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FINITE PROJECTIONS IN
TENSOR PRODUCT VON NEUMANN ALGEBRAS

BY

GEORGE A. ELLIOTT

ABSTRACT. The work of Bures, Moore, Takenouchi, Hill and St¢rmer
on the type classification of infinite tensor products of factors is extended to
the nonfactor case.

1. Introduction. The basic result of this paper is that if a tensor product
von Neumann algebra has a nonzero finite projection then it has a nonzero finite
tensor product projection.

For tensor products of finitely many algebras this is a result of Sakai [8,
Theorem 2]. For tensor products of infinitely many algebras, the first statement
of this fact is due to Moore, who proved it for certain restricted tensor products
of discrete factors [7, Lemma 5.2]. The restriction made by Moore was removed
by Hill [5, Theorem 3.20] and by Takenouchi [10, §3]. In the present work
the component algebras are not assumed to be discrete, and they are not assumed
to be factors. If the centres are nonatomic a technical complication arises which
is studied in the following section.

The basic result leads to a classification of tensor product von Neumann
algebras with respect to type. In the factor case the contribution of the present
paper is very small (see §4.1 below), although it does include simplifications of
two arguments of Takenouchi. In the nonfactor case, it is of interest that the
basic result, the existence of finite tensor product projections, plays a role in
distinguishing discrete and continuous algebras, not just in distinguishing semi-
finite and purely infinite algebras.

2. A lemma on tensor products over commutative algebras.

2.1. SUBLEMMA. Let A and B be C*-algebras and let Z, and Z, be non-
zero isomorphic sub-C*-algebras of the centres of A and B. We shall identify Z,
and Z, and denote them by Z. Denote by A ® B the tensor product of the
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involutive algebras A and B. Denote by S the set of states of A ® B of the
form u ® v where ju and v are states of A and B such that u|Z is equal to v|Z
and is a character of Z. Then the equation

Pz(x)? = sup{o(*x*xy)(y*y) " y EA ® B, p € S}

defines a pre-C*-algebra seminorm p, on A ® B which is nonzero on a ® b when-
ever Sz(a ® b) # 0, and p is the smallest pre-C*-algebra seminorm on A ® B
with this property. Every state ¢ € S, has norm one with respect to p.

QUESTION. Must the kernel of p, be the linear span of the set {oz ® b —
a®zbla€A,zEZ bEB}?

PrROOF. The assertion generalizes Theorem 2 of [11], and the proof is
similar. We give an outline of the argument for the convenience of the reader.

It is enough to show that every ¢ € S, has norm one with respect to any
given pre-C*-algebra seminorm on 4 ® B which is nonzero on a ® b whenever
Sz(@ ® b) #0. By the Krein-Milman theorem it is enough to restrict attention to
¢ €S of the form u ® v where u and v are pure.

Suppose that there exist pure states Mo and v, of A and B such that KolZ
equals »,|Z and is a character of Z and such that Ko ® v, does not have norm
one (with respect to a given pre-C*-algebra seminorm on 4 ® B with the specified
kernel). We shall deduce a contradiction. There exist relatively open sets U and
V of pure states of 4 and B with Mo € Uand vy, € Vsuchthatnop €U V
has norm one. We may suppose that U and V are invariant under all automor-
phisms of 4 and B determined by unitary multipliers, for all such give rise to
automorphisms of 4 ® B fixing the given pre-C*-algebra seminorm. Then by
Lemma 8 of [4] there exist two-sided ideals I of 4 and J of B such that U° = I*
and V°=J'. Choose a €I and b € J* such that p,(a) # 0 and () # 0.
Then (1 ® vy)a ® b) # 0, so a ® b has nonzero seminorm.

At this point it is possible to deduce a contradiction if 4 and B are com-
mutative. Indeed, every character of 4 ® B of norm one must be of the form
1 ® v with u|Z = v|Z, and is not in U ® V, whence either u@ =0orpb)=0
and in any case (u ® v)(@ ® b) = 0. This, of course, contradicts the fact that
a ® b has nonzero seminorm.

