consequently F(G) N P(G) is
closed.

DEFINITION 2.5. Let G be a locally compact group. We define F(G) =
{g € G: the conjugacy class C(G, g) is compact}. Fg(G) is just a characteristic
subset of G.

THEOREM 2.6. Let G be a compactly generated locally compact group and
L = F(G) N P(G) such that L is closed in G. Then n~'(Fy(G/L)) is contained in
F(G), where m: G — GJ/L is the projection map.

PROOF. Let x € 7~ 1(Fy(G/L)) and H = {g € G: gxg~! €xL}. Since
m(x) € Fy(G/L), G/H, being homeomorphic to the conjugacy class C(G/L, n(x))
containing n(x), is compact. By [16, Theorem 6.2], H is compactly generated.
Let K be a compact generating subset of H, and X = {hxh~'x~1: h € K}. Clearly
X C L and is relatively compact. Hence by Theorem 2.4, X is contained in a com-
pact normal subgroup N of G. Hence hxh~! € xN, h €K. Since N is a normal
subgroup of G, it implies readily ~ixh—' € xN, for h € K' where I is any integer.
Hence C(H, x) C xN. Since G/H is compact, there is a compact subset M of G
with G = MH. Therefore C(G, x) C C(M, x)N. As the latter is easily seen to be
relatively compact, x € F(G) follows.

Theorem 2.6 is a generalization of Theorem 1.6. For in the case of discrete
groups F(G) = F(G) and F(G) N P(G) is always closed in G. Now we present
the proof of Theorem 1.6.

THEOREM 1.6. Let G be a finitely generated discrete group. Then W(G) =
F(G) N P(G), where W(G) is the radical of P(G) defined in §1.

PrROOF. Let L = F(G) N P(G). By Theorem 2.6, 7~ (F(G/L)) = F(G)
and by (ii) of Theorem 1.3, P(G) = n~ }(P(G/L)) where m: G — G/L is the
projection map. Hence F(G/L) N P(G/L) = {e}. By definition of W(G), W(G) = L.
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3. Closed normal subgroups of G generated by subgroups of F(G). In this
section, we are going to characterize the elements in F(G). For this purpose, we
study closed normal subgroups of G generated by subgroups of F(G). Some of
the following lemmas are known. For completeness, we offer proofs here.

LemMA 3.1. Let G be a locally compact group with G = CI(F(G)). Then
we have the following conditions:

(i) The identity component G° of G is contained in F(G).

(ii) G° has a unique maximal compact subgroup K such that G°/K is a
central vector subgroup of G/K.

PrROOF. Let H be an open subgroup of G such that H is a projective limit
of Lie groups. Let V be a compact normal subgroup of H such that H/N is a
Lie group. Obviously then F(H/N) is dense in H/N. Then by [16, Proposition
4.4], the lemma is true for H/N. Since (H/N)° = H°N/N, it follows that G® = H°
has a maximal compact normal subgroup K such that G%/K is a vector subgroup
of G/K. Now it is clear that in order to prove (i) and (ii) it suffices to show that
GO/K is central G/K. Let a € F(G/K) and C,: G°/K — G°/K the map defined
by C,(x) = axa~'x~1 (x € G®/K). Certainly C, is a continuous endomorphism
and the image, Im(C,), of C, is relatively compact. Since G°/K is a vector group,
C, has to be trivial. As F(G/K) is dense in G/K, G°/K is central in G/K.

LemMmA 3.2. Let G be a locally compact group, M a closed normal sub-
group of G with M = CI(M N F(G)) and L = CI(M N F(G) N P(G)). Assume
that M° is a vector subgroup of G. Then M° x L is an open subgroup of M.

