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ABSTRACT. An ordering is introduced in the set of numerical polynomials
(in one variable) which is then shown to induce a well-ordering on a certain subset
of numerical polynomials, namely those which occur as the differential dimension
polynomials of differential algebraic varieties, or equivalently, those which come
from initial subsets of N,

Let N be the set of natural numbers (including 0), Z be the ring of rational
integers and Q be the field of rational numbers. A numerical polynomial in the
indeterminate X is a polynomial w € Q[X] such that «w(s) € N for every suffi-
ciently large s € N. The numerical polynomials considered in this note are those
coming from initial subsets of N (m € N). Specifically we consider N™ as an
ordered set relative to the product order, that is, (a,, ..., a,,) < (b, ..., b,,)
in N™ if and only if @, < b, in N for every i. A subset V of N™ is initial if for
every v, v € N™ such that v <v, v E V implies v' € V.

REMARK 1. Let V be an initial subset of N™ and define E = E(V) to be
the set of minimal points of the complement of ¥ in N™. Then E is finite since
every infinite sequence of points in N™ has an infinite increasing subsequence.
Moreover V is the set of all points of N™ that are not greater than or equal to
any point of E.

Kolchin [1, Chapter 0, Lemma 16, p. 51] showed (in view of the above
remark) that for any initial subset ¥ of N™, there exists a numerical polynomial
wy such that for every sufficiently large s € N, w,/(s) is the number of points
W5 .- .50,) € Vwithy, +- -+, <s. If U is a finite sequence V,, . ..,
V,, of initial subsets V; C N™i, we define the numerical polynomial of | to be
wy =wy, +° -+ wy, . In this paper, we shall show that the set Q of numer-
ical polynomials of the form w, for some such U/ is well-ordered relative to the
total order introduced on the numerical polynomials as follows: we say w, < w,
if w,(s) < w,(s) for all sufficiently large s € N. The origin of this problem comes
from differential algebra where numerical polynomials of the form w,, occur as
the differential dimension polynomials of differential algebraic varieties (see
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Kolchin [1, Chapter III, §5]). Using this well-ordering property one can presumably
prove certain results in differential algebra by induction on the differential dimen-
sion polynomial just as one can in algebraic geometry by induction on the dimen-
sion of an algebraic variety.

Let V¥ be an initial subset of N™. We shall first develop some properties of
V and, as a by-product, give a different proof of Kolchin’s result mentinned earlier.
From now on, v; (1 <i < m) will always denote the ith coordinate of an element
v of N™. If T C N™, then T(s) denotes the set of all points t € T with ¢, +- -+
+t, <s. Let N, = {l,...,m}. Given asubset/CN,, and an element
a € N™, we define the symbol a; to be the set of all points b € N™ such that
b; = a; for all j €J. Observe that if b € a, then b; = a;. A subset K C N™ is
said to be k-dimensional if K = a; for some a € N™ and J = J(K) C N,,, with
Card J = k. Call J(K) the direction of K. A subset K of N™ is properly k-dim-
ensional in V if K is a k-dimensional subset of ¥ and is not contained in any
(k + 1)-dimensional subset of V.

REMARK 2. For any two subsets a;, aj» of N™, we have a; C a) if and
only if J C J' and g} = g for all j' €J".

REMARK 3. Let a; be a k-dimensional subset of ¥ and b € N™ such that
b <a. Then by is a k-dimensional subset of V" containing b. In particular, if
b <ain N™ and a belongs to some k-dimensional subset of ¥, then b belongs to
some k-dimensional subset of V.

Let V¥ be an initial subset of N™ and let d, (V) be the number of subsets of
N™ properly k-dimensional in V. Note that d,,,(V) <1 and equality holds if and
only if ¥ = N™, in which case d, (V) = 0 for all k # m.

PROPOSITION 1. Let V be an initial subset of N™. Then d, (V) is finite
forall k EN.