In the general case there exist commutative sub-C*-algebras A, of A con-
taining 4 and Z and B, of B containing b and Z. Choose a pure state | of 4,
such that u,|Z = uglZ and u, (@) # O (this is possible because Ky(a@) # 0), and
also choose a pure state v, of B, such that V12 =vylZ and v, (b) # 0. Then by
the conclusion in the commutative case, proved in the preceding paragraph, u ®
v, is a state of norm one of 4; @ B,. It is, of course, pure. Extend u ®v to
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a pure state § of 4 ® B, of norm one. Then 6 has norm one with respect to the
largest pre-C*-algebra norm on 4 ® B,. Hence by Lemma 4 of [11] (which it is
not necessary to generalize), § = u, ® v, with u, pure. Extend u, ® v, to a
pure state 8’ of norm one of A ® B. Then ' has norm one with respect to the
largest pre-C*-algebra norm on 4 ® B, and hence, by Lemma 4 of [11],6' =

1, ® v, with v, pure. But u, € Uand v, € V since u,(@) # 0 and »,(b) # 0;
hence, by the construction of U and V¥, u, ® v, does not have norm one.
This, of course, contradicts the construction of u, ® », = ' to have norm one.

2.2. LEMMA. Let A and B be commuting C*-algebras of operators with
nonzero intersection Z. Suppose that the kernel of the canonical map B from the
tensor product A ® B of the algebras A and B onto the algebra R generated by
A and B is generated by {az ® b—a ® zbla € A, z €Z, b € B}, so that if
n: A —> Z and p: B — Z are Z-linear there exists a unique Z-linear map ®; p:
R —> Z such that (m ®; p)(ab) = n(a)p(b),a € A, b € B. Then if n and p are
projections of norm one, so is 1 @, p.

PrROOF. It is enough to show that 7 ®, p has norm one. To show this it

is enough to show that y o (1 ®, p) has norm one for each character y of Z.
But if 7 is a character of Z, yo (n @, p)o f=yon® 70 p,s0by 2.1 yo
(m ®; p) o § has norm one on 4 ® B with respect to the preimage by § of the

operator norm on R. This says that y o (m ®, p) has norm one.

2.3. PROBLEM. Let A and B be C*-algebras, and let C be a C*-algebra
isomorphic to sub-C*-algebras C; of 4 and C, of B, which we shall denote by C.
Denote by A ® B the quotient of the tensor product A ® B of the involutive
algebras 4 and B by the two-sided ideal generated by the set {ac ® b —a ® cb|
a€ 4, c€C bEB},so that if m: 4 — Cis a right C-linear map and p: B —
Cis a left Clinear map then there exists a unique complex-linear map ®c p:

A ®¢ B —> C such that (7 Q¢ p)a O b) = m(a)o(b). It is not difficult to show
that C is isomorphic to C ®, C (by the map ¢y ¢ ¢y = c,cy), so that if 7

and p are projections so is # ® p. If m and p are projections of norm one, must
T @ p also be a projection of norm one, with respect to any pre-C*-algebra norm
on4 ®, B?

3. The existence of finite tensor product projections.

3.1. Notation and preliminaries. Using the notation of Bures [2] for tensor
products, we shall write 4 = @(A4;, y;) to mean that u; is a normal state of the
von Neumann algebra 4; for every index i and that A4 is the tensor product of the
family of von Neumann algebras (4,) with respect to the family of states ().
This does not specify the Hilbert space on which 4 acts, but if each u; is faithful
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then the cyclic representation of A defined by the tensor product state ®ui is
faithful.

