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TOPOLOGICAL DYNAMICS AND C*-ALGEBRAS(!)
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ABSTRACT. If G is a group of automorphisms of a C -algebra A with iden-
tity, then G acts in a natural way as a transformation group on the state space

S(A) of A. Moreover, this action is uniformly almost periodic if and only if G

has compact pointwise closure in the space of all maps of 4 into A. Considera-

tion of the enveloping semigroup of (S(4), G) shows that, in this case, this point-

wise closure G is a compact topological group consisting of automorphisms of A4.

The Haar measure on G is used to define an analogue of the canonical center-

valued trace on a finite von Neumann algebra. If A possesses a sufficiently large

group Gg of inner automorphxsms such that (S(4), Gg) is uniformly almost peri-

odic, then 4 is a central C' -algebra. The notion of a uniquely ergodic system is
applied to gwe necessary and sufficient conditions that an approximately finite
dimensional C -algebra possess exactly one finite trace.

Introduction. The purpose of this paper is to apply some ideas from topo-
logical dynamics to the study of C*-algebras. If X is a compact Hausdorff space
and (X, I) is a topological transformation group, then I'" has a natural representa-
tion as a group of automorphisms of the commutative C*-algebra C(X): for t €T

and f € ((X) put

(Nx)=fxr), x€X.
It is often possible to express properties of (X, I') in terms of the system
(T, C(X)); for example, (X, I') is uniformly almost periodic iff for each f € C(X),
the set {tf: ¢t € I'} is relatively compact in C(X). If A4 is an arbitrary C*-algebra
with identity and G is a group of automorphisms of 4, we may view the pair
(G, A) as a noncommutative version of (', C(X)). We shall see that some of the
relationships between (X, I') and (I, C(X)) have noncommutative analogues, and
that these analogues can be used to obtain information about the structure of cer-
tain C*-algebras.
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1. Preliminaries. We shall generally follow the terminology of [6] for topo-
logical dynamics, that of [5] for C*-algebras, and that of [12] for uniform spaces
and topologies on function spaces. We shall however translate Dixmier’s “mor-
phisme” by “#*-homomorphism”, and we define “trace” below.

DEFINITION 1.1. Let G be a semigroup with identity e, and let X be a set.

A right action of G on X is a mapping
mXxG—X: (x,d) = xa=n( )

such that

(1) xe = x for all x € X, and

(2) (xa)B = x(af) for all x € X and all a, B EG.

When there is no danger of confusion, we shall write xa for n(x, a).

A left action of G on X is a mapping (a, x) — ax of G x X into X such
that ex = x and a(fx) = (af)x for all x € X and all a, 8 € G. We make the con-
vention that the term “action” will mean “right action” unless we specify other-
wise. An action is continuous if it is continuous from the product topology on
X xG.

REMARK 1.2. If X and Y are sets, we shall write Y% for the set of all map-
pings of X into Y. When Y = X, we may use composition of mappings to pro-
vide XX with two natural semigroup structures: Let (p, q) be an ordered pair of
elements of XX. If we write our mappings on the right, we shall define pq by

x(pq) = (xp)q, x€E€X.
If we write our mappings on the left, we shall compose in the opposite order:

(Pg)x =p(gx), x€X.

These definitions give actions of XX on X on the right and left respectively. We
shall find it convenient to write maps of C*-algebras on the left and maps of their
state spaces on the right.

REMARK 1.3. Let 4 be a C™-algebra with identity. We write S(4) for its
state space, and we give S(4) the weak* topology. Then the set S(4) is convex,
and the topological space S(4) is compact and Hausdorff, hence is a uniform
space in a unique way. We note that the uniformity on S(4) is determined by
the family of all pseudo-norms of the form (p, 9) — Ip(a) — q(a)!, where a is a
positive element of 4. It follows that a net p.y in S(4)54) converges to p €
S(A)%4) in the topology of uniform convergence iff for each positive ¢ € 4 we
have

sup 1(6,)@ - ()@ — 0

PES(A

[12, pp. 226—227]. We note also that as S(4) is compact, a family of maps in
S(4)54) is equicontinuous iff it is uniformly equicontinuous.
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We write ES(A) for the set of pure states of 4 with the weak® topology.

REMARK 14. Let (X, G) be a transformation group with compact Hausdorff
phase space X. For each ¢t € G, let n* denote the map x — xt, x € X. The
pointwise closure in XX of the set {n*: ¢ € G} is a semigroup, called the envelop-
ing semigroup of (X, G) [6, 3.2]. The following are equivalent:

(1) (X, G) is uniformly almost periodic.

(2) {n': t € G} is an equicontinuous family.

(3) The enveloping semigroup of (X, G) is a group of continuous maps.

(4) If f € C(X), then f is almost periodic, i.e. {f © #’: t € G} has compact
closure in ((X) [6, 4.4 and 4.15].