ProoF. Clearly F(M), containing M N F(G), is dense in M. Hence by
Lemma 3.1, M? is a central vector subgroup V of M. Certainly ¥ N L is a closed
subgroup of ¥, hence compactly generated. On the other hand by [17, Theorem
1.1], V¥ N L is compact and consequently ¥ N L = {e}. Since V is central in
M and M/V is totally disconnected, M has an open subgroup H = V x A where 4
is a compact subgroup of M. Now let x € F(G) N H and a(x) the projection of
x in A. Since F(G) N H is dense in H, A; = {a(x): x € F(G) N H} is dense in
A. 1IfA, CL,then 4 =Cl(4,) C L and consequently ¥ x L, containing H is
open in M. Hence it suffices to prove that a(x) EL forx EF(G) N H. LetX
be the image of x in G/V. Clearly X € F(G/V) N P(G/V). By [16, Theorem 3.5],
X is contained in a compact normal subgroup of G/V. Let N(x) be the smallest
closed normal subgroup of G containing x and V. Clearly N(x) C M and N(x)/V
is compact. As V is a central vector group in N(x) and N(x)/V is compact, the
extension splits, hence N(x) = V x B where B is a compact subgroup of M. B,
being characteristic in N(x), is normal in G. In particular AB is compact and
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VN AB = {e}. Let b(x) (resp. c(x)) be the projection of x in B (resp. in AB).
Obviously a(x) = c(x) = b(x) EB C L.

LemMA 3.3. Let G, M and L be as in Lemma 3.2. Then M® x L N F(G) =
M° N F@G)) x (L N F(G)) and M® C F(G).

PrOOF. Let M® = V. Since V and L are normal in G, and ¥ x L is closed
in G, it follows readily that ¥ x L N F(G) = (V N F(G)) x (L N F(G)), hence
V N F(G) is dense in V. But V is a vector group. By [16, Lemma 3.3], ¥ C F(G).

LemMA 3.4. Let G, M and L be as in Lemma 3.2. Then M/M°L is a dis-
crete torsion free abelian group.

Proor. Let M = V. By Lemma 3.2, VL is open in M, hence M =
(F(G) N M)VL. Suppose that g € F(G) N M with g" € VL for some positive
integer n. Let us write g" € vl, withv € V and / € L. By Lemma 3.3, v, ! € F(G).
Let w be the unique nth root of v=1 in V. It is easy to see that w € F(G) and
consequently gw € F(G). As V is central in M, (gw)" =1 € L C P(G). Hence
gw lies in M N F(G) N P(G). This shows that M/VL is torsion free. Now M/VL
is 4 discrete torsion free FC-group, hence is abelian.

LeEmMA 3.5. Let G, M and L be as in Lemma 3.2. Then M/L is the direct
product of a vector group and a discrete torsion free abelian group.

ProoOF. Let a € F(M/L). By Lemma 3.4, the map ¢, defined by c,(x) =
[, x] with x € M/L is a map from M/L into M°L/L. Let V = M°. Since VL/L
is central in M/L, ¢, is a continuous homomorphism and Im(c,) is relatively com-
pact. Hence c, is trivial, and as F(M/L) is dense in M/L, M/L is abelian. Now
the conclusion follows from Lemma 3.4.

LEMMA 3.6. Let G, M and L be as in Lemma 3.2. Then M = V x D where
V = M° and D a totally disconnected subgroup of M with D = CI(D N F(G)).

PrOOF. By the preceding lemma, there is a closed subgroup D of M such
that M/L = VL/L x D/L. Clearly M = V x D, and D is totally disconnected for
M° = V. Since F(G) N M is dense in M and ¥ C F(G) by Lemma 3.3, hence
D N F(G) is dense in D.

LeEMMA 3.7. Let G be a compactly generated locally compact group such
that G = CI(F(G)). Then P(G) is a compact subgroup of G.

PrOOF. By Lemma 3.1, G has a maximal compact normal subgroup K
such that GO/K is a central vector subgroup of G/K. By passage from G to G/K,
we may assume that G° is a vector group. By Lemma 3.6, G = V x D where D
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is a totally disconnected subgroup of G with D = CI1(D N F(G)). Hence it suffices
to show that P(D) is a compact subgroup of D. Thus we may assume that G is
totally disconnected. Since F(G) is dense in G, and G is compactly generated,
there are elements g, ..., & € F(G) and a compact open subgroup K, of G such
that K, g, ... , g generate G. Now let

X;={[g, x]: x€EGIU {[g; !, x]: x €G}.