Although it is not necessary to refer to the Hilbert space on which each 4;
acts, we shall do so in order to apply 2.2 conveniently. (This lemma could itself
have been formulated more abstractly, but the present formulation seems the least
cumbersome.) We shall assume that the action of 4; on the Hilbert space H, is
standard, in the sense that there exists an involutory antiunitary J; in H; with the
properties that J,4,J; = A; and J;zJ; = z* for each z € Z; = A; N A;. The exis-
tence in general of such an action was established only relatively recently by work
of Tomita (see [12]), but we shall actually need to refer to J; only in the case
that A, is finite (and even countably decomposable, so that there exists a faithful
finite normal trace on 4,), in which case the existence of J; is classical. We shall
denote JxJ; by j(x), x € A4;.

If for each i a projection e; in 4, is given, we shall denote by @e; the in-
fimum in ®(Ai, u;) of the finite products of the projections e; ® 1. We shall use
the easily established fact that a sufficient condition for ®ei to be nonzero is
that the product of scalars Ilu,(e;) be nonzero. The infinite product is of course
defined to be the limit of the finite products, or, equivalently, since all the factors
belong to the interval [0, 1], the infimum of the finite products. A characteriza-
tion of the nonvanishing of the product IT\; of nonzero A; in the interval [0, 1]
that we shall use is the convergence of the sum Z(1 — X;). (This characterization
follows from the inequality (1 —A) <-log A < (2 log 2)(1 =), A€ [}, 1]))

If A; is finite and ; is faithful (a situation which will predominate), then
there exists a unique trace on 4; which coincides with y; on the centre Z; of 4;.
We shall denote this trace by 7;; necessarily 7; is faithful, normal and finite. There
exists a unique positive operator A; affiliated with A4; and of finite trace (with re-
spect to 7;) such that u; = 7;h; (i.e. y;(x) = 7,(h;x) for all x € A4)); h; is called the
Radon-Nikodym derivative of u; with respect to 7;. The case that h; is bounded
and invertible will be dominant in the considerations that follow.

If y; is a faithful normal state of A; then (whether 4, is finite or not) there
exists a unique projection m; of norm one from A; onto Z;, the centre of A4, such
that u; = u; o m;. This is easily established, using the commutative case of the
preceding Radon-Nikodym theorem. Necessarily 7; is normal and is Z;-linear.

The preceding notation will be used without comment in what follows. We
shall also use the notation introduced in 2.2, in the case A = 4; and B = A:..

An additional notation that we shall use (following Moore [6]) is |x|., where
x is an operator and ¢ > 0 is real, to denote inf {|x], c}.

3.2. THEOREM. Let A = ®(Ai, K;). Suppose that there exists a nonzero
finite projection in A. Then there exists for each i a nonzero projection e; € A;
such that Qe; is nonzero and finite.
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Proor. By the result of Sakai referred to in the second paragraph of 1, if
e is a purely infinite projection of A4; then e ® 1 is a purely infinite projection of
A. Hence the largest semifinite projection in A is contained in the tensor product
of the largest semifinite projections of the algebras 4;. (The complement of this
projection is a sum of purely infinite central projections and is therefore purely
infinite.) It is thus seen to be sufficient to consider the case that each A4, is semi-
finite.

If each A; is semifinite then the largest semifinite projection in 4 is, by
Sakai’s result and the fact that the tensor product of two semifinite von Neumann
algebras is semifinite, contained for each finite set of indices Fin {4, ® 1|i € F Y.
Since the intersection of these algebras over all finite sets F is the scalars, 4 is in
this case either semifinite or purely infinite. Since by hypothesis A has a nonzero
finite projection, the assumption that each A4; is semifinite, which we shall make
henceforth, entails that A also is semifinite.

If for each i a nonzero projection f; in A, is specified, with u,(f;) # 0, and
if ®f, is nonzero, then it is sufficient to prove the conclusion of the theorem
after the replacement of each 4; by f;A,f;, of each u; by ui(f,-)‘lu,.l f;A;f;» and of
A by (®f})A(®f}). Since such projections f; can be chosen so that each f;4,f;
is finite, each y;|f;A,f; is faithful, and each h; is bounded and invertible, we see
that.it is enough to prove the theorem in the case that each A, is finite, each g,
is faithful, and each ; is bounded and invertible.