(The proof given in [6, 4.15] for real functions applies equally well to C(X).)

Let A be a C*-algebra with identity. If p € S(4), we write L? for the rep-
resentation of A obtained by applying the Gelfand-Naimark-Segal construction to
p, and we say that LP is associated to p. The left kernel of p is the left ideal
{a € A: p(a*a) = 0}. A state 7 of A is a trace on A if 7 is invariant under the in-
ner automorphisms of 4, i.e. 7(a) = 7(uau*) for all a € A and all unitary u € 4.
Since every element of A4 is a linear combination of unitaries, a state 7 of 4 is a
trace iff 7(ab) = 7(ba) for all a, b € A. We denote the set of all traces on 4 by
T(A), and we write ET(A) for the set of extremal traces of A4, i.e. extreme points
of T(A4). A trace 7 is extremal iff L7 is a factor representation [5, 6.7.3 and
6.8.5].

A face of a compact convex set K is a convex subset F of K such that if
p,q €K and %p + %q € F, then p and ¢q are in F. An extreme point of a face
of K is also an extreme point of K, and the inverse image of an extreme point
under an affine map is a face.

If A is a C*-algebra, we denote by Max(d4) the space of all maximal ideals
of A equipped with the relative topology from the Jacobson topology on Prim(4)
[5,3.1.1]. We write ZA for the center of 4. Suppose A has an identity. Then
there is a mapping p of Prim(4) onto Max(Z4) given by p: P — PN ZA. This
mapping is continuous, and since Prim(4) is compact and Max(ZA) is Hausdorff,
it is also closed. If p is one-to-one (i.e. a homeomorphism), then A is said to be
a central C*-algebra [1].

REMARK 1.5. Let 4 be a C*-algebra with identity 7, and let p be a state of
A such that L? is a factor representation (e.g. a pure state or an extremal trace).
We identify the center of LP(4)' with C. Then p coincides with L? on ZA4,
hence is multiplicative on ZA. Suppose moreover that ker L? is a primitive ideal.
Then the character of Z4 which corresponds to ker LP N ZA is pl, ,. For if the
value of this character on z is A, then z — AT € ker LP N ZA Cker L?, so
p(z—A) = LP(z-AI)=0,and p(z) = A.
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2. Uniformly almost periodic groups of automorphisms. In this section 4
will denote a C*-algebra with identity I. An automorphism of A is an invertible
*-homomorphism of A4 onto 4, and we write Aut(4) for the group of all auto-
morphisms of 4. We shall characterize those subgroups of Aut(4) which act uni-
formly almost periodically on S(4).

Let G be a subgroup of Aut(4). We say that an element @ of 4 is G-invari-
ant if a(@d) = a for all a € G. A state p of A4 is G-invariant if p © a = p for all
a € G. We denote the algebra of all G-invariant elements of 4 by Z; A4 and the
set of all G-invariant states of 4 by S;(4). Then Z;A is a C*subalgebra of 4,
and S (A) is a compact convex subspace of S(4).

Let A4 have the pointwise (product) topology. Then the set Aut(4) is not
in general closed in 44, since a net of automorphisms may converge pointwise to
a map which is not onto. It will therefore be convenient for us to consider a
slightly larger subset of A: Let H(A) be the set of all *-homomorphisms a of 4
into A such that a(/) = I. Then H(A) is pointwise closed, the elements of H(A4)
are norm-decreasing positive maps, and an element of H(4) is an automorphism
iff it is an invertible mapping. Moreover, H(A4) is closed under composition of
mappings, hence is a subsemigroup of 44. We note that a net {oz.,} converges to
a in H(A) iff o (@) — a(a) for each positive a € 4.

LeEMMA 2.1. H(A) is a topological semigroup, and Aut(A4) is a topological
group.
PROOF. Suppose (a,, B,) — (e, B) in H(A) x H(4) and let a € A. Then

lec, B, (@) — aB(@)l < le, 118, (@) - Bl + le, (B(@)) = a(B@)I.

Asa, —a,B8, — B, and ||oz7|| < 1 for all v, this tends to zero, so a, 8, — ap.
Thus H(A) is a topological semigroup.
To show that Aut(4) is a topological group we suppose that a, — a in

Aut(4). Let a € A. Automorphisms of C*-algebras are isometric, so
ley '@ - o '@l = la - a, ¢ @)1 = la(@ (@) - e, (@ @) — 0.

Thus inversion is continuous on Aut(4), and Aut(4) is a topological group.
If « € H(A) and p is a state of 4, then p ° « is again a state of 4. Thus
there is a natural action of H(4) on S(4) defined by

(P, @) > pea=pa, pES), a€E€HA).
This action is continuous: if (., a,) — (p, @) in S(4) x H(4) and a € 4, then

Ip7 °a(@)-pea@l < IIa.’(a) -a@)l + Ipy(a(a)) -p(a@)l — 0.,
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It follows that if G is any subgroup of Aut(4), then the restriction of this action
to S(4) x G makes (S(4), G) into a transformation group.

