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WELL-ORDERING OF CERTAIN NUMERICAL POLYNOMIALS
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WILLIAM YU SIT

ABSTRACT.   An ordering is introduced in the set of numerical polynomials

(in one variable) which is then shown to induce a well-ordering on a certain subset

of numerical polynomials, namely those which occur as the differential dimension

polynomials of differential algebraic varieties, or equivalently, those which come

from initial subsets of Nm.

Let N be the set of natural numbers (including 0), Z be the ring of rational

integers and Q be the field of rational numbers.  A numerical polynomial in the

indeterminate X is a polynomial co G Q^] such that co(s) G N for every suffi-

ciently large s G N. The numerical polynomials considered in this note are those

coming from initial subsets of Nm (m G N).  Specifically we consider Nm as an

ordered set relative to the product order, that is, (a1( .... am) < (¿,, . . . , bm)

in Nm if and only if a¡ < b¡ in N for every i.   A subset V of Nm is initial if for

every v, v' G Nm such that v' < v, v G V implies v' G V.

Remark 1.   Let V be an initial subset of Nm and define F = F(K) to be

the set of minimal points of the complement of V in Nm.  Then E is finite since

every infinite sequence of points in Nm has an infinite increasing subsequence.

Moreover V is the set of all points of Nm that are not greater than or equal to

any point of E.

Kolchin [1, Chapter 0, Lemma 16, p. 51] showed (in view of the above

remark) that for any initial subset V of Nm, there exists a numerical polynomial

03 v such that for every sufficiently large j G N, to^fs) is the number of points

(»I.vm) G V with Vy + • • • + vm < s. If 1/ is a finite sequence Vv . .. ,

Vn of initial subsets V¡ C N   ', we define the numerical polynomial of 1/ to be

cjy, = o)v   + • • • + cjy .  In this paper, we shall show that the set S2 of numer-

ical polynomials of the form cj„ for some such 1/ is well-ordered relative to the

total order introduced on the numerical polynomials as follows: we say coj < co2

if cojfs) < co2(s) for all sufficiently large s G N. The origin of this problem comes

from differential algebra where numerical polynomials of the form cjv occur as

the differential dimension polynomials of differential algebraic varieties (see
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Kolchin [1, Chapter III, §5] ). Using this well-ordering property one can presumably

prove certain results in differential algebra by induction on the differential dimen-

sion polynomial just as one can in algebraic geometry by induction on the dimen-

sion of an algebraic variety.

Let V be an initial subset of Nm. We shall first develop some properties of

V and, as a by-product, give a different proof of Kolchin's result mentioned earlier.

From now on, v, (1 < / < m) will always denote the zth coordinate of an element

v of Nm.  If T C Nm, then T(s) denotes the set of all points t G T with tx + ■ • •

+ tm < s.  Let Nm = {1,. . . , tri). Given a subset / C Nm and an element

a G Nm, we define the symbol a7 to be the set of all points b G Nm such that

bj — a¡ for all / €/.   Observe that if b G a/; then b7 = a7.  A subset F C Nm is

said to be k-dimensional if F = a7 for some a G N"1 and J = /(F) C Nm with

Card J = k. Call /(F) the direction of F.  A subset F of Nm is properly k-dim-

ensional in F if F is a ^-dimensional subset of V and is not contained in any

ik + 1 )-dimensional subset of V.

Remark 2.   For any two subsets a7, a}- of Nm, we have ay C a/ if and

only if / C / and d,> = Of for all/' €/'.

Remark 3.   Let a7 be a ^-dimensional subset of V and b G Nm such that

b < a.  Then b^ is a ^-dimensional subset of V containing b.  In particular, if

b < a in Nm and a belongs to some ^-dimensional subset of V, then b belongs to

some fc-dimensional subset of V.

Let F be an initial subset of Nm and let dkiV) be the number of subsets of

Nm properly ^-dimensional in V. Note that dmiV) < 1 and equality holds if and

only if V - Nm, in which case dkiV) = 0 for all k ¥= m.

Proposition 1.   Let V be an initial subset of Nm.   Then dkiV) is finite

for all kEN.

