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ABSTRACT. The main theorem is

Let E be a separable (real) Fréchet space with a nonseparable strong dual.
Then E is not strongly Dll;v-smooth.

It follows that if X is uncountable, locally compact, o-compact, metric
space, then C(X) (with the topology of compact convergence) does not have a
class of seminorms which generate its topology and are Fréchet differentiable
(away from their null-spaces).

1. Preliminaries. Throughout this paper, TLS will denote the class of
all (Hausdorff) topological linear spaces over the real field R. If X is a topological
space, ((X) will denote the class of all open subsets of X. L,(E, F) = L(E, F)
will denote the set of all continuous linear maps from E into F, where E, F €
TLS. We define by induction Lp(E, F)=L(E, L,_,(, F)). Each L,(E, F) is given
the topology of uniform convergence on bounded subsets of E. It will be convenient
in a later proof to identify L,(E, F) with the space TP(E' , F) of multilinear maps
u from EP into F, which satisfy the following “continuity” condition:

Foreachm €{1,.. ., p}, for each sequence {y,,...,»,,_,} of points in E,
for each sequence (B, . ., ..., B,} of bounded subsets of £ and for each 0-
neighbourhood V in F, there exists a 0-neighbourhood U in E such that

u({yl}x x{ym—l}XUXBm+l X ce pr)C V.

A basic 0-neighbourhood in TP(E, F) is a set of the form {u € TP(E’, F):
u(By x -+ xB,) C W}, where the B; are bounded subsets of £ and W is a 0-
neighbourhood in F.

Let f: U—> V, where U € ((E), V € 0(F), E € TLS and F € TLS. Then
f is Fréchet differentiable at x € U, if there exists u € L(E, F), such that for each
bounded subset B of E and for each 0-neighbourhood W in F, there exists § > 0
such that f{x + th) — fx) — u(th) € tW, whenever h € B and I¢1 <.
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The mapping u is then uniquely determined and is denoted by f'(x). If
f is Fréchet differentiable at each x € U, then f is Fréchet differentiable. The
map f' : U— L(E, F) defined by x — f'(x) is called the Fréchet derivative of
f. Higher order derivatives are defined in the natural way. The nth order Fréchet
derivative is denoted by f") and is a map from U into L,(E, F). In case E and
F are normed spaces, the Fréchet derivative coincides with the standard definition
of derivative in normed spaces [5, p. 149]. Note that a Fréchet differentiable
mapping need not be continuous. In fact, we have the following result, the proof
of which appears in [12, p. 18]:

Let E be a nonnormed quasi-barrelled locally convex space with strong
dual E'. Then the evaluation mapping ev: E x E' — R defined by ev(x, x") =
(x, x") has Fréchet derivatives of all orders and each derivative is continuous, but
ev is not continuous.

Let E, F € TLS be separated by their duals, U € O(E) and V € 0(F).
Then DE.(U, V) will denote the class of all continuous mappings from U into V,
which are k-times Fréchet differentiable (k € {1, 2, ..., }). The Fréchet de-
rivative has the composition property: if f € DX(U, V) and g € D¥(V, W), then
g° fEDLU, W) [2, p. 234], [13, p. 7].

If we replace “bounded set” by “sequentially compact set” in the defini-
tion of the Fréchet derivative, we get a weaker derivative, known as the Hada-
mard derivative. D}‘,(U, V) will denote the class of all continuous mappings from
U into V, which are k-times Hadamard differentiable (k € {1, 2, ..., %}). The
Hadamard derivative also has the composition property. In normed spaces, the
Hadamard derivative coincides with the quasi-derivative [5, p. 157], [3, p. 91].
Finally, if we replace “bounded set” by “finite set”, we get the Gateaux deriva-
tive. For a detailed discussion of the differential calculus in topological linear
spaces, see [2] and [3].

2. Smoothness and density character. In this section we prove the
result announced in the abstract. Suppose p is a seminorm on a linear space. Its
null-space N, is the set {x:p(x) =0}. LCS will denote the class of (Hausdorff)
locally convex spaces over R. We say E € LCS is strongly D’,;-smooth *keq,
2, ..., }),if there exists a collection P(E) of continuous seminorms on £
which generate the topology on E and satisfy p € DY(E\N,, R), for each p €
P(E). Similarly, we define strongly D}‘,—smooth spaces. This definition was first
given (in the abstract setting of S-categories) in [10] and was also studied in
[11] and [12].