Since H(A) is closed in A4, we have for any subset G of H(A4) that the clo-
sures of G in H(A) and in A4 coincide. We shall find the following theorem
very useful in providing examples of uniformly almost periodic actions on state
spaces.

THEOREM 2.2. Let G be a subset of H(A), and let S be any subset of A
such that the linear span of S is dense in A. Then the closure of G in H(A) is
compact iff for every a € S, the set G[a] = {a(a): a € G} has compact closure in
A.

PROOF. Let G be the closure of G. As & — a(a) is continuous, we have
Gla] = {a(@): « € G} C G[a] for every a € 4.

If G is compact, then for each a € A we have G[a] compact, whence
Gla] = G[a]. In particular, G[a] is then compact for every a € S.

Conversely, suppose that for every a € S, the set G[a] is compact. The ele-
ments of G are linear and norm-decreasing, so the restriction mapping r: @ — alg
is a one-to-one map of G into AS. Let AS have the product topology. Then
o, —>ain G iff r(a,y) — r(c) in A5. For if r(e,) — r(a), then a, — a point-
wise on S, hence pointwise on the linear span of S. As this span is dense, and as
G consists of maps uniformly bounded in norm, an e/3-argument shows that
. (a) — a(a) for all a € 4.

Thus 7 is a homeomorphism of G onto its image in AS. To see that
this image is closed in A5, suppose r(a,) is a net in the image such that n(a,) —
0 in AS. It is enough to show that @ has an extension to a map a in 44 such
that @, — a in A4. We extend 0 to the linear span of S by 0L \a) =
Z% N0(a;). We have

i
n n n
> N6@) = X Nlime, () = uma.,(Z xia,.).
i=1 i=1 Y Y i=1

It follows that 6 is well defined and linear and that a,, converges pointwise to 6
on the span of §. Since the a,, are norm-decreasing, 6 is also norm-decreasing on
this span. Thus 0 has an extension to a linear, norm-decreasing map a of 4 into
A. By the same e/3-argument as above, o, —>ain A4,

To complete the proof we observe that the image of G is contained in
X,esGla] € X,esGla] and apply the Tychonoff Theorem.

We shall need to consider more closely the maps of S(A4) into itself which
are induced by the elements of H(4). For each a € H(A), let i(a) be the map-
ping p — pa. Then i is an injection of H(4) into S(4)5“), for if p(a(@)) =
2 (B(@)) for all p € S(4) and all a € A4, then a(a) = B(e) for all a € A. Moreover,
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i has the following additional properties:

(1) i takes the identity of the semigroup H(4) onto that of the semigroup
S(4)54) | and i is a homomorphism of semigroups: i(af) = i(@)i(B).

(2) For each a € H(A), i(a) is weak™*-continuous and affine.

(3) If « € H(A) and « is invertible, then i(a) is invertible and i(@)~!=i(@™).

LEMMA 2.3. The map i is bicontinuous from H(A) into S(A)54) when
S(4)5M) s given the topology of uniform convergence.

ProOF. If 2 € 4 is positive and &, a € H(A), then a,(a) — a(a) is selfad-
joint. Hence lla, (@) = a(@)ll = sup,eg(4) P (e, (@) — a(@)l.

LEMMA 2.4. Let K be a convex subset of the dual of a Banach space B, and
let K have the weak™® topology. Let F be a family of affine maps of K into K.
Then the pointwise closure of F in KX is again a family of affine maps.

PRrOOF. Let A € [0, 1], let p, ¢ € K, and suppose 8, converges pointwise in
KX. Then the functionals lim 8,(\p + (1 = N)q) and X lim_ 8, (p) +

(1 = N)lim, B, (q) agree on each element of B.

THEOREM 2.5. Let G be a subgroup of Aut(4). Then the following are
equivalent:

(1) The transformation group (S(A), G) is uniformly almost periodic.

(2) The closure G of G in H(A) (or in A4) is compact.
Under these conditions G is a group, and i is a homeomorphism and a group iso-
morphism of G onto the enveloping semigroup E of (S(4), G).

PRrOOF. Let T be the topology of uniform convergence. We use below with-
out comment Remark 1.4 and some topological results which can be found in
[12, pp. 227, 232-233].

Suppose G is compact. Then i(G) is T-compact by Lemma 2.3. The topol-
ogy T is jointly continuous on the family of all continuous maps of S(4) into
S(A), so i(G) is equicontinuous. In particular, the subfamily i(G) is equicontinu-
ous, so (S(4), G) is uniformly almost periodic.

