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ABSTRACT. Corresponding to a morphism f: V — W of algebraic
varieties (such that dim(V) < dim(W)), we construct a family of subschemes
Sﬂq)(f) C V. When V and W are nonsingular, the Ssq), q = 1, induce a
filtration of the set of closed points x € V such that the tangent space map
dfy: T(V), — T(W)f(x) has rank = dim(V) — 1. We prove that if V is a
suitably embedded nonsingular projective variety and m: V — P is a generic
projection, then the SSQ)(f ) and certain fibre products of several of the
Ssq)(f ) are either empty or smooth and of the smallest possible dimension,
except in cases where ¢ + 1 is divisible by the characteristic of the ground
field. We apply this result to describe explicitly the ring homomorphisms
Tt P™M n(x) - ay'x and (when m 2 r + 1) to study the local structure of
the image V' = a(V) C P™.

0. Introduction. Let k be an algebraically closed field, and let ¥ be a
nonsingular projective variety over k. As in [11], we consider an embedding
V C P" (projective n-space) and a finite morphism m: ¥ — P™, where dim(¥) <
m < 2 - dim(¥), induced by projection from an (n = m — 1)-subspace L C P".

We study certain properties of generic projections, i.e. properties which 7 has when
L corresponds to a point of a suitable dense open subset of the Grassmann variety
Gin,n—-m-1).

When m > dim(V), one objective is to describe the structure of the local
rings 0 y',y» Where y € V' =a(V) CP™. (If (4, m) is a local ring, then 4 is its
completion in the m-adic topology.) Using our main results, which are stated in
§1, this can be done in the case that the map of Zariski tangent spaces dm,: Ty
— Tpm , has rank > dim(V) - 1 for all x € 7~ 1(y). Details of this are given
in §13. If m = dim(V), the corresponding problem is to describe the local struc-
ture of the branch locus (S, (m)) C P™. (S, () is defined in §2.) I have obtained
some results concerning this problem which will appear in another paper. (See
also [14].) The results of the present paper were announced in [13]. I would

Received by the editors July 25, 1974.

AMS (MOS) subject classifications (1970). Primary 14B0S5, 14E15, 14NOS.

Key words and phrases. Projective algebraic variety, generic projection, Kahler differ-
entials, algebra of principal parts, noetherian scheme, scheme-theoretic fibre, singularity
subscheme.

(Y)Supported by NSF grants GP 20550 and GP 37689.

Copyright © 1975, American Mathematical Society

229



230 JOEL ROBERTS

like to thank the referee for suggesting several ways to improve this paper.

Our techniques involve studying the higher order singularity subschemes
of the morphism 7: ¥ — P™. Some properties of these subschemes are described
in §1; the definition is given in §3.

All rings and algebras will be assumed to be commutative with identity; all
schemes and morphisms of schemes will be assumed to be separated. The field &
may always be assumed to be algebraically closed, but of arbitrary characteristic.
A variety is a reduced and irreducible scheme of finite type over k.

1. Statement of the main results. Let f: X — Y be a morphism of varieties
(over the algebraically closed field k). In this section we will assume that X is
nonsingular. When i > 1, let S;(f) C X be the closed subset whose closed points
are all x € X such that the map of Zariski tangent spaces (df),: T(X), —
T(Y);(x) has rank < dim(X) —i.

If dim(X) < dim(Y), one can study the points where (df), has rank =
dim(X) — 1. To do this, we define closed subschemes Sg‘”( f) CX-8,(f), for
q = 0, called higher order singularity subschemes. (See §3.) Sﬁ‘”( f) is defined
in terms of a certain Fitting ideal of the (y-algebra P%,y of relative principal
parts. If x is a closed point of X — S,(f) and y = f(x), then x € Sﬁq)(f) if and
only if dim;0,/m,0, = q + 1, where (0,, m,) = Oy, is an algebra over
(0,, my) = Oy, via the usual homomorphism f*: 0, — 0,. The S(l")(f) are
closely related to the Thom-Boardman singularities S; __; (g indices) of a map
of differentiable manifolds. (See [16], [17, §12], [S], [1],or [7].) Thom-
Boardman singularities in algebraic geometry have been studied in [6] and [8].