2.1 Let E € LCS. Then E is strongly Dk-smooth (k €{1,2, ... ,%})if
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and only if E has a O-neighbourhood base N consisting of absolutely convex,(2)
closed sets such that if U € N and p is the gauge of U, thenp € D}(E‘\N , R).
The analogous statement for the Hadamard derivative also holds.

Proor. The sufficiency of the condition is obvious, so we have only to
show its necessity. Consider ¢,: R — R defined by ¢,(x) = exp(-1/x), for x
>0and ¢,(x) =0, forx <0. Put ¢,(x) = ¢,(x—1)¢,(2-x) and ¢,(x) =
JF,(0)dtlf2¢,(t)dt. Finally, put ¢(x) = 1 — ¢5(Ix). Clearly ¢ € C (R, R),
and ¢ is convex downwards for |x|< 3/2. Also ¢(3/2) = ¢(—=3/2) = %.

Since E is strongly D¥-smooth, it has a class, P(E), of seminorms which
generate its topology and satisfy p € DE(E\V,,, R), for each p € P(E). We can
suppose p € P(E) and & > 0 imply ap € P(E). For each finite subset {p;, ...,
P,} C P(E), consider the set U= {x €EE : I_,d(p/(x)) = %}.

2.2. LemMA. U is an absolutely convex, closed 0-neighbourhood in E and
the collection of all such U (as {p;,. . . , p,} varies over all finite subsets of P(E))
is a O-neighbourhood base for E.

Proor oF LEMMA 2.2. Clearly U is closed and balanced. To show U is
convex, let x, y € Uand 0 < a < 1. Thus ¢(p,(x)) * * - ¢(p,(x)) > % and so
p(x) <3/2 foreachi=1,...,n. Similarly, for y. Then

I_"Il o(p[ox + (1 —a)y])> ,-Q $lap,(x) + (1 - ap,(»))
> I 1eo0,60) + (1 - i, 0]
> I 6,0 - ' 0,00

> (A% (9! = .

Finally, the fact that U is a O-neighbourhood and the collection of all such
U forms a O-neighbourhood base follows by verifying that

2.3. LEMMA. Let q : R" — R be the gauge of the absolutely convex,
closed O-neighbourhood W = {x = (x;,...,x,) : _,6(x;) >%}. Thenq €
C”(R™\{0}, R).

PROOF OF LEMMA 2.3. We give the proof for n = 2 only. Let (x, y) #

(3) “Absolutely convex” means convex and balanced.



386 JOHN LLOYD

(0, 0). Theng(x, y)is the unique z > 0 such that ¢(x/z) - ¢(¥/z) = %. Consider ¢ :
R3 — R defined by Y(x, y, 2) = ¢(x/2) - 9(v/2) = %. If U={(x, , 2): (x, y) #
(0, 0) and z > 0}, then y € C*(U, R).

Suppose (a, b, ¢) € U and Y(a, b, ¢) = 0. We show D,y(a, b, ¢) #0. Now
Dyy(x, y, 2) = (-9/2%) - $(x/2) - $'(/2) + (= x/2%) - $(¥/2) - ¢'(x/2). Thus
D3y(a, b, c) > 0, because each term in the sum is = 0 and, since ¢(a/c) * ¢(b/c)
= 1, at least one is > 0.

Thus, by the implicit function theorem, g € C*(R?\{0}, R).

24. LEMMA. Let p be the gauge of U= {x €E: T_,¢(p/(x)) >%}. Then
pEDLEN,, R).

ProoF oF LEMMA 24. Suppose p(x) > 0. Choose g such that 0 < 8 < p(x).
Put/={1,2,...,n}and J={i €I: p(x) = 0}. J may be empty. Let m be the
number of elements in I\J. Put W= {y €E : p(y) >, p,(y) <B, fori €J and
p,(») >0, fori € I\J}.

W is an open set containing x. Lety € W. Then

p(y) = inf {)\ > 0: ] o0, 0/N) > %

i€l

N—

- inf{x > 6:T1 6,0 > %

icr

AR g

=it {a>: IT 90,0m) > %}
ienNS

=q(40)),

where 4 : E — R™ is defined by A(z) = (p,(2)),c s and q is the seminorm for R™
given in Lemma 2.3. Now 4|W € DE(W, R™\{0}) and g € C”(R"\{0}, R).
Hence p|W € DE(W, R) and the result follows.

This completes the proof of 2.1 for the Fréchet derivative. The proof for the
Hadamard derivative is the same. In fact, if we define strongly S-smooth spaces,
where § is an S-category, as in [10], [11] or [12], then, with the same proof, 2.1
holds with D, replaced by S.