Conversely, suppose (S(4), G) is uniformly almost periodic. Let Ag be the
selfadjoint part of 4. By Theorem 2.2 it suffices to show that for each a €4y,
the orbit G[a] has compact closure (in A or in 4). For such an a, let @ be the
map p — p(a) of S(4) into the real numbers. Then @ — & is an isometric linear
map of A into ((S(4)). Thus it suffices to show that for each a € 4y, {o{(a\)

a € G} has compact closure in ((S(4)). Since a(a)(p) p(a@)) = d(pa), we
need only show that each & is an almost periodic function, which follows from
uniform almost periodicity of (S(4), G).
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Now suppose that (1) and (2) are satisfied. Since i is continuous into the
topology T, it is also continuous into the pointwise topology. Thus i(G) is point-
wise compact. Since S(4)S4) is pointwise Hausdorff, i is a homeomorphism of
G onto i(G). But then i(G) is pointwise dense in both i(G) and E, so i(G) = E.
Now E is a group, and / is an isomorphism of the semigroup G onto E which
takes the identity of G to the identity of E. If a € G, then there exists § € G
such that i(8) = i(¢)”!. But then g will be an inverse for @, so G is a group.

COROLLARY 2.6. If G is compact, then G is a subgroup of Aut(4). In par-
ticular, G is a compact topological group.

COROLLARY 2.7. The closure of G in A4 is compact iff the closure of G
in Aut(4) is compact, and in this case the two closures coincide.

COROLLARY 2.8. If G is compact, then every element of E maps the set of
pure states of A into itself.

PRrROOF. As (S(4), G) is uniformly almost periodic, the elements of E are
invertible maps. By Lemma 2.4, they are affine. Thus each a € F must take ex-
treme points to extreme points.

REMARK. The methods of this section can also be used to obtain analogous
results for groups of C*-automorphisms as defined in [11].

3. Uniformly almost periodic C*-algebras. In this section we use uniform
almost periodicity of (S(4), G) to obtain information about the traces and the
ideal structure of the algebra A. We remark that our discussion of centrality is
based on that in [13], in which Mosak obtained most of the results of this section
for certain group C*-algebras.

We continue to assume that 4 is a C*-algebra with identity I. Moreover, we
assume that G is a group of automorphisms of 4 such that (S(4), G) is uniformly
almost periodic. Let u be normalized Haar measure on G, and let a € 4. As
« — a(a) is continuous on G, it is weakly u-measurable. The image of G is a
compact metric space, hence is separable, so the Bochner integral [ a(a)du(e)
exists [20, pp. 131—-133]. We may thus define a mapping # of 4 into 4 by
a* = [za(a)du(@), a € 4.

LEMMA 3.1. The mapping #isa positive, linear, idempotent mapping of A
onto ZzA. It is norm-decreasing and takes no nonzero positive element of A to
zero.

Proor. The first statement is proved in [18, Example 1.1]. That # is norm-
decreasing follows from lz*ll < f g le@lldu(e). If (a*a)* = 0, then for every
p € S(4) we have [zp(a(a*a))du(@) =0. Asa — p(a(a*a)) is positive and con-
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tinuous, it follows that (a*a)* = 0 iff p(a(a*a)) = 0 for all p € S(4) and all
a € G. Thus (¢*2)* = 0 implies a*z = 0. (See [13, 3.6].)
Let r: S;(A4) — S(Z 5 A) be restriction to Z; 4.

LEMMA 3.2. The mapping r is an affine homeomorphism of Sg(A) onto
S(ZgA).

PROOF. r is the inverse of the mapping ®* in [18, Example 1.1].

If we wish to study the ideals or traces of A4, it is natural to consider the
group I(4) of all inner automorphisms of 4. This group is generally too large to
act uniformly almost periodically on S(4). For suppose A4 is a UHF-algebra (not
finite dimensional), and let p be a pure state of A. Then the set of all states of
the form b — p(ubu*), u unitary in A4, is weak*-dense in S(4). If the action
of 1(4) were uniformly almost periodic, then S(4) would be a minimal set [6,
2.5]. But this contradicts the existence of a trace on 4. (I am indebted to Erling
Stgrmer for pointing out this counterexample.)

DEFINITION 3.3. Let A be a C*-algebra with identity. We say that 4 is uni-
formly almost periodic if

(1) every state of Z4 is the restriction of some trace of 4, and

(2) there exists a group G of inner automorphisms of A such that (S(4), G)
is uniformly almost periodic and Z;4 = Z4.

REMARK 3.4. Let U, be a group of unitary elements of A such that the lin-
ear span of , is dense in A4, and let G, be the group of all inner automorphisms
of A4 induced by the elements of U,. Suppose (S(4), G,) is uniformly almost
periodic. Then A is uniformly almost periodic. For if a € A commutes with ev-
ery u € Uy, thena € Z4, 50 Z oA =ZA. By Lemma 3.2, restriction takes
Sg o(A) onto S(ZA). If 7 is a Gy-invariant state, then for every a € 4 and every
u € Uy, we have 7(ua — au) = 0, whence 7(ab) = 7(ba) for all a, b € A. Thus
SGO(A) =T(A). It follows that 4 is uniformly almost periodic.

