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ABSTRACT. Let A be a quasi-local ring of global dimension n < <*>.  As-

sume that its center R is a noetherian domain, that A is finitely generated torsion-

free as an .R-module, and that R is an R-direct summand of A.  Then R is inte-

grally closed in its quotient field K and Macauley of dimension n.   Furthermore,

when n = 2, A is a maximal Rorder in the central simple K-algebra A ®^j K.

This extends an earlier result of the author, in which R was assumed to have glob-

al dimension 2.   Examples are given to show that in the above situation R can

have infinite global dimension.

Introduction. Let R be a commutative noetherian domain with quotient

field K, and let A be a central R-algebra which is finitely generated and torsion-

free as an R-module. Assume further that R is an R-direct summand of A. Then

if the global dimension of A is « and A is quasi-local, R is integrally closed in K

and Macauley of dimension n. Harada [7] had proved that when n = l,R is a

Dedekind domain, without assuming that A is quasi-local, or that R is an R-direct

summand of A.

When n = 2 we can say more. Then A is Ä-reflexive and, in fact, is a maxi-

mal border in the central simple ^f-algebra 2 = A 0^ K. This extends an earlier

result of the author [13] in which R was assumed to be regular local of dimen-

sion 2.

Using skew power series rings we give a general method for constructing ex-

amples of local orders with finite global dimension whose centers have infinite

global dimension. By means of these examples we show that the abovementioned

result is indeed an extension of the earlier one. We conjecture that, in general,

these skew power series orders are maximal.

0. Notation and conventions. In this paper all rings have 1 and all modules

are unital. R will always denote a commutative noetherian local domain with

quotient field K. A will denote a central R-algebra, finitely generated and tor-

sion-free as an R-module. Gl. dim. stands for global dimension, while l.p.d. and
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and l.i.d. denote left projective dimension and left injective dimension, respect-

ively.

1. Preliminary results. Let (A, tn) be a commutative noetherian local ring

and T any A -algebra which is finitely generated as an A -module. For a multipli-

catively closed subset S of A - [0},AS will denote the localization of A at S, and

for any .4-module M, Ms = As ®A M. Furthermore, if p is a prime ideal of A,

we will follow the usual convention and write M^ instead of MA_^.

Lemma 1.1. Let S be a multiplicatively closed subset of A - {0} such that

m n S =t 0. Assume that rs ï 0. 7/l.i.d.r T < ~, then lld.r. Ts < l.i.d.r T.

Proof. The proof of [13, Proposition 3.1] works if the hypothesis about

the regularity of elements of S on T is replaced by the hypothesis that Ts =£

0.   D

Corollary 1.2. IfT D A then l.i.d.r T > Krulldim. A.

Proof. This follows from Lemma 1.1 by an easy induction on n =

Krulldim. A.   D

Corollary 1.3. Let A be a Macauley ring. Suppose that r D A and

l.i.d.r T = Krulldim A. Then for any p G Spec A, U.a. r   Tp   = Krull dim. A) .

In particular, if gl. dim. T = Krull dim. A, then gl. dim. Tj, = Krull dim. A ¡,.

Proof. Since A is Macauley, there is a saturated chain of prime ideals m =

p0 ^  Pi ^ • • • ̂  Pr = P such that t + Krulldim. A$ = Krulldim. A. By

Lemma 1.1,

U.d.r Th < (l.i.d.r r) - t = (Krull dim. A) - t = Krull dim. ̂ .

But by the preceding corollary, l.i.d.r   T), > Krull dim. Ap, so we have the de-

sired equality. The second statement follows from the fact that the global di-

mension, when finite, equals the injective dimension, and the fact that the finite-

ness is preserved under localization.   D

Corollary 1.4. Suppose A is a Macauley domain with quotient field F,

and T is a central A-algebra. If gl. dim. T = Krull dim. A, then T ®A F is a cen-

tral simple F-algebra.

