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SINGULARITY SUBSCHEMES AND GENERIC PROJECTIONS

BY

JOEL ROBERTS(!)

ABSTRACT.   Corresponding to a morphism /: V -* W of algebraic

varieties (such that dim(K) < dim(lV)), we construct a family of subschemes

S^)(/) C V.   When V and W are nonsingular, the s[^\  q > 1, induce a

filtration of the set of closed points x S V such that the tangent space map

dfx: T(V)X — T(W)f,xs has rank = dim(10 - 1.  We prove that if V is a

suitably embedded nonsingular projective  variety and rr: V -* Pm is a generic

projection, then the Syl'(f) and certain fibre products of several of the

•^l   (/) are either empty or smooth and of the smallest possible dimension,

except in cases where q + 1 is divisible by the characteristic of the ground

field.   We apply this result to describe explicitly the ring homomorphisms

Tr*.0pm   . . -* Oy x and (when m > r + 1) to study the local structure of

the image V' = n(V) C Pm.

0. Introduction.  Let k be an algebraically closed field, and let V be a

nonsingular projective variety over k.   As in [11], we consider an embedding

PCP" (projective «-space) and a finite morphism 7r: V —*■ Pm, where dim(P) <

m < 2 • dim(P), induced by projection from an (« - m - l)-subspace LCP".

We study certain properties of generic projections, i.e. properties which 77 has when

L corresponds to a point of a suitable dense open subset of the Grassmann variety

G(n, n - m - 1).

When m > dim(P), one objective is to describe the structure of the local

rings Oy'¡y, where y EV = 77(F) C Pm.  (If (A, m) is a local ring, then 4 is its

completion in the m-adic topology.) Using our main results, which are stated in

§ 1, this can be done in the case that the map of Zariski tangent spaces dux : Tv x

—► Tfm    has rank > dim(P) - 1 for all x G tt-1^). Detaüs of this are given

in §13.  If m = dim(P), the corresponding problem is to describe the local struc-

ture of the branch locus 7r(Sj (tt)) C Pm. (Sj (tt) is defined in §2.) I have obtained

some results concerning this problem which wül appear in another paper.  (See

also [14].) The results of the present paper were announced in [13].  I would
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like to thank the referee for suggesting several ways to improve this paper.

Our techniques involve studying the higher order singularity subschemes

of the morphism n: V —>?m. Some properties of these subschemes are described

in §1; the definition is given in §3.

AU rings and algebras will be assumed to be commutative with identity; all

schemes and morphisms of schemes wül be assumed to be separated. The field k

may always be assumed to be algebraically closed, but of arbitrary characteristic.

A variety is a reduced and irreducible scheme of finite type over k.

1. Statement of the main results.  Let /: X —► Y be a morphism of varieties

(over the algebraically closed field k). In this section we will assume that X is

nonsingular. When i> 1, let S ¡(f) C X be the closed subset whose closed points

are all x G X such that the map of Zariski tangent spaces (df)x : T(X)X —►

T(Y)f,x) has rank < dim(X) - i.

If dim(X) < dim(y), one can study the points where (df)x has rank =

dim(X) - 1. To do this, we define closed subschemes S[q\f) CJ- S2(f), for

q > 0, caUed higher order singularity subschemes.  (See §3.) S[q\f) is defined

in terms of a certain Fitting ideal of the O^-algebra Px/y 0I" relative principal

parts. If x is a closed point of X - S2(f) and y = f(x), then x G S[q\f) if and

only if dimk0x/my0x > q + 1, where (0X, mx) - 0X x is an algebra over

(0y, my) = 0Y,y via tne usual homomorphism/*: 0y —* 0X- The S[q\f) are

closely related to the Thom-Boardman singularities 5,     ,   (q indices) of a map

of differentiable manifolds.  (See [16], [17, §12], [5], [l],or [7].)  Thom-

Boardman singularities in algebraic geometry have been studied in [6] and [8].

With/as above and d > 1, let 2d(/) C X xy • • • xy X (d-fold fibre

product) be the complement of the union of all diagonals.  If qx, . . . , qd are

nonnegative integers, we regard S[qi\f) xy • • • xy S[qd\f) as a subscheme

Of X X y * • • x y X.

Definition 1.1. 2d(/; qx,...,qd) = Sd(/) n (S(qi\f) xy • • • xy

S[qà\f)).
One can regard Sd(/; qx, . . . , qd) as consisting of all ti-tuples (x,,... ,xd)

of distinct closed points of V such that (a) x¡ G S[qi\f), j = 1, .... d, and (b)

/(*,) = •••=/(*„).

Theorem A. Let V be a nonsingular projective variety over k, and let

r < m < 2r, where r = dim(F).  77ie« f/zere is an embedding V C P", for some

n, such that ifir: V —► Pm is a generic projection, then the following statements

hold for every d > 1 and every d-tuple (qx, . . . , qd) of nonnegative integers.

(i) 2d (tt ; q,, . . . , qd) is either empty or of pure dimension dr - (d - l)m

-Sf^fyCm-r+l).
(ü) If char(fc)-tl[fy- + 1) for all j, then Xd(ii; qx,...,qd)is smooth (over k).
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(iii) In general, the dimension of the nonsmooth locus ofZd(n; qx,. . . , qd)

is <card(ß) - 1, where Q = {/|char(&) divides q¡ +1}.

Theorem 10.5 and CoroUary 10.6 give a more detaUed version of (iii). Non-

smooth points do occur for some generic projections of varieties over fields of

positive characteristic. The simplest example is a pinch point of a generic projec-

tion 77: V2 —*■ P3 when char(fc) = 2. The results of [12] imply that there exist

surfaces whose generic projections actually exhibit pinch points.

Corollary 1.2. Let it: V—^Pm be as in Theorem A.

(i) For every q>0, S^fjr) is either empty or of pure codimension

q(m - r + 1) i« P.

(ii) If chaitytffa + 1), then S[q\n) is smooth over k.

(iii) // chzLi(k)\(q + 1), then S^(7r) is smooth except at finitely many points

o/S(1£?)(77)-S(1<? + 1>(77).

When dr-(d - T)m - J^=lqj(m -r + 1) < 0, conclusion (i) of Theorem A

implies that Sd(7r; qx, . . . , qd) =0. When m>r + 1, this implies that Sd(77) =

0 when d > m/(m - r). If m = r, it also follows that only finitely many 2d(77)

are nonempty. Specifically, 2d(rr) =0 when d > degree(P).

Corollary 1.3. Let tt: V—► Pm be as in Theorem A. Then only finitely

many of the subschemes Xd(ir;qx, . . . , qd) are nonempty. If either char(fc) = 0

or char(fc) > (m + T)l(m - r + 1), then all nonempty 2d(7r; qx, . . . , qd) are

smooth.  (Thus, for a given value of r = dim(P), nonsmooth 2d(77; qx, . . . , qd)

will occur only when char(fc) assumes finitely many values.)

Proof. We observe that S^\ii) = 0 when q > r/(m - r + 1). Therefore,

if char(fc) > 1 + r/(m - r + 1) = (m + l)/(m - r + 1), then S$\it) = 0 for aU

q such that char(fc)|(c7 + 1).      Q.E.D.

Theorem A is proved in §§10 and 11. Preliminary results needed in the

proof are proved in § § 5 through 9. When char(&) = 0, the proof of Theorem A

is shorter and more conceptual than in the general case. This is because it is

possible to apply Theorem 2.9, which is an algebraic version of Sard's Theorem.

The proof of the characteristic 0 case of Theorem A uses nothing from § § 7 and

11.

Theorem B. ¿,er/: X—► Y and /': X' —► Y' be finite morphisms of

nonsingular varieties over k, where dim(X') = dim(JS0 < dim(Y) = dim(P'). Let

qx, . . . ,qd be nonnegative integers, and let xx, . . . ,xd andx\, . . . ,x'd be

distinct closed points of X and X' respectively.  Assume

(a) x, E SfiXf) - S\1/+ » >(/) and x) E S<?i\f) - Sx«i+ » >(/'), } = 1,
...,d;
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(b) S\"i\f) xy • •• xy S<q<t\f) and S(,«'>(/') xy. • • • xy. S\qä\f)

are smooth and of pure dimension dr - (d - l)m - E? ,i7(m - r + I) at

(x,,. . . , xd) and (x,, . . . , x'd) respectively.

Then there are isomorphisms è: Ôv « "■SL* Oy' »' andé¡: Ôx r,-^+ Ôy' r\

j = 1,. . . ,d, such that f'f = </>f ° ff ° i/T1 for j = 1,. . . , d, where ff: ÔY,y
—* Ôx,xj Is induced by fandf'f* is similarly induced by /'.

In the case that {x,,. . . , xd} = f~x(y), one can consider the scheme

theoretic fibre Specif), where Ay = Oxf-1{y)/f*(my) • 0xf-i{yy (The

homomorphism/*: 0y —*■ 0X f-iry\ is induced by/.  Note that Ay is an

Artinian ring.) The conclusion of Theorem B can be interpreted as saying that

the homomorphism

f0r,-0x^m-hö^

depends only on Ay, up to automorphisms of the domain and range off*.

Theorem B is proved in §12.  Specifically, Theorem 12.1 shows how to

identify ÔY,y an(i Ox,x¡> J ~ 1, ■ • • ,d, with formal power series rings in a way

which makes it possible to give a very explicit description of/*. We call this

description a canonical form off*.

Theorem B is relevant to the study of generic projections because a generic

projection ir: V —* ?m satisfies the hypotheses of Theorem B under the circum-

stances described by Theorem A.

Remark 1.4.  Theorem 3 of [13] contains a statement which would seem

to imply that if ff: V —► P"1 is a generic projection and d > 2, then all nonempty

2d(7r; qx, . . . , qd) are smooth.  However, this is not the case; counterexamples

can be given with r = m = 2 and char(fc) = 2.

2.  First-order singularity subschemes. In this section we define and study

subschemes S/(f) C X corresponding to certain morphisms f: X —► Y.  The

définition is given in terms of Fitting ideals; we begin by recalling the definition

of these ideals.

Let A be a ring, M a finitely presented A -module.  Consider a presentation:

(*) Am -^-> Ar-> M-+0,

where i//(e) = 2£_,a/7c/fc relative to standard bases {e,, . . . , em) and

{/,.ff).  The ith Fitting ideal A,(Af) C A is defined to be the ideal generated

by the (r - i) x (r - i) minors of the matrix (a/fc) [resp. the unit ideal] if 0 < i

< r [resp. i> r).  It is known (see [3] ) that the A¡(M) are independent of the

choice of the presentation (*). We note that A¡(M) C Ai+l(M) for all i.  Verifica-

tion of the following lemma is also straightforward.
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Lemma 2.1. If (A, m) is local and a minimal generating set for M contains

r elements, then Ar_x(M) =£ A, and A/M) C mr_' when 0 < i* < r - 1.

Since the Fitting ideals of a module are independent of the presentation

used to compute them, we can define Fitting ideals of coherent sheaves on a

Noetherian scheme.

Proposition 2.2. Let X be a Noetherian scheme, F a coherent sheaf of

modules on X. For each i > 0 there is a unique sheaf of ideals A/F) C &x such

that T(U, A/F)) = Ai(r(U, F)) for every affine open UCX. IfxEX, then

Ai(F)x = A/Fx).

We call A/F) the ith Fitting ideal of F.

We now fix a morphism /: X —► Y of Noetherian schemes. It will be

assumed that the sheaf £lXiY of relative Kahler differentials is coherent.

Definition 2.3. Let i > 1. S¡(f) C Z is the closed subscheme defined by

A¡_X(QX/Y). We caU the S¡(f) first-order singularity subschemes.

We write S¡ for S/if) when the context is clear. By using properties of

Fitting ideals, one sees that S¡ 3 Si+ j.

Proposition 2.4. Ifx E X, then x E S¡ if and only i/dimft(jcjí2"/y(x) >

i. Equality holds when xES¡- Si+,. If X and Y are varieties over an algebrai-

cally closed field k, and x is a closed point, then x E S¡ if and only if the map

ofZariski tangent spaces dfx: Tx x —► TYjix) has rank <r - i, where r =

dlmk(TXtX).

Proposition 2.5. Si+ x c Sing(S,).

Proof.  To establish either result, we apply Lemma 2.1 with (A, m) = 0X x

and M = (&X/Y)X. In particular, if/ > i and x G Sy - S/+,, then A;_, (M) C

m/_,+ 1. By considering the exact sequence of vector spaces

(f*nxY/k)(x) — nxx/k(x) — sixx/Y(x) -* o,

one proves the last statement of Proposition 2.4.   Q.E.D.

Proposition 2.6. Let g: X—+Z and h: Y —+ Z be morphisms of Noether-

ian schemes such that g = h ° f.  Let /': X' —► Y' be obtained by base extension,

where X' = X xz Z' and Y' = Y xz Z'. (Z' is a scheme over Z.) Then

Si(f') = Si(f)xzZ' for alii.

Proof.   It is weU known that £lX'iY' = v*(^lx/Y), where v: X' —*■ X is

projection to the first factor. We now obtain the conclusion by applying the

foUowing lemma.

Lemma 2.7. Let v: X' —*■ X be a morphism of Noetherian schemes, and
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let Ebea coherent sheaf on X.  Then A¡(v*E) = v*(A¡(E)) for all i.

Proof.  After reducing to the case where X = Specif), X' = Spec(77) and

E = M, we apply ®AB to the exact sequence (*).   Q.E.D.

Proposition 2.8. Let xGX, y = f(x) G Y. Let g, h be as in Proposition

2.6, and assume that (£lX/z)x an<^ (®,Y/z)y are free modules of rank r and m

respectively. If either m>rorr-i<m<r holds, then every component of

S¡(f) which contains x has codimension (in X) < i(m - r + i).

Proof.  Let z = g(x) = h(y) G Z and set A = QZz, B = 0Y¡y, and C =

Qx,x- We have an exact sequence of C-modules:

^b/a ®b C    * &C/A     * ^c/b    * 0-

The first two terms are free of rank m and r respectively, so that &i-X(QX/Y)x =

a¡_x(SlcfB) is generated by the (r - i + 1) x (r - i + 1) minors of an m x r

matrix. By Theorem 3 of Eagon and Northcott [2], every minimal prime ideal

of Af_,(Slxc/B) has height <i(m -r + i).   Q.ED.