We give examples of uniformly almost periodic C*-algebras in the last sec-
tion. We assume for the remainder of this section that 4 is uniformly almost pe-
riodic and that G is a group of inner automorphisms of 4 which satisfies condi-
tion (2) of Definition 3.3.

THEOREM 3.5. The sets S (A) and T(A) coincide, and ET(A) is a weak*
closed subset of T(A). (That is, T(A) is a Bauer simplex.) Moreover, T € T(A)
is extremal iff 71, , is a character, and r restricted to ET(A) is a homeomorphism
onto ES(ZA).

PROOF. Since G consists of inner automorphisms, T'(4) C S; (4). As each
¥ € S(ZA) is the restriction of a trace of 4, r(T'(4)) = S(ZA). Then T(4) =
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S¢(A), since r is one-to-one. By Remark 1.5, the restriction of an extremal trace
to ZA is a character. If 7 € T(4) and r(7) is pure in S(ZA4), then T must be ex-
tremal, since 7 is affine and one-to-one. Thus r restricts to a bijection of ET(4)
and ES(ZA). 1t follows from Lemma 3.2 that this bijection is a homeomorphism
and that ET(4) = r 1(ES(ZA)) is weak* closed in T'(4).

LEMMA 3.6. If 1 € ET(A), then the left kernel of 7 is a primitive ideal of
A

PROOF (AFTER MosAK). Let 71, , = ¢. Then ¥ is an irreducible represen-
tation of ZA, and we can find an irreducible representation 7 of 4 on some
Hilbert space H, such that = is an extension of . Then

17(@*a) = 1(@*a)*) = Y(@*a)*) = n((@*a)*), a€A.

Thus it suffices to show that if 7 is a representation of A, then m(a) = 0 iff
n((@*2)¥) = 0, or equivalently that m(a*a) = 0 iff m((a*a)*) = 0.
If x € H,, let w, (b) = (bx, x), b € B(H,). Then

n(@*a)*) =0 = w, ° 1(@*a)*) =0 VxEH, =
f a%x ° m(a(@*a))du(e) =0 VxEH, <

w, oo a@a)=0 Vx€H,, Ya€G=rnoa@a)=0 Va€GQG.

Let K be the kernel of #. Since G consists of inner automorphisms and X is a
closed ideal, each & in G maps K into K. It follows that 7 °a(¢*a) =0 Ya €G
iff n(a*a) = 0.

Let 6 be the mapping of ET(A4) into Prim(4) defined by sending an extre-
mal trace into its left kernel, and let p be the mapping P — P N ZA of Prim(4)
onto Max(ZA4). We shall identify a maximal ideal of ZA4 with the corresponding
character. With this identification the mapping r restricted to ET(4) is a homeo-
morphism of ET(4) and Max(Z4). By Remark 1.5 this homeomorphism factors
into p ° 0, i.e.7l,, =ker L" N ZA when 7 € ET(A). Since r is one-to-one, §
is also one-to-one from ET(A4) into Prim(4).

LEMMA 3.7.If 7 € ET(A), then its left kernel is a maximal ideal and 0 is a
homeomorphism of ET(A) onto Max(4). Moreover, p restricts to a homeomor-
phism of Max(A4) onto Max(ZA).

PRrROOF. Let M € Max(A), and let p be a state of 4 such that L? has kernel
M. Then p*: @ — p(a*) is a trace on A. Let a € M. Since the elements of G
map M into M, p vanishes on each a(2), « € G. Thus p(a¥) = 0, and p* is a
trace which vanishes on M. The set of all traces which vanish on M is a weak*
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closed face of T(4). Let 7 be any extreme point of this face. Then ker L™ D M,
and by maximality of M we have ker L™ = M. Thus 6§ maps ET(A4) onto a sub-
space of Prim(A4) which contains Max(4).

Let P € Prim(A4), and suppose there exists ¢ € ET(A) such that ker L? = P,
Choose Mp € Max(4) such that P C Mp, and choose 7 € ET(4) such that
ker L™ = Mp. By Remark 1.5, the characters corresponding to P N ZA4 and
Mp N ZA4 are ol;, and 7l,, respectively. Since Mp N ZA = P N ZA, these char-
acters are equal.  As r is one-to-one, we have 0 = 7, hence Mp = P. Thus § is a
bijection of ET(4) and Max(A4).

Now p is one-to-one on Max(A4), since r = p ° @, r is one-to-one, and 6 is a
bijection. As Max(4) is compact and p is continuous, p restricts to a homeomor-
phism p, of Max(4) onto Max(Z4). It follows that § = pg © r is also a homeo-
morphism.

LeMMA 3.8. Every primitive ideal of A is maximal. In particular, 0 is a
homeomorphism of ET(A) and Prim(4).