Proof. By Corollary 1.3, gl. dim. T ®A F = 0, so that T ®A F is semi-

simple.  Its center is F (since T is .4-central) and since F is a field, the semisimple
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ring r ®A F must, in fact, be simple (otherwise F would be a direct product of

the centers of the simple components of T ®¿ F). Hence T ®A F is a central

simple F-algebra.   D

Recall that for an /I-module M, depth^ M (or codh^ M in [2]) is the length

of the longest M-regular sequence contained in the maximal ideal (or more gen-

erally, for nonlocal rings, the Jacobson radical) of A.

T is called quasi-local if r//(T) is a simple artin ring, where J{F) is the

Jacobson radical of T.

Proposition 1.5. Suppose V ~D A, T is quasi-local, and l.i.d.r r = « < °°.

If âepthA T < depths A then A is a Macauley ring of dimension n. {In particu-

lar, this inequality is satisfied if A is an A-direct summand of V, or if

vA.A r < co.)

Proof. Since T is quasi-local, it follows from [13, Corollary 2.15] that

« = lj.d.r T = depths T. By Corollary 1.2, Krulldim. A < n. Hence

Krulldim. A < depth^ A. Thus Krulldim. A = depths A and A is Macauley of

dimension n.   O

We turn now to the domain R and the central R-algebra A.

Theorem 1.6. Assume that R is an R-direct summand of A.  Suppose that

A is quasi-local and gl. dim. A = « < <».   Then R is integrally closed and Macauley

of dimension n.

Proof. The preceding proposition shows that R is Macauley of dimension

n. Hence, in particular, every principal ideal of R is unmixed. Therefore, accord-

ing to [12,Theorem 12.9,p. 241], to show that R is integrally closed, it suffices

to show that for each height one prime p, R^ is integrally closed (or equivalently,

a discrete valuation ring). Since gl. dim. A = Krulldim. R, and R is Macauley, if

height p = 1, then by Corollary 1.3, gl. dim. Ap = Krulldim. Rp = 1. Thus Ap

is a hereditary order in the tf-algebra A ®R K, which by Corollary 1.4 is central

simple. By a result of Harada [7, Theorem 2.6] the center of Ap, i?p, is a dis-

crete valuation ring. Thus/? is integrally closed.   D

2. The case n = 2. In this section, we obtain sharper results when

gl. dim. A = 2. We begin with a general observation.

Proposition 2.1. Suppose Í2 C T are orders in the same quotient ring. If

T is a finitely generated projective generator in the category of right Si-modules,

then n = T.

Proof. View f as a T-Í2 bimodule.  By Morita duality, £2 = EndA(r),
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where A = Endn(r).  For y GT, let Ly: F —► T denote left multiplication by y.

Then Ly G A, and y ~^ Ly defines a ring homomorphism T —> A which is clearly

one-to-one.  On the other hand, if a G A, then a extends to a right 2-endomor-

phism of 2, where 2 is the common quotient ring of T and £2.  This endomor-

phism is just left multiplication by some element a G 2. Hence a itself is left

multiplication by a, and ar = o(T) C r, so a G T.  Hence a = La, and the map

7 ~* Ly is an isomorphism of T onto A. Hence Í2 = EndA(r) = Endr(r). T is

now being viewed as a right T-module, and so Endr(r) = T. Hence Q, = T.    D

Theorem 2.2. Suppose A is quasi-local and gl. dim. A = 2. Let R be the

center of A  Assume that R is a domain with quotient field K and A is a finitely

generated torsion-free R-module. Assume further that R is an R-direct summand

of A  Let 2 = A ®Ä K.   Then A is R-reflexive and a'maximal R-order in the

central simple K-algebra 2.

Proof. Note that R is local since A is quasi-local, AD R, and A is a finite

Ä-module. By Theorem 1.6, R is integrally closed in K and Macauley of dimen-

sion 2. Let T be a maximal Ä-order in 2 which contains A. Then T is ¿^-reflex-

ive [3, Theorem 1.5]. Hence depthÄ r > 2 [1, Lemma 2]. If x, y is a T-regular

sequence contained in^, then

p.d.Ar/(x, y)T = 2 + p.d.Ar < gl. dim. A = 2.

Hence p.d.A F = 0, i.e. T is A-projective. Since A is quasi-local, every nonzero

projective A-module is a projective generator. By Proposition 2.1, A = T. Hence

A is R-reflexive and a maximal ¿border in 2.   D

We can strengthen the preceding theorem when ¿^ is complete (or equiva-

lently, when A is complete in the ¿(A)-adic topology).