With f as above and d > 1, let Z,(f) C X xy *** xy X (d-fold fibre
product) be the complement of the union of all diagonals. If q,, ..., q, are
nonnegative integers, we regard Sg" 1)(f) Xy ' Xy S(lqd)( f) as a subscheme
of X xy *** xy X.

DEFINITION 1.1. Z4(fqys -+ -»>4g) = Zg(f) N SEV(f) xy =+ xy
SEa)(f).

One can regard Z4(f; 4, - - - , 4y) as consisting of all d-tuples (xy, ..., X,)
of distinct closed points of ¥ such that (a) x; € S(lqi)( f),ji=1,...,d, and (b)
f) == Fxg).

THEOREM A. Let V be a nonsingular projective variety over k, and let
r <m < 2r, where r = dim(V). Then there is an embedding V C P", for some
n, such that if m: V — P™ is a generic projection, then the following statements
hold for every d > 1 and every d-tuple (q,, . . . , q4) of nonnegative integers.
@) Z4(m; qy, - - - » qg) is either empty or of pure dimension dr — (d — 1)m
-zl gm-r+1).
(ii) If char(k)A(g; + 1) for all j, then Zy4(m; 4y, - . . , 44) is smooth (over k).
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(iii) In general, the dimension of the nonsmooth locus of Z4(m;qy, . . . ,4q4)
is <card(Q) — 1, where Q = {jlchar(k) divides q; + 1}.

Theorem 10.5 and Corollary 10.6 give a more detailed version of (iii). Non-
smooth points do occur for some generic projections of varieties over fields of
positive characteristic. The simplest example is a pinch point of a generic projec-
tion m: ¥2 — P when char(k) = 2. The results of [12] imply that there exist
surfaces whose generic projections actually exhibit pinch points.

COROLLARY 1.2. Let m: V —> P™ be as in Theorem A.
(i) For every q 2 0, S(l")(fr) is either empty or of pure codimension
gqm-r+1)inV. ‘
(ii) If char(k}t(q + 1), then S{9)(m) is smooth over k.
(iii) If char(k)l(q + 1), then Sﬁ")(n) is smooth except at finitely many points
of 8D (m) - $9+ V(m).

Whendr—(d - 1)m — E;’:lqi(m —r+ 1) <0, conclusion (i) of Theorem A
implies that Z;(m; gy, ...,q4) =&. When m >r + 1, this implies that Z;(7) =
@ when d > m/(m —r). If m =7, it also follows that only finitely many 2 ;(m)
are nonempty. Specifically, Z,(m) =& when d > degree(V).

COROLLARY 1.3. Let m: V. —> P™ be as in Theorem A. Then only finitely
many of the subschemes Z (m;q,, . . . , 4y4) are nonempty. If either char(k) = 0
or char(k) > (m + 1)/(m — r + 1), then all nonempty Z (m;q,, . . ., qy) are
smooth. (Thus, for a given value of r = dim(V), nonsmooth Z (7, q,, . .. ,qy)
will occur only when char(k) assumes finitely many values.)

ProoF. We observe that Sﬁq)(n) =g when q > r/(m —r + 1). Therefore,
if char(k) > 1+ r/(m—r+ 1) = (m + 1)/(m —r + 1), then Sg")(n) =4 for all
q such that char(k)l(g + 1). Q.E.D.

Theorem A is proved in §§10 and 11. Preliminary results needed in the
proof are proved in §§5 through 9. When char(k) = 0, the proof of Theorem A
is shorter and more conceptual than in the general case. This is because it is
possible to apply Theorem 2.9, which is an algebraic version of Sard’s Theorem.
The proof of the characteristic 0 case of Theorem A uses nothing from §§7 and
11.

THEOREM B. Let f: X — Yand f': X' — Y' be finite morphisms of
nonsingular varieties over k, where dim(X") = dim(X) < dim(Y) = dim(Y"). Let
4ys - - - »qq be nonnegative integers, and let x,, . . . , x4 and x'l, .. ,x:, be
distinct closed points of X and X' respectively. Assume
(@) x; € S{U(f) = S (f) and x; € SEN(f') = SEHV(fY), j=1,
.,d;
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(6) SIS xy * - = xy STD(S) and STO(f') xy+ « - - xy STD(f)
are smooth and of pure dimension dr — (d — 1)m — % 19(m—r+1)at
(g5 ---5xg) and (x3, ..., xy) respectively
Then there are isomorphisms . OY Y 0, ' and¢ Ox xi—» OX "‘i’
=1,...,d, such that f;* = ¢; ° f*°llJ—l forj=1,. d where f¥: 0y
—0 X, xj is induced by f and ri* Fal szmzlarly induced by f