Proof.  Clearly dkiV) = 0 for all k > m and the case k = m has been noted

above.  Assume k < m and let F = F(K) (see Remark 1).  For each / G Nm, let

e, = max e, (e G F).  If a^ is properly ^-dimensional in V, we claim that a- < e-

for all / £/.   For otherwise, there would exist a / €/ such that a.- > e- and since

ij C V, we would have, by Remark 1, Hj C ayu /n C V, a contradiction.  It fol-

lows from our claim that for each subset / of Nm consisting of k elements, the

number of subsets of the form Hj that are properly fc-dimensional in V is

< n.-^je...  This proves the proposition.

The sequence {dfc(K)}feeN will be referred to as the dimension sequence

of V.

Proposition 2.   Let J be a set of subsets of'Nm.  Let K = a^^ be a k-

dimensional subset of an initial subset V of Nm such that for every \ E K, Vj C V
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for some J G J.   Then there exists J0 G J such that aj,K^j   is a subset of V

containing K.

Proof.   The case k = 0 is trivial.  Assume k > 0. We first show that there

exists J0G 3 with \j   C V for all x G K.   Otherwise, for each J G J, there would

be an element v(7) of K with vf/)y <t V.   Since Jis finite, there would exist w G

K with w > vf/) for every J G J. But then by Remark 3, vij <t V for every J G

J, which would contradict our assumption on K.   Now for every b G aj,K^UJ ,

the element v defined by v.- = b- if / G JiK) and v- = a.- otherwise belongs to K

and b G v/o.  Hence a/(JC)u/() - UvskvJ0 c V-

Corollary. Let V be an initial subset o/Nm. A k-dimensional subset K

of V is properly k-dimensional in V if and only if K contains some element that

does not belong to any ik + \)-dimensional subset of V.

Proof.   The "if part is clear.  Suppose K = ^j/k) *s a ^-dimensional sub-

set of F but no such element exists.  By the proposition, there exists a subset JQ

of Nm with Card J0 = k + 1 such that a^^g ,   is a subset of V containing K.

This shows that K is not properly fc-dimensional in V and proves the corollary.

Proposition 3.   Let V be an initial subset of Nm with dimension sequence

{^fc(P)}fceN-   Then for any h i0 <h <m) such that dhiV) + 0, there exists an

initial subset Vx C Vsuch that dkiVx) = dkiV) ifk>h, dhiVx) = dhiV) - 1

anddkiVx) = 0ifk<h.

Proof.   If h = m, we may take Vx = 0. Suppose h <m. Let K - &jtK)

be properly /i-dimensional in V such that 2;gj//r-fij is maximum.  Let Jh be the

set of subsets of Nm with h elements.  Let Vx be the set of all elements v G V

such that Vj C V for some / G Jh and v, ¥= K. We first show that Vx is initial.

Suppose v G Vy, v' G Nm and v' < v.  Then \j C V for some / G Jft and v, + K.

By Remark 3,v}CK   If v} = K, we would have / - JiK) and 2/iyUy > 2/öyu'- =

^"j&j(K)aj- Moreover \'j, and by Remark 3 also v/5 would be properly /¡-dimen-

sional in V. By the choice of K, this would imply that v¡ = v'j for all/ GJ and

hence v, = v} = K, a contradiction.  Hence \'j =£ K and v'eF,, proving that Vy

is initial.

Now a ^-dimensional (fc > h) subset of V is always contained in Vy. Con-

sequently every subset of Nm that is properly ^-dimensional in Vy ik > h) remains

properly fc-dimensional in V.   This shows that dkiVy) = dkiV) for all k > h.  It is

clear that if L is an /¡-dimensional subset of V and if L =# K, then L C Vv Hence

dniV) - 1 < dhiVy) < dhiV). We observe that If v€ Vv then v7 C Vx for some

JG Jh and v, =£ K, and that if further \GK, then / =£ /(/C).

Suppose Zf = a^(Kj C rr  Applying Proposition 2, there exists J0 with
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Card JQ - h and /0 =£ /(F) such that aJ(K)uy   is a subset of Vx containing F.

This contradicts the fact that F is properly «-dimensional in V.   Hence K <t Vx,

proving that ¿„(F,) = dhiV) - 1.