The foUowing result is probably weU known, but I have included the proof

because it is a direct application of the concepts introduced above.

Theorem 2.9. Let f: X* —► Y™ be a morphism of nonsingular varieties

over an algebraically closed field of characteristic 0. Ifr > m, then either:

(a) f(X) is contained in a proper closed subset of Y, or

(ß) there is a dense open subset of Y consisting of closed points y such that

f~x(y) is smooth, nonempty, and of pure dimension r-m.

Proof.  If x is a closed point of X, then every component of f~x(f(x))

has dimension >r - m, and the Zariski tangent space 'Pf-iffM) x is isomorphic

to the kernel of the linear map dfx: Tx x —► TYj,xy Therefore, f~x(f(x)) is

smooth and of dimension r - m at x if and only if x ^ Sr_m + X(f).

Let Z be an irreducible component of Sr_m + X(f). It must be shown that

dim(/(Z)) < dim(y).  Assume that this is false, so that g = f\z is dominating.

Tz x C Txx for aU closed pointsx GX.  Therefore, dgx: Tz x —► TYg<x^ has

rank <m - 1 for every closed point x G X, so that dimk,x)nZjY(x) > « - m + 1

for every point x (closed or not) of Z, where n = dim(Z). Taking x to be the

generic point of Z, we obtain

dimfc(Z)nfc(Z)/fc(Y) > (M2) " dim(y) = tr degfcd-)^2)-

(Note that k(Y) C k(Z) since g: Z —» Y is dominating.) We have thus obtained

a contradiction. (Since char(fc) = 0, the field extension must be separable.)

Q.E.D.
Example 2.10. Let char(fc) = 2, and let /: A2 —> A1 send (a,, a2) —*
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a\ + a\.  For each a E k, f~x(a) is the curve (Xx + a)2 + X\ = 0, where a2 =

a.  Each of these curves has a cusp, so that the conclusion of Theorem 2.9 faUs.

We note that S2(f) is the line X2 = 0. Therefore, g = f\s2(fy S2(f) —» A1 is

surjective and induces a purely inseparable field extension of degree 2.

3. Higher order singularity subschemes. We again fix a morphism f: X —*■

Y of Noetherian schemes such that £lxX/Y is coherent. Let q > 0, and let P^/y

be the 0^-algebra of qth order relative principal parts corresponding to / We

recaU that /^-/y = px *(0S/Jq + X), where S = X xY X, J C 0S is the sheaf of

ideals defining the diagonal, and px : S —► X is the projection to the first factor.

The Ojf-algebra structure 0X —► P^/y *s deduced from px. As an O^-module,

P\jY has a finite filtration with factors px t(J'/J'+x). Since px *(J/J2) = &xX/y,

Pjc/y is coherent.

Definition 3.1.  Let q > 0. We define the qth order singularity subscheme

S^Xf) C X to be the closed subscheme of X - S2(f) corresponding to the

sheaf of ideals A9(Fj^/y) C 0X.

Since P°XIY = 0X and Pxx/Y = 0X® Slx/Y, we have S(x0)(f) » X - S2(f)

and S[x\f) ■ Sx(f) - S2(f). The geometric significance of the remaining

S^(f) wiU be explained by Proposition 3.5 below.

Proposition 3.2. Assume that xEX- S2(f). Then x G S(q\f) if and

only ifdimk(xyPx/Y(x) > q + 1. In particular S\q\f) D Sxq + X)(f).

Proof.   Apply Lemma 2.1 with 4 = 0XtX and M = (P^/y^x- The last

statement follows because there is a surjection Fj^y —» FjLy.   Q.E.D.

Proposition 3.3. Let g: X —*■ Z and h: Y—+ Z be morphisms of Noether-

ian schemes such that g = h° f. Let u: Z' —+ Z be a morphism, and let f: X'

—► Y' be obtained by base extension, where X' = X xz Z' and Y' = Y xz Z'.

Then S[q\f') = S[q)(f) xz Z' for all q.

Proof.  By Proposition 16.4.5 of [4], F^-/y< ■ f*(F^/,y)) where v: X' =

X xz Z' —*■ X is projection to the first factor.  One completes the proof by

applying Lemma 2.7.   Q.E.D.

If 4 is a ring and B is an 4-algebra, then -Pspec(x?)/Spec(/4) *s ̂ e snea^ on

Spec(F) corresponding to the fi-algebra P\¡A = (B ®A B)/Iq + X, where / is the

kernel of the multiplication map p: B ®A B —> B.  The 5-algebra structure is

given by /: B —► P%ia > where j(b) = b ® 1. Another interesting homomorphism

is dq = dqB/A : B -> P%jA, where dq(b) = T®T.

Lemma 3.4. Let k be a field, (A, mA) and (B, mB) local rings with residue

fields s k, and g: A —► B a local homomorphism which induces an isomorphism

of residue fields.   There there is a k-algebra isomorphism 0: k ®B P%iA -£->
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B/(g(mA)B + m%+ x) such that <t>(l®dqb) = b (residue class of b) for all b G B.

Proof.  Associativity of the tensor product implies that k ®B (B ®A B ) =

B/g(mA)B.  (Observe that k ®A B = B/g(mA)B.) Thus, the residue class map

B/g(mA)B -+kis identified with idfc ® p: k ®B (B ®A B ) —* k ®B B = k.

Therefore,

[* ®B (B ®A 77)]/(Ker(idfc ® p))q+x s B/(g(mA)B + mB+x).

It is easüy shown that this implies the desired conclusion.   Q.E.D.

Proposition 3.5. Let q > I, and assume that X and Y are varieties over

the algebraically closed field k. Let x be a closed point of X.   Then x G S\q\f)

if and only if(i) dimfc mx/(f*(my)Ox + m2) = 1 and (ü) dimfc 0Jf*(my)0x >

q + 1, where (0X, mx) = 0X<X, y = f(x), (0y, my) = 0Y¡y, and f*: 0y —* 0X

is induced by f.

Proof.   By Proposition 2.4, (i) holds if and only if x G Sx ~S2 = S[x\

so we assume that (i) holds. Thus, the maximal ideal of 0x/f*(my)0x is prin-

cipal, so that (ii) holds if and only if dimfc 0xl(f*(my)0x + mq+x) > q + 1.

By Lemma 3.4 and Proposition 3.2, this holds if and only if x G S(xA^(f). (Note

that if\IY)x =Pq0x/0y'' see f4> CoroUaire 16.4.16] or [15, Proposition A 1.2].)

Remark 3.6. If X and Y are varieties over k, then the higher order

singularity subschemes are interesting only in the case that dim(.Y) < dim(K).

SpecificaUy, if dim(Y) < dimiX) - 2, then X- S2(f) =0. If dim(V) = dimiX)

- 1, then (i) and (n) hold at every closed point x GX - S2(f) for every q > 0.

If 77 is a Ar-algebra, then a fc-linear map D: B —* 77 is a differential operator

if it is of the form D = </> ° d^^ for some q > 0, where <¡>: P%ik —► 77 is a 77-

module homomorphism. The smaUest q for which such a factorization exists is

the order of D.

Lemma 3.7. Let X be a nonsingular variety over k, x G X a closed point,

and (Qx, mx) = 0X>X. Let {tx,. . . , tr) C m^ be a minimal generating set. Then

(0 -Py/Specdc) " a locally fee sheaf>

(ii) (Px/spec(k))x = Fbxlk IS /ree(v generated by the monomials of degree

<qinSx,..., fr, where f,. = dqox/kti -1¡;

(ni) corresponding to the r-tuples (ix,. . . , if) of nonnegative integers such

that 0 < i, + • • • + ir<q there are differential operators 7),',— ir: 0X —+ 0X of

order <q such that

(a) 4 lkb =    Z. (D¡ ...ib)tix •■•!■;   for all b G 0X,
ix,...,ir
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whenever nv>0 for all v, subject to the convention that (") = 0 when n < i;

(c) more generally, if N> q and b = t" i • • • f/ (mod m^), then

ws ("i1) • • • (?)'?"*' • • • '"'"'(mod <"*>•

(We identify b E 0X with its image under d%xik: 0X —► P\¡k\ thus

d\ikb -bis represented by 1 ® b - b ® 1 G 0X ®k 0X.) Proposition 17.12.4

of [4, Chapitre IV] implies that P^/specik) *s 10caiiy ffee- (More generaUy, Fj^z

is locaUy free if/: X —► Z is a smooth morphism.)  Alternately, Lemma 3.4

can be used to show that dim^^F^/spec(*)(*) ls constant-  Statements (ii),

(üi)(a) and (iii)(b) are immediate consequences of (i), Lemma 3.4, and Nakayama's

lemma. (See also [4, Chapitre IV, Théorème 16.11.2].) To establish (iii)(c) we

observe that if D: B —► B has order <q and / is an ideal in B, then DIn C I"~q

for aU « > q.  (See [4, Section 16.8] or [15, Proposition A 1.1].)

Lemma 3.8. Let f: Xr —* Y"1  (r<m)be a morphism of nonsingular

varieties over k, and let the remaining hypotheses and notation be as in Proposi-

tion 3.5. Let {sx, . . . ,sm} Cmy and {tx, . . . , tr} C mx be minimal generating

sets such that f*(s¡) = t¡for i = 1, . . . , r - 1.  77ze« the ideal Aq(PqXiY)x =

\(B}) ¡0 )c 0X is generated by the q(m - r + 1) elements D^f*(s¡),  1 < i <

q and r < / < m.where D^: 0X —♦ 0X is the differential operator D0...0¡ de-

scribed in Lemma 3.7.

Using this result and the KruU altitude theorem [9, Theorem 9.3], we

obtain

Corollary 3.9. ///: Xr —*■ Y™ is as above, then every irreducible com-

ponent ofS^(f) has dimension >r - q(m - r + 1), or else S^;(/) =0.

Proof of Lemma 3.8. By Proposition 16.4.18 of [4], there is an 0X-

algebra homomorphism w: P%x/k —► ^bxiOy suc^ ^at tne ^ea^ Ker(w) c ^bxlk

is generated by {dqf*(a) - f*(a)\a E 0y}, where dq = dq0x/k. if f,.fr

are as in Lemma 3.7, then Pqjx/k = E ® F, where F is freely generated by 1, fr,

... , f¡?, and F is freely generated by the monomials in fj,..., fr which are

not powers of f,.. Since ?,- = dqf*(s¡) -f*(s¡) for i = 1,. . . , r - 1, it foUows

that F C Ker(w), and w induces a surjection w: F—>P%xioy °f 0X-modules.

Suppose now that t?j,...,% generate Ker(vv), where 7?y = Ef-oß^jj.. Then

{ß,,} wiU generate \iP\¡oy). (Observe that rank(F) = dimk(k ®ox P\ioy)^

Therefore, we need to find a nice set of generators for Ker(vv).

By Lemma 3.7, Ker(w) is generated as 0-x-module by the elements

(dqf*(a) -/*(ff))f11 • • • ft, where a E (Jy and 0 < ix + ■ • • + ir < q.  It is

not hard to see that we only need to let a run through the monomials of degree

<<7 in Sj.sm. To calculate Aq(P^ ¡q ), we must therefore expand the



238 JOEL ROBERTS

elements dqf*(a) - f*(a) as polynomials in f,,..., fr and extract the coefficients

of 1, fr, . . . , fj?. Since (F is a ring homomorphism, monomials in s,, . . . , sm

of degree >2 will give rise to coefficients which are polynomials in the coefficients

occurring in the expansions of dqf*(s¡) -f*(s¡), I = r, . . . , m.  Now

dqf*(s¡) ~f*(s¡) = Y, ^('V*(s/)C + (°ther terms of de8ree •**)•
1=1

We conclude that {Du)f*(s¡)\l < i < q and r < l < m) generates Aq(P%x/o )■

Q.E.D.
We now consider certain morphisms of product varieties. Specifically, let

X, Y, and Z be nonsingular varieties over k, and let /: X xk Z —> Y xk Z be a

morphism such that g = h ° f, where g and « are the projections of X xfe Z and

Y xk Z to Z. Let (x, z) be a closed point of X xk Z, and let (y, z) = /(x, z).

Let (T?, mÄ), (4, m^,) and (B, mB) be the local rings 0Z 2, 0YXZ/yz\ and

0Xxz,(x,z) respectively. Then /*: A —* B is an R-algebra homomorphism. In

the foUowing proposition, we regard 0y and 0X as subrings of A and 77 respectively.

Proposition 3.10.  With the notation and assumptions as above, let

{s,,. . ., sm) C ny4 and {t,,..., tf) C mxB be minimal generating sets such

that f*(sf) = tj forj = 1,. . . , r - 1. Ifq>0, then there exist differential

operators D^: B—+B,l=l,...,q, which are also R-module homomorphisms,

such that

(i) ifb = t\i •••tir (mod mq+ '77), then Dwb s (^)i'i1 ' ' * ¿fl

(modm2+1"'77);

(ü) Aq(P%/A) is generated by the q(m-r + 1) elements D{l)f*(sf),  1 < I

< q and r<j<m.

Proof.   SinceP%iR = (Pxxz/z)(x,z)'^b/r *s a fiee77-module. (The pro-

jection to the second factor is a smooth morphism.) We proceed as in the proof

of Lemma 3.7 to establish the existence of the differential operators 7?^: 77 —► B

which satisfy (i) and are also 7?-linear. (In fact, dB/R : B —*■ 7^/fi is an R-algebra

homomorphism.)

In order to show that Aq(PqB,A) has the desired generating set, we represent

PB/A as a homomorphic image of Pßm and proceed as in the proof of Lemma

3.8.   Q.E.D.

4.  Consequences of smoothness.  The main result of this section is the

foUowing theorem, which can be shown to be equivalent to the case d - 1 of

Theorem B.