In the case that {x,,...,x,} = F~Y(»), one can consider the scheme
theoretic ﬁb're Spec(d,), where 4, = 0, 1 y)/f *(m,) - Oy r—1 y) (The
homomorphism f*: Oy — OX' 1) is induced by f. Note that 4 y isan
Artinian ring.) The conclusion of Theorem B can be interpreted as saying that
the homomorphism

d
*.
I Oyy = .f“(y) ,.I=Il
depends only on 4, up to automorphisms of the domain and range of f*.

Theorem B is proved in §12. Specifically, Theorem 12.1 shows how to
identify Oy.y and Ox,xi, j=1,...,d, with formal power series rings in a way
which makes it possible to give a very explicit description of f*. We call this
description a canonical form of f*.

Theorem B is relevant to the study of generic projections because a generic
projection m: ¥ — P™ satisfies the hypotheses of Theorem B under the circum-
stances described by Theorem A.

REMARK 1.4. Theorem 3 of [13] contains a statement which would seem
to imply that if #: ¥" — P™ is a generic projection and d = 2, then all nonempty
Z4(mq,, ..., q,) are smooth. However, this is not the case; counterexamples
can be given with r = m = 2 and char(k) = 2

2. First-order singularity subschemes. In this section we define and study
subschemes S{f) C X corresponding to certain morphisms f: X — Y. The
definition is given in terms of Fitting ideals; we begin by recalling the definition
of these ideals.

Let A be a ring, M a finitely presented 4-module. Consider a presentation:
Q) am Y gr — y—o,
where Y(e;) = T~ a; f relative to standard bases {e,, ... ,e,} and
{f1>-..,f,}. Theith Fitting ideal A (M) C A is defined to be the ideal generated
by the (r — i) x (r = i) minors of the matrix (g;;) [resp. the unit ideal] if 0 <1
<r [resp.i=>r]. It is known (see [3]) that the A (M) are independent of the

choice of the presentation (x). We note that A(M) C A;, (M) for all i. Verifica-
tion of the following lemma is also straightforward.
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LemMA 2.1. If (4, m) is local and a minimal generating set for M contains
r elements, then A,_,(M) # A, and A(M) C m™™ fwhen 0<i<r-1.

Since the Fitting ideals of a module are independent of the presentation
used to compute them, we can define Fitting ideals of coherent sheaves on a
Noetherian scheme.

ProrosITION 2.2. Let X be a Noetherian scheme, F a coherent sheaf of
modules on X. For each i > O there is a unique sheaf of ideals A(F) C (% such
that T(U, A(F)) = A(T(U, F)) for every affine open U C X. If x € X, then
AP, = AF,).

We call A,(F) the ith Fitting ideal of F.

We now fix a morphism f: X — Y of Noetherian schemes. It will be
assumed that the sheaf Q) )y of relative Kahler differentials is coherent.

DEFINITION 2.3. Leti>1. S(f) C X is the closed subscheme defined by
A,y (Rx,y)- We call the S(f) first-order singularity subschemes.

We write S; for S{f) when the context is clear. By using properties of
Fitting ideals, one sees that §; O S, ,.

PROPOSITION 2.4. If x € X, then x € S, if and only if dimy QY y(x) >
i. Equality holds when x € S; = S;, ,. If X and Y are varieties over an algebrai-
cally closed field k, and x is a closed point, then x € S, if and only if the map
of Zariski tangent spaces df,.: Ty , = Ty ¢ () has rank <r — i, where r =
dim (T ,)-

ProrosITION 2.5. §;,, C Sing(s)).

ProoF. To establish either result, we apply Lemma 2.1 with (4, m) = Oy
and M = (Q}( /y)x+ In particular, if j > i and x € S; —Sj4q1,> then A, (M) C
m' =+ 1, By considering the exact sequence of vector spaces
(f*Qir/k)(x) - Q}(/k(x) - Q;(/y(x) — 0,
one proves the last statement of Proposition 2.4. Q.E.D.