To complete the proof, let F' = a^-j be a i-dimensional subset of Vx with

k < «.   Applying Proposition 2, there exists /0 C Nm with Card /„ = « such that

a/(K')u/n *s a subset of Vx containing K'.  HenceF' is not properly i-dimension-

al in Vx and dkiVx) = 0 for aU k < h.

Corollary 1.   Let V be an initial subset o/Nm with dimension sequence

[dkiV)}k<Ex.   Then there exist initial subsets Vn, (0 < « < m, 0 < / < dniV)) of

V with the following properties:

CO  ^oo = v> Vmdm(V) = 0 and for every h (0 < « < m)

Vh0 D Vhl D ' ' ' D Vhdn(V) = Vh+l 0-

(b) For every h (0 < « < m)

dk(vh¡) = ¿¿V),        for * > h, 1 < i < rfft(I0,

<W,) = ¿*(*0 - '-   /^ 0 < i < dniV), and

dk(vhi) = 0 fork<h,0<i<dhiV).

(c) Fvery suiser o/Nm r/zar is properly k-dimensional in Vn, ik > h) re-

mains properly k-dimensional in any Vh>,< such that Vh, C VH>¡>, and in particular,

in V.

Proof.  Repeated application of Proposition 3.

Corollary 2.  Let V be an initial subset of Nm and suppose V = V0 D

Vx D ■ • • D Vm is a chain of initial subsets of V such that for every h (0 < «

< m), dkiVn) = dkiV)ifk>h and dkiVh) = 0ifk<h.   Then for each such h,

(a) Vn = {vG V\v belongs to some h-dimensional subset of V};

(b) there exists a numerical polynomial ßhiX) of degree < h such that for

all sufficiently large s EN,

Card(KÄ(s) - Vh + Xis)) = d„iV)Ç J Ä) - ßnis)

iVm + x =0 by convention) and ßniX) = 0 if dhiV) = 0.

An immediate consequence of Corollaries 1 and 2 is the result of Kolchin

mentioned earlier.

Corollary 3.   Let V be an initial subset ofNm.   There exists a numerical

polynomial íúvÍX) of degree < m such that Card Vis) = oivis)for all sufficiently
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large s G N.  Furthermore, if m is the largest integer k such that dkiV) j= 0, then

cjyiX) = dmiV)ix¿'m) + terms of lower degree.

Proof of Corollaries 2 and 3.   Part (a) of Corollary 2 is obvious and

Corollary 3 follows from Corollaries 1 and 2 since

m

Card Vis) = £ CaxdiVhis)-Vh+yis)).
h=0

To prove part (b) of Corollary 2, set dk = dkiV) and let Vhi (0 < h < m, 0 <

/' < dh) be initial subsets of V satisfying the conditions of Corollary 1. By part

(a) of Corollary 2, Vh = Vh0 (0 < h < m). If dh = 0, then Vh = Vh+x and we

may take ßhiX) = 0.  If h < m, let Khi (1 < / < dh) be the unique subset of

Vh ¡_x that is properly /¡-dimensional in Vh ,_, but not properly /i-dimensional in

Vhi. Clearly Khi <Z Vhi. Observe that Khi n Vhi is an initial subset of Khi iKhi

being identified with N'1).  Define ahi = 2/Sya/-, where a, = Kft/.  By induction,

we may assume that Corollary 2 (and hence also Corollary 3) holds for smaller

values of m so that there exists a numerical polynomial cJhiiX) such that for all

sufficiently large s G N, caxdiKhi n Vhiis)) = cdft/(s - ah¡). Since /(fft/ n Vh¡ =/=

£,,,, degree co^fX) < h-  lt follows from KM - VM = Vh ¡_x - VM that for

sufficiently large s G N,

(s - ahi + h\
Cardin ,_xis) - Vhiis)) - {       J'       j - co,,^ - oÄ<)

and hence

CaxdiVhis)-Vh+xis))=   £   [{       h        )-uníis-ahi)y

This completes the proof.

Proposition 4.   Let {¿/fc}fceN 2>e a sequence of natural numbers such that

dk = 0 /or a// sufficiently large k G N.

(a) For any /ixec? m G N, í/iere exisf o«/y finitely many initial subsets of

Nm with dimension sequence {dk}kGîi.