Theorem 4.1. Let f: V —► Wm be a finite morphism of nonsingular

varieties over k, where m>r. Let x G S(f\f) - S^xq + X\f), and assume that

S(xq\f) is smooth at x and locally of codimension q(m - r + 1) in V.   Then
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there are isomorphisms <j>: QVx _2_>- B = k[[tx, . . . , tr] ] and i//: O^j/^ ~~£->-

4 = k[[sx, . . . , sm] ] such that g = <t> ° f* ° i/T1 : 4 —► B satisfies

(i)g(*i) = t¡, i= 1,. . . ,r- 1;

(Mz)g(sr) - tq+x + Ufe* tq,m_r)+jt{ ifchzi(k)\(q + 1);

(ü)(b) g(sr) = tq+x + S/= x fï(jn_,)+/, if àw(k)\(q + 1), and q(m - r + 1)

< r i« r«is case;

(in)g(sr+i) = 2?=1 í^(i_1)+/-íyr, i=l,...,m-r.

Before giving the proof, we wül discuss certain algebras of principal parts.

Lemma 4.2 [4, Proposition 16.4.20]. Let A be a ring, R an A-algebra

(commutative with identity), and let B = R/I, where I is an ideal in R.   Then

there is a surjective B-algebra homomorphism v: B ®R P^^ —► P%iA such that

Ker(i>) is generated (as an ideal) by {1 ® dqx\x G /}, where dq = dR/A: R —►

Pr/a-

Lemma 4.3. Let (A, mA) be a Noetherian local ring, R an A-algebra which

is finitely generated as A-module, and (B, mB) = Rm, where m is a maximal ideal

inR.   ThenPBIÀ=B®BPqBIA.

Proof.   F is a localization of R, so that P%iA = P ®r Pria- Therefore,

it wiU suffice to show that P|,^ = ^ ®r Pr/a- Let F have the m¿-adic

topology.  Since R = Â ®A R, P^tf = & ®r Pr/a'< hence it is enough to prove

that P\jA* = B ®R P\,^- Since R is semüocäl, Ê = R/I, where / is generated

by idempotent elements.  By Lemma 4.2, it will suffice to show that 1 ® dqx =

0 for every idempotent element x G /, where dq — d% . j.  For such an x,

(dqx - x)qT x =0 [notation as in Lemma 3.7] and x = xq+ x, so that dqx =

dqxq + x = SfJ-,1 nixidqxq+ w for suitable «,. G Z. Therefore 1 ® dqx = 0.

Q.E.D.

Corollary 4.4. Aq(P^ ¿) = A^fF^) • B.  (The notation is as above)

The coroUary is an immediate consequence of Lemma 4.3 and the affine

case of Lemma 2.7. In the case that B is regular and A^Pß^) is generated by

a subset of a regular system of parameters, we conclude that A„(F^.^j) is generated

by a subset of a regular system of parameters. Thus, Theorem 4.1 is a direct

consequence of the foUowing lemma.

Lemma 4.5. Let k be a field; let (A, mA) and (B, mB) be formal power

series rings over k in m and r variables respectively, where m> r.  Let g: A —> B

be a local k-algebra homomorphism which makes B a finite A-module, and assume

that

(a) dimfc mBl(g(mA)B + m2B) = 1,

(b) dimk B/g(mA)B = q + 1,
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(c) A^fP^) is generated by q(m - r + 1) elements of a regular system of

parameters in B.

Then there exist minimal generating sets {sx, . . . , sm) C mA and

{tx,... ,tr)C mB such that g: A —» 77 satisfies (i), (ii), and (iii) of Theorem 4.1.

The proof is given below, following some preliminary material.

If M is a 77-module, let M = M/r\^_ xmBM.  We have M = M if and only if

M is separated in its m5-adic topology. In general, M is separated in its mB-adic

topology; we caU it the separated module associated to M.   If /: M —> TV is a

homomorphism of 77-modules, then there is a homomorphism /: M —*■ TV.

Lemma 4.6.  Consider an exact sequence of B-modules M —*■ TV —► P —► 0,

where P is separated.   Then the corresponding sequence of separated modules

M —>• TV —>P —► 0 is also exact.  (In particular, the hypotheses are satisfied if P

is finitely generated.)

Letdq=v° dqBjk: B —* P%ik, where v: P|/fc —* 7^/fc is the canonical

map onto the associated separated module.  Then every differential operator D:

B —*■ 77 of order <# is of the form D = <¡> ° dq for some 77-module homomorphism

<p: Pßjic —► B.   (Note that 77 is separated in the mB-adic topology.) P^,fc is a

77-algebra because C\ñ=imB^B/k is an ideal in Pß/k.  Finally, k ®B P%¡k =

B/mB+x. (See Lemma 3.4.)  Theorem 30.6 of [9] therefore implies that P%jk is

a finitely generated 77-module.

Lemma 4.7. Let t,.tr generate mB, so that B = k[[tx, . . . , tf] ].

(i) If ix + • • ■ + ir < q, then there is a unique differential operator D =

D¡l...¡r: B —*B such that

/XÍ1 -*) -(f)- (J)^1-^.
(ii) P\¡k is a free B-module, of rank = dimfc77/m^+ '.

Proof.   We define a map D: B —* B on monomials by the above formula

and extend it linearly to arbitrary power series.  One shows that if b,,..., bq+x,

t are arbitrary elements of B, then

ç(-i)-d^n^((n^^)=o-

(77 runs through all subsets of {1, . . . , q + 1}.)  This identity implies that D is a

differential operator.  Hence, we deduce a T7-module homomorphism X: P^;, —► 77

such that D = Xo dq.

Let it - dqt¡ -t¡, i = 1, . . . , r. Then P\¡k is generated as 77-module by

the monomials of degree <q in £x,. . . , fr. If X is the map constructed above,

then
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Atf'l1 •••£)= 1>

K^i   • • ' %r) G mB     if/'„ * lv for some "■

This shows that the monomials of degree <*q in fj,. .. , fr satisfy no /Minear

relations.   Q.E.D.

Proof of Lemma 4.5. We start with (minimal) generating sets [sx,.. . ,

sm} C m^ and {tx, . . . , tr} C mB, which wül be modified as the proof proceeds.

By (a), we may assume that g(s¡) = t¡ for i = 1,. . . , r - 1 and that tr ^ g(mA)B.

By (b), we may assume that the monomial tq + x occurs with nonzero coefficient

in the power series expansion of g(sr) and does not occur in the power series

expansions of g(sr+ x), . . . , g(sm). FinaUy, we may assume that g(s¡) E m|,

i = r, . . . , m.   [If this is not the case, add 4-linear combinations of Sj.sr_1

to s,-.]   We then obtain
oo

(1) g(.s¡) = EV'r-     i = r,...,m;
x=i

the b¡j are elements of k[[tx, . . . , tr_x]] such that by is a nonunit if/ < q, and

b¡   +x is a unit if and only if i* = r.  We wül assume that br q+x has constant

term = 1.

We now observe that there is a surjective 5-algebra homomorphism w: F^^fc

—* Pß/A such that Ke^w) is generated by {dq(g(a))\a EA}. (See [4, Proposition

16.4.18] and Lemma 4.6.)  Exactly as in the proof of Lemma 3.8 one shows that

\(Pb/a) ls generated by the elements D^(g(s¡)), where 1 < X < q, r<i<m,

and D^ = D0...ox: B —► B is defined as in Lemma 4.7.  From (1) we obtain

the congruences:

Diq)(g(sr)) = (q+ l)tr + brq  (mod m|),

(2)
D^feis,.)) = biK (mod m!)   if (X, i) * (q, r).

Now, (c) implies that {D^(g(s¡))\l < X < q and r < i < m] is a subset of a sys-

tem of parameters in B.  If àm(k)\(q + 1), then (q + T)tr = 0 and we conclude

that {¿>,-)Jl < X < q and r < í < m} is a subset of a system of parameters in

k[[tx,. . . , f,._i]]. If char^)^ + 1), we draw the "weaker" conclusion that

{biX\(i, X) ̂  (r, q)} is a subset of a system of parameters.

Let (S, ms) - k[[sx, .. . , sr] ] C A.  Then B/g(ms)B has a basis consisting

of the residues of 1, tr, . . . , tq. By Theorem 30.6 of [9], we conclude that B

is generated as S-module by 1, tr, . . . , tq. After a possible change of variables,

we obtain

(3) gisr) = tq+x + ¿g(arí)t¡r.

x'=i



242 JOEL ROBERTS

Moreover arjGms, j = 1, . . . ,q.  We may also assume

(4) arq m 0   if char(fc)t(<7 + I).

[If this does not hold, replace tr with tr - (q + l)~xg(arcf) in the minimal gener-

ating set of mB.]   Finally, we may assume

(5) g(s¡) - £ g(a¡f)t'r, i = r + 1, . . . , m, where all a(j G ms.
i=i

Let each of the nonunits g(a¡f) GB be expanded as power series in t,, . . . ,

tr. In this way, (3) and (5) give power series expansions of g(sf), . . . , g(sm). If

we compare these expansions with (1), then we obtain

(6) g(a¡f) = b¡¡ (mod m|)   when r < i < m and 1 < / < q.

Since {bjj) (possibly excluding (i, j) - (r, q)) is a subset of a system of parameters

in k[[tx,... , tr_x]], it follows that we may change variables and assume that

{a¡fs (possibly excluding (i, /) = (r, q)) is a subset of {s,.sr-i }• This implies

that (i), (ii), and (iii) hold.   Q.E.D.

Remark 4.8.  If q(m - r + 1) = r and char(k)\(q + 1), then there are no

points which satisfy the hypotheses of Theorem 4.1. This is because there are not

enough parameters to serve as "coefficients" in conclusions (ii) and (in). In the

foUowing example, we wül demonstrate the nonexistence of smooth points more

directly in the case r = 2, m = 3, q = I, and char(fc) = 2.

Example 4.9.  Let charifc) = 2, and consider the fc-algebra homomorphism

g: A —* B, where A = k[[sx, s2, s3]], 77 = k[[tx, t2]], and

(a)¿?(si) = íp

(b) g(s¡) - 2~=, V;2. '' = 2. 3> where bij G *ÍW I •

Assume that b21 and b3l ate nonunits but that some è/;- is a unit, so that 2 <

dimfc B/g(mA)B < °°.  Then Ax(PxB/A) = A0(Q,B/A) is generated by bg(s2)lbt2

and bg(s3)/bt2; moreover dg(s¡)/dt2 = bn + bi3t\ + • • • . Thus, AX(PB/A)

cannot be generated by two elements of a regular system of parameters.

The following proposition gives an explicit description of the cotangent

space of S[q\f) in Theorem 4.1.  It also shows that the converse of Lemma 4.5

is true.

Proposition 4.10. Let A = k[[sx,. . . ,sm]], 77 = k[[tx,. . . ,tr]],

and let g: A —* B satisfy (i), (ii), and (iii) of Theorem 4.1.    77ie«

(AaiPß/A) + mB)lmB is the subspace of mB/mB having the basis:

{fll < i < q(m - r + 1) - 1} U {Fr}    if char(k)\(q + 1),

{F¡\1 <i<q(m-r+ 1)}   if char(/c)|(<7 + 1).

(77te bars denote residue class modulo m2B.)
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Proof.  We use the notation of the proof of Lemma 4.5.  Thus, Aq(Pg/A)

is generated by {D(x)g(Si)\l < X < q and r < i < m}. If 1 < v < r - 1, then

D(x)tjl = ('x)yfx (where CJ = 0 if X >/).  Furthermore, D(q)tq+X = (q + l)tr.

Therefore, the set of initial forms of the elements D^g(s¡) is

{r,.|l <i <q(m -t + 1) - 1} U {(q + l)tr}   if chariJQ-fa + 1),

{t/l < i < q(m -'r + 1)}   if char(it)|(<7 + 1).

This implies that the desired conclusions hold.   Q.E.D.

5.  Some properties of fibre products.  In this section we study some prop-

erties of fibre products of the singularity subschemes of a morphism of varieties.

All of these are consequences of elementary properties of fibre products of

schemes of finite type over the algebraically closed field k.

Proposition 5.1. Let fy W¡ —► Y, / = 1, . . . , d, be morphisms over k,

where Y is a nonsingular variety and Wx,. . . ,Wd are of finite type over k and

of pure dimension. IfWx xy • • • xY Wdi=0 and Z is an irreducible component

ofWx Xy • • • Xy Wd, then

d

dim(Z) > £ dimity) - (d - 1) • dim(Y).
x=i

Proof.  Consider the morphism fx x • • • x fd: Wx x • • • x Wd —► Y x

■ • • x Y of ¿/-fold products over Spec(fc), and let A C Y x • • • x Y be the d-fold

diagonal. Then

WX      Xy    «    •   «    Xy    Wd    =   (fX      X    ■    ■   ■    X   fd)-X(A).

Since Y is nonsingular, the sheaf of ideals defining A as a closed subscheme of

Y x • • • x Y is generated locally by (d - 1) • dim(Y) elements at every point.

Hence (fx x • • ■ x fd)~x(A) has the same property as a closed subscheme of

Wx x • • • x Wd. By Theorem 9.3 of [9], the codimension is <(d - 1) • dim(P).

Q.E.D.
Let /: X —► Y be a morphism of nonsingular varieties. As in § 1, we form

fibre products S^xqi\f) xY • • • xy S^d^(/) by using the restrictions off,

which send S^x^/) —> Y, / - 1.d.  We recaU that 2d(/) is the comple-

ment in^Xy'-' XyZofthe union of aU diagonals. The closed points of

2d(/) wül be caUed d-fold points off. We also recaU that

2d(/; qx,. . . , qd) = 2d(/) n (S^l\f) xy ■ ■ • xY S?*\f)).

(In particular, 2d(/; qx, .. . , qd) is an open subset of Sxqi\f) xy • • • xY

S[q*Xf).)
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Corollary 5.2. IfZ is an irreducible component ofZd(f; qx.qd)

and Sd(/; q,.qd) ± 0, then dim(Z) > dr - (d - l)m - 3Sf= xq¡(m - r + 1),

where r = dimfX) and m = dim(Y). In particular, every irreducible component

of 2d(/) has dimension >dr - (d - l)m.

Proof.   The conclusion foUows from Proposition 5.1, because every irreduc-

ible component of S(f>\f) has dimension >r - q¡(m -*-r + 1). (See Corollary

3.9.)   Q.E.D.

Remark 5.3.  The result of CoroUary 5.2 is, of course, interesting only

when m>r.  We observe that this result could be considered the "easy half of

conclusion (i) of Theorem A.