ProrosITION 2.6. Let g: X — Z and h: Y — Z be morphisms of Noether-
ian schemes such that g =h° f. Let f': X' — Y' be obtained by base extension,
where X' =X x, Z'and Y' =Y x, Z'. (Z' is a scheme over Z.) Then
S(F') = S(f) x5 Z' for all i

ProOF. It is well known that Q-+, = v*(Q),y), where v: X' — X is
projection to the first factor. We now obtain the conclusion by applying the
following lemma.

LEMMA 2.7. Let v: X' — X be a morphism of Noetherian schemes, and
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 let E be a coherent sheaf on X. Then A(v*E) = v¥(A(E)) for all i.

PROOF. After reducing to the case where X = Spec(4), X' = Spec(B) and
E = M, we apply @, B to the exact sequence (). Q.E.D.

ProrosiITION 2.8. Letx € X, y = f(x) E Y. Let g, h be as in Proposition
2.6, and assume that (U, z), and (Y, z), are free modules of rank r and m
respectively. If either m = r or r — i < m < r holds, then every component of
S/(f) which contains x has codimension (in X) < i(m —r + i).

PrOOF. Letz=g(x)=h(y)EZandsetA =0, ,, B = OY'y, and C =
Ox,x- We have an exact sequence of C-modules:

Qb4 ® C— QLyg — Qs — 0.

The first two terms are free of rank m and r respectively, so that A,_; (R Y)x =
A,_I(Qé./B) is generated by the (r =i+ 1) x (r —i + 1) minors of anm x r
matrix. By Theorem 3 of Eagon and Northcott [2], every minimal prime ideal
of A;_;(Q¢,p) has height <i(m —r +i). QED.

The following result is probably well known, but I have included the proof
because it is a direct application of the concepts introduced above.

THEOREM 2.9. Let f: X" — Y™ be a morphism of nonsingular varieties
over an algebraically closed field of characteristic 0. If r 2 m, then either:

(@) f(X) is contained in a proper closed subset of Y, or

(B) there is a dense open subset of Y consisting of closed points y such that
f~Y(») is smooth, nonempty, and of pure dimension r — m.

PrOOF. If x is a closed point of X, then every component of f~!(f(x))
has dimension =r — m, and the Zariski tangent space Tf_l (f G)x is isomorphic
to the kernel of the linear map df,: Ty, , — Ty ¢ (y). Therefore, f~ 1(f(x)) is
smooth and of dimension 7 — m at x if and only if x ¢ S,_,, , ,(f).

Let Z be an irreducible component of S,_,, , ;(f). It must be shown that
dim{(7(Z)) < dim(Y). Assume that this is false, so that g = f|, is dominating.
T, C Ty , for all closed points x € X. Therefore, dg,: Ty , = Ty g(y) has
rank <m — 1 for every closed point x € X, so that dimy(,,Q},y(x) >n-m + 1
for every point x (closed or not) of Z, where n = dim(Z). Taking x to be the
generic point of Z, we obtain

dlmk(Z)Qllc(Z)/k(Y) > dim(Z) - dim(Y) =tr degk(y) k(Z).

(Note that k(Y) C k(Z) since g: Z — Y is dominating.) We have thus obtained
a contradiction. (Since char(k) = 0, the field extension must be separable.)
Q.E.D.

ExAMPLE 2.10. Let char(k) = 2, and let f: A2 — A! send (q,, a;) —
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@} + a3. Foreacha €k, f!(a)is the curve (X; + @)% + X3 = 0, where o? =
a. Each of these curves has a cusp, so that the conclusion of Theorem 2.9 fails.
We note that S,(f) is the line X, = 0. Therefore, g = fls,(r): S,(f) — Al is
surjective and induces a purely inseparable field extension of degree 2.

3. Higher order singularity subschemes. We again fix a morphism f: X —
Y of Noetherian schemes such that Q) Jy is coherent. Let g >0, and let P}y
be the () y-algebra of gth order relative principal parts corresponding to . We
recall that Py = p;+(0s/J?* "), where S = X xy X, J C (g is the sheaf of
ideals defining the diagonal, and p,: S — X is the projection to the first factor.
The 0 x-algebra structure Oy —> P%,y is deduced from p;. As an (,-module,
P4,y has a finite filtration with factors p, J(///'*'). Since py (/%) = %,y
P%,y is coherent.