(b) There exist only finitely many numerical polynomials of the form uv,

where V is an initial subset of Nm for some m G N having dimension sequence

{dk}ken-

Proof,  (a) Let m be the largest integer k such that dk =£ 0. Part (a) is

trivial if m < m. For m > m, it suffices to show by induction on m - i that for

i - 0, .... m the set I/, of initial subsets V of Nm with dkiV) = dk for / < k

< m and dkiV) = 0 otherwise is finite. We have
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0       if m = m and dm • > 1,

V m ~   {{0}     ^ dm = 0 (f°r example, a« > m),

l{Nm}  if m = /«' andrfm- = 1.

Suppose i <m and assume that l/;- is finite for all / with / < / < m.   Let KG \J,

and let V' be the set of all points in V that belongs to some (/ + l)-dimensional

subset of V.   By Corollaries 1 and 2 of Proposition 3, V' E \I,+ x.  Let F' =

F(F') (see Remark 1) and for 1 </ < m, let ej = max e¡ (e G F'). Let /,,... ,

/p be all the subsets of Nm consisting of i elements.  Let th be the number of

subsets of Nm properly /-dimensional in V and having direction Jh. Of course

Hpl=xth = d,. We claim that if F = ay   is a subset of Nm properly /'-dimensional

in V, then a;- < tn + e¡ for all / EJn.  Suppose this is false so that a¡ > tn + e~¡

for some jéjh.  For any s E N with s < th, let Ls = (a,, . . . , a¡_x, lj + s,

a/+1.am)j„-  ^y Remark 3, Ls is an /-dimensional subset of V.   Since F is

properly /-dimensional in V, it follows from the Corollary of Proposition 2 that F

contains some point v such that v G V'.  By Remark 1, v > e for some e' G F'.

Let

\ = ivx, . . . ,vj_x,êj + s, vj+x, . . . ,vm).

Then v' G Z,J and v' > e'.  Applying Remark 1 and the Corollary of Proposition 2

again, we see that Ls is properly /-dimensional in V.   Since s runs through 0 to

tn, this contradicts the definition of th and establishes our claim.

It is now easy to see that \J, is finite so that the induction step is completed

and part (a) is proved.

(b)  For each m EN, let Q,m be the set of numerical polynomials of the

form cov where Kis an initial subset of Nm with dimension sequence {dk}k<EÎ3.

By part (a), Í2m is finite for all m.  Let «20 = ^kL0(k + ^)dk-  Then m0 > m

and, to complete the proof, it suffices to show that S2m = £2     for all m> mQ.

The canonical mapping from N   ° into Nm given by (x,, . . . , xm ) r—>■ (x,,

. . . , xm  , 0, . . . , 0) clearly maps each initial subset V of N   ° onto an initial

subset of Nm having the same numerical polynomial and dimension sequence as

V.   Thus S2m   C Í2m.  Conversely, let V be an initial subset of Nm with dimen-

sion sequence {dk}keî^.  Let / be the set of indices / (1 </ < m) such that V

contains an element with nonzero /th coordinate.  Let /0 be the union of all direc-

tions /(F) of F as F runs through the set of subsets of Nm that are properly k-

dimensional in V for some k (0 < k < m).  For each j E I -JQ, the point v*7*

whose /th coordinate is 5,-- (Kronecker's §) belongs to V and hence belongs to

some K, which is properly k.-dimensional in F for some k¡. Hence F- = Vj)k-)-

Since K, = K> implies / = /', it follows that
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m

Card / < Card J0 + £ dk < m0.
k-0

Let / = {jx, . . . , jq}, q < m0. The mapping from V into Nm° defined by

(t>j, . . . , vm) I—i (y   , . . . , v: , 0, . . . , 0) maps V onto an initial subset of

Nm° having the same numerical polynomial and dimension sequence as V.   Hence

S2m C £2      and this completes the proof of the proposition.

Recall that if 1/ is a finite sequence of initial subsets V¡, V¡CN  ' (1 <

i <n), then cjy = 2"=1coK..  In what follows, we shall identify V with the in-

finite sequence {F,},eN where V¡ -0 for / >n. We observe for use below that

any numerical polynomial cofX) of degree < m can be written uniquely as co(X)

= ¿:m=0ahixlh)where aheZ and that if

then cjyiX) < cj2(^) if and only if (am, . . . , a0) < (ôm, . . . , b0) relative to

the lexicographic order on Zm + 1.