In this case, the theorem follows from 3.3, 3.5, 3.6, 3.7 (here projections
e; are constructed with @e; # 0), and 3.8.

3.3. LemMA. Let A =Q(A;, u). Assume that each A, is finite and that
each y; is faithful. Then if A is semifinite,

(1 = lm @) <o for all real t.

ProoF (Moore [7]). Fix a faithful semifinite normal trace 7 on A4, set
®u,- = u, and denote by A the Radon-Nikodym derivative of u with respect to 7
(so that u = 7h). For each finite subset F of indices set ®ieF(A,., k) =Ag and
®ierM; = Up, and denote by 7 the unique projection of norm one onto the
centre of A such that pp = pg o 7. We have 4, = A and py = p1, and we
may write m, = 7. For each F fix a faithful semifinite normal trace 75 on 4.
(We may choose 7, to be 7, but if F # & then the restriction of 7 to A may fail
to be semifinite.) Denote by &y the Radon-Nikodym derivative of u with respect
to 7 (so that up = 7phg). Then by the essential uniqueness of the trace on A4,
for each F there exists an operator zy affiliated with the centre of 4 such that
®icrh) ® hp = zgh.

Hence, for each real ¢, in succession:
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® hﬁ‘) ® hit = Zitp't;
i€EF

(@ n,.(h,if)) ® np(hlt) = n(h);

i€eF
(® ln,-(hi’)l) ® Imp(hif)l = In(h™)l;
i€F
( 11 ﬂ,-(lﬂi(hﬁ’)l)) (i) = p(im(h);
iEF

IT w(m @it = pQn@)).
i€F

Therefore the sum Zu,(1 - lni(hf')l) is finite at least for all ¢ such that u(ln(h*)])
# 0, and since  is ultrastrongly continuous this means at least for all 7 in an inter-
val about 0. This is all that we shall need, but since for any ¢ there exists a finite
set K such that mg(hf) # O (there exists u € (®);cx4;) ® 1 for some finite K
such that m(uh’*) # 0, and then nK(h',g) # 0 because h'* is a central unitary mul-
tiple of (®,cxhi") ® hlf), the sum is finite for all .

3.4. ReEMARK. The converse implication to that of 3.3 is also true, as is
shown by the sequel.

If the predual of A = @(A;, p,) is separable, this may also be shown as in
[9, p. 814]. First, observe that for each ¢ the condition Zu (1 = |m(hi))) < o
is equivalent to the innerness of the modular automorphism o4 defined in [12],
where u = @u; (cf. the paragraph which follows). If o¥ is inner for every ¢, then
by Theorem 0.1 of [6] the one-parameter group ¢ > o¥ is inner, in the sense of
[12], whence by Theorem 14.1 of [12], A4 is semifinite. (Note that this method
is not applicable if thé predual of A is not separable; a purely infinite factor with
only inner modular automorphisms is constructed in 1.5 of [3].)

It is perhaps worth remarking that for arbitrary unitaries u; € A4,, the cond-
ition Zu(1 — |m(u,)l) < oo is equivalent to the existence (in @A, u;)) of the
tensor product @v?u;, where v is (any) unitary in the centre of A, such that
mu;) = vlm(u;)l. Existence in ®(Ai, 1;) of @u?y; of course means strong con-
vergence of the finite products of the elements vfu; ® 1.

3.5. LeMMA. Let A = @(A,, 1;). Assume that each A, is finite and that
each p; is faithful. Then

21 = ImhD < oo = X, ® J o m; o j(RTEH]) = 117) <.