Let E € TLS. We define the neighbourhood base character of E to be the
minimal cardinal belonging to the set of cardinals of 0-neighbourhood bases for E.
We denote it by bas(E). It is clear that we may assume the cardinality of Nin 2.1
is bas(E).

Now let X be a topological space. We define the density character of X to be
the minimal cardinal belonging to the set of cardinals of dense subsets of X. We
denote it by dense(X). We will need the following simple properties of density char-
acter.
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2.5. Let X and Y be topological spaces.

() If U € 0(X), then dens(U) < dens(X).

(ii) Let f: X — Y be a continuous mapping. Then dens (f(X)) < dens (X).

Now let C be a closed convex subset of E € LCS. A point x, on the
boundary of C is called a support point of C if there is a nonzero continuous
linear functional « such that SUp,cc Uy = Uxg. Uis called a support functional
of C. u is a normalised support functional if sup,c. uy = uxy = 1.

Let p be a continuous seminorm on E and C = {x €E: p(x) < 1}. Let
p(x,) = 1. If p is a Gateaux differentiable at X, then p'(x,) is the unique nor-
malised support functional to C at x,, [6, p. 349].

2.6 (PHELPS [14, p. 397]). If Cis a closed convex set with nonempty
interior in the complete locally convex space E, then ‘he support functionals of
C are dense (in the strong topology) among those continuous linear functionals
in E', which are bounded above on C.

2.7 (ASPLUND AND ROCKAFELLAR [1, p. 459]). Let E € LCS and p be
a continuous seminorm on E. Suppose p is Fréchet differentiable on A C E.
Then p' : A — E' is continuous, when E' has the strong topology.

Now we can prove our main result.

2.8. Let E be a complete locally convex space, with strong dual E', such
that dens(E") > bas (E) - dens(E). Then E is not strongly D}-smooth.

PRrOOF. Suppose E is strongly D}.-smooth. We show dens(E") < bas(E) -
dens(E). Let N={U_,},c, be the O-neighbourhood base for E given by 2.1
(for the case k = 1) and such that the cardinality of 4 is bas(E). For each a €
A,put E, ={u€E' : uis bounded on U,}. ThenE' = e  E,. since a
linear functional is continuous if and only if it is bounded on some O-neighbour-
hood.

Let p be the gauge of some U,. By 2.7, p': EWp — E' is continuous.
Define p : EW, — E’ by u(x) = p(x) * p'(x). Then p is continuous. Thus
dens (u(E\V,)) < dens(E). But M(E\V,,) is the set of all support functionals to
U, and so is dense in E, by 2.6. Thus dens(E},) < dens(E) and so dens(E") <

bas (E) * dens(E).

29. COROLLARY. Let E be a separable Fréchet space with a nonseparable
strong dual. Then E is not strongly D};-smooth.

2.8 generalises the result of Kadec [16] and Restrepo [15] to locally con-
vex spaces. Stronger versions of the Kadec-Restrepo result have been obtained in
Banach spaces by Leach and Whitfield [7] and Leduc [8].
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Of course, we cannot omit the hypothesis in 2.9 that E be metrizable. For
let E = RR (product of R copies of R, with the product topology). Then E is
a complete separable locally convex space, which is clearly strongly D};--smooth.
But the strong dual of RR is RR) (locally convex direct sum), which is not
separable.

We give a class of locally convex spaces satisfying the hypotheses of 2.9.
Let X be an uncountable, 6-compact, locally compact, metric space. Let C(X) be
the real linear space of all continuous, complex- or real-valued functions on X,
with the topology of compact convergence. Then C(X) is a separable Fréchet
space with a nonseparable strong dual and, consequently, is not strongly D,l,--smooth.
Note that C(X) is strongly D},-smooth, however, since it is separable [10], [11].

3. Smooth locally convex direct sums. First we need a result about
the differentiability of functions defined on a strict inductive limit. A topological
inductive limit of the form E[T] = Z_E,[T,], where each E[T,] is a locally
convex space, is said to be strict if E, C Eg, for a < f, and if the topology induced
by Tg on the subspace E,, of Ej is equal to T, [6. p. 222]. The next result was
given in [10]. However, the proof given there contains a mistake in the induction
step.

3.1. Let E[T] = ZE,[T,] be a strict inductive limit with the property
that a subset B C E is bounded if and only if B is contained in some E,, and is
bounded there. Let f : E — F, where f € LCS, be a continuous mapping. Let U€E
O(E). Then f€D%(U, F) (kE€{1,2,...,~))ifand only if fIE, EDE(UNE,, F),
for each a.