Clearly the sets X are relatively compact in G and, by Lemma 3.5, are contained
in L = CI(F(G) N P(G)). Again by Lemma 3.5, P(G/L) is trivial, hence L =
P(G) D K,. Then by [17, Theorem 1.1], there is a compact subgroup K of G
containing K, and the sets X; ({ = 1, ..., 7). Since K D X, K is normalized by
8;- Therefore K is a compact open normal subgroup of G. Now G/K is a finitely
generated discrete FC-group. Hence P(G/K) is a finite group and therefore P(G)
is the preimage of P(G/K) in G and consequently P(G) is compact.

Summerizing the results, we can present them in

THEOREM 3.8. Let G be a locally compact group, M a closed normal sub-

group of G with M = CI(M N F(G)). Then we have the following conditions:
(i) P(M) = CI(M 0 F(G) N P(G)).

(i) M° C F@G).

(ii)) M =M™ N F(G))PM).

(iv) M/P(M) is the direct product V' x D where V is a normal vector sub-
group of G/P(M) and D a normal discrete torsion free abelian subgroup of G/P(M)
with D C F(G/P(M)).

(v) Let K be the maximal compact normal subgroup of M®. M/K is the
direct product of W x T where W is a normal vector subgroup of G/K and T a
totally disconnected normal subgroup of G/K with T = CI(T N F(G/K)).

ProoF. Clearly F(M) D M N F(G) is dense in M. Hence by Lemma 3.1,
M? has a maximal normal compact subgroup K such that M°/K is a central vector
subgroup of M/K. By passage from G to G/K, we may assume that K = {e} and
V = MO is a vector subgroup of G. Let L = CI(M N F(G) N P(G)). Clearly L C
CI(F(G) N P(G)) C P(G). However by Lemma 3.5, P(M/L) = {e}, hence L =
P(M). Thus (i) is proved. (ii) follows just from Lemma 3.3. (iii) follows from
(ii) and Lemma 3.6. Assertions (iv) and (v) except the part that D (resp. T) is
normal in G/P(M) (resp. G/K) are Lemmas3.5 and 3.6. Let V=M% and L =
CI(M N F(G) N P(G)) = P(M). Suppose that there is a closed normal subgroup
D of G/L such that M/L = VL/L x D. Then let T be the preimage of D in G.
Clearly we have M = ¥V x T. Hence it suffices to show that there is a closed
normal subgroup D of G/L with M/L = VL/L x D. By passage from G to G/L,
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we may assume further that M is an abelian Lie group. Let D be a maximal
normal subgroup of G contained in M such that ¥ N D = {e}. We claim that
M=V x D. Since V is open in M, D is discrete, hence closed in M. Consider
then the groups G = G/D, M= M/D and V = VD/D. By (i) P(M) is a character-
istic subgroup of M and clearly V N P(M) = {e}. Let D, be the preimage of
P(M) in M. Clearly D, is a normal subgroup of G with D, N V' = {e}. By the
maximality of D, we must have D = D, , hence P(M) = {e}. Suppose that ¥ # M.
Since F(G) N M is dense in M, (M)° C F(G) by (ii) and (M)° is open in M, M C
F(G). Then by Theorem 2.3, there is a compactly generated normal subgroup N
of G such that ¥ G N C M. Since N is a compactly generated abelian Lie group
without periodic elements, N can be identified with a closed subgroup of a vector
group 4 such that NV generates A over R. Let Aut(V) (resp. GL(4)) be the auto-
morphism group of N (resp. of 4). Clearly Aut(V) can be identified with the
closed subgroup of GL(4) consisting of all @ € GL(4) with a(N) = N. Let w:

G — Aut(V) be the representation given by w(g)(h) = ghg~! (g €G, h EN).
Since F(G) N N is dense in N, CI(w(G)) is compact in GL(4). It follows that

A =V x B where B is w(G)-invariant. Hence N = ¥ x (N N B). Obviously
NN Bisnormal in G. Let D' be the preimage of NN Bin G. D' 2 D and

D NV = {e}. This contradicts the maximality of D. Therefore M = V x D and
the proof is completed.