PROOF (cf. [9, p. 816]). First, it follows from the inequalities
1-A<1-A2=01-0)1+N)<21-», 0<A<I,
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that
Tl = ) < oo = (1 = Im i) < oo,
Then, for each i,
7, ® j om0 JUA'I(HN = 1P%) =7, ®7 j o my o j(2 = i) = by "ty ™)
= 2= mje mtih) - mh; o mhi ™)
=2 = (W (h ) — my(hy ym(nl)

=2(1 - Im(H1%).

3.6. LEMMA. Let A = @(A;, ;). Assume that each A, is finite and that
each p; is faithful. Assume that each h; is bounded and invertible. Then, for each
realc >0,

um; ®z, j o m o O = 112)) < oo
= Lpylm; ®z,j o m o jlhj(hy ") = 12)) <.
ProoF (Moore [7]). To simplify notation we restate the lemma in a more

abstract form: If for each i a positive form y; is given on the C*-algebra B; and
an element x; = x} of B, is given, then, for each real ¢ >0,

2 w11 = exp itx;|?) < o for all real £ <=3 ¢,(I1 — exp x,|2) < .

Before proving this equivalence, we note that by the inequality
(log 2)I1 —exp Al <Al < (21og 2)I1 —exp Al for |1 —exp Al < %,

the convergence of the sum Zy,(|1 — exp x,lg) is, for 0 < ¢ < ¥, equivalent to
the convergence of the sum Zp(Ix;12). Moreover, if either of these sums is con-
vergent for a single real ¢ > 0, it is convergent for all such ¢. So it is enough to
prove that

2011 - exp irx,|?) < oo for all real ¢ <= X g (Ix,I2) < o.

By writing each x; as x; + x; where x; € ¢;B} and x; € e;B;e] with ¢; and
e; orthogonal projections in the bidual of B; and Ix}| > ce}, Ix;| < c, and replacing
U ” U U ’ ”n 4 n
¥; by ¢; + ¢; where ; = e;p;e; and ¢ = e;p,e;, we may suppose that each x,
satisfies either |x;| = ¢ or |x;| <ec.
We have for each real ¢,
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11— exp itx,|? = 2((tx,)2/2! — (tx,)* 4! + - - +),
so if ¢ is small enough that #2x? < 1, then
()% = (x)%/12 < |1 = exp itx; |2 < (1)
Ad =. We have 1 — 2x2/12 > 1 - £2¢2/12 if |x,| <c, 50 if ¢ is small
enough that 1 — t2¢2/12 > 0, then

Y gl —expitx|?)<eo= ¥ oillx,13) <.
lx,'|<¢ Ixi|<c

We must show that
> oIl —expitx;|?) <ooforall real t = 3 o, 1l < oo,
lxil>¢ |x1|<c

Since the map ¢t — Z,, 1> (Il —exp itxilz) is lower semicontinuous, if it is
everywhere finite it must be bounded on some interval. Denote by I an interval
of nonzero length /] such that for some M > 0,

2 vl —expite’) <M forallt€L
Ix;1>¢

Then
> ¢ (J;ll — exp itx,|? dt) < M.
Ix,|>c

It is now enough to show that for some m > 0,

m< [\ - expitxdr forall i with x> c.

It is enough to show that for some m > 0,

m< flll —exp its|®dt for all real s with |s| > c.

This holds since the function s —> f,|1 — exp its|? dt is continuous, nonzero, and
by the Riemann-Lebesgue lemma has limit 2|/] as § —> oo,

Ad «. (This implication will not be needed.) Fix t. Choose ¢ > 0 so that
t2c® < 1. From the inequality immediately preceding the proof of =,

Y ox ) <e= I (1 —expitx,|?) <.
Ix;l<e Ix;1<¢

Also (independently of the choice of ¢),

Y olxfH <= ¥ lgll<oo= 3 oIl - expitx,|?) <.
Ix;1>¢c Ix;12¢ Ix;l2c



FINITE PROJECTIONS 55

3.7. LEMMA. LetA = ®(A,-, ;). Assume that the hypotheses of 3.6 are
satisfied. Suppose that the second of the equivalent conditions of 3.6 is satisfied.
Then it is possible to choose for each i a projection e; in the von Neumann algebra
generated by h; such that e;h;j(e;h; ') < 8, in such a way that Zu,(1 —e;) < o°.