DEFINITION 3.1. Let ¢ = 0. We define the gth order singularity subscheme
Sﬁq)( f) C X to be the closed subscheme of X — S,(f) corresponding to the
sheaf of ideals A (P%,y) C Ox-.

Since P}y = Oy and Py, y = Ox ® Q,y, we have S{(f) = X - 5,(f)
and S(ll)( ) =8,(f) = S,(f). The geometric significance of the remaining
S{D(f) will be explained by Proposition 3.5 below.

ProrosiTION 3.2. Assume that x € X — S,(f). Then x € Sg")( f)ifand
only if dimk(x)P} /Y(x) = q + 1. In particular S(l‘”( > S(l"+ DH.

ProoF. Apply Lemma 2.1 with 4 = Oy, and M = (P%,y),. The last
statement follows because there is a surjection P§{%§ — P y. QED.

ProrosiTioN 3.3. Let g: X — Z and h: Y — Z be morphisms of Noether-
ian schemes such that g =h° f. Let u: Z' — Z be a morphism, and let f': X'
— Y' be obtained by base extension, where X' =X x, Z'and Y' =Y x, Z'.
Then S$(f") = S$O(f) x5 Z' for all q.

PROOF. By Proposition 16.4.5 of [4], P§',y+ = v*(P%,y), where v: X'
Xx,Z ' — X is projection to the first factor. One completes the proof by
applying Lemma 2.7. Q.E.D.

If A is a ring and B is an A-algebra, then P .. (p)/spec(a) IS the sheaf on
Spec(B) corresponding to the B-algebra P} ja =B, B)/[I?*! where I is the
kernel of the multiplication map u: B ® , B — B. The B-algebra structure is
given by j: B — P} /4> Where j(6) = b ® 1. Another interesting homomorphism
isd? = dglA: B— P} ,, where d?(b) = 1® b.

LeMMA 3.4. Let k be a field, (A, m,) and (B, mg) local rings with residue
fields = k, and g: A — B a local homomorphism which induces an isomorphism
of residue fields. There there is a k-algebra isomorphism ¢: k ®g P} /4 -
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B/(g(m,)B + m%* 1) such that (1 ® db) = b (residue class of b) for all b € B.

PROOF. Associativity of the tensor product implies that k ®5 (B ®, B ) =
B/g(m,)B. (Observe that k ®, B = B/g(m,)B.) Thus, the residue class map
B/g(m)B — k is identified with id; ® u: k ®; (B®, B) =k ®z B=*%.
Therefore,

[k ®5 (B ®, B)]/(Ker(id, ® w)?*! = B/(g(m,)B + m§* ).
It is easily shown that this implies the desired conclusion. Q.E.D.

ProrosITION 3.5. Let q = 1, and assume that X and Y are varieties over
the algebraically closed field k. Let x be a closed point of X. Then x € Sg‘”( i)
if and only if (i) dim; m, /(f*(m,)0, + m2) = 1 and (i) dim, 0,/f*(m,)0, >
q + 1, where (0, m,) = Ox ., ¥ =), (0, my) = Oy ,,and f*: 0, — 0,
is induced by f.

PROOF. By Proposition 2.4, (i) holds if and only if x € S, -, = §{V,
so we assume that (i) holds. Thus, the maximal ideal of 0,/f*(m,)0, is prin-
cipal, so that (ii) holds if and only if dim; 0,/(f*(m,)0, + m3*!)>q + 1.
By Lemma 3.4 and Proposition 3.2, this holds if and only if x € S{9)(f). (Note
that (P%,y)x = P, /0, see [4, Corollaire 16.4.16] or [15, Proposition A 1.2].)

REMARK 3.6. If X and Y are varieties over k, then the higher order
singularity subschemes are interesting only in the case that dim(X) < dim(Y).
Specifically, if dim(Y) < dim(X) — 2, then X — S,(f) =&. If diim(Y) = dim(X)
— 1, then (i) and (ii) hold at every closed point x € X —S,(f) for every g = 0.

If B is a k-algebra, then a k-linear map D: B —> B is a differential operator
if it is of the form D = ¢ ° dg/k for some q = 0, where ¢: Pg,,, — BisaB-
module homomorphism. The smallest g for which such a factorization exists is
the order of D.