Proposition 5.4.  With the assumptions of Proposition 5.1, assume further

that Wx, . . . , Wd, and Y are smooth over k. Let x,,..., xd be closed points

ofWx,...,Wd respectively, and assume that fx(xf) = • • • - fd(xd) -y G Y.

Let (0y, my) = 0Yty, (0Xj, mXj) = Ow¡,xr and let p¡: m^/m2 —> mx./ml. be

induced by fjt j - 1, . . . ,d.   Then Wx xy • • • xy Wd is smooth and of the

smallest possible dimension at (x,, . . . , xd) if and only if dimfc(TV, + • • • 4- TVd)

= dimfe(TVj) + • • • + dimfc(TVd), where N¡ = Ker(p;) C mylmy, j = 1, . . . ,d.

Proof.  Let % = (x,,. . . , xd) GWX x • • • x Wd and r¡ = (y.v) G

Y x • - • x Y.  (These J-fold products are taken over Spec(A:).) Then m^/rn2 =

SyL, © niy/m2, and if / C 0n defines the d-fold diagonal A, then

(J + m2)/m2 s J (s„ . . . , sd) G ̂ ®my/my\sx + • • ■ + sd = o!.

On the other hand,/, x • • • x fd induces the linear map p: rn^/m2 —► m^/m2 =

2/Li © mXj/mlr where p(s,, . . . , sd) = (px(sf).Pd(sd)).

(/, x • • • x /d)_1(A) is smooth at (x,.xd) if and only if

Ker(p) n [(/ + m2)/m2] = (0).

This holds if and only if dimfc(TV, + • • • + TVd) = dimfc(TV,) + • • • +

dimfc(TVd).   Q.E.D.

Corollary 5.5. Let f: Xr—*■ Y"* be a morphism of nonsingular varieties,

and let x,.xd be distinct closed points of X such that f(xf) = • • • = /(xd)

= y G Y.   Then Sd(/) is smooth and of dimension dr - (d - l)m at (x,, . . . , xd)

if and only if

dim/ fi M(df)x)) = ¿ dimk(lm((df)x)) - (d - l)m,
\/=i ' /     /=i ;

where (df)x.: T(X)X. —■> 7X10^ " the map ofZariski tangent spaces induced by f.
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Corollary 5.6.  With the assumptions and notation of Corollary 5.5,

assume also that x;- G S(<?/^(/), j = 1, . . . ,d. Let I¡ C Qx be the ideal

kqfF'x'iYÏxj-   Let f induce X: m^/raj —*• m^/m^ and pf: m^/m* —>

mXjl(m2x. +1,11=1,-d.   Let xV; = KerO,.), / = 1, . . . , d.   If

2d(/; 0, q2, . . . , qd) is smooth and of the smallest possible dimension at

(Xj, . . . , xd), then Xd(f; qx, . . . , qd) is smooth and of the smallest pos-

sible dimension at (xx,. . . , xd) if and only if there exist elements tx.

^lim-r+i) °fl\ sucn that it/1 < i < qx(m - r + 1)} C mXllmXl is linearly

independent modulo the subspace \(N2 + • • • + xVd) C m^/m*,.

Proof.   Each of the statements which must be shown to be equivalent implies

that S[qi\f) is smooth at Xj. Assume that this is true. Since 2d(/; 0,q2,..., qd)

is smooth at (Xj, . . . , xd), Proposition 5.4 implies that Ker(X) n

(N2 + • • • + Nd) = (0). Therefore, we must prove that 2d(/; qx, . . . , qd) is

smooth and of the smallest possible dimension at (x,, . . . , xd) if and only if

Ker(i^) n X(/V2 + • • • + Nd) = (0), where v: m^/mi^ —*• mXll(m2Xl + /,) is the

canonical surjection. The equivalence of these two statements follows from

Proposition 5.4 because px = v ° X.

6.  A lemma about projective embeddings.  In this section we prove the

existence of projective embeddings having certain properties.

Definition 6.1. Let Pbe a closed subvariety of P^ = Proj k[T0,.... TN],

and let H C P^ be a hyperplane. Let P^ -H be identified with Spec k[Tx,...,Tn]

(after a linear change of variables). A linear coordinate function on U = V - V n

H is an element of T(U, 0V) induced by a linear combination of the elements 1,

T j, . . . , Tn.
Consider an affine variety U (over k) and points xx, . . . , xd G U.   Let

bx.bd be positive integers.  For/ = 1, . . . , d we have ring homomorphisms

4>f. T(U, Qjj) —*■ OxJmxL where (CL., mx.) is the local ring 0u,xp Therefore,

we have a ring homomorphism <p: T(U, Oy) —* A, where 4 is the Artinian ring

nf=i 0xJmxL It is weU known that 0 is surjective.

Definition 6.2. Let U and <j>: T(U, Ojy) —* A be as above. Let F be a

subset of T(U, Oy). We say that 4 is spanned by E if A is spanned (as ^-vector

space) by 0(F).

Lemma 6.3. Let bx,. . . ,bd be positive integers and let V be a projective

variety over k.  There exists a projective embedding V C P^ (for some N) such

that ifxx,...,xdare closed points of V and H C P^ is a hyperplane such that

XjEU= V-VCtHforj = 1, . . . ,d, then Tlf= x 0Xjlmbxi is spanned by the

linear coordinate functions on U, where (0Xj, m-.) = 0v,x¡> j = 1, ■ ■ • ,d.

Proof.   Let an embedding V C P" be given. We reduce to the case V =
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P" by considering the surjections Opn,Xi —*■ Oy x ■   For each g > 0, let o„: P"

°-» P^ be the g-tuple embedding (defined by global sections of the sheaf 0(g) on

P").  Lemma 6.3 is a consequence of the following result.

Lemma 6.4. If g > (SyL,¿>.) - 1, then the conclusion of Lemma 6.3 holds

for the embedding og: P" c- P^.

Proof. Given a hyperplane 77 C P^ such that og(xf) ̂  77 for / = 1, . . . , d,

we change 77 so that o~x(H) is a hyperplane in P" counted g times. Such a change

multiplies the linear coordinate functions by an element which is a unit in each

oXj.

We now choose a basis {T0, . . . , Tn) for r(P", 0(1)) so that oj (77) is

the hypersurface T\ = 0; we identify P" - o~x(H) with Spec(T7), where B =

k[Tx, . . . , Tn]. Let m¡ C 77 be the maximal ideal corresponding to x¡, so that

fl%x0Xilmbxi = Uf=xBlmp.

We choose an (n - 2)-subspace A of the hyperplane T0 = 0 which does not

meet any of the lines xpc¡, and we change the coordinates so that this subspace

has the equations T0 = Tx = 0. Thus, if x¡ has homogeneous coordinates (1, ey,,

.. . , Cjn), it follows that cx,,..., cdl are distinct. (Check this by projecting

from A.) For each i, we set h¡(Tx) = Tli±i(Tx - cix)b'. Then h¡ £ m,, but h¡ G

mf' if i =£/.  Multiplying n;- by the monomials of degree <b¡- 1 in Tx - cjx,

. . . , Tn - Ci„, we obtain polynomials of degree <g lying in mf' for i #/ whose

residue classes span B/mfi. This completes the proof.   Q.ED.

Corollary 6.5. Letxx,. . . ,xd be distinct closed points ofP". Assume

that g > 2d - 1. Then the tangent spaces fa (pn),CT„(x,). j = 1,. .. ,d, span a
AT a a       J

linear subspace o/P^ of the largest possible dimension, namely d(n + 1) - 1.

Remark 6.6. This coroUary is a stronger version of Corollary 1 of [11,

§2].

7. The ¿-fold points of a generic projection.  Let V be a nonsingular quasi-

projective variety over k.  When a projective embedding CCP" and a closed

point x G F are given, tv x wül denote the r-subspace of P" tangent to V at x.

If L C P" is an (n - m - l)-subspace with L HV = 0 [so that m > r], we wül

denote by irL : P" - L —*■ P" the projection from L and by w: V —* Vm the

restriction of nL to V.  We wül denote by itL(tVx) the linear subspace itL(tVx ~L)

CT.

Proposition 7.1. Let V be a nonsingular subvariety of?", L CP" an

(n-m- l)-subspace with L C\V = 0. Let xGV be a closed point, set y =

7t(x) G V", and let p: m^/m2 —► mx/m2 be induced by ii*: 0pm y —* 0y,x-

The following statements are equivalent (where i is any positive integer):



SINGULARITY SUBSCHEMES AND GENERIC PROJECTIONS

(a) dimfc(Ker(p)) > m - r + i.

(b)xGS,.(7T).

(c)dim(Z- ntVx)>i- 1.

(d) dim(nL(tVx)) <r-i.

Proof,  (a) o (b) is a consequence of Proposition 2.4. To prove (c) <* (d),

observe that the closure (in P") of 77¿1(77L(x)) is the subspace spanned by L and

x, so that the closure of it~Ix(ttl(x)) n tv x is the subspace spanned by x and

L n tv   .  Since it]}(ttL(x)) n tv x is a typical fibre ofirL\(tVx -L), the equiv-

alence of (c) and (d) is now easüy established.

In proving (c) o (a), we assume that equality holds in (c), and we select

homogeneous coordinates T0, . . . , Tn on P" such that:

(i) L is the zero locus of {T0, . . . , Tm},

(ii)x = (l,0.0),

(iii) tVx is the zero locus of {Tr+X_¡, . . . , Tn_¡}.

We set t0 - 1 and work with affine coordinates tx, . . . , tn in an affine open

neighborhood of x G V.  By (i), (n), and (iii), it follows that coker(p) =

mxl(m2 + 77*^^) • 0X) is spanned by the residues of ?„_,-+ x, . . . ,tn and that

these elements are linearly independent.  Hence, equality holds in (a).   Q.E.D.

Proposition 7.2. Let V C P", L C P", and it: V —> Pm be as before; let

xx.xd be distinct closed points of V such that ir(xx) = • • • = 77(xd) =

y E Pm so that (xx, . . . , xd) G 2d(7r).  77je« 2d(77) is smooth (over k) at

(xj, . . . , xd) and locally of dimension dr - (d - l)m if and only if

dimf fi «LÍtvxj) = f. toatolttv*)) -V- l)m-
V=i ; /     x=i '

Proof.   It is weU known that there is a bijective map

a: {Vector subspaces of TXP"1^} —* {Subspaces of Pm containing y}

which preserves dimension and intersections.  By choosing coordinates as in the

preceding proof, one shows that a sends (dir)x.(T(V)x) to rrL(tyiXj). Therefore,

the desired conclusion foUows from CoroUary 5.5.   Q.E.D.

We set d* = [m/(m - r)] + 1 in the case m > r and d* = r + 1 in the case

m = r.  Consider the following property of a projective embedding PCP".

(a) If d < d*, and xx,.... xd are distinct closed points of V, then the

tangent spaces ty,Xx, . • •, tv,xd sPan a subspace of P" of the largest possible

dimension, viz. d(r + 1) - 1.

Lemma 7.3. Every nonsingular quasi-projective variety has a projective

embedding which satisfies (a).
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The proof uses the techniques of §6 or of [11, §2].

In the statement of the foUowing proposition, we identify 2d(7r) with a

subscheme of V x • • ■ x V (¿-fold product over Spec(&)).

Proposition 7.4. Let V be a nonsingular subvariety of?", and assume

that (a) holds. If it: V—+P"1 is induced by projection from a generic (n - m - 1)-

subspace L C P", then for all sequences i,.id of nonnegative integers, 2d(7r)

n (5,,(7r) x • • • x Sid(n)) is either empty or of pure dimension dr - (d - l)m -

2?_ jij-fm - r + if). (We set S0 — V.) In particular, if this integer is negative,

then 2d D (5,-, x • • • x Si(j) = 0.

Corollary 7.5. If it: V —► Pm is a generic projection, then for every

i > 0, S ¡(it) is either empty or of pure codimension i(m -r + i) in V.

Proof of Proposition 7.4. I claim that it wül suffice to show that the

conclusion holds for the (finitely many) ¿-tuples (i,, . . . , id) such that d <d*

and i, < r for / = 1,..., d.  The restriction i- < r involves no loss of generality

because S¡(f) =0 when i > r for any morphism /: V —► Pm.  If m > r, then this

special case of the conclusion (more precisely the case ¿ = ¿* and i, = • • • = id

= 0) implies that card(îr-1(7r(x))) < ¿* - 1 for aU x G V.  This wül imply that

2d(7r) — 0 whenever d> d*. If m — r, it is only necessary to prove the result

when ij > 0 for / = 1.d.   [This is because n may be assumed to be finite.

Thus, if d < d' and Sd'(?r) —* Sd(7r) sends (x,, . . . , xd-) —*■ (x,, . . . , xd),

the fibres are finite. If id+ , = ••• = id< = 0, then the result for (i,, . . . , id,

0.0) follows from the result for (i,, . . . , id).]   Therefore, ifm-r and

we have proved the result for the case d < ¿* = r + 1, we conclude that 2r+ , (it)

n (Sx(ir) x ■ • • x Sx(irJ) =0.  This implies that the result holds for all ¿-tuples

(ix,...,id).
Therefore, we may fix d < ¿* and (i,, . . . , id) and then show that there

is a dense open subset of the Grassmann variety G(n, n - m - 1) whose points

correspond to linear subspaces ¿CP" such that n = itL\V satisfies the conclusions

of the proposition relative to this particular ¿-tuple. (Observe that the intersection

of finitely many dense open subsets is still a dense open subset.) We recall that

dim G(«, n - m - 1) = (m + l)(n - m). Let GQ C G consist of aU (« - m - 1)-

sub spaces L CP" such that L n V = 0.

Let Ud C V x • ' • x V (d copies) consist of all ¿-tuples of distinct points,

and let W C Ud x G0 consist of aU (x,.xd, 7,) such that

(i) dim(Z, O T17(x,, . . . , xd)) > d - 2, where M(xx, . . . , xd) is the (d - 1)-

subspace of P" spanned by x,,. . . , xd;

(ii) dim(7, n tViXf) > ij-1 forj = 1, ... ,d.

As in [11], we see that (i) is equivalent to saying that îr(x,) = • • • = 7r(xd), or

equivalently that (x,, . . . , xd) G Sd(7r). Proposition 7.1 implies that (ii) is
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equivalent to saying that x G S;.(t7) for / = 1, . . . , d.  By looking at suitable

incidence correspondences, one shows that W is closed in U x G0.