COROLLARY 3.9. Let G be a locally compact group and N a closed com-
pactly generated normal subgroup of G with N = CI(F(G) N N). Then we have
the following conditions:

(i) N has a unique maximal compact subgroup K.

(ii) N/K is the direct product V x D where V is a normal vector subgroup
of G/K and D a discrete normal finitely generated torsion free abelian subgroup
of G/K.

(iii) The index [G/K: Zg x(D)] < oo and N/K C F(G/K).

(iv) N C F(G).

Proor. (i) By Lemma 3.7, P(V) is a compact subgroup of N, hence the
maximal compact subgroup K of N.

(ii) By (iv) of Theorem 3.8, (ii) is immediate.

(iii) Since D is finitely generated, discrete, normal in G/K and D C F(G/K),
[G/K: Zg ((D)] <ee. Since ¥ C F(G/K) by (ii) of Theorem 3.8, N/K C F(G/K)
is immediate.

(iv) Since K is compact normal in G and N/K C F(G/K), one concludes
readily that N C F(G).
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Applying the preceding corollary to elements in F(G), we have the following
criterion for elements in F(G).

THEOREM 3.10. Let G be a locally compact group. Then g € F(G) if and
only if g is contained in a closed normal subgroup N of G such that the following
conditions hold:

(i) N has a unique maximal compact subgroup K.

(ii) N/K is the direct product V x D of a normal vector subgroup V of
G/K and a normal discrete subgroup D of G/K isomorphic to Z* for some non-
negative integer l.

(i) [G/K: Zg x(D)] < o0 and a(G/K) is relatively compact in GL(V) where
a: G/K — GL(V) is the adjoint representation.

REMARK. Groups with dense F(G) have been studied in [21]. The follow-
ing theorem is a generalization of the result of Tits [12] on F(G).

THEOREM 3.11 [12]. Let G be a locally compact group such that G has no

nontrivial compact normal subgroups. Then we have the following conditions:
(i) F(G)is closed.

(ii) F(G) is a direct product V x D of a normal vector subgroup V of G
and a discrete torsion free abelian normal subgroup D of G.

(iii) Let o € A(G) such that {g~'a(g): g € G} is relatively compact. Then
there are an element x € F(G) and an open normal subgroup H of G such that
[G: H] < o and a(h) = xhx~" for all h € H.

Proor. (i) and (ii) Let M = CI(F(G)) and L = CI(F(G) N P(G)). Since
G has no nontrivial compact normal subgroups, by [16, Corollary 5.6], L = {e}.
Hence by Theorem 3.8, (i) and (ii) are immediate.

(iii) Let A = {(a) * G be the semidirect product of an open normal subgroup
G and a discrete cyclic subgroup {a) of 4. From the condition on ¢, @ € F(4).
Hence by Theorem 3.10, there is a closed normal subgroup N of A containing a
such that N has a unique maximal compact subgroup K and NJK =V x D is a
direct product of a normal vector subgroup V¥ of 4/K and a normal finitely gen-
erated discrete torsion free abelian subgroup D of A/K. Moreover we know that
[4/K: Z, ;x(D)] <. Let H be the preimage of Z,, (D) in G and x € N°
such that the image X in N/K equals the component @, of & in ¥ where @ is the
image of & in N/K. Clearly x € F(G) and (xhx~V)a(h~') EG N K = {e},
Vh € H. Hence (iii) is proved.