ProorF. Clearly d, (V) = 0 for all £ > m and the case k = m has been noted
above. Assume k <m and let E = E(V) (see Remark 1). For eachi €N,,, let
Ei = max ¢; (e € E). If a; is properly k-dimensional in ¥, we claim that ¢; < E}
for all j € J. For otherwise, there would exist a j €J such that a; > Ei and since
a; C V, we would have, by Remark 1, a; Cay ;3 C V, a contradiction. It fol-
lows from our claim that for each subset J of N, consisting of k elements, the
number of subsets of the form a; that are properly k-dimensional in V is
<Tljgse;. This proves the proposition.

The sequence {d;(V)};en Will be referred to as the dimension sequence
of V.

PRrOPOSITION 2. Let J be a set of subsets of N,,,. Let K = a;x) be a k-
dimensional subset of an initial subset V of N™ such that for every vEK, v; C V
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for some J € J. Then there exists Joy € J such that a;xyy, is a subset of V
containing K.

ProoF. The case k = O is trivial. Assume k > 0. We first show that there
exists J, € J with v, o C Vforallve K. Otherwise, for each J € J, there would
be an element v(J) of K with v(J); V. Since Jis finite, there would exist w €
K with w > v(J) for every J € J. But then by Remark 3, w;, @ ¥ for every J €
J, which would contradict our assumption on K. Now for every b € a J(K)UT g
the element v defined by v; = b; if j € J(K) and v; = g; otherwise belongs to K
and b € v; . Hence a;x)y7, = UyexVs, C V-

COROLLARY. Let V be an initial subset of N™. A k-dimensional subset K
of V is properly k-dimensional in V if and only if K contains some element that
does not belong to any (k + 1)-dimensional subset of V.

ProOOF. The “if” part is clear. Suppose K = a 7(k) is @ k-dimensional sub-
set of V but no such element exists. By the proposition, there exists a subset J,
of N, with Card Jo = k + 1 such that a;x ), is a subset of ¥ containing K.
This shows that K is not properly k-dimensional in ¥ and proves the corollary.

PROPOSITION 3. Let V be an initial subset of N™ with dimension sequence
{d,(MN}ren- Then for any h (0 <h < m) such that d, (V) # 0, there exists an
initial subset V| C V such that d,(V\) =d, (V) if k > h, d,(V,) =d,(V) - 1
and d (V) =0 if k<h.

ProoF. If & = m, we may take V|, = &. Suppose h <m. Let K = k)
be properly h-dimensional in ¥ such that Z;g; xa; is maximum. Let J, be the
set of subsets of N, with & elements. Let V; be the set of all elementsv€E V
such that v; C ¥ for some J € J, and v; # K. We first show that ¥, is initial.
Suppose vE ¥V, v € N™ and v <v. Then v, C ¥ for some J € J, and v, # K.
By Remark 3, v;C V. If v} = K, we would have J = J(K) and ZigsV; = Zjgyv; =
Zjg¢s(x )% Moreover v, and by Remark 3 also v;, would be properly h-dimen-
sional in V. By the choice of K, this would imply that v = v; for all j € J and
hence v; = v} = K, a contradiction. Hence v; # K and V' € ¥, proving that v,
is initial.

Now a k-dimensional (k > k) subset of V' is always contained in ¥;. Con-
sequently every subset of N™ that is properly k-dimensional in V, (k = h) remains
properly k-dimensional in V. This shows that d, (V) = d, (V) for all k> h. It is
clear that if L is an h-dimensional subset of ¥ and if L # K, then L C V,. Hence
d,(V) = 1<d,(V,) <d,(V). We observe that if v € V|, then v; C ¥, for some
J € J, and v; # K, and that if further v € K, then J # J(K).

Suppose K = a;xy C V. Applying Proposition 2, there exists J, with
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Card Jo = h and J, # J(K) such that a; g, is a subset of ¥, containing K.
This contradicts the fact that K is properly h-dimensional in V. Hence K @ V,,
proving that d,(V,) = d,(V) - 1.