PrROOF. For each n € Z denote by e the spectral projection of A; corre-
sponding to the half-open interval [27, 2" *1[.
For each i,

. _}n:me:-”f(e?) < Inithy ) = 113

Hence by the hypothesis that Zu,(m; ®Zi jo moj(lhjthy - llf)) < o,

I w8 o mye JETIED) <=
i Im-ni|>1

This may be rewritten as

Z X umEMmEn) <.

i Im-ni|>1

Since Z,, ,u (me]")m(ef)) = 1, it follows that
P (l - Eﬂi(e;")ﬂ,(e;"" +ef + e;"“)) < oo,
i m

For each i denote by 1 — p, the largest projection in Z; (= 4; N A;.) such
that (1 — p)m(e]”) <%, all m € Z. Then for each i,

za- el Imel =t + el + et <% (- pimel) = %(1 -P
T + e + e < (1 -p) + @) < 1.
Hence
20 - Gl - P4 + p@)) < e
that is,
AT -p <

In other words, if a finite number of indices i are neglected then the tensor pro-
duct projection ®pi is nonzero. Hence, replacing 4; by p;A;p;, u; by
@) uylp;A;p;, and A by (@p)A@p,), we see that it is enough to prove
the lemma assuming that each p; is 1.

Under this assumption, there exists for each fixed i a family of projections
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(q4) in Z; with sum 1 and for each k an integer m(k) such that m(Z, qke;”(")) =
%. For each n € Z set Z, q, el ®)*" = (7. Then

> T <hit Y - 113

Inl>1

Hence as in the second paragraph,

Z Z ui("i(f?)ﬂi(f?)) < oo,

i |n|>1

whence by the property m,(f2) > %,

T 5 uh<as T ueodmm<e

i Inl>1 n|>1
It follows that if we set f;'! + f? + f} = e;, then the ¢, satisfy the require-
ments of the conclusion of the lemma.

3.8. LEMMA. Let A = @(A;, 1;). Assume that the hypotheses of 3.6 are
satisfied. Suppose that the second of the equivalent conditions of 3.6 is satisfied.
Suppose that for each i, h;j(h;7 ') < 8. Then A is finite.

ProoF. From hj(h; ') < 8 follows Ij(h; !) — 11 < 7. Therefore by the
second of the equivalent conditions of 3.6, with ¢ = 49,

Zuym; ® j o m o j((hyithi ') = 1)) <.
With x € 4;, we calculate as follows:
w(m; ®z j o m o jociChy 1)) = wlm ey D)
= py(m(m e 1)) = (G )
= 1(m(x)) = u(mx)) = ).
We make use of this with h; and h? in place of x to obtain
pm; ® j o my o j((ihi )= k) - 1)) =0,
from which follows, by the Pythagorean equation,
pm ®z j o m o j((nilhi ') = 1)*) > um, @z, j o m o j((ryiChy ™) = 1)*)).
We conclude that
Zum; ®z,j o mp o j(hili ) ~ 1)*) <.

Let us now show that #; > 1/8. It follows from the fact that 7;|Z; is
equal to p;|Z; that 7,(ph;) = 74(p) for any central projection p in 4,. Hence, if
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ph; <1 for such a p, then ph; = 1, so there is a spectral projection f; of &, with
central support 1 such that f;h; = f;. The inequality h; > 1/8 then follows from
the condition h,j(h; 1) < 8.