Let p: W —► Ud send (xx,... ,xd,L) —► (xt.xd).  By Lemma 7.9

below (applied in the case that q = n-m - I and rx = ■ ■ • = rd = r):

d

dim(p~x(xx, . . . , xd)) ■ (m + 1)(« - m) - £ i¡(m - r + ij) -(d- T)m,

so that dim(H0 = dim(G(«, « - m - 1)) + dr - (d - T)m - Hfmlifon -r + i¡).
Thus, if L is chosen to lie in a dense open subset of G0, the dimension of the

fibre of W above L wUl be dim(W0 - dim(G0), or else the fibre will be empty.  In

other words,

d

dim(2d n(St   x • • • x S¡ )) = dr-(d- l)m - £ ifjn - r + i)).   Q.E.D.

Theorem 7.6. Let V* CP" be as in Proposition 7.4. //7r: F —> P'" is

a generic projection (where r<m< 2r), then for every d > 0, 2d(77) is either

empty or smooth (over k) and of pure dimension dr - (d - T)m.

Remark 7.7. Statement (iii) of Theorem 1 of [11] is equivalent to smooth-

ness of 2d(7r) at points (xx.xd) such that x¡ ^ Sx (tt) for / = 1,. . . , d.

The proof of Theorem 7.6 is simUar to the proof of Lemma 7 of [11] ; the

essential difference is that CoroUary 7.10 must now be used to calculate the

dimension of the fibres of F0 —► G0.

Remark 7.8. When wi = r it is necessary to prove smoothness only at points

(xx, . . . , xd) such that x, E Sx(tt) for all /.   In fact, if xd ^ Sx(tt), a straightfor-

ward application of Proposition 7.2 shows that (Xj, . . . , xd) is a smooth point of

2d(7r) if and only if (Xj,.. . ,xd_j) is a smooth point of 2d_j(77). (The essential

observation is that TTL(tVxd) = Pr because xd ^Sj(t7).)

Proof of Theorem 7.6. We must show that if 77: V —>■ Pm is a generic

projection, then for all d-tuples (/j, . . . , id) of nonnegative integers, there do

not exist points (Xj, . . . , xd) such that (i) (xx, . . . , xd) is a nonsmooth point

of 2d(?7) and (ü) x¡ E S¡.(ir) - S¡.+ x(ir). As in the proof of Proposition 7.4, we

observe that we may fix (/j.i'd) [with d < d*] and prove that there is a

dense open subset of G(n, n - m - 1) whose points correspond to (« - m - 1)-

subspaces LEV" such that tt = ttl\V has the desired properties relative to the

given ¿¿"-tuple (ix, . . . , i*d).

We define G0 C G(n, « - m - 1) and Ud C V x • • • x V as before. We

consider a point (zx.zd)E Ud and L EG0 such that 7r(zj) = • • • = 7r(zd)

and z¡ G Sift) - Sij+X(ir) for/ = 1.d.   By Propositions 7.1 and 7.2, 2d(rr)

faÜs to be smooth at (zx.zd) if and only if there exists a linear subspace

A' C f)f=xirL(tViZj) such that
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d

dim(A') = m - dim - r) - ]j£ L 4- 1.
l-\

Setting A = uff (A'), we have
d

dim(A) = dim(A') + « - m = n - d(m - r) - £ if + 1,
/=i

dim(A n tVz.) > dim(A') + /}   for / = 1,. . . ,¿.

For any integer o > 0, let Ea C Ud x G(n, q), where ¿7=«-«j-l,be

the subset consisting of all closed points (x,, . . . , xd, L) such that L C\V = 0

and

(a) dim(Z, D Af) > d - 2, where M is spanned by x,,. . . , xd;

(b) dim(Z, n fy>je.) > i¡ - 1 for/ = 1,.... d;

(c) there is a subspace A C P" with dim(A) = q + o + 1, L C A, Xj G A,

and diluí/y,*,- n A) > a + i;- for / = 1, . . . , ¿.

Since we want to show that 2d(7r) is smooth if L is chosen to lie in some

dense open subset of G(«, q), the proof wiU be finished if we can show that Ea

is a constructible subset of Ud x G(n, q) with dim(TJCT) < dim(G(«, q)) in the

case that o = m- dim -r)- S/=i'} + 1«

We wül estimate dim(7JCT) by studying Fa, which is defined to be the subset

of Ud x G(n, v) x G(n, q), where v = q + o + 1, consisting of aU (x,.xd,

A, 7,) such that L n V =0, (a) and (b) above are satisfied, and

(c')T, C A, Xy G A and dim(A n tv,xf) > o + ij for j - I.¿.

By Lemma 8 of [11], FQ is locaUy closed in i/d x G(n, v) x G(n, q). Let

Pi 3- Ud x ^("' v) x ^(w» Q)"* Ud x G(n, q) be the projection; then Ea =

Pi 3(^0)- ^e conclude that Ea is constructible, and dim(£"CT) < dim(Fa).

Let Ga C Ud x G(n, v) be the closed subset consisting of aU (x,,..., xd, A)

with Xj G A and dim(A n tv¡x.) > a + i¡ for; = 1, . . . , ¿.  Using Lemma 7.11

below, we see that the dimension of GCT is

dr + (v + 1 )(n -v)- do((n -v)-(r- a)) - d(n - v)

-((n-u)-(r-2o))¿ir¿if.
/=i       /=i

RecaUing that v = « - m + o, so that « - v = m - 0, we find

dim(Ga) = dr + (n-m + o+ l)(m - a) - ¿o(m - r) - d(m - a)

d d

-(m-r + o)Y,ij- Z1/2-

The projection p,2: Ud x G(n, v) x G(n, q) —*■ Ud x G(n, v) induces a surjection

4>: F0 —> Ga. If (x,, . . . , xd, A) is a point of Ga, then the fibre over this point
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is isomorphic to the locally closed subvariety of G(v, q) which parameterizes aU

L C A which satisfy conditions (a) and (b) and also L n V = 0.  By Corollary

7.10 below [applied with v replacing «], the dimension of any fibre of 0 is

(q + T)(v - q)-(d- T)(v - q - 1).  RecaUing that v = q + a + 1 and q = « -

m - 1, we obtain

dim(Fa) - dim(Ga) + (« - «i)(a + 1) - (d - l)a
<x

= (m + 1)(« - m) + m - d(m - r) - (m - r) £ i)
x=i

- ¿ if + aim - d(m -r) - £ i) j - a2.

In the case a = m - d(m -r) - 2j/=1i/- + 1, this becomes

d d

dim(Fa) = dim(G(«, « - m - 1)) - (m - r) £ i) + £ (/,. -1?) - 1.
/=i       /=i

Therefore, dim(Fa) < dim(G(«, «-«î-l))-l;in particular, dim(Fa) <

dim(G(«, « - m - 1)).   Q.E.D.

Lemma 7.9. Let Lx>. . . ,Ld be subspaces of P", and let x¡ E L, for j =

1.d. Let r, = dixn(Lj), and assume that Lx.Ld span a subspace of

P" of the largest possible dimension, viz. 2yL1(r- + 1) - 1. Let JIÍCP" be the

(d - T)-subspace spanned by xx.xd, let ix,. . . , id be nonnegative integers

with ij < r¡, and let q satisfy « > q>TJ=xij + d - 2. Finally, let Z C G(n, q)

be the locally closed subset consisting of all q-subspaces LEV" such that

(0)Xj(£Lforj=l,...,d,

(1) dim(L n L¡) >ij-l forj =1.d,

(2) dim(L DM)>d-2.

Then, dim(Z) <(q + 1)(« - q) - (d - 1)(« - q - 1) - 2,1 ^i« - q - 1 - r¡ + i¡),

and equality holds if and only if q < « - iy + /. - 1 for all j.

We note that condition (1) is vacuous for those values of/ with /• = 0.

Corollary 7.10. Let the notation be as in Lemma 7.9. Assume that

there is an integer a>0 such that n = q + a + 1 and ry = a + L forj = 1,

.... cf.  77ie« dim(Z) = (q + 1)(« - q) - (d - IX« - q ~ 1).

Proof of Lemma 7.9. Let G0 C G(d - 1, d - 2) parameterize (d - 2)-

subspaces M' CM with x¡ £ M' for / = 1,. . ., d. When Kj<d, let G} C

G(/y, ij - 1) be the dense open subset which parameterizes (i;- - l)-subspaces

Mf C Lf with Xj £ Mj. (If iy = 0, we take G, = Spec(Ä:).) Let Y = G0 x • • • x

Gd, and let T C G(«, q) x Y consist of aU (L, M0, . . . , Md) with M¡ C I for

/ = 0, . . . , d.  Let px and p2 be the projections of G(n, q) x Y to the first and
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second factors, and let q2: T —* Y be the restriction of p2. Then Z = px(T),

so that dim(Z) < dim(7); equality holds if and only if there exists a q-subspace

¿CP" such that equality holds in (1) and (2). On the other hand, let y =

(M0, ... ,Md)GY.  Then (L, M0,...,Md)GT if and only if M* C L, where

M# is spanned by M0, . . . , Md. Hence, q2x(y) is irreducible and of the same

dimension as G(n - e - 1, q - e - 1), where e = dim(Af*) = SyLji,- + ¿ - 2.

Therefore

dim(T) = dim(Y) + dim(G(« - e - 1, q - e - 1))

= d-l + Z i,(r-ij + 0 + (9 -eX" -?)

= fo + IX« -q) -(d-lXn-q-l)-Yiii{n-q-l-r + if).   Q.ED.

Lemma 7.11. 1er 7,,, . . . ,Ld be r-subspaces of P", a«¿ /ef xy- G 7,;- be a

closed point, for j = 1, . . . , ¿.  Assume that dim(7,) = (d + l)(r + 1) - 1, w«ere

L is spanned by Lx,. . . , Ld. Let v, o, i,,. . . , id be nonnegative integers such

that o + if<rforf = 1.d, and

d

d(a+l)4- £//-1<i»<«-1.
;-i

7,er 77 C G(«, i>) consist of all v-subspaces ACP" suc« f«af x.- G A and

dim(A n 7;) > o + ijforj = 1, . . . ,d.   Then H is irreducible, and

dim(77) < (v + 1)(« - v) - do((n -v)-(r- a)) - ¿(« - v)

-((«-^-(r-2o))¿i/-¿f
/'=! /=1

Equality holds if and only if v < n - r •+ o + i¡ for all j.

The proof of this lemma is simüar to the proof of Lemma 9 of [11]. We

omit the detaüs.

8. The morphism 4>.  Let V be a nonsingular closed subvariety of P" =

Proj k[X0, . . . , Xn] and let m be an integer such that « > m> dim(K). We

construct a morphism which parameterizes projections of V to Pm (see Definition

8.1) and study its behavior under certain coordinate changes.

Let N=(m + 1)(« + 1) - 1 and P^ = Proj k[T¡¡\ 0 < i < m; 0 </ < «].

The homogeneous coordinates of a closed point can be regarded as entries of an

(m + 1) x (n + 1) matrix. Let U C P^ consist of aU points where this matrix

has rank (m + 1).  If z = (fi¡f) G U, let Lz C P" be the (« - m - l)-subspace
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given by the vanishing of the linear forms 2"_0/3,y7,/-, i = 0, . . . ,m.  Since m >

dim(P), there is a dense open subset Z C. U such that Lz n V = 0 for aU z G Z.

Definition 8.1. Let z = (fy) G Z C p*. We define <DZ: P —► Pm to be

the unique morphism such that if x = (a0, . . . , an) E V C P", then 3>z(x) =

(c0,..., cm) EP"1 = Proj *[P0,..., Ym], where c, = 2;,0%.  [Equivalently,

we can specify that $*: r(Pm, 0(1)) -* r(P", 0(1)) satisfies $*(P() = HjLJyXf.

i = 0.m.]   FinaUy, we define <I>: V x Z —► P"2 x Z to be the unique

morphism which satisfies <i>(x, z) = (^(x), z). (The product sign "x" without a

subscript wiU henceforth denote the product xfc (taken over Spec(fc)).)

Lemma 8.2.  With the above notation, 3>z: V —> Pm is induced by projec-

tion from Lz. If z and z' are points of Z such that Lz = Lz>, then <ï>z and i>z-

differ by an automorphism of Pm.

Lemma 8.3. Let {S0,. . . , Sm} and {T0.Tn} be bases of

T(?m, 0(1)) and r(P\ 0(1)) respectively. Let z0 G Z. Assume that LZ(¡ C P" is

given by the vanishing ofT0,...,Tm and that 4>*(S¡) = T¡, i = 0,. . . , m.

Then there is a basis {aJ 0 < i <m and 0 </ < n} of TfP^, 0(1)) such that

(i) if z E Z C P^ has homogeneous coordinates (b¡¡) relative to {a¡¡},

then **(S,) = ^b^Tyfor i = 0,...,m;

(if) z0 has homogeneous coordinates (5/y) relative to {a,y}, where 5,y = 1

(resp. 0) if i = / (resp. i =£ /).

Proof.  Xv = S^,««^' ^ = °» ■•••«' and S'' = K-tfaJx* ' = °>
. . . , «2, for suitable a„y and 7fX G k.  We set

m      n

°ij =E   Z 1a,*vp~\r
\=o v=0

The matrix of coefficients which expresses {a ¡A in terms of {tKv} is invertible

because it is the Kronecker product of two invertible matrices. If z G Z has

homogeneous coordinates (by) relative to {a,y}, then

m       n

X=0  i>=0

where {p\„} is a set of homogeneous coordinates of z relative to {tKv}. There-

fore

*Wù=t y***(Yx)
\=o

m       n       n n

= Z   Z   ¿Z 7/A,«,/7}   = Z bifTr
\=o v=o x-o /=o

This proves (i), and (ii) is clear.   Q.E.D.
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9.  The singularity subschemes of i>. We again fix a nonsingular projective

variety Fand an integerm>r — dim(F). Let¿# = [m/(m —r)] +1 (respectively

¿* = r + 1) if m > r + 1 (respectively m = r). We set q* = [r/(m - r + 1)] +1

in either case.  (The brackets denote integer part.) We also assume that the

embedding KCP" satisfies:

77ie conclusion of Lemma 6.3 holds with
(*)

d = ¿* and bx = • • • = bd = q* + 1.