Theorem 2.3. Suppose gl. dim. A = 2 and A is quasi-local. Assume that

its center, R, is an R-direct summand of A.  Suppose the local domain R is com-

plete. If Í2 is any maximal R-order in 2 = A ®fi K, then £2 = rAr-1 for some

unit t G 2.

Proof. Since R is a complete local domain, it contains a complete regular

local ring S such that R is a finite 5-module [12, Corollary 31.6, p. 109].  Fur-

thermore, gl. dim. S = 2 by [13, Corollary 2.17]. Let ¿ be the quotient field of

S. Then K is finite dimensional over ¿, and since ¿ C ¿^¿ C K, RL is a field.

Since R C RL, RL = K, the quotient field of R. Thus if T is any R-order in 2,

2 = YK = TRL = T¿, and hence T ®5 ¿ = 2. Since T is a finite R-module, it

is also finite as an 5-module. Thus f is an 5-order in 2. Now consider the maxi-
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mal R-order £2. We claim that it is also maximal as an S-order in 2. For if A is

any 5-order in 2, then AR is an R-order in 2. Thus if £2 C A, then since

A C AR, we have £2 C AR and by the i?-maximality of £2, £2 = AR. Hence

£2 = A, and £2 is indeed S-maximal. We now appeal to [13, Theorem 5.4], ob-

serving that nowhere in its proof did we use the fact that the regular local ring of

dimension 2 was actually equal to the center of A, but only that A was finitely

generated as a module over this ring.   D

In the next section we shall give an example to show that the hypotheses

of Theorem 2.3 do not imply that R is regular local, and thus the theorem is a

generalization of [13, Theorem 5.4].

Theorem 2.4. Let R be a noetherian integrally closed local domain, and

A an R-reflexive R-order in the central simple K-algebra 2.  Assume that R is an

R-direct summand of A.  Suppose that for some nonzero, nonunit x E R, {x) is

prime, R/{x) is integrally closed, A^ is R^-separable, and A/xA is a maximal

R/{x)-order in A^/xA^y Then A is maximal.

Proof. The proof of [14, Theorem 3.1] works here, except that where [13,

Theorem 5.4] was invoked, we now use Theorem 2.2 instead.   □

Corollary 25. Let R be integrally closed in K, and A a maximal R-order

in the central simple K-algebra 2. Assume that R is an R-direct summand of A.

Then A[[X]] = A ®R R[[X]] is a maximal R[[X]]-order in 2 ®K L, where L is

the quotient field ofR[[X]].

Vroof. R[[X]] is integrally closed in L and is an/?[[,¥]]-direct summand of

A[[X]]. Since A is a maximal R-order, it isÄ-reflexive. A[[A-]]^/^TA[[A']](^j -

A ®R K = 2. Therefore A[[X]](X) is Ä[[AT]](X)-separable. Theorem 2.4 now

applies.   D

3. Skew power series rings. We begin this section with some general observa-

tions about the ring of invariants AG of a commutative ring A under the action of

a finite group of automorphisms G.

Lemma 3.1. Suppose o{G), the order of G, is invertible in A.   Then AG is

an AG-direct summand of A.

Proof. Let n = o{G). Define /: A —> AG by f{a) = n~x2oGGo{a). Clear-

ly / is ̂ 4G-linear and the restriction of / to AG is the identity map.   D

Corollary 3.2 (Höchster and Eagon). Suppose o{G) is invertible in

A. If A is Macauley, then so is AG.
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Proof. See [8, Proposition 13].   D

Lemma 3.3. Let R be an integrally closed noetherian domain, and let

¿ D R be a commutative ring which is a finite R-module.  Suppose T is Macauley.

Then T is R-reflexive.