4. Compactness and finiteness of Haar measure. In this section, we look
at the compactness conditions related to finiteness conditions on Haar measure.
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Let G be a locally compact group and H a closed subgroup of G. H is called uni-
form in G if G/H is compact. H is said to have finite-invariant covolume in G if
G/H has a finite invariant Haar measure. In general, these two conditions are not
the same. However they are related. For example, a discrete uniform subgroup
H of G always has a finite invariant covolume. In [18], the author proved that

if G is a Lie group such that the Lie algebra G of G has no noncompact semi-
simple subalgebras, then a closed subgroup H of G with finite invariant covolume
is always uniform in G. In this section, we are going to study groups with these
two conditions being equivalent. First we recall some definitions and notations

in measure theory. Let G be a locally compact group and A(G) the automorphism
group of G consisting of all bicontinuous automorphisms of G. Let dg be a fixed
left invariant Haar measure. For each a € A(G), certainly da(g) is also a left in-
variant Haar measure. Hence by the uniqueness theorem of Haar measure, there

is a positive number A (a) with da(g) = Ag(a)dg. Clearly the map @ — Ag(a)
(o € A(G)) is a group homomorphism. For simplicity, we write Ag(x) = Ag(w,)
with x € G where w, is the inner automorphism of G given by w,: g — xgx~}
(8 €G). Let H be a closed subgroup of G. It is well known that G/H has an in-
variant measure if and only if A ;(h) = Ay (k) for h € H.

ProrosITION 4.1. Let G be a locally compact group and H a closed sub-
group of G with finite invariant covolume. If a € A(G) with a(H) = H, then
Ag (@) = Ay (@) where @ is the automorphism of H induced by c.

PrOOF. Let m: G — G/H be the projection map and X = n(x) for x in G.
Let dh (resp. dg) be a fixed left invariant Haar measure on H (resp. on G/H). We
know that dg = dg dh is a left invariant Haar measure on G. Let f: G — C be
a continuous function with compact support and £ G/H —> C given by

7@ = [, fgh) an

Then we have the following equalities:
26@ [ 1@ dg = [_fle~ ) dg

“4.2) » -
= [ [ e @) dh = 8, @, Fen(e @) .

Hence Ag(@)f g ;1 f @) B = Ay@)[ gy F(m(e " 8))) dE. It is true for all integrable

functions f: G/H — C by the limiting argument. Therefore Ag(@(G/H) =

A, @w(G/H) if we take f to be the characteristic function on G/H. Since w(G/H)

is finite by assumption, A () = Ay, (@).
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LemMmA 4.3. Let G = HN be a locally compact group where N is a closed
normal subgroup of G such that the canonical map H/H N N — G/N is a topolog-
ical isomorphism. Let a: H— A(H N N) (resp. 8: G — A(N)) be the representa-
tion defined by conjugation. Then for each h € H,

Ap(h) = Ay anMAyaN@®) and  Ag(h) = Ag n(R)ANBR))

where h is the image of h in H/H O\ N (resp. in G/N); in particular Ay (h) = Ag(h)
if and only if Ay y(a(h)) = Ay (B(R).

PROOF. Let dn and dg be fixed Haar measures on N and G/N respectively.
Then dg = dg dn is a Haar measure on G. It follows easily that A;(h) =
Ag nB)AyB®)). Similarly we have Ay (h) = Ay jpye n(B)Agay(a(h)). Since
H/H N N — G/N is an isomorphism, A, /N(’—’) = AN N(ﬁ), and the second
assertion follows.

ProposITION 4.4. Let G = HN be a locally compact group where N is a
closed normal subgroup of G and H a closed subgroup of G such that the canon-
ical maps H/H N N — G/N and N/N N H — G/H are homeomorphisms. Then
H has a finite invariant covolume in G if and only if N N H has a finite invariant
covolume in N.

PROOF. (=) As the canonical map N/N N H — G/H is a homeomorphism
commuting with translations by elements in IV, hence the necessary condition is
immediate.

(<) By Lemma 4.1, Ay, y(a(h)) = Ay(B(h)) for h € H. Hence by Lemma
4.3, Ay(h) = Ag(h), h € H. This shows that G/H has a invariant measure v p.
Since N/(H N N) — G/H is a homeomorphism commuting with translations by
elements in NV, hence vg ; induces an invariant measure v on N/H N N. By
assumption, u(N/(H N N)) < e and consequently v (G/H) = v(N/(H N N)) < e°.