To complete the proof, let K’ = aj k) be a k-dimensional subset of ¥, with
k <h. Applying Proposition 2, there exists J, C N,,, with Card J, = h such that
aj(x"yuJ, IS a subset of ¥, containing K'. Hence K" is not properly k-dimension-
alin V; and d;(V,) =0 for all k <h.

COROLLARY 1. Let V be an initial subset of N™ with dimension sequence
{dy(M}ren- Then there exist initial subsets V,; (0 <h <m,0<i<d,(V)) of
V with the following properties:

@ Voo =V, dem(,,) =@ and forevery h (0 <h <m)

Vio 2 Vi1 2" 2 Vg, vy = Va1 o-

(b) Forevery h O <h<m)

V) =d V),  fork>h, 1<i<d,(V),
d, (V) = d, (V) =i, for 0<i<d,(V),and
d(V,) =0 for k<h,0<i<d,(V).

(c) Every subset of N™ that is properly k-dimensional in V,; (k = h) re-
mains properly k-dimensional in any V,+ such that V,; C V,+, and in particular,
in V.

ProoFr. Repeated application of Proposition 3.

COROLLARY 2. Let V be an initial subset of N™ and suppose V = V¢ D
Vi D+ 2DV, is a chain of initial subsets of V such that for every h (0 <h
<m),d (V,)=d,(V)if k> hand d, (V) = 0if k <h. Then for each such h,

(@) ¥V, = {VE VIv belongs to some h-dimensional subset of V};

(b) there exists a numerical polynomial B,(X) of degree < h such that for
all sufficiently large s € N,

Card(Vh(s) - Vh+ l(s)) = dh(V)(s ; h) - ﬁh(s)

(Vp 41 =9 by convention) and B,(X) = 0 if d,(V) = 0.

An immediate consequence of Corollaries 1 and 2 is the result of Kolchin
mentioned earlier.

COROLLARY 3. Let V be an initial subset of N™. There exists a numerical
polynomial w(X) of degree < m such that Card V(s) = w(s) for all sufficiently
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large s € N. Furthermore, if m' is the largest integer k such that di (V) # 0, then
wyX) = dm'(V)(X,: ™) + terms of lower degree.

PROOF OF COROLLARIES 2 AND 3. Part (a) of Corollary 2 is obvious and
Corollary 3 follows from Corollaries 1 and 2 since

Card V(s) = f: Card(V,(s) = V.4, ).
h=0

To prove part (b) of Corollary 2, set d;, =d;(V)andlet ¥V,; O<h<m,0<

i <d,,) be initial subsets of V¥ satisfying the conditions of Corollary 1. By part
(@) of Corollary 2, V), =V, O<h<m). Ifd, =0,then V, =V, , and we
may take B,(X) =0. If n <m,let K,; (1 <i<d,)be the unique subset of
V}y i, that is properly h-dimensional in ¥, ;_, but not properly h-dimensional in
Vi Clearly K,; @ V. Observe that K,,; N V,,; is an initial subset of K,,; (K,
being identified with N*). Define a,,; = Z;q;4;, where a; = K,,;. By induction,
we may assume that Corollary 2 (and hence also Corollary 3) holds for smaller
values of m so that there exists a numerical polynomial w,,;(X) such that for all
sufficiently large s € N, card(K,; N V,,,(5)) = w,,;(s — o). Since K,; NV}, #
Ky, degree wy(X) <h. It follows from K, = V,; = V,, ;_y — V,,; that for
sufficiently large s €N,

—a,; +h
Card(V, ;_,(5) = V,,,(0)) = ( h ) = wp 5 — ;)
and hence
G rrs—ay +h
Card(V, () = Vy4,6)) = ;l [( " ) - wys - am)] :

This completes the proof.

PROPOSITION 4. Let {d,};cn be a sequence of natural numbers such that
d,, = 0 for all sufficiently large k € N.