Proof. It suffices, by [1, Lemma 2], to show that for every prime ideal p

in R of height > 2, we have depth^ Tp > 2. By [2, Proposition 2.11 ],

depth^ T9 = depthT   ¿p . But depthr   Tp   = Krull dim. ¿„    (since the

Macauley property is preserved by localization) and Krull dim. Tp     =

Krulldim. Rp (since Tp is a finite extension of Rp). The latter is > 2, by as-

sumption, and so T is Ä-reflexive.   D

Corollary 3.4. Let A be an integrally closed noetherian domain which is

Macauley. Let G be a finite group of automorphisms of A.   Then AG is integral-

ly closed. If A is a finite AG-module, then A is AG-reflexive, and AG is noe-

therian. If o(G) is invertible in A, then AG is Macauley and is an AG-direct sum-

mand of A.

Proof. Each A -automorphism extends to an ¿-automorphism, where F is

the quotient field of A. Thus AG = A D FG, and since A is integrally closed in

F it follows immediately tliat AG is integrally closed in FG.  If A is a finite AG-

module, then AG is noetherian, by [4, Theorem 1]. The remaining assertions fol-

low directly from the preceding results in this section.   D

Note. An example of Nagarajan [11] shows that the hypothesis in Corollary

3.4 that A is a finite .4G-module, is not superfluous. A regular local ring A and

an automorphism o are constructed so that o(a) = 2 and A" is not noetherian.

Hence A is not a finite ^"-module. On the other hand, the characteristic of A is

2, so o(a) is not invertible in A.

An example of M. Bertin [4] shows that if o(G) is not invertible in A, AG

may fail to be Macauley.

From now on A will be a commutative noetherian ring and a an automor-

phism of A of finite order, say o(a) = t. We shall denote the fixed ring under

the cyclic group <a> by Aa. Let A = A[[X; a]] be the skew power series ring ov-

er A in one indeterminate X. It consists of all the formal power series 2?L0aIAr',

with X-a = o(a)- X for all a G A. By a result of Fields [6], gl. dim. A = 1 +

gl. dim. A. If A is local with maximal ideal m, then A is local with maximal

ideal m A + XA. If A is a domain, then A is an order in a division ring. For A

is a noetherian prime ring and thus, by Goldie's thoerem, an order in a simple ar-

tin ring 2. On the other hand, if F is the quotient field of A, then A C F[[X, r]]

(where r is the extension of a to F) and so A is a subring of the division ring
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F[[X; t]][X~x]. Therefore the simple artin ring 2 is a subring of this division

ring, and hence is itself a division ring.

A simple calculation shows that the center R, of A, is ^"[[.ST']]- Again, by

Fields' result, gl. dim. R = 1 + gl. dim. Aa.

Theorem 3.5. Let A be a regular local ring, and assume that the A-auto-

morphism o has order t which is invertible in A. Assume that A is a finite A°-

module. Let A = A[[X; a]].  Then its center R is a noetherian, integrally closed,

local Macauley domain.  A is local, and gl. dim. A = Krull dim. R. Furthermore,

A is a finitely generated R-reflexive R-module, and R is an R-direct summand of

A.

Proof. As noted above, R = ^a[[Zf]]. By Corollary 3.4, A" is integrally

closed, noetherian, and Macauley.  Since A" = A n FT, A is local, and FT is a

field, it is easy to see that the set of nonunits in A" is closed under addition, and

hence Aa is local. All these properties are inherited by R, since it is a power se-

ries ring over A°. By Corollary 3.4, A is /lCT-reflexive, and hence A[[X*]] is

^4°[[Ari]]-reflexive. Also, the finiteness of A over A" implies the finiteness of

A[[X*]] over ¿"[[A"]]- Now A[[X; a]] is free over A[[X*]] on the basis {1,

X,. . . , Xf~x}, and so A[[X; o]] is finitely generated ¿"[[A^J-reflexive.

A" is an ^"-summand of A (Corollary 3.4) and hence R = j4CT[[Xf]] is an

R-summand of ^[[A^]]- Since A = A[[X; o]] isA[[X*]]-iree,R is an i?-summand

of A.

As we noted in the preliminary remarks, gl. dim. A = 1 + gl. dim. A. Now

gl. dim. 4 = Krulldim. .4 = Krull dim. A°, and Krull dim. ¿0[[Aff]] = 1 +

Krulldim. A". Therefore gl. dim. A = Krulldim.R.   D

This theorem suggests the following

Conjecture. The .R-order A in Theorem 3.5 is maximal.