Since hj(h; ') = h; = hi(h7 ') — 1), we now have

Zum; ®z j om0 Gy ") = 1) <oo;

that is, Zu,((1 — b 1)) <ee. Since (1 — 7 %)2 < (1 - ;7 ')?, we have
(1 = By %)?) < oo,

Since u;(h; = 7,(1) = 1 for each i, it follows that the tensor product
vector ®h,’y2 exists in the tensor product Hilbert space @(H, P 1), where H, ; is
the completion of A4, in the inner product defined by ;, so that the element 1 of
A, is also an element of H, v Since this tensor product Hilbert space is also the
Hilbert space H“, where u = ®p,-, it follows that the vector ®h;‘ % defines a
state on 4. Since this state is a normal tensor product state which on each4;® 1
agrees with 7; ® 1, it is a faithful normal trace, and A is finite.

4. The type classification of tensor products of von Neumann algebras.

4.1. Comments. The type classification of tensor products of finite families
of von Neumann algebras, in terms of the types of the component algebras, is now
well understood—the last step was taken by Sakai, who in [8] showed that the
largest semifinite projection in a tensor product (of a finite family) is the tensor
product of the largest semifinite projections in the component algebras. (The same
statement is also true with “semifinite” replaced by “finite”, or “discrete™.)

The classification into types of tensor products of infinite families of von
Neumann algebras is not this straightforward, but a simple consequence of Sakai’s
result (together with a “zero-one” law) is that the largest semifinite projection in
a tensor product of an arbitrary family of von Neumann algebras is either the
tensor product of the largest semifinite projections in the component algebras or
is zero. (The same situation also holds with “semifinite” replaced by “finite” or
“discrete™.) It is therefore sufficient just to describe conditions for a tensor pro-
duct of semifinite (resp. finite, discrete) von Neumann algebras to be again semi-
finite (resp. finite, discrete).

For factors the type classification problem has already been almost complete-
ly solved. Let us collate Theorems 4.2, 4.4 and 4.5 below with the literature.

Condition 4.5(ii)’ for a tensor product of discrete von Neumann algebras to
be discrete is, in the factor case, due to Bures (it is the condition in Proposition
53 of [1]).

Condition 4.4(ii) for a tensor product of finite von Neumann algebras to be
finite is also, in the factor case, due to Bures (it is the condition in Theorem 4.3
of [2]). Earlier work on tensor products of discrete finite factors was done by
Bures [1] and Moore [7].
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Condition 4.2(iv) for a tensor product of semifinite von Neumann algebras
to be semifinite was formulated by Moore (see Lemma 3.2 of [7] and the neigh-
bouring discussion). It is basic in the later work of Takenouchi, Hill, and Stprmer.
Moore’s proof of necessity is the only one known. Sufficiency (for various classes
of factors) was shown via condition 4.2(ii)" by Moore [7, Lemma 5.2], Hill [5,
Theorem 3.20] and Takenouchi [10, §3]. The same route is followed here.
Stprmer [9] used an entirely different method, assuming separable predual, which
is also applicable when the centre is nontrivial-see 3.4 above. Stprmer’s method
bypasses 4.2(ii)", but it should be noted that 4.2(ii)" is used in the proof of
4.5 (in the nonfactor case), and also to obtain 4.2(iii).

Conditions 4.2(v) and 4.2(vi) were first formulated by Takenouchi, although
related conditions had been considered by Moore in a restricted case, and the proof
of the equivalence of these conditions is by means of a lemma of Moore [7,
Lemma 3.5]. Takenouchi showed that 4.2(iv) implies 4.2(v), for tensor products
of discrete factors [10, §2]. In [9] Stprmer rewrote Takenouchi’s proof for
tensor products of continuous factors, and also proved the converse implication.
Here (in 3.5) we repeat Stprmer’s proof of the converse, and reverse it to give a
proof of 4.2(iv) = 4.2(v) slightly simpler than Takenouchi’s. Takenouchi proved
the implication 4.2(v) = 4.2(ii)". Here we show that it is easier to deduce 4.2(ii)"
from 4.2(vi).

4.2. THEOREM. Let A =@(A;, 1;) (see 3.1). Suppose that each A, is
semifinite. Then the following conditions are equivalent.