(a) For any fixed m € N, there exist only finitely many initial subsets of
N™ with dimension sequence {d;},cy-

(b) There exist only finitely many numerical polynomials of the form w,
where V is an initial subset of N™ for some m € N having dimension sequence
{di}ren-

PROOF. (a) Let m' be the largest integer k such that d; # 0. Part (a) is
trivial if m <m'. For m > m', it suffices to show by induction on m — i that for
i=0,...,mthe set U, of initial subsets ¥ of N™* with d; (V) =d, fori<k
< m and d, (V) = 0 otherwise is finite. We have
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g ifm=mandd, >1,
V,, = {{#} ifd,, =0 (for example, m > m'),
N"} ifm=m'andd,, = 1.

Suppose i < m and assume that V/ j is finite for all j with i <j<m. Let V€ |
and let V' be the set of all points in ¥ that belongs to some (i + 1)-dimensional
subset of V. By Corollaries 1 and 2 of Proposition 3, V' € V;,,. Let E' =
E(V") (see Remark 1) and for 1 <j <m, let ¢; = maxe; € €E'). LetJ,,...,
Jp, be all the subsets of N, consisting of i elements. Let ¢, be the number of
subsets of N properly i-dimensional in ¥ and having direction J,. Of course
1ty =d;. Weclaim that if K = a ,, is a subset of N™ properly i-dimensional
in ¥, thena; <t, + e for all j &J,,. Suppose this is false so that a; > >ty + e,
forsome]eJh ForanysGNw1ths<th,letL =@p...,q_, e +5,
Gigpree s am)fn By Remark 3, L is an i-dimensional subset of V. Since Kis
properly i-dimensional in V, it follows from the Corollary of Proposition 2 that K
contains some point v such that v& ¥'. By Remark 1, v=> e’ for some ¢ € E'.
Let

, -
V=0V gt 000,00, 0,)

Thenv' € L, and v' > ¢’. Applying Remark 1 and the Corollary of Proposition 2
again, we see that Lg is properly i-dimensional in V. Since s runs through O to
t,, this contradicts the definition of ¢, and establishes our claim.

It is now easy to see that U/; is finite so that the induction step is completed
and part (a) is proved.

(b) For each m €N, let Q,, be the set of numerical polynomials of the
form wy, where V is an initial subset of N with dimension sequence {d,} KEN-
By part (a), Q,,, is finite for all m. Let my = E',:' ok + 1)d,. Then my=>m'
and, to complete the proof, it suffices to show that , = Q,, for alm=>m,.
The canonical mapping from N0 into N given by (xl, e x o) = (x,,

s X 0,...,0) clearly maps each initial subset ¥ of N"'© onto an initial
subset of N™ havmg the same numerical polynomial and dimension sequence as
V. Thus Q'"o C Q,,. Conversely, let ¥ be an initial subset of N™* with dimen-
sion sequence {d;},en- Let I be the set of indices j (1 <j <m) such that V
contains an element with nonzero jth coordinate. Let J;, be the union of all direc-
tions J(K) of K as K runs through the set of subsets of N™ that are properly k-
dimensional in ¥ for some & (0 <k <m). For each j € I—-J,, the point v
whose ith coordinate is §;; (K:onecker s §) belongs to ¥ and hence belongs to
some K; which is properly k ~dimensional in V for some k;. Hence K; = vyzx )
Since K K + implies j = j', it follows that
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m'
Card I <Card J, + Z d,<m

LetI= {j,, ..., jq},  <my. The mapping from V into N0 defined by

(v,, BRI | g Wiy - - - » Vjg» 0, ..., 0) maps V onto an initial subset of
N0 having the same numencal polynomlal and dimension sequence as V. Hence
Q,CcQ, o and this completes the proof of the proposition.

Recall that if U is a finite sequence of initial subsets V;, ¥; CN™' (1 <
<n), then w, = 27:1('0"1" In what follows, we sl.all identify |/ with the in-
finite sequence {V;},c where V; =@ for i >n. We observe for use below that
any numerical polynomial w(X) of degree < m can be written uniquely as w(X)

= I 0@, (¥ ") where a, € Z and that if

m

X+h m
= Bal(1) o won- £u1)
h=0 h=0
then w,(X) < w,(X) if and only if (a,,, . . ., ay) < (b,,, . . ., by) relative to
the lexicographic order on Zm+1,

PROPOSITION S.  The set 2 of numerical polynomials of the form w,, for
some finite sequence \/ of initial subsets is well-ordered relative to the above
ordering.