(See also Lemma 6.4.) We set N - (m + ï)(n + 1) - 1 and consider the dense

open subset ZCP^ and the morphism $: V x Z —> Pm x Z as in Definition 8.1.

Theorem 9.1. 7,ei V CP" be as above. Assume that ¿ < ¿* a«¿ 0 < q¡

< <?*, j = 1, . . . , d. Then ~2d(<i>; qx, . . . , qd) is smooth over k and has pure

dimension dr - (d - l)m - Zf=xqj(m - r + 1) + dim(Z). 7« particular, S[q\<&)

has pure codimension q(m - r + 1) in V x Z whenever 0 < q < q*.

Proof.   CoroUary 5.2 implies that every irreducible component of

2d(<ï>; qx, . . . , qd) has dimension >dr - (d - l)m - S^_j^(m - r + 1) +

dim(Z).  In proving the opposite inequality we wül regard 2d(<i>; qx, . . . , qd) as

a subscheme of V x • • • x V x Z.  Therefore,

(x,, ... ,xd,z)G2d(<J>;<7,,.. .,qd)

if and only if (a) <J>z(x,) = • • • = %(xd) and (b) (x/( z) G 5(,"/>(<ï>), / = 1,

. . . , ¿.   If Spec(fc) —► Z corresponds to the closed point z G Z, then S\qi\<i>z) =

Spec(k) xz S[qi\^). Thus (b) holds if and only if x¡ G S^i\^x), j=l,...,d.

Let (x,, . . . , xd, z0) be a closed point of W = 2d(i>; qx, . . . , qd). We

wiU show that there is a subspace ACP^ such that

(0 *o G A;
(u) dim(A) = (¿ - l)m + 2f=1qj(m - r + 1);

(iii) if S = (x,.xd) x A, then S n W is the point (x,, . . . , xd, z0)

with reduced structure.

In other words, 5 n W is nonsingular and of pure codimension (¿ - l)m +

^-.xqj(m - r + 1) in 5. Since (x,, . . . , xd, z0) is an arbitrary closed point of

W, we wül obtain the desired conclusion.

In constructing A, we fix homogeneous coordinate systems {T0, . . . , Tn}

on P" and {50, . . . , Sm) on V" which satisfy (1) through (6) below.

(1) x, = (1, 0,... , 0), and x, = (1, 0,. . . , 0, 1, 0,. . . , 0), / = 2, . . . ,

¿.  (The 0th and (n -j + 2)th coordinates of x;- are nonzero.)

(2) LZQ C P" is the subspace T0 = • • • = Tm = 0, and **,: r(Pm, 0(1))

—> r(P", 0(1)) satisfies $*0(S¡) = T¡, i=0,...,m.  (In particular, $Zo(x,) =

• • ■ = *Z0(xd)=y = (1,0, . . . ,0)GP>".)
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(3) For/ = 1, . . . , d, the (n - x-)-subspace T0 = • • • = Tr_x = 0 meets the

tangent space tyiX. C P" in exactly one point.

This is possible by Proposition 7.1. (Note that (x¡, zQ) £ S2(<&), so that

Xj$S2(<t>ZQ).)

We now work with affine coordinate functions tx, . . . , tn on V (we set

f0 ■ 1). By (*) we can modify tn_d+2, . . . , tn to obtain the following stronger

version of (1), where (0X-, mx) = Ov,xr

(4) If 2 < v < d and 1 </ < d, then

t„-v+2 - 1 (mod m^*    )   if v - /,

tn-v+2 = 0 (mod mx*    )   if v +j.

By (3), the elements t¡ = ®*0(s¡), i = 1, . . . , r - 1, are linearly independent

modulo m?. for all/, where sx, . . . , sm are affine coordinates on Pm in a neigh-

borhood ofy.   By (*) we may also assume

(5) If qf > 0, then tx, . . . , tr_x, tm+j generate mXj, whüe rm+/- G mqj+2

if x?,- > 0 and /' ¥= j.

(6) If q¡ > 0 and 1 </ <9», then tvljl) = tlm+j (mod mq* + x), where

K/, 0 = m + (/ - 1>/ + /, whüe if qf> > 0 and /' ¥=j, then tv(í¡) ■ 0

(modm2; + 1).

Having good coordinate systems on Pm and P", we now fix a homogeneous

coordinate system {oiv\ 0 < 1 < m and 0<f<«}onP^ which satisfies the

conclusions of Lemma 8.3. We take A C P^ to be the linear subspace given by

the vanishing of all aiv - oiva00 except those which satisfy either

(7a) « - d + 2 < v < « and 1 < i < «2, or

(7b) r < i < m and v = v(j, t) for some /, / such that q¡ > 0 and 1 < / < q¡.

I claim that (i), (n) and (iii) hold for this A.  Of course, (i) and (ii) are

clear. To establish (iii), we get Z' = Z n A and consider the morphism $' =

®\vxz': V * Z' —*" Pm * Z'. Thus if $> is regarded as a morphism of schemes

over Z, then $' is obtained by the base extension Z' —► Z.  Therefore S^(<I>') =

S^(<E>) xz Z' for aU q > 0, by Proposition 3.3. Using elementary properties of

fibre products one shows 2d(*') = 2d(4>) xz Z'. In other words S^(<ï>') =

SFK*) n(Vx Z') in V x Z, and 2d(«J>') = 2d($) n (P x • • • x F x Z') in

V x • • • x V x Z. Moreover,

2d(*; qx,...,qd) = 2d(i») D p'^0^)) n---n pdx(S(x'ä\^))

where pt: V x •• • x V xZ—+V xZ sends (xj.xd, z) —> (x¡, z). Therefore,

(ni) is a consequence of the following two lemmas.

Lemma 9.2. Ifq¡ > 0, then S(qi\&) n ({Xj} x Z') = {xy} x (Ay O Z'), wftere
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Ay is the subspace of A given by the vanishing of {oiv \r<i<m and v = v(j, l) for

somelG {l,...,qf)}.

Lemma 9.3. Zd(*') n ((x,,... ,xd) x Z') = (x,,... ,xd) x (A0 n Z'),

where A0 C A is the subspace of A given by the vanishing of {oiv\l <i<m and n -

¿ + 2<i><«}.

Proof of Lemma 9.2. Consider the statement about S,7 ̂ («fc') n ({x,} x Z').

To simplify notation we set x = x, and q = qx. Let (A, mA) and (T7, mB) be the local

rings on Pm x Z' at (y, z0) and on V x Z' at (x, z0) respectively, and let 4>'*: A —»

77 be induced by $'. In particular, A and 77 are localizations of 0y ®k R and 0X ®k

R, where (0X, mx) = 0V¡X, (0y, my) = 0fm >y, and (7?, mR) = 0Z-ZQ. Moreover,

<ï>'* is an 7?-algebra homomorphism. As minimal generating set of mR we take {oiv)

where (i, i>) runs through aU pairs such that either (7a) or (7b) holds. Then

(8a) *'\otv)=oiv for all (/,»>);

(8b) <t>'*(s¡) = u¡fori=l.r- 1;

(8c) $'*($,.) = u¡ + 2(/',/)ff/,f O.O^O.O fi» I - r,..., m, where u¡ = t¡ +

X"-.n_d+2oivtv, i = 1,..., m. (J,l) runs through aU pairs such that q¡ > 0 and 1 <

/ <q-. (We have written oiv,s¡ and tv to denote the elements 1 ® aiv, s¡ ® 1 and

tv ® 1, respectively.)

Since {«,.ur_x ,tm +,} is a minimal generating set of mxT7, Proposition

3.10 implies that there areR-linear differential operatorsD^: B —>B, p = 1,..., q,

such that

(9) if b 3 (Ur-Jxu^ym + X (mod m*+ XB), then

DWb = AYn "1") 4ti (mod <+1-^);

(10) A^Pgjjf) is generated by the elementsT5(m)í>'*(s/), where Kp <q and

r<i<m.

By (5), (6), and (9), we see that if 1 < / < q, then

ö(M)fv(u) = l (mod 1^77)   ifp = l,

^Oimodm^T?)   if/!=£/.

Using this, together with (8c) and the TMinearity of Z)^\ and observing that (4)

implies D^u¡ G mxB, i = r,...,m, we conclude that 7^MV*(sf) = o1>(1 ̂ (rnodrr^fi)

whenever 1 < ju < q and r < i < «z.  By (10), this implies that mxB + Aq(Pß/A)

= mxB + J, where / C 77 is generated by {o¡ v,x ¡fr < i < m and 1 < / < q).

Since Aq(Pß/A) G B corresponds to the subscheme S^xq\^'), the proof of the case

/ = 1 is complete.

The proof is entirely similar in the case 2 </ < ¿. The idea is that equations

like (8b) and (8c) hold with s¡ and u¡ replaced by s¡ - oin_.+2 and u¡ - o¡n_^+2
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respectively. With this change, Proposition 3.10 can be applied as in the case

considered above.    Q.E.D.

The proof of Lemma 9.3 is straightforward and wUl be omitted.  Let us

simply observe that if z = (biv) is a point of Z', then ^(Xj) = • • • = d>z(xd) if

and only if biv = 0 for aU i G {1, . . . , m} and v E {« - d + 2, . . . , «}. Thus,

it is clear that our description of 2d(3>') n ((xx,... ,xd) x Z') is set-theoreticaUy

correct.

10.  Proof of Theorem A. We fix an integer m> r = dim(P) and an em-

bedding PCP" which satisfies assumption (*) of §9. Let Z C P^ and 4>: V x

Z —>■ Pm x Z be as in Definition 8.1. Using Plücker coordinates, we obtain a

dominant morphism g: Z —► G(n, « - m - 1). Therefore, Theorem A will follow

if we can show that tt = $z satisfies the conclusions of Theorem A when z lies

in a suitable dense open subset of Z.

Let Spec(fc) —► Z correspond to the closed point z G Z.   Then

Sd(*«; f i» ••••**) ■ 2d(4>; qx, . . . , qd) xz Spec(fc).   If we regard

2d(<ï>; <7j, . . . , qd) as a closed subscheme of V x • • • x V x Z (product

taken over k, as usual), this is equivalent to

2d(<ï>z;<71, ...,qd)x{z} = 2d($;x7,, . . . ,qd) n(V x ■ ■ • x V x {z}).

By Theorem 9.1, dimtS^f*)) = r - q*(m - r + 1) + dim(Z) < dim(Z). There-

fore (V x {z}) n s[q*\$>) =0 if z lies in a suitable dense open subset of Z.

Equivalently, we may replace Z by a dense open subset and assume

(T)S[q\<t>)=0 when q>q*.

A simUar argument shows that if Z is replaced by a still smaUer dense open sub-

set, we may assume

(Ha) if m > r, then 2d(4>) = 0 when d>d*;

(Hb) if m = r, then 2d($; 1, .... 1) = 0 when d > d*.

In the case m > r + 1 it follows that only finitely many 2d(<E>; qx, . . . , qd) are

nonempty; if m = r we conclude that only finitely many of the 2d(<D; qx,..., qd)

with q¡ > 0 for all / are nonempty.  Since the intersection of finitely many dense

open subsets of Z is dense, we may therefore fix qx, . . . , qd and consider the

morphism p: 2d(4>; qx, . . . , qd) —► Z induced by K x • • ■ x V x Z —> Z.

SpecificaUy, we must show that if z lies in some dense open subset of Z, then

(i') p~x(z) has pure dimension dr - (d - T)m - 2;d_xqfjn -r + 1);

(u) if char(xc)'t'(i7y + 1) for aU/, then p~x(z) is smooth over k;

(in') in general, the dimension of the nonsmooth locus of p~x (z) is <card(Q)

- 1, where Q = {/|char(Ä:) divides q¡ + 1}.

Since dim(2d(<ï>; qx, . . . , qd)) - dim(Z) = dr - (d - T)m -

2yL xq¡(m - r + 1), (i') follows from weU-known properties of the fibres of a

morphism, regardless of the characteristic. If char(fc) = 0, then (n') follows
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from Theorem 2.9, and (iii') is meaningless. If char(Ar) > 0, then (ii') and (iii')

foUow from Lemma 10.3 below. Q.E.D. for Theorem A.

Remark 10.1. Let m = r; suppose that d > d*, and (Xj,..., xd) G

Sd(*z ' ? i » • • • ' Qd)- Bv (IIb)>we may assume that qd   = • • • = qd = 0 and x¡

f. S1 (4>z),/ = d*,...,d. By Proposition 5.4, smoothness of 2d(<Dz, qx ,...,qd)

at (xj, . . . , xd) follows from smoothness of 2d _i(*z; qx, . . . ,qd _x) at

(xp . .. , xdt_,).   [With Wf = S[qi\<i>z), we have Ker(py) - 0,/ - dm,*... ,d]

This explains why it suffices to consider the values d — 1,. .. , d+ — 1 when

proving the case m = r of Theorem A.

Definition 10.2. Let T be a subscheme of V x ■ • • x V x Z which is

smooth over k and of pure dimension, with dim(T) > dim(Z).  Let p: T —*■ Z be

induced by the projection V x • • • x V x Z —* Z.  We define the nonsmooth

locus of T over Z, denoted NS(T/Z), to be Sv(p), where v = dim(T) - dim(Z) + 1.

As in the proof of Theorem 2.9, we observe that s G T is a closed point of

NS(T/Z) if and only if either

(a) p~x(p(s)) is not smooth (over k) at s, or

(b) s is contained in an irreducible component of p~x(p(s)) which has

dimension >dim(T) - dim(Z).

Lemma 10.3. Let0<d<d*  and 0 < q¡ < q* - 1,/ = I, . . . ,d.  Let

W = 2d(<ï>; q j, . . . , qd) be identified with a subscheme of V x • • ■ x V x Z.

Then dim(NS(W/Z)) < dim(Z) + card(ß) - 1, where Q = {/|char(fc) divides

Í/+1}.

The proof of Lemma 10.3 is given in the next section.  SimUar methods

can also be used to prove the following more detailed result, of which Theorem

10.5 is an immediate consequence.