Proposition 5.   77¡e set Í2 of numerical polynomials of the form ojv for

some finite sequence V of initial subsets is well-ordered relative to the above

ordering.

Proof.   Let n C £2, n =?== 0. To show that II has a smallest element, it

suffices to show that every descending sequence n — {tf,-},-^ in II is stable.  Let

7T be such a descending sequence. Since it is enough to show that some subsequence

of 71 is stable, we may assume that each 7T(- has the same degree m and write

m + \      /X + k\
**" £ aiky k   )    (ßikeZandaim+i=0)-

Consider for each h (0 < h < m + 1), the statement

i*)h  That there exist a subsequence (which we shall still denote by u =

{7r(-}/eN) of 77 and a corresponding sequence {^¿}ieN, where each \J¡ is a sequence

{Vy}jeN of initial subsets V¡- of N  '/, Vy =0 for all sufficiently large/, satisfy-

ing the following conditions:

(I)ft   7r,- = cjv. for all i G N.

(11)^   For each k, h < k < m + 1, aik is independent of / (that is, alk =

Hk = ' ■ • )•

(III),,   If dik denotes the number of subsets of N   '' properly fc-dimensional

in Vy, then for each / > 1 and each k, h < k < m + 1, dik is independent of i

(IV)ft  If V yk - {\ G Vy | v belongs to some ^-dimensional subset of Vy)

and if ßykiX) (see Corollary 2 of Proposition 3) is the numerical polynomial of
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degree < k such that the equation

Cardáis) - VU *+i(s» - *«*(* t ^-Pijk®

holds for all natural numbers s larger than some suitable n,j E N, then for each

/ > 1 and each k, h < k < m + 1, ßi/k(X) is independent of /.

It suffices to show by induction onra+l-A that (*)h holds for each

h < m + 1, for the statement (*)0 wUl then provide a subsequnece of 7T that is stable.

The case « = m + 1 is trivial. Assume that « < m + 1 and that we have chosen a

subsequence {2T,}/eN and {l/,.}/eN satisfying conditions (l)h + l, (H)ft+1, (III)Ä+1

and(IV)ft+1. Now

«„,(«) = £ coK (s) = £  £ Card(K,/fc(s) - V,jk+Xis))
/=1        V /=1*=0

for aU s > max«,-. Since {coi/.(^0}/GN form a descending sequence (by (I)A+1)

and the polynomials obtained by replacing s by A!" in the second double sum of the

right-hand side are independent of i (by (Ui)n+X and (IV)A+i), it follows that

the polynomials obtained by replacing s by X in the first double sum of the

right-hand side form a descending sequence as i varies.  Since deg ß,jk < k, we

may assume, after taking a subsequence, that ~EjLxd,jn is independent of /, say

with common value dn. Now for every /, the number of indices / such that d,,k =£

0 for a fixed k > h is finite; for example, this number is at most dh when k = h.

By (IH)ft+1, there exists a natural number/0 such that d,/k = 0 for all / > 1,

/ > ;0 and k > h.  Thus for every i, after permuting a finite number of the initial

subsets V,j with / > /0 and reindexing, we may assume that d,jh = 0 for all

/ >j0+dh. Let p = j0 + dh and let S be the set of all (xx.... , xp) E Np such

that Xj + • • • + xp = dh. Since for each i, id,xh, . . . , diph) E S and S is finite,

we may, after taking a subsequence, assume that d,]fl is independent of / for aU /.

It follows from the coroUaries of Proposition 3 that each V,}h (as / varies) has the

same dimension sequence and therefore by Proposition 4(b), we may assume, again

after a finite number of steps involving taking subsequences, that cjKj.. (X) is in-

dependent of i for all /. But we have
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so that ßijhiX) is independent of i.   Finally

tt.O) = «„.(*)=££ \dJX tk)~ ßijkW] + (terms of degree < h)
1 k=/i/=iL       \    a    / J

from which it follows that aik is independent of / for every k (ft < k < m + 1).

This completes the induction.
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