ProoF. Let 1 C Q, 1 # &. To show that II has a smallest element, it
suffices to show that every descending sequence 7 = {m;},cy in Il is stable. Let
m be such a descending sequence. Since it is enough to show that some subsequence
of m is stable, we may assume that each =, has the same degree m and write

L (X +k
aik(

m = k ) @, €Zanda;,, ., =0).

i
k=0

Consider for each A (0 <h <m + 1), the statement

(*), That there exist a subsequence (which we shall still denote by 7 =
{m;}ien) of m and a corresponding sequence {U/;},z, Where each U, is a sequence
{Vij}jen of initial subsets V; of N, V;j =# for all sufficiently large j, satisfy-
ing the following conditions:

(M, m = wy, foralli €N.

(II),, For each k, h <k <m+1,a,; is independent of i (that is, a,, =
Gy =" ")

(m, 1If d;j; denotes the number of subsets of N"ii properly k-dimensional
in V;;, then for each j > 1 and each k, h <k <m + 1, d; is independent of i

(IV), If V ;= {v € V;;|vbelongs to some k-dimensional subset of ¥, }
and if B;;;(X) (see Corollary 2 of Proposition 3) is the numerical polynomial of



44 W. Y. SIT

degree < k such that the equation
s+ k
Card(V,jk(S) ij k+1 (S)) di]k ( > 1]k(s)

holds for all natural numbers s larger than some suitable n,; € N, then for each
j=2landeachk, h<k<m+1, ﬁ,lk(X) is independent ofz

It suffices to show by induction on m + 1 — h that (*), holds for each
h<m+ 1, for the statement (), will then provide a subsequnece of = that is stable.
The case h =m + 1 is trivial. Assume that » <m + 1 and that we have chosen a
subsequence {m;};cn and {V;};cn satisfying conditions (I);, 44, (D54, (1D, 44
and (IV), ;. Now

w0y ©) = Z: 0y, =% ¥ CartlV® - V)

j=1k=0
£ B[l 1) 0]

B [ 1) o0

for all s > max;ny;. Since {wy ;(X)}iEN form a descending sequence (by (I), )
and the polynomials obtained by replacing s by X in the second double sum of the
right-hand side are independent of i (by (III), ., and (IV),,,), it follows that
the polynomials obtained by replacing s by X in the first double sum of the
right-hand side form a descending sequence as i varies. Since deg f;;; <k, we
may assume, after taking a subsequence, that Z7_ , d; ;jn is independent of i, say
with common value d,,. Now for every i, the number of indices j such that d;; #
0 for a fixed k > h is finite; for example, this number is at most d,, when k = h.
By (IlI),,, ,, there exists a natural number j, such that d;;, = 0 for alli > 1,
j2Jjo and k > h. Thus for every i, after permuting a finite number of the initial
subsets V; with j 2 j, and reindexing, we may assume that d;, =0 for all

j>jg +d,. Letp=j, +d, and let S be the set of all (x,, ... ,xp)eN” such
that x; + - +x, =d,. Since foreachi, (d;p, . - ., dip,) €S and § is finite,
we may, after taking a subsequence, assume that d;;, is independent of i for all j.
It follows from the corollaries of Proposition 3 that each Vy;, (asi varies) has the
same dimension sequence and therefore by Proposition 4(b), we may assume, again
after a finite number of steps involving taking subsequences, that w,,iih(X) is in-
dependent of i for all j. But we have

v, ®= 3 [a(*}*) -auc0]



WELL-ORDERING NUMERICAL POLYNOMIALS 45

so that ﬁ,i,,(X) is independent of i Finally

m(X) = w, (X) = i i: [d”k(X ',l" k) - Bm‘(x)] + (terms of degree < h)

k=h j=1
from which it follows that a;; is independent of i for every k (A <k <m + 1).
This completes the induction.
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