PROOF (AFTER MOSAK). We define a mapping of A into ET(4) as follows.
If 7 is an irreducible representation of A, then n%#: @ — m(a*) is a trace on 4.
Suppose 7# = %1, + %7, with 7, and 7, in T(4). Then, as n¥1,, is a pure
state of ZA, n* = 7, = 7, on ZA. Since restriction is one-to-one, we have 7, =
7, = % on all of 4. If « is unitarily equivalent to my, let p and p,, be states as-
sociated with 7 and 7, respectively. Then there exists a unitary « in 4 such that
p(uau™) = p,(a) for all a € 4. Hence ¥ =p# = p(’f = ﬂf, and 7 — 7% is well
defined.

Now m — ¥ maps onto ET(4). For if 7 € ET(A), let p be a pure state
of A which agrees with 7 on Z4. Let # = LP, and then 7% = 7 = p=7To0onZA,
son# =17,

If we can show that the mapping # — ker 7 of 4 onto Prim(4) is the com-
position of 7 — 7¥ and 4, then § must map onto Prim(4), and hence Max(4) =
Prim(4). So we must show that if 7 € 4, then the kernel of 7 is {a: 7((e*a)*) =
0}. But we verified this in the proof of Lemma 3.6.

THEOREM 39. If A is uniformly almost periodic, then A is a central C*-
algebra.

Proor. Combine Lemmas 3.7 and 3.8.

4. Uniquely ergodic C*-algebras. We turn now to uniquely ergodic systems
and approximately finite C*-algebras. If X is a compact metric space and T is a
homeomorphism of X onto X, then by [15, 2.1] there exists at least one norma-
lized T-invariant Borel measure on X. The system (X, T) is said to be uniquely
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ergodic if there exists exactly one such measure, or equivalently if C(X) has ex-
actly one T-invariant state. By analogy we define a C™*-algebra to be uniquely
ergodic if it possesses exactly one trace.

A C*.algebra A with identity [ is said to be approximately finite if there
exists an increasing sequence {4, } of finite dimensional C*-subalgebras of 4,
each 4, containing 7, such that 4 = U =14, [3]. We shall see below that every
apprommately finite C*-algebra possesses at least one trace, and we shall charac-
terize those which are uniquely ergodic. We assume in this section that 4 is ap-
proximately finite with {4, } and I as above. We note that 4 is separable, and
hence that S(4) is metrizable.

For each n > 1, the unitary group U, of 4,, is compact, so there exists a
map ¢, of 4 into A given by

¢, a—> fu uau*du, (), a€A,
n
where u,, is normalized Haar measure on U,,.

LEMMA 4.1. For each n 2 1, ¢, is a norm-decreasing, idempotent, positive,
linear map of A onto A = {a € A:ab =ba forall b € A,}. Each A isa c*-
subalgebra of A and n —1A4, =ZA. Ifa, b € A,, then v,(ab) = tp,,(bd)

PRrOOF. If € N, 4}, then a commutes with every element of U} -, 4,,,
hence with every element of A. It is trivial that ¢, is norm-decreasing, and the
rest of the lemma follows from [18, Example 1.11.

LEMMA 4.2. Let {p,} be a sequence of states of A. Then {p, ° ¢,} is a se-
quence of states of A and has at least one limit point in S(4). Every limit point
is a trace of A.

Proor. Clearly {p,, ° ¢,} is a sequence of states, and it has a limit point by
compactness of S(4). Let Pn;°¥n; 7 in S(4). Ifa, b € U;"___,An, then for
all sufficiently large n we have ¢, (ab — ba) = 0, whence 7(ab — ba) = 0. The
map (e, b) — ab — ba is continuous on 4 x A4, so 7(ab — ba) = 0 for all
a,bEA.

COROLLARY 4.3. If Y is a state of ZA, then there exists a trace T of A
whose restriction to ZA is Y. If Y is a character, then T can be chosen to be ex-
tremal.

PROOF. Let p be a state of 4 which extends ¥/, and let 7 be a weak™ limit
point of {p ° ¢,}. Then 7=y on ZA. Suppose now ¥ is a character. The set
F = {r €T(A): 7l;, = Y} is a nonempty closed face of T(4). Any extreme
point of F is an extremal trace which extends y.



118 W. L. GREEN

REMARK. The following proposition describes the approximately finite C*-
algebras which possess a centering map analogous to the map ¥ of the last section.
We note however that the map a — y(a) below may annihilate some nonzero pos-
itive elements of 4.

PROPOSITION 4.4. The following are equivalent:

(1) For each a € A the sequence {p,(a)} converges in norm to an element
w(a) of A.

(2) The mapping r: T —> 11, , of T(A) onto S(ZA) is one-to-one.

If these conditions are satisfied, then for each a € A we have o(a) € ZA,
and for each p € S(A) the mapping a — p(p(a)) is a trace.