(i) A is semifinite.

(ii) A has a nonzero finite tensor product projection.

(i) A has a finite tensor product projection of central support 1.

(ii)" A has a finite tensor product projection @e; of central support 1 such
that for each i the unitary 1 — 2e, is in the centre of the set of unitaries u such
that u*pu = ;.

(iii) A has a faithful normal semifinite tensor product trace; that is, a faith-
ful normal semifinite trace T such that there exist faithful normal traces 7; of A;
for each i with 7(@a;) = Ilr(a;) < for elements ®ai (a; > 0) generating a strongly
dense ideal of A.

If each u; is faithful, then with notation as in 3.1, these conditions are equi-
valent to the following.

(iv) S (1 = Im(ri)]) < oo for all real t.

) Zu(m; ®Z joemej(l— A"lz)) < oo for all real t, where A is the mod-
ular operator of (Ai = h;j(hy 1))

(vi) Zu(m, ®Z‘, jomej(l - Allz)) < oo for some (and hence for all) ¢ > 0.

Proor. (iii) = (i) and (ii)" = (i)’ = (i) = (i) are clear. (Cf. the second
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paragraph of 4.1.) (i) = (iv) <= (v) < (vi) = (ii) was established in proving 3.2.

(i) = (ii)". The proof of 3.2 showed that (ii)" holds with “of central sup-
port 17 replaced by “nonzero”. This distinction is unimportant because of the
fact that if for each a the tensor product ®e{ is finite, and if for each i the €'
have mutually orthogonal central supports, then the tensor product @(Z,ef").is
finite also.

(i) = (iii). The proof of 3.2 showed that (iii) holds with “faithful” replaced
by “nonzero”. The situation is closely similar to that in the preceding paragraph.
(Replace ef by 7§, a normal semifinite trace, and in place of “finite” read “semi-
finite.)

4.3. ReEMARK. It should be noted that although condition 4.2(v) can be
rewritten as Z|1 — j(Al")| < oo, where 1; = ; o (m; ®, ;J o m; ) is astate of
the C*-algebra B; generated by A, and 4, so that it is equivalent to the existence
in ®(Hﬁ',, £ )of it this condition is not the same as the existence in
®@H,,» £,,) of @A} Indeed, since Af'E, = &, , the latter always holds.

44. THEOREM. Let A = @(A;, 1;). Suppose that each A, is finite. For
each i denote by 7; the unique trace of A; agreeing on the centre of A; with u,.
Then the following conditions are equivalent.

(i) A is finite.

(ii) @r; exists as a normal state of A. (For equivalent statements of this
see [2,4.1].)

Proor. (i) = (i). (i) implies that 4 has a nonzero finite central projection,
whence the largest finite central projection in 4 is 1.

(i) = (ii). If A4 is finite then there exists a centre-valued trace on A fixing
each element of the centre. Denote this centre-valued trace by 6; then (@u,) ©

6 =Qr,.

4.5. THEOREM. Let A = @(A;, 1;). Suppose that each A, is discrete.
Then the following conditions are equivalent.

(i) A is discrete.

(ii) A has a nonzero abelian tensor product projection.

(i) A has an abelian tensor product projection Qe; of central support 1,
such that for all but finitely many i, e; satisfies the condition stated in 4.2(ii)"
(which may be described as belonging to the centre of the invariance algebra of
;).

ProoF. (i) = (i) = (i) is clear. (Cf. the second paragraph of 4.1.)

(i) = (i)’ . By (i) = (ii)" of 4.2 there exists a finite tensor product projection

®fi of central support 1 such that for each i, f; belongs to the centre of the in-
variance algebra of y;. Then (R)f;)A(®);) is both finite and discrete, and hence
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all except finitely many f; must be abelian. If f; is abelian set f; = e;. If f; is not
abelian choose any abelian projection in A; of central support 1 and denote this
by e;. The e, then satisfy the requirements of (ii) .
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