ProoF. The necessity is obvious. For the sufficiency, we prove, by induc-
tion, that f€ DE(U, F) (k€{1,2,...}) and, for each x €U, FA2(C) T ¢ 7V
)= FEN®®) - 0y, -+« s V) where X, py, . . . , ¥y € B,

Thus suppose first that fIE, € DL(U N E,, F) for each a. Letx € U. We
define a map u,: E —> F as follows. Given y EE, there exists a such that x, y
€E,. Then define u,(y) = (flE,)'(x) - y. The value of u,() is independent of
the choice of a. For supposex, y €E also. Choose 7 such that y =>a and y > . Then
CFE)®) - y=( lE,,)'(x) cy=(f IE'B)'(x) - y. Also u, is linear and is continuous,
since u, |E,, is continuous, for each a [6, p. 217].

We show that u; = f'(x). Let B be a bounded subset of E. Then there
exists an « such that B C E,, and is bounded there. Also x € Ej, for some .
Now choose v such that y > f and ¥ > «. Then x €E, and B CE,,. Also, B
is bounded in E., since the topology induced by E,, on E,, is the original topology
T, onE,.

Now let W be a O-neighbourhood in F. Then the existence of (f IE,,)'(x) gives
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the existence of & > 0 such that f{x + th) — fx) — u, - th € tW, whenever l¢| <
8 and h € B. That is, f'(x) = u,. Thus f € DL(U, F) and the proposition is
true for k = 1.

Now suppose the proposition is true for some k. Let f1E, €
DEYY(UNE,, F), for each a, and x € U. We define a map u,, ,: E¥*! — F
as follows: (V15 .- V1) = FEDE DR - (), .. ., Py y), where @
is chosen so that x, y,, ...,y €E,.

First we have to show u; ., is well defined. Thus suppose we also have
X, Vys oo Vg1 €Ep Choose v so that ¥y > a and y = . Then

FE)® D) - @), - 53,0 ) =CE) D) Gy, .y, )
=U.I‘Eﬁ)(k+l)(x) - (yl, e ’yk+l).

Next we show u,, , € T, (€, F). Clearly u,,, is multilinear. As for the
continuity property,let m €{l,...,k+ 1Ly, ..., Y1 Byt -+ > Brsy
and V, an absolutely convex O-neighbourhood in F, be given. Let a be given.
Choose B> a such thatx, y,,...,y, | €Egand B, . ,..., By, CEz Now
since (f1E5)** V(x) € T E g F), there exists a 0-neighbourhood Wj in Eg
such that

(k+1)(y) .
(fIE'B) () - (v} x X Y} % WegxB, ., x " xB )CV.
Then W, = Wy N E,, is a O-neighbourhood in £, and
U (O b X Oy (I W X B x e x B ) C Y

Put W =T,W,. That is, W is the absolutely convex cover of the W,. Then W is
a O-neighbourhood in E and, since u,  ; is multilinear,

ukH({yl}x ceeox {ym_l}x W)(Bm_'_l X v ka_H)C V.

Thus uy .y € T, ,(E, F).

Now we show ;. = f*+V(x). Let {u€ T, (E, F): uB, x--- xB,)C
W1 be a O-neighbourhood in Tk(E, F) and B a bounded subset of E. Choose a
such that x €E, and B, By, ..., B, C E,. By the existence of (fIE,)**)(x),
there exists § > 0 such that

CEY® G +h) -y, ... h)~(EN)PE) -y, ... k)

~CEN)* D) - (th, by, ... b)) E W,
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whenever h €B, hy €B,, ..., h €B, and lt|<8§. Thus, by the inductive
hypothesis,

O +thy -y, .o ) =FO) Ry, e Ry)

k+1(’h hys oo ) ELW,

whenever h €B, h, €B,, ..., h, €B, and lt| <§. Thus f**+1)(x) exists and
f&*D(x)=u, . Hence f€ DE* l(U F). This completes the proof of 3.1.

If E satisfies the conditions of 3.1 and also has the property that a subset
of K C E is sequentially compact if and only if X is contained in some E, and is
sequentially compact there, then there is a result analogous to 3.1 for the Hada-
mard derivative. In particular, we have the following result.

32. Let E =@, E, be the locally convex direct sum of the locally
convex spaces E,,. Let f : E — F be a continuous mapping, where F € LCS.
Let U€E (E). Then f € DX(U, F) (resp. D%) (k €{1,2, ..., }) if and only
i fI®L, Ey, € DE(UNDYL, E,, F) (resp. DY) for each finite subset {a,,

o0} CA.