Lemma 10.4. Let 1 < e < d < </%, and let qx, . . . ,qd, q\, . . . ,q'e be

integers such that 0 < q¡ < <7* - 1, / = 1, . . . , d, and 0<q'j<q¡, j = 1,... ,e.

Let W = 2d(i>; qx.qd),  W = 2e(i>; q\, . . . , q'e), and Y = W n (NS(W'/Z)

x V x ■ ■ ■ x V).  Then dim(P) < dim(H0 - 5 - 1, where

8 = r - (e - l)(m - r) - ¿ q)(m - r + 1) - card(ß) - card(ß'),

/=i

Q = {/U <j<e, q'j = q¡, and char(fc) divides q¡ + 1},   and

Q'= {jlKj^eandq'jKqj}.

In other words, (xx, . . . ,xd, z)E Y if and only if(xx,..., xd, z)EW

and (xx, . . . , xe, z) E NS(W'/Z). We obtain Lemma 10.3 by taking e = d and

«/»«/./" 1,. ■ ■ ,d.
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Theorem 10.5. Let d, e, qx, . .. , qd, and q\,. . . , q'e be as above. Let

it: V —* Pm be a generic projection, and let 0 C V x • • ■ x V (d-fold product)

consist of all (x,.xd) such that

(a) (x,, . . . , xd) G Sd(;r; qx, . . . , qd),

(b) (x,, . . . , xe) is a nonsmooth point of ~Le(qx, . . . , qf).

Then dim(0) < dim(2d(7r; qx, . . . , qd)) - S - 1, where S is defined as above.

Corollary 10.6. Assume, as always, that the projective embedding sat-

isfies (*). If it: V —► Pm is a generic projection and x is a nonsmooth point of

S[q)(ir), then

(î)x$S<«+1\lt);

(iia) 7t-1(7t(x)) = {x} ifm>r;

(üb) iTx(ir(x)) n 5,(tt) = {x} ifm = r.

Remark 10.7. With the hypotheses of Theorem 10.5, let (x,.xd) G

2d(7r; qx, . . . , qd) and set^ = ir(xx) = • • • = 7r(xd) G Pm.  Set (0y, my) =

0pm   > (0X> mx) = 0y,x-> and let ff c 0Xj be the ideal defining the subscheme

S\q'fi'(v)C K locally,/= 1,... ,e. Let TV} = Ker(p/)C m^/m2, where p¡: m^/m2

—+ mxJ(Ij + m2.) is induced by nf: 0y —+ 0X- For simplicity, assume that Xj

£ S,?/+1 \it) if 1 < / < e and q¡ = qf Lemma 11.2 below implies that 5 = m -

Sf=, dimfc(TV/). By Proposition 5.4 we conclude that if 5 < 0, then (x,,...,xe)

cannot be a smooth point of £e(7r; q\,..., q'f). Of course, this does not imply

that Se(7r; q\.q'f) is empty.

11.  Dimension of the nonsmooth locus. We will keep the assumptions of

§9. In particular Z C P^ and $: V x Z —> Pm x Z are as in Definition 8.1.  As

we have noted before, 2d(<&z) x {z} = 2d(4>) n (V x ■ ■ ■ x V x {z}).  Since

(*) implies condition (a) of §7, Theorem 7.6 implies that we may replace Z with

a dense open subset and assume

(A) If 0 < ¿ < ¿*, then Sd(<i>) is smooth over Z and of pure relative di-

mension dr-(d- l)m. (We regard ^di^) as a scheme over Z, with p: 2d($) —*

Z induced by the projection V x • • • x V x Z —*■ Z.)

Proof of Lemma 10.3. We fix d < ¿# and qjf j = 1, . . . , d, such that

0 < qf < q* - 1.  Let e = card({j\q¡ > 0}).  If e = 0, then qx = • • • = qd = 0,

and smoothness follows directly from (A). Thus, we may assume that qx > 0.

If d > 2, we set W0 = 2d(<I>; 0, q2, . . . , qd) and Q0 = Q n {2.¿}.

tion on e implies

dim(NS(W0/Z)) < dim(Z) 4- card(Q0) - 1 < dim(Z) + card(ß) - 1.

Therefore, we may ignore irreducible components of NS(W/Z) which are contained

in NS(W0/Z).



260 JOEL ROBERTS

We now fix a closed point (xx, . . . , xd, z0) G W such that

(1) W0 is smooth over Z at (xx, . . . , xd, z0). (Thus, (xx, . . . , xd) is a

smooth point of 2d($Zo; 0, q2,.. . , qd).)

(If d = 1, we simply fix a point (x, z0) G S[q)(<î>).) Let ß' = {/&/• z0) S

^/+1)(*)} and ß" = ß - ß n ß'. Let F^ = 2d(<ï>; q*x, . . . , <?*), where x?/ =

x7y + 1 (resp. qf = qj) if j E Q' (resp. / $ Q'), and let Y = Wx D NS(W/Z).

I claim that dim(P) < dim(Z) + card(ß") - (m - r)card(ß') - 1, or

equivalently that dim(P) < dim(Wx) - S - 1, where

d

S = r - (d - l)(m - r) - £ x7y(m - r + 1) - card(ß') - card(ß").
x=i

This wiU imply the desired conclusion because ß" C Q.  We may assume that

5 > 0; there is nothing to prove otherwise.  FinaUy, a descending induction on

card(ß') shows that we only need to study irreducible components of Y which

contain (xx, . . . ,xd, z0).

We will establish the claim by finding a Unear subspace ACP* such that

the foUowing' statements hold with Z' = Z n A.

(PI) z0 EZ', and (xx,-. . . ,xd) x Z' C Wx.

(P2) dimflXx!,. . ., xd) x Z') n NS(W/Z)) < dim(A) -8-1.
[Since Wx is smooth over k,  (PI) and (P2) wül in fact imply that Y has codimen-

sion>5 + 1 in Wx.]   Let y = 4>Zo(xj) = • • • = i>Zo(xd) £Pm. In constructing

A we wül use homogeneous coordinate systems {T0, . . . , Tn} on P" and

{S0, . . . , Sm} on P"1 which satisfy (2) through (6) below.

(2) xx = (1, 0, . . . , 0) G P", and F0(xy) #0, / - 1,, .. ,<t

(3) ¿,Z0 C P" is the subspace T0 = • • • = Tm = 0, and 4>*0: rCP"1, 0(1))

-► r(P", 0(1)) satisfies **0(5() = T„ i = 0.m.

Thus, y = (1, . . . , 0) G Pm. Henceforth, we use affine coordinates rx,

... , tn (resp. Sj, .. . , sm) on an affine open subset of P" (resp. V"). Since

Xj G Sx($z0) ~ S2(^ZQ), we may assume

(4) fj, . . . , fj^i, im + i generate the maximal ideal mXl C 0Xx = 0v,Xl >

and f„ € mjL, v — r,..., m.

If x G X with (0X, mx) = 0XiX, we set T(T)* = mjm2., i.e., the cotangent

space. *ZQ: V-+ Pm induces linear maps XZ(): 71(Pm)* -* T(V)*l and (if d >

2) p/(,0: W")* — r(S^/)(i>Z0))*., / - 2L..., ¿_ Let xV° = Ker(XZo) and

A^y = Ker(pyjZo), / = 2, . . . , d.  By (4),   {s~r,. . . , s~m} is a basis of A?, where

sf G my/my = 7XP7")* is the residue class of s¡. In the case d>2, Proposition

5.4 implies that we may assume

(5) There are disjoint subsetsE2,.. . ,EdC {1,. .. ,r- 1} such that

{s,!/ G Ej) is a basis of A^-, / = 2, ... , d.

FinaUy, by assumption (*) of §9 we may assume
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(6) If 1 < / < qx, and 1 < ju < r - 1, then there is an integer y(l, p) such

that (a) f7(/>M) = rM4 + , (mod m?} + 2), and (b) ty(lß) G mqi+2 if 2 </ < ¿.

Having obtained good coordinate systems on P" and Pm, we now fix a

homogeneous coordinate system {alV| 0 < i < m and 0 < v < «} on P^ which

satisfies the conclusions of Lemma 8.3.  If ¿ = 1, we set W = (0) C T(Pm)* and

c = 0.  If d > 2, we set U - N2 + • ■ • + Nd and c = dim(N2) + ••• + dim(TVd);

in this case we may assume that E2 U • • • U Ed = {r - c, . . . , r - 1). We take

A C P^ to be the linear subspace given by the vanishing of aU oiv - &ivo00 such

that (i, v) £ A, where

A = {(i, v)\r < i < m and v = y(l, p) for some (I, p)

such that 1 < / < qx and 1 < p < r - c - 1).

An argument simüar to the proof of Lemma 9.2 shows that Z' = Z n A satisfies

(PI); moreover

(7) If z G Z', then (x¡, z) G S{qi+ x >(i>) if and only if/ G Q'. For z G Z',

<t>2: V~*Pm induces linear maps Xz: T(Pm)* —► 7O0Î, and pjz: T^)* -*■

TÇS^Çtf;))^.,]' = 2, . . . , ¿.   Lemma 11.1 below implies that {¡¡¡\iGEj) is a

basis of Ker(pyz).  Thus, Corollary 5.6 implies

(8) (x,,. . . , xd) is a smooth point of ^d(^z; qx,. . . , qd) if and only if

there exist elements b¡GIx, i = 1, . . . , qx(m - r + 1), where 7, C 0X, =

Ov,xx is the ideal defining S^fi^^f) C F, such that the elements b¡ G mx,/m2,,

i = 1,. . . , qx(m - r + 1), are linearly independent modulo the subspace of

mx ,/m2, spanned by {i]\r - c < i < r - 1).

SpecificaUy, Lemma 3.8 implies that 7, is generated by the elements

D(x)<í>*(s¡), r < i < m and 1 < X < qx, where the D(K): 0Xx—*0Xx are fc-linear

differential operators such that

(9) If b G 0xx and b = utIm +, (mod m^} + 2) where « is a monomial in

f,.t,_x, then D(X)Z> a (Ouf^+i (mod m2,).

Let A0 C A be the complement of the hyperplane o00 = 0. We set a00 =

1 to obtain a set of linear coordinate functions on Aq, which we denote {af„l(i, v)

G A). IfzGZ' and $*: 0y —+ 0Xx is induced by $z, then

$*(«/) = '/.     <-l,...,r-l,

*í(s/) ■ <# + Z M1)**     i = r,...,m,
V

where v takes the values y = 7(7, ju), with l<ju<r-c-landl</<<7,. By

(6), we may therefore assume that the foUowing congruences hold modulo m?} + 2:

M=l    /=1
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M=l   1=1

«TO s If  Z ̂ V«+l + Si*      i = r+l,...,m,
M=l    1=1

where o'ßil = oiy,tß) + aßll for some aßil G & [simüarly for o'ßrl\, and %r, . . . ,

£m are polynomials in ij, . . . , tr_x, tm + x which do not involve the monomials

tßtlm + x,   1 < p < r - c - 1, or powers of tm + x. These congruences, together

with (9), imply that the foUowing hold modulo m21 :

(10a)   D(qx)^*(sr)^(qx + l)tm + x+'"fi1o'ßrq(z)tß+D(qxhr   if 1 t Q'l
M=l

(10b)  D^^s^^a'      (z^+zM,   iflGß';
M=l

(11)     ^>**(S/) = '"f"1 o'ßiX(z)tß + &%   if (i, X) * (r, <?,).
M=l

The Unear term of D(X)^. involves tr_c_x, . . . , tr_x. By (8) it does not matter.

We now consider a matrix M, whose entries are to be the o'iK (distinct

indeterminates, lying in the coordinate ring of A0). M will have r—c—1 columns,

indexed by the integers /x = 1.r- c - 1. If 1 ̂  ß' U ß" (i.e., if Xi £

S[qi + X) and charffc)-^! + 1)), we take the rows of M to be indexed by {(i, X)|

r<i<m, 1 <~k<qx, and (i, X) # (r, qx)}.   [Since tm + x occurs nontrivially in

the linear form of D^q ' ^*(sr), we do not need to consider the coefficients of

tx, ... , tr_c_x in (10a).]   If 1 G ß' or if char(fc)|(gj + 1), M wiU have one more

row—we do not exclude (r, qx) from the indexing set. It foUows from (8) that

(Xj, . . . , xd, z) E NS(W/Z) if and only if M has rank <#(rows). If d = 1, then

M has r - 1 columns. If d > 2, then Lemma 11.2, below, and the fact that c =

dim(xV2) + • • • + dim(xVd) imply

d

#(columns) + 1 = r - (d - l)(m - r) - £ qfjn - r + 1) - card(ßi) - card(ßi),
X'=2

where Q\ = Q' n {2, . . . , d} and Q"x = ß" n {2, . . . , d}. Therefore

#(columns) - #(rows) + 1=5 + 1.

It foUows that the subvariety of A0 determined by the condition rank(M) < #(rows)

has codimension 6 + 1.  (See [10, Propositions 1 and 2] and [2, Theorem 3].)

This implies (P2).    Q.E.D.

Lemma 11.1.  With the notation of the proof of Lemma 10.3, let z be an



SINGULARITY SUBSCHEMES AND GENERIC PROJECTIONS 263

arbitrary point of Z'.   Then T(S(qi)(^z))Xj and T(S(xqi)(^z0))Xj are identical sub-

spaces of T(V)Xj, for j = 2, . . . , ¿.

Proof.   We set x = x.- to simplify notation. <ï>* and i>*0 induce 0y-algebra

structures on 0X. In each case, we get a surjective 0X-algebra homomorphism

u: Fbx/k ~*Pox/o > wnere Q = Qf The two kernels are generated by {dq$*(a)\

a G Oy) and {dq<ï>*0(a)\a G 0y) respectively. Since $z(a) = 4>2o(a) (mod mq+2)

and dq is a differential operator of order q, we conclude that ¿'«fc* (a) =

dq$*(a) (mod m2/^ ¡k). Using a free basis of Pqox/k to compute the two Fitting

ideals, we see that corresponding generators of the Fitting ideals are congruent

modulo m2.   Q.E.D.

Lemma 11.2. 7,ef/: Xr —► Ym be a morphism of nonsingular varieties,

where r <m.  Let q > 0, let x be a closed point of S = S^xq\f), a«¿ let g = f\s.