ProOOF. (1) = (2): Let a € 4. If 0 € T(A), then for each n we have
o(p,(a)) = a(a), so o(a) = o(p(a)). Suppose ¢ and 7 are in T(4) and 6 = 7 on
ZA. As o@) €= A, =ZA, o(a) = 1(a). Thusr is one-to-one. Thata —>
p(p(a)) is a trace follows from the fact that o is positive and linear and vanishes
onab—baforalle, b€, -, 4,

(2) = (1): If r is one-to-one, then it is an affine homeomorphism of T'(4)
onto S(ZA4), and its restriction to ET(4) is a homeomorphism onto ES(ZA). We
use this homeomorphism and the Gelfand transform ~ to identify Z4 with
CQ(ET(A)). For each a € A, put a*(7) = 7(a), 7 € ET(A). Then a* € ZA, and
the mapping @ — a* is linear, norm-decreasing, positive, and invariant under the
inner automorphisms of 4. As z#(r) = 2(r(r)), z* = z for z € ZA. To show
that ¢, (a) is convergent for each a € 4, it suffices to show that for each positive
a€A4, lyg,(@)-a*l —0,ie.

sup | )| 0.
ES? p° ¢, - p@a™) —

If this is false, then there exist ¢, = 0 in 4, a subsequence {¢ni} of {y,}, and
p; € S(A) such that

()] Ip; © ¢, @0) ~ P, @5 = €>0 foralli>1

By passing to a subsequence we may assume p; °© Pn; T and p; — p, in S(4).
Then 7 and p: @ — po(a*) are traces of 4. Forz G ZA we have

7@) = lim p; ° ¢,,(2) = lim p,(2) = Po(2) = po(z*),
'— 0o j—>oo

5o r(7) = r(pg). But then 7 = pff, which contradicts (1).
If a € A, let @ be the mapping p — p(a) of S(4) into C. The following is
a C*-algebraic analogue of [15, 5.3].

THEOREM 4.5. If A is an approximately finite C*-lgebra, then the follow-
ing are equivalent:
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(1) A is uniquely ergodic.

(2) For each a € A the sequence {p,(A)} converges uniformly on S(A) to a
constant function.

(3) For each a € A there exists a subsequence of {9, (a)} which converges
pointwise on S(A) to a constant function.

If these conditions are satisfied, then the constant function of conditions
(2) and (3) has the value 7(a), where T is the trace of A.

PrROOF. (1) = (2): Let a € A. By Corollary 4.3, ZA = CI, and by the last
proposition ¢, () converges in norm to K, for some complex number K. Thus
suppeS(A)Ip ° ¢, (@-K,|—0.

(2) = (3): Trivial. A~

(3)=(1): Leta € A, 0 € T(A), and suppose {\pni(a )} converges pointwise
to the constant function K,. Then o(a) = a(cp”i(a)) — K,,s0a — K, is the on-
ly trace on A4.

The author would like to thank George Elliot for a conversation concerning
approximately finite C*-algebras which took place during the 1973 Nordic Sum-
mer School in Mathematics at the University of Copenhagen.

S. Examples.

ExAMPLE 5.1. Let X be a compact Hausdorff space and A = C(X). Let
(X, T') be a transformation group. As in the introduction we let ¢f be the func-
tion (¢f)(x) = f(xt), x € X, where t €T and f € C(X). Let G be the group of
all automorphisms of 4 which have the form f — ¢f, t €I". It follows from Re-
mark 1.4 and Theorems 2.2 and 2.5 that (X, I') is uniformly almost periodic iff
(S(4), G) is uniformly almost periodic. It is not difficult to show that if these
two transformation groups are uniformly almost periodic, then their enveloping
semigroups are homeomorphic and isomorphic.

EXAMPLE 5.2. Let A be a UHF-algebra. We may write 4 = U}, 4,,,
where A, =M; ® ... ® M, and for each i > 1, M, is a finite dimensional fac-
tor. Let U be the group of all unitaries in {J;,_, 4,, which have the form
u;®...®u,,where k > 1 and u, is a unitary element of M;, i=1,2,... k.
If G is the group of all inner automorphisms of 4 induced by elements of U,
then we claim that (S(4), G) is uniformly almost periodic. By Theorems 2.2 and
2.5, it suffices to show that if a € {J;;_, 4,,, then the set {uau™: u € (I} has
compact closure in A. Now U leaves the generating set {2, ® ...® a,:4; €
M,i=1,...,n}of A, invariant, hence leaves 4,, invariant, n = 1. It follows
that {uau™: u € U} lies in the closed ball of radius llzl in some 4,,, hence has
compact closure, since 4, is finite dimensional.

ExAMPLE 5.3. Let T be a discrete group, and let 4 be the group C*-algebra
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of I' [5,139.1]. We identify L'(I") with a dense *-subalgebra of 4, and for each
g €T we write ﬁg for the function which is one at g and zero elsewhere on T'.
Then I' is isomorphic to the subgroup {5,: g € I'} of the unitary group of 4, and
we also identify these groups. Then I' has dense linear span in A4.