THEOREM 4.5. Let G be a Lie group and H a closed subgroup of G such
that the Lie algebra G of G has no noncompact semisimple subalgebras. Then the
following two conditions are equivalent:

(i) H is uniform in G.

(ii) H has a finite invariant covolume in G.

ProoF. (ii) = (i) Certainly the index [G: G°H] < e and G°/G° N H has
a finite invariant measure. Hence by [18, Theorem 2.1], G° N H is uniform in
G° and consequently H is uniform in G.

(i) = (ii) Clearly G/HG® has a finite invariant measure. Hence we may
assume that G = HG®, and by Proposition 4.4 we may assume that G = G°.
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Let R be the radical of G. CI(HR)/R is a compact subgroup of the compact group
G/R. Hence G/CI(HR) has a finite invariant measure. Thus we may assume that
G = CI(HR). Let H® = KR, be a Levi-decomposition of H® where R, is the
radical of H® and K ; a maximal compact semisimple analytic subgroup of H 0,
Since G = CI(HR), R; C R and for any maximal compact analytic semisimple
subgroup K of G containing K, K, is normal in K. Hence K is an almost direct
product K = K, K, where K, is a normal analytic subgroup of K. Then we have
G =K,K,R. Let L =HNK,R. Clearly L is uniform in K,R. By Proposition
4.4, we can assume that G = K,R and K, = {e}. Hence H? is solvable and con-
sequently by a theorem of L. Auslander,(?) G = (C1 HR)? is solvable. In the fol-
lowing G is solvable. Let M be the maximal normal analytic subgroup of G con-
tained in H. Clearly M is closed in G. Consider then the group G/M. We can
further assume that M = {e}. Then by a theorem of Mostow [8], H N N is uni-
form in N where N is the nilradical of G. Since nilpotent Lie groups are uni-
modular, N/H N N has an invariant Haar measure which is certainly finite, for
N/H N N is compact. By Proposition 4.4, HNV/H has a finite invariant measure.
Since G/HN is a compact albelian group, it has a finite invariant measure. There-
fore H has a finite invariant covolume in G.

5. Elements with compact conjugacy class. Let G be a locally compact
group and F,(G) the set of all g in G such that the conjugacy class containing g
is compact. It would be interesting to know when an element g € F(G) is in
Fy(G). In [18], it was proved that if G is a Lie group and A a subset of A(G)
such that the group Z;(A), defined by {g € G: Mg) = g for all A € A}, has a
finite invariant covolume in G, then Z;(A) is uniform in G. In this section, we
are going to generalize this theorem to locally compact groups and ask its inverse.

LEMMA 5.1. Let G be a connected locally compact group and A a compact
normal solvable subgroup of G. Then A is central in G.

PrROOF. Case 1. G is a compact analytic group. Then G =T + S where T
is a central torus and S a compact semisimple analytic subgroup of G. Let B =
S N TA. Clearly B is a normal solvable subgroup of S, hence central in S and
central in G. Now as A C TB, A is central in G.

Case 2. G is an analytic group. A is contained in a maximal compact sub-
group K of G. K is connected. Hence A is abelian by Case 1. Now A4 is compact
normal and abelian G. As G is connected, 4 is central in G.

Case 3. The assertion for the general case follows from the fact that G is a
projective limit of analytic groups.

(2) L. Auslander, Bieberbach’s theorem on space groups, Amer. J. Math. 83 (1961),
279-280.
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PROPOSITION 5.2. Let G be a connected locally compact group and K the
maximal compact normal subgroup. Then there is a closed connected character-
istic subgroup G, of G such that G = KG, and K N G, C Z(G).