Assume that S is smooth at x and locally of codimension q(m - r + 1) in X.

Then the linear map (dg)x: T(S)X —* T(Y)j-^ satisfies

rank((dg)x) = r - q(m - r + 1)   i/x £ S[q+X\f) and chari*)^ + 1),

rank((dg)x) = r - q(m - r + 1) - 1   otherwise.

Proof.  Let (A, mA) = 0Yjrx) and (77, mB) = 0Xx, and let p~f*:A

—► 77 be induced by /   Let {s,, . . . , sm} C mA, {r,, . . . , tr) C mB and the

differential operators D^x\ . . . , D^ be as in Lemma 3.8. The cokernel of the

linear map (¿/)*: T(Y)*(x) —► T(X)* is just mB/(mAB + m|). Therefore, we

must show that it is possible to find a pair (i, I) such that D^p(u¡) $ mAB +

m2 if and only if (i) x £ 5(,,+1}(/) and (ii) char(k)->f(q + 1).

Let p(uf), . . . , p(um) be expanded (modulo mqB+2) as power series in

r,, . . . , tr. Then x £ Siq + X)(f) if and only if the monomial tq+ x occurs in

one of these expansions. By Lemma 3.7, D[q\tq+X) = (q + l)tr (mod m|),

whüe D(i)tvr G ml if i < q and v > q + 1. Therefore, D(i)(p(u¡)) £ m^77 + m|

for some (i, I) if and only if (i) and (ii) hold.   [Observe that mB/(mAB + mjf) is

spanned by the residue class of tr.]

12. Further consequences of smoothness. The main result of this section

is Theorem 12.1. We wiU prove that Theorem B is a direct consequence of

Theorem 12.1.

Consider a finite morphism/: X* —■*■ Ym of nonsingular varieties over k (m>r)

and distinct closed pointsx,,... ,xd GX such that/(x,) = • • • =/(xd) = y G Y.

We fix nonnegative integers qx, . . . ,qd and assume

(1) x; G S[qi\f) - S[qi+ » >(/), / = 1.d;

(2) S(xMi\f) is smooth and of dimension r - q¡(m - r + 1) near XÙ

(3) Siqi\f) xy • • • xy S[q<*\f) is smooth and of dimension dr - (d - l)m

- SyL,(7y(m - r + 1) near (x,, . .. , xd).
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(Of course, (3) implies (2); we list (2) only to isolate its use more clearly.)

We have homomorphisms/y*: 0Y¡y —► Ox,xt> / = 1> • • • . d> induced by /   Let

/•: ÔYty -> Uf^Ôx.xp where f*(a) = (f*(a), . . . ,/»). We want to iden-

tify the various complete local rings with formal power series rings in a way that

wiU give a canonical form for /*.

In this paragraph, we fix a value of/ and set q = q¡. Let (A, mA) —

k[[ux, . . . , um]], and let (Bj, my) be a copy of k[[tx, . . . , tr]]. By Lemma

4.5, there are isomorphisms 0: UYy -£-*4 and 0;-: Ox,x¡ ~^>-^/' / = 1> • • • .

d, such that gy = 0y ° ff ° 0-1: 4 —► B¡ satisfies

(4)£;•(",■) = t¡, i = 1, . . . ,r- 1;

gj(ur) = tqr + x + £ tq(m-r)+X   ifchu(ktf(q + 1),
v=l

(5) „
= ^+1 +  L  ^(m-r) + /r     «/Char(/c)|(x7 + l)î

I>=1

(6) ¿?y(«r+J) = Sj=i',(/-!)+„#• í - 1,.... m -r.

(If g = 0, we are to take ¿?y(«r) = rr and gj(ur+i) = 0, i = 1,. . . , m - r.) Let

/y = A,(PJ/M) [with q = 4y] and xVy = Ker(mAlm2A -+ my/(m? + /,)).

Since each I¡ is the "extension to B" of the ideal defining S^i\f) near

Xy, assumption (3) implies

(7) dimCxV, + • • • + xVd) = dirniA^) + • • • + dim(xVd).

(See Proposition 5.4.)  For/ = I, . . . ,d, there are generating sets {?»,..., r;>}

C my and {sjx, . . . , sjm} C mA such that (4), (5), and (6) hold with u¡ = s/7,

f„ = tjV and <7 = fy.  By Proposition 4.10, there is a subset E¡ C {syl, . . . , Sjm}

such that {^,-lsy,- G F;} is a basis of N¡ C m^/m^.  Specifically

fi) - {s;i, . . . , »/,,(„_,.+ ,)_!, sjr, .... s/w}    if char(*)t(<7y + 1),

(8)
Ej = {sjx, .... Sy>9(m_r+1), s/r> . . . ,sjm}   if char(A:)|(c7y + 1).

By (7), F% = Fj U • • • U Fd is a subset of a minimal generating set F =

{s1,...,sm}ofmyl.

It is easÜy seen that gf(E - F) C m;- is a set of elements whose residues are

linearly independent modulo (m? + Ij). For each value of/, we can change

{iyj, . . . ,tjm} by replacing those tv - tjv not appearing on the right-hand sides

of (5) and (6) with suitable elements of g¡(E - EX If this is done, then (4), (5),

and (6) wiU hold for all / if ux, . . . , um is taken to be a rearrangement of sx,

. . . , sm. The foUowing theorem summarizes our conclusions.

Theorem 12.1. Let f: Xr —> Y™ be as above, and assume that (1), (2),

and (3) hold.   Then there exist

(a) isomorphisms 0: 0Yy -*■*4 = k[[sx, . . . , sm]] and <¡>¡: ôx,Xj ""**

B = k[[tx,. ..,/,]], /= l,...,d,
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(b) permutations a,.ad of {1, . . . , m), and

(c) disjoint subsets TJ,, . . . ,Ed of {$,, . . . , sm), having the properties:

(i) The homomorphisms g¡ — </>■ ° ff ° \p~x : A —► B, / = 1, . . . ,

¿, satisfy (4), (5), and (6) with g = g¡, q = q¡, and u¡ = sa¡U), i= 1, . . . , m;

(ii) the subsets E¡,j = 1, . . . , d, satisfy (8) with s/7 = sa./¡y

Proof of Theorem B.  By Theorem 12.1 there are isomorphisms \p':

Ôy'J -^A,   V- ÔYty -^A,  <pf. Ôx-,xr-^B, and <¡>J: dx.x, -*► B (where

1 </ < ¿) such that the homomorphisms g¡ = <¡>"¡ ° fj* ° (\p")~x and g'¡ = 0y

° //* ° (ty')~X both satisfy (4), (5), and (6). Changing i//' by an automorphism

which permutes the variables, we may assume that g¡ = g'¡ for all /.   Let \¡/ =

(VT1 ° V and <pj = (4>¡yx ° </>". Then/;* = <t>¡° ff ° i>~x ,j = 1.d.

Q.E.D.

13.  Application to generic projections.  Let m > r + 1, and let it: V —►

Pm be a generic projection, starting from a projective embedding of V which

satisfies assumption (*) of §9. (We wül regard as generic those projections which

satisfy the conclusions of Theorem A and Proposition 7.4 and have the property

that it: V-+V' = h(V) C Pm is finite and birational.)

Let y G V' and 7r_10) = {x,,. . . , xd} C V.  Then

Ôv.y » Ôpm V«7T*) * Im(7T*) C JJ  Ôy     ,
r    ,y y_, /

where it*: 0pm    —* Uf=, Ov,x¡ is induced by i\. Assume now that

(a) S2(tt) n jr-1^) = 0;

(b) xy G Sr*/>(ir) - S[qi+X\n) for/ = 1, . . . , ¿;

(c) (x,, . . . , xd) is a smooth point of 2d(7r; q,, . . . , qd).

[If char(k)\(qj + 1), / = 1, . . . , ¿, then smoothness is automatic in (c) since n

is generic]   The hypotheses of Theorem 12.1 are thus satisfied with X = V and

Y — pm    ¡t follows that Im(7T*) can be explicitly described as being isomorphic

to a certain subring of the direct product of d copies of k[[tx, ... ,tf]].

(13.1) 77ie case m = r + 1. Instead of using the general approach outlined

above, we can consider the ring homomorphisms nf: Ô^m y —* Ov.xi induced

by it. Let P¡ - Kerfry*) C 0pm¡y a k[[Xx,.. ., *,+ ,] ]'. Then P,.Pa

are principal prime ideals, and Kerijr*) = P, n • • • n Pd. Since 0v\y =

Öpm^/KerCff»), we conclude that Ô^ a k[[Xx.Xr+1)]/(fx- ■ ■ fd),

where /,.fd are (distinct) irreducible power series.

(13.2) 77ie case m = r + l,r<5. If m = r + 1, then 52(7r) has pure dimen-

sion r - 6. Hence S20r) = 0 when r < 5, so that (a) holds automatically. We will

now list the various possibilités for iCx(y) and the corresponding structure of

(0) it x(y) consists of d points of V - 5,, where d < r + 1.  This can occur
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along a subset of dimension r - d + 1, and Ô v\y = k [ [Xx,..., Xr+ x ] ] l(Xx • • • Xd).

(la) 7r-10>) consists of one point of Sx - S[2\ This can occur when r > 2,

along a subset of dimension r - 2. If char(&) + 2, then

Or'.y - »ll'i« ■■■> fr-V h** ̂ ]] C *H'l. • • • • *r\]

= k[[Xx,...,Xr+x]]/(X2-X2xXr+x).

If char(fc) = 2 and x is a smooth point of Sx, then

Oy,y ■ k[[tx, ..., tr_x, txtr, t2tr + t2]]

^k[[Xx,...,Xr+x]]/(X2+ X\Xr+ x + XxX2Xr).

Remark. When char(&) = 2, smoothness of Sx implies r > 3. Finitely

many nonsmooth points of Sx can, of course, occur. These have been studied

only in the case m = 2r - 1.  (See Theorem 3 of [11].)

(lb) 7r-1ij0 consists of one point of S^ - S^3;. This can occur when

r > 4, along a subset of dimension r - 4.  If char(&) ¥= 3, then

Oy,y = *[[in • • • . tr-v hfr + h$> h*r + tfU

= k[[Xx, . . . ,Xr+x]]/(X3r + *4 + *5),
where

i>4 = XxX3Xr ~XxXr+x + 2X2X3Xr - 3XxX2XrXr+x,

*s = ^2X3^r ~ XxX2X3Xr+ j - X2Xr+ x.

If char(fc) = 3 and x is a smooth point of S[2^, then

ôv\y - »lí'i. • • • > tr-v Vr + 'ai?. Vf + V? + 'ri!-

(Observe that r> 5 when char(fc) = 3 and S[2^ is smooth.)

(2a) iTx(y) = [xx, x2}, where xx ESx -S(x2) and x2EV-Sx. This can

occur when r > 3, along a set of dimension r - 3.  If char(fc) # 2, then

0Ky ■*[prll.. ..z^H/e^ci? -^l^+i))-

If char(&) = 2 and (xj, x2) is a smooth point of 22(7r; 1, 0), then

Ov'.y = *[[*!.^+l]]/(^i(^ + *!*,+ ! + X2X3Xr)).

Proof.   We consider only the first isomorphism. The homomorphisms

7T/: 0pm    —► Ov,xp 1 = 1> 2, can be identified with homomorphisms gy:

k[[Xx,.'..,Xr+x]] ~+k[[tx,...,tr]], / = 1,2, where

gx(X¡) = t¡,   i = 1, . . . ,r- 1;

gx(Xr)=t2tr;   gx(Xr+x) = t2;
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g2(Xd = ti-v   i = 2,...,r+l;     g2(Xx) = 0.

(In the notation of §12, £", = {X2, Xr, Xr+X) and E2 = {Xx); notice that these

sets are disjoint.) Then Kerfe,) = (X2 - X2Xr+ x) and Kerfe2) = (Xx).   Q.E.D.

(2b) ir-1 (y) = {xx, x2), where x, G s[2) - 5(,3) and x2 G V- Sx. This

can occur when r > 5, along a set of dimension r - 5. If char(fc) =£ 3, then

ÔKy = k[[Xx, ....Xr+x]]/(Xx(X3r + *4 + *f)),

where *v = %(X2, X3, X4, Xr, Xr+,), v » 4, 5.

(2c) 7r_1Cv) consists of two points of 5, - 5(,2). This can occur when r >

5 along a set of dimension r — 5. If char(&) =£ 2, then

^V'.y — ̂ [[^i> • • • • %r+1J J Ki^r "-^l-^r+lX-^r-2 ~ ̂ 2^r-l))-

(3):r_10)= {x,,x2,x3}, where x, G 5, -5(,2) and Xy G V-Sx,j = 2,

3.  This can occur when r > 4 along a set of dimension r - 4. If char(fc) =£ 2,

then

•V,, -*[[x„... ,xr+x]]/(xxx2(x2 -x2xr+x)).

(4) ir~x(y) = {x,, x2, x3, x4}, where x, G 5, - S,2) and xfG V-Sx,

j = 2, 3, 4.   This can occur when / > 5, along a set of dimension r - 5.  If

char(fc) # 2, then

•V,, £ k[[Xx, ..., Xr+x]]/(XxX2X3(X2r -X2Xr+x)).

Proposition 13.3. 77ie above list of fibres ir~x(y) are the only types

which occur when m = r + 1 and r < 5.

Proof.   Since 2d(7r) has pure dimension r-d + 1, we have Sd(7r) = 0

when d > r + 2. Thus we must have d < r 4- 1 in (0). More generally,

?,d(it;qx,...,qd) has pure dimensionr-d + l-2(qx -I-1- qd). Therefore,

2d0r; qi, . . . , qd) can be nonempty only when 2(qx + • • • + qd) < r - d + 1.

The foUowing table specifies which nontrivial fibres can occur.

r   d   r - d + 1 Values which can occur

2 12 4=1

3 13 (7=1

2 2                      (ft. «a)-0.9

4 1 4                            « = 1,2

2 3 Öl 9a) = 0.0)
3 2 (Qi,q2,Q3) = (L0,0)

5 1 5 <7=1,2

2 4 fax, ?2) = (1,0), (2,0) or (1,1)

3 3 (qvQ2>Qf) = 0.0,0)
4 2 (?i.<72.93. ?4) = 0.°.O*O)
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