Let Aut(T") be the group of all automorphisms of I'. Each a € Aut(I") has
a unique extension to an automorphism & of 4, and @ — « is a one-to-one
group homomorphism from Aut(T") into Aut(4).

A group is said to be class-finite if every conjugacy class in the group is a
finite set, i.e. every element has a finite orbit under the action of the inner auto-
morphisms. Let G be the group of all inner automorphisms of I'. By Theorems
2.2 and 2.5, (S(A), 5) is uniformly almost periodic iff the grbit of each §, has
compact closure. Since I is a discrete subset of 4, (S(4), G) is uniformly almost
periodic iff I" is class-finite.

We remark that class-finite groups are precisely the discrete [FI4]™-groups
studied by Mosak in [13]. Thoma studied harmonic analysis on class-finite groups
in [19], and Neumann gave a structure theory for such groups in [14].

REMARK 5 .4. The algebras given in these three examples are uniformly al-
most periodic C*-algebras: In 5.1 put Uy equal to the unitary group of 4, in
5.2 put Uy = U, and in 5.3 put Uy = {§,: g €T}. In all three cases U, has
dense linear span and we may apply Remark 3.4.

REFERENCES

1. J. F. Aarnes, E. G. Effros and O. A. Nielsen, Locally compact spaces and two class-
es of C*-algebras, Pacific J. Math. 34 (1970), 1—-16. MR 42 #6626; erratum, 42, p. 1825.

2. E. M. Alfsen, Compact convex sets and boundary integrals, Springer-Verlag, Berlin,
1972.

3. O. Bratteli, Inductive limits of finite dimensional C*—algebras, Trans. Amer. Math.
Soc. 171 (1972), 195—234. MR 47 #844,

4. ). Dixmier, Les algébres d’opérateurs dans l'espace Hilbertien (algébres de von
Neumann), 2nd ed., Gauthier-Villars, Paris, 1969.

5. , Les C*-algébres et leurs représentations, 2i¢éme €d., Cahiers Scientifiques,
fasc. 29, Gauthier-Villars, Paris, 1969. MR 39 #7442,

6. R. Ellis, Lectures on topological dynamics, Benjamin, New York, 1969. MR 42
#2463. ‘

7. E. G. Effros and F. Hahn, Locally compact transformation groups and C *-algebras,
Mem. Amer. Math. Soc. No. 75 (1967). MR 37 #2895,

8. J. G. Glimm, On a certain class of operator algebras, Trans. Amer. Math. Soc. 95
(1960), 318—340. MR 22 #2915,

9. S. Grosser and M. Moskowitz, On central topological groups, Trans. Amer. Math.
Soc. 127 (1967), 317—340. MR 35 #292.

10. R. V. Kadison, The trace in finite operator algebras, Proc. Amer. Math. Soc. 12
(1961), 973-977. MR 25 #3385.




TOPOLOGICAL DYNAMICS AND C*ALGEBRAS 121

11. , Transformations of states in operator theory and dynamics, Topology 3
(1964), suppl. 2, 177—-198. MR 29 #6328.
12. J. L. Kelley, General topology, Van Nostrand, Princeton, N. J., 1955. MR 16,

1136.

13. R. D. Mosak, The Lland c *-algebras of [FIA]g-groups, and their representations,
Trans. Amer. Math. Soc. 163 (1972), 277—310. MR 45 #2096.

14. B. H. Neumann, Groups with finite classes of conjugate elements, Proc. London
Math. Soc. (3) 1 (1951), 178—-187. MR 13, 316.

15. J. C. Oxtoby, Ergodic sets, Bull. Amer. Math. Soc. 58 (1952), 116—136. MR 13,
850.

16. L. S. Pontrjagin, Continuous groups, 2nd ed., GITTL, Moscow, 1954; English
transl., Topological groups, Gordon and Breach, New York, 1966. MR 17, 171; 34 #1439.

17. E. Stgrmer, Invariant states of von Neumann algebras, Math. Scand. 30 (1972),
253-256. MR 47 #7455.

18. , Large groups of automorphisms of C *-algebras, Comm. Math. Phys. §
(1967), 1-22. MR 37 #2012.

19. E. Thoma, Zur harmonischen Analyse klassenfiniter Gruppen, Invent. Math. 3
(1967), 20—42. MR 35 #4343,

20. K. Yosida, Functional analysis, Die Grundlehren der math. Wissenschaften, Band
123, Academic Press, New York; Springer-Verlag, Berlin, 1965. MR 31 #5054.

INSTITUTE OF MATHEMATICS, UNIVERSITY OF OSLO, P. O. BOX 1053, BLIN-
DERN, OSLO 3, NORWAY

Current address: Department of Mathematics, Williams College, Williamstown, Massa-
chusetts 01267