ProOOF. Case 1. K N Z(G) = {e}. There is an analytic subgroup H of
Z;(K) such that G = KH. Let U be the Lie algebra of K N H. Clearly U is an
ideal of A and is reductive. Hence % is a direct product of %, ® %, of an abelian
ideal ¥, and a compact semisimple ideal %,. It follows that 4 = ¥, @ B for
some ideal B of A, for U, is a semisimple ideal of A. Let G, be the analytic
subgroup of H with Lie algebra B. Obviously G = KG, and K N G, has Lie
algebra contained in ¥, which is abelian. Hence by Lemma 5.1, (K N G,)° is
central in G, thus is {e} for K N Z(G) = {e}. Therefore K N G, is normal and
totally disconnected in G, hence central in G and consequently is {e}. It follows
that G = K x G;. Let a be a continuous automorphism of G. We claim that
®G,)=G,. Let M = G,a(G,). Certainly it is easy to see that M is a normal
analytic subgroup of G and M =M NK) x G;. MNKCZyH(G,)andMNKC
G,4(G) C Zy(K), hence M N K C K N Z(G) = {e}. Hence G, = a(G,).

By Lemma 5.1, the group G/(K N Z(G)) has the condition in Case 1.

Case 2. By pulling back the assertion on G/(K N Z(G)) to the group G, the
lemma follows.

As an immediate consequence to general locally compact groups, we have

LEMMA 5.3. Let G be a locally compact group. Then G has an open sub-
group H such that H has a maximal compact normal subgroup K with H = KG,
and K N G, C Z(G,) where G, is a closed connected characteristic subgroup of G.

Let G be a locally compact group and A a subset of the automorphism group
A(G) of G. Let L be a subgroup of G. We denote by Z; (A) the set {{ € L:
M) =1forall A € A}L.

LemMA 5.4. Let G be a locally compact group, and H = KG, an open
subgroup of G where K is the maximal compact normal subgroup of H and G, a
closed connected characteristic subgroup of G with K N G, C Z(G,). Let AC
A(G)and A = Zy(A)K N G,. Then we have the following conditions:

() A= {gE€G,: Ik EK such that \g) = gk\Nk~ 1) VA € AL

(i) g~\g) € Z(G)NK forallg € A.

Proor. (i) is immediate.

(i) Z(G,) N K is the maximal compact subgroup of Z(G,). Since G, is
characteristic, Z(G,) N K is also a characteristic subgroup of G. Clearly by
Lemma 5.1, Z(G,/Z(G,) N K) has no periodic elements. Hence by passage from
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G to G/(Z(G,) N K), we may assume that K N Z(G,) = {e}. It follows that H =
K x G, hence K C Z;(G,) and consequently A(K) C Z;(G,). This shows that
g '\@g) € Z(G,) for all g € A. Thus the map X: A — Z(G,) defined by A(g) =
g7 \(g) (g € A4) is a continuous homomorphism. Since A(4) C KAK) N Z(G 1)
Im(}) is relatively compact. However Z(G,) has no periodic elements, X is trivial,
hence g~ !\(g) = e for all g € 4.

LeEMMA 5.5. Let G, H, K, G, and A be as in Lemma 5.4, and B =
ch(A» Z(G,)) given by {gE€G,: g7 \g) €Z(G,) forall \€E A}. Then A is
normal in B.

ProoF. Letg, €4 and g, € B. Then there is k € K such that \(g,) =
g kA(k™!) for all A € A. We see easily that

A2,8185 ") = 8,\8, )85 ! = £,8,87 VN(K™ 1) for all A

for KN(k~') = g7 'A(g,) € Z(G,). Hence by (i) of Lemma 5.4, g,8,85 " € A.
This proves that 4 is normal in B.

THEOREM 5.6. Let G be a locally compact group and A a subset of A(G).
If Z;(A) has a finite invariant covolume in G, then G has an open subgroup H
such that the group Zy(A) is uniform in H.