Now let £ =€D ,y E, be the countable locally convex direct sum of the
locally convex spaces {E, },<y and /,, the canonical injection from E,, into E
(where N={1, 2, .. .}). The absolutely convex covers I',nI,(V,) form a 0-
neighbourhood base for E, as V,, ranges over a 0-neighbourhood base for E,,. Our
final theorem (3.3) will show that the countable locally convex direct sum of
smooth spaces is smooth. First we introduce another type of smoothness.

Let E € TLS be separated by its dual. We say E is Dj‘;-smooth *ke{1,2,

, ©}) if, given ¥ € ((E) and a € V, there exists f € DX(E, R) such that f(a)
>0,f>0and {x €E: f{x)>0}C V. Similarly we define D}‘,-smooth spaces.
This concept was first given (in the abstract setting of S-categories) by Bonic and
Frampton [4] for Banach spaces and later studied in topological linear spaces in
[10], [11] and [12]. In [10] we showed that if S is an arbitrary S-category (e.g.
D’;.) and E € LCS is strongly S-smooth, then E is S-smooth. It is not known if the
converse is true, although some partial converses are known. For example, combin-
ing the results of Leach and Whitfield [7] and Restrepo [15], if E is a separable,
D},--smooth Banach space, then E is strongly D};.-smooth. See also [9].

3.3. Let E =@,y E, be the countable locally convex direct sum of the
locally convex spaces {E,},cn. Then:

() E is Dk-smooth (resp. D¥-smooth) (k €{1,2, . .., }) if and only if
each E,, is D¥-smooth (resp. Df-smooth).
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(ii) E is strongly D%-smooth (resp. strongly D¥-smooth) if and only if each
E,, is strongly D¥-smooth (resp. strongly D¥-smooth).

ProoF. We give the proofs for the Fréchet derivative only. The Hadamard
case is similar.

(i) The necessity is obvious. For the converse, it suffices to verify the
smoothness condition for V' =T, cn/,,(V,,), a basic 0-neighbourhood in E, and
a = 0. For each n € N, there exists f, € D;‘,-(En, R) such that f, >0, £,(0) =1
and {x, € E,: f,(x,) > 0} C V,. Define 4: E — I* by x —

(1 = £,(2" * x,))uen> Where x = (x,,), ey € E. Choose Y € C™(12, R) such that
¥ >0, ¥(0) >0 and y(x) = 0, if [Ixll, > 1. Thendefine f: E—Rbyf=y°4.

Now f 2 0 and f{0) = ¢(0) > 0. Also {x: f{x) >0} C V. For let fix) >
0. Hence ||[4(x)ll, <1. Thatis, 1 —f,(2" - x,) <1 and so 2" - x,, € V,,, for
eachn €N Thusx =2 27" -1,(2" -x,) EV.

Finally, we show f € DE(E, R). For this it suffices to show 4 € DXE, I?)
and hence, by 3.2, A|@™, E, € DX(@ ™, E,, I?), for each m € N. How-
ever, this is clear.

(i) The necessity is obvious. Conversely, let each £, be strongly D-
smooth. Consequently, by 2.1, each E,, has a O-neighbourhood base N, consisting
of absolutely convex sets such that if ¥,, € N, and p,, is the gauge of V,, then
P, € DEE,\W,,, B).

Consider a basic 0-neighbourhood ¥V = l"neNIn(V,,) in E, where each V,
has the above property. Put U= {x = (x,),en: M,en 0@, (2" - x,)) =%},
where ¢ is the function in the proof of 2.1 Then U is absolutely convex. Also
U is a O-neighbourhood. For let W =T, (277! - ¥,,) and x € W. Then
P,(x,) <2771 and, consequently ¢(p,(2"*'x,)) = 1 for each n € N. Thus
xeU.

The collection of all such U forms a 0-neighbourhood base for E. For let
x € U. Then ¢(p,(2"*'x,)) # 0, and so p,(2"*'x,) < 2 for each n € N. Thus
x€EV.

Finally, we show that if p is the gauge of U, thenp € Dj‘,(E\N , R). By
3.2, it suffices to show that p|@™ | E, € DK@, E,\N,, R) for each m €
N PutfF= @,:”:, E,. Let q, be the continuous seminorm on F defined by
q,(x) = p,(2"*'x,), where x = (x,) € F. Then g, € DE(FW,,, R). AlsoplF
is the gauge of UN F = {x € F: NI"_,¢(q,(x)) > %}. Consequently, by 2.4,
pIFEDf,-(FWp, R).
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