Remark. Since gl. dim. R = 1 + gl. dim. Aa, R is regular local if and only

if A" is. Thus, to obtain an example in which A has global dimension n + 1 but

its center R has infinite global dimension, one need only find a regular local ring

A of dimension n and an automorphism a of finite order such that Aa is not reg-

ular local.

Example 1. Let k be a field of characteristic =fc 2, and let A = k[[Y, Z]],

Y and Z independent indeterminates. Define a: A —* A by o{Y) = - Y,

o{Z) = -Z, and o\k = identity. Then o{o) = 2 and A" = k[[Y2, Z2, YZ]]. A"

is not factorial since Y2  • Z2 = {YZ)2, and hence it is not regular, i.e.

gl. dim. A" = °°.    Let A = A[[X; a]].    Its center, R, is ^[LY2]]. Thus

gl. dim. A = 3, while gl. dim. R = °°.

We shall now show that as an R-order in the division algebra A ®R K, A
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is maximal. Since A is R-reflexive, it suffices, by [3, Theorem 1.5], to prove that

for every height one prime p of R, Ap is a maximal Rp-oxdex.  Since

gl. dim. A = 3, it follows from Corollary 1.3 that gl. dim. Ap = 1, i.e. Ap is he-

reditary. Hence, by [3, Theorem 2.3], Ap is maximal if and only if it is quasi-

local.

As an Ä-module, A is generated by {1, Y, Z, X, XY, XZ}. Since the height

of p is one, either Y2 G p or Z2 £ p. We may assume, with no loss in general-

ity, that Z2 G p. Then Y - (YZlZ2) -ZGRPZ, and so_Ap_=_Rp {1, Z, X, XZ}.

Since [Ap/pAp: Rp /pRp ] = [Ap ®Rf K: K] = 4,_[1, Z, X, XZ} is a basis of

Ap/pAp over the field Rp /pRp . XZ = -ZX, and X2, Z2 G Rp/pRp, with

Z2 i=- 0. If X2 £ p, then X2 =£ 0 and Ap /p Ap is a quaternion algebra over

RplpRp and hence a central simple RplpRp-algebra. Therefore ¿(Ap) = pAp

and Ap is quasi-local. On the other hand, if A"2 G p, then X G J(Ap). Now

APIXAP = RplpRp [Z], which is a field. Thus Ap is local. So for every height

one prime p, Ap is quasi-local, and therefore A is maximal.   D

Example 2. Let A and R be the same as in the preceding example. Let

Q = (Y2, Z2, YZ)R. Then Q is a height two prime of R. Gl.jdim. AQ =

Krulldim. Rq = 2. Clearly the minimal number of generators of QRq is 3, so

RQ is not regular. J(AQ) D QAQ D (Y, Z)2, so (Y, Z) C ¿(Aß). Hence

AQ/J(AQ) - k((X2)), the quotient field of *[[*2]]. Thus AQ is local. Finally,

since R is an Ä-summand of A, Rq is an Rq -summand of Aq. We therefore

have an example of an order satisfying the hypotheses of Theorem 2.2, whose

center is not regular local.   D

Finally, we note the following example of Jensen and Jçfodrup [9], which is

similar to, but simpler than, our Example 2. Using a skew power series ring in 2

variables over a field, they construct a left and right noetherian local domain A of

global dimension 2, finitely generated over its center R, and R is a complete local

domain which is not regular (i.e. which has infinite global dimension).

Example 3 (Jensen and J^ndrup). Let C be the field of complex num-

bers, R the reals, and let o denote the automorphism of C given by complex con-

jugation. Let A = C[[X, Y; a]], the ring of formal power series in X and Y with

complex coefficients, with relations X • Y = Y • X, X • a = a(a) • X, and Y • a =

o(a) • Y, for all a G C. The center R is R[[X2, Y2, XY]].

In addition to the properties of A and R mentioned above, R is an ¿^-direct

summand of A. Hence A is an example of an order satisfying the hypotheses of

Theorem 2.3, whose center has infinite global dimension.
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