PrROOF. Let H be an open subgroup of G such that A has a maximal com-
pact normal subgroup K of H and H = KG, for a closed connected characteristic
subgroup G, of G with K N G, = K N Z(G,). Clearly H/Z,(A) has a finite in-
variant volume. H = KG,, and K is compact normal in H. It suffices to show
that H/Z,(A)K is compact. Let A = G; N Zy(A)K. Clearly the canonical map
G,/A — H/Z(A)K is homeomorphism commuting with translations by elements
in G,. Since H/Z,;(A)K has a finite invariant volume, so does G,/4. Let G, =
G,/Z(G,), A= {X: X\E A(G,) induced by A, X\ € A}. Consider then the group
Zg,(A). The preimage of Az, (A) in G, is just given by B = Zg (A, Z(G,)) =
{£ €G,: g7 '\©) €EZ(G,) for all € A}. Clearly A C B. Hence G,/Z NN
has a finite invariant volume. Since G, is a Lie group, by [18, Theorem 3.6]
Zg,(A) is uniform in G,. Hence G,/B is compact. Now by Lemma 5.5, B/4 is
a locally compact group with a finite Haar measure. It is well known that B/4
is compact and consequently G, /A is compact. H/Z (A)K, being homeomorphic
to G, /A, is thus compact. Hence the proof is completed.

COROLLARY 5.7. Let G be a locally compact group, A C A(G) such that
the group Z ;(A) has a finite invariant covolume in G. If F(G/G®) is open in
G/G®, then Z 4 (A) is uniform in G.
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PrOOF. Since F(G/G®) is open in G/G°, G/G® has a compact open normal
supbgroup L. Let L be the preimage of L in G. By Theorem 5.6, L/Z, (A) is
easily seen to be compact. Since Z;(A)L is an open subgroup of G, the index
[G: Z5(A)L] is finite, hence G/Z;(A) is compact.

Now let G be a locally compact group and g € F(G). By Theorem 3.10,
there is a closed normal subgroup N containing g such that NV has a unique max-
imal compact subgroup K and N/K is the direct product ¥ x D of a normal vector
subgroup of G/K and a normal discrete subgroup D of G/K isomorphic to Z* for
some nonnegative integer ! with N/K C F(G/K). Let Z;(N/K) (resp. Z(g, K))
be the group {x € G: xnx~! € nK for all n € N} (resp. {x € G: xgx~! € gK}).

LeEMMA 5.8. Let G be a locally compact group, g € F(G), and K, N be
described as above. Then we have the following conditions:

@ chg) - Zc(g’ K) and ZG(N: K)C Zo(g, K).

(i) The group G/Z4(N, K) is a Lie group with compact Lie algebra.

Proor. (i) is immediate.

(i) There is a continuous injective homomorphism a: G/Z;(V, K) —
Aut(V/K). Since Aut(N/K) is a Lie group, by [2, Proposition 1 in §XIV],
G/Z;(N, K) is a Lie group. Since N/K C F(G/K), Im(a) is relatively compact in
Aut(N/K). Hence the Lie algebra of G/Z;(N, K) is a compact Lie algebra.

THEOREM 5.9. Let G be a locally compact group such that compact normal
subgroups of G are central and g € F(G). Then the following two conditions are
equivalent:

() Zg(g) is uniform in G.
(i) Z;(g) has a finite invariant covolume in G.

ProOF. Let K be a compact normal subgroup of G with conditions in
Lemma 5.8.

@) = (i) G/Zgz(V, K) is a Lie group with compact Lie algebra. Clearly
G/Z;(g, K) is uniform. Hence by Theorem 4.5, G/Z;(g, K) has a finite invariant
measure. Now as K is central in G, Z;(g) is normal in Z;(g, K). Hence
Z;(8 K)/Z(g) is a compact group, thus has a finite invariant measure. As an
immediate consequence, G/Z;(g) has a finite invariant measure.

(i) = () Reversing the argument in (i) = (ii), we get readily that Z;(g)
is uniform in G.

ADDED IN PROOF. The author would like to mention the interesting work
by S. Grosser and M. Moskowitz, Compactness conditions in topological groups,
J. Reine Angew.Math.50 (1971), 1—40. Many results in §3 were discussed in
[21] (eg. 3.1, 3.4, 3.7).
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