LeEMMA 3.7. Let X be a nonsingular variety over k, x € X a closed point,

and (0, m,) = Oy .. Let {t;,...,t,} Cm, beaminimal generating set. Then
() P& /spec(k) is a locally free sheaf,

(i) (P% ,Spec(k))x = P‘bx Jk 18 freely generated by the monomials of degree
<qiny, ..., 8, where §; =dp xt; — t;

(iii) corresponding to the r-tuples (iy, . . . , i,) of nonnegative integers such
that 0<i, + - + i, < q there are differential operators D, ...;,: 0, — 0, of
order <q such that

) dp kb= . > (D,-l...,,'b)i’i,l cee 87 foralb€O,,

poeeesdy
n n.—i n,—i

. r 171, .4 r

(ir )tl L5

n n n
() D, ..(t' )= (111) :
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whenever n,, > 0 for all v, subject to the convention that (') = 0 when n <i;
(c) more generally, if N > q and b = 71 - - - £7r (mod m), then

—fn
Dil...irb = (ill) cte

(We identify b € 0, with its image under d%, /x: 0, — PP, /x; thus
d%,jxb — b is represented by 1 ® b - b ® 1 € 0, ®; 0,.) Proposition 17.12.4
of [4, Chapitre IV] implies that P} /spec(k) is locally free. (More generally, P4 )z
is locally free if f: X — Z is a smooth morphism.) Alternately, Lemma 3.4
can be used to show that dimy(,) P% /spec(x)(¥) is constant. Statements (i),
(iii)(a) and (iii)(b) are immediate consequences of (i), Lemma 3.4, and Nakayama’s
lemma. (See also [4, Chapitre IV, Théoréme 16.11.2].) To establish (iii)(c) we
observe that if D: B — B has order <q and I is an ideal in B, then DI" C "9
for all n > q. (See [4, Section 16.8] or [15, Proposition A 1.1].)

n n,—i n —i -
(,-’)tll Voor 7 (mod mlY™9).

r

LeEMMA 3.8. Let f: X" — Y™ (r < m) be a morphism of nonsingular
varieties over k, and let the remaining hypotheses and notation be as in Proposi-
tion 3.5. Let {s;,...,s,} Cm,and {t,,...,t} Cm, be minimal generating
sets such that f*(s;) =t; fori=1,...,r— 1. Then the ideal A (P¥,y), =
Aq(P%x /oy)C 0, is generated by the q(m —r + 1) elements DOy *sp, 1<i<
q and r <1 < m,where D®: Ox — (,, is the differential operator D,...,; de-
scribed in Lemma 3.7.

Using this result and the Krull altitude theorem [9, Theorem 9.3], we
obtain

COROLLARY 3.9. If f: X" — Y™ is as above, then every irreducible com-
ponent of SV(f) has dimension =>r — q(m — r + 1), or else S$(f) = &.

PrROOF OF LEMMA 3.8. By Proposition 16.4.18 of [4], there is an O0,-
algebra homomorphism w: P} — P}, 0 , such that the ideal Ker(w) C P}, /k
is generated by {d?f*(a) — f*(a)la € 0,}, where d? =dp k. 1,00, 8,
are as in Lemma 3.7, then P‘bx /k = E © F, where F is freely generated by 1, §,,

., §7, and E is freely generated by the monomials in §, . . ., §, which are
not powers of {,. Since §; = d¥f*(s)) —f*(s) fori=1,...,r-1,it follows
that E C Ker(w), and w induces a surjection w: F — P}_;o  of 0,-modules.
Suppose now that n,, . . ., Ny generate Ker(w), where n; = Zj?:oﬁii{‘,. Then
{B;;} will generate Aq(P'bx /oy). (Observe that rank(F) = dirgk(k ®o0, Py, ,oy).)
Therefore, we need to find a nice set of generators for Ker(w).

By Lemma 3.7, Ker(w) is generated as (1,-module by the elements
@ *@) - @) - - tir, wherea € 0, and 0<iy +- -+ +i,<q. Itis
not hard to see that we only need to let @ run through the monomials of degree
<qinsy,...,s,. Tocalculate A, (P} /o ), we must therefore expand the
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elements d?f *(a) — f*(a) as polynomials in §,, . ..,§, and extract the coefficients
of 1,¢,,...,¢%. Since d? is a ring homomorphism, monomials in s;, . . . , §p,
of degree >2 will give rise to coefficients which are polynomials in the coefficients
occurring in the expansions of d?f*(s)) = f*(s), I=r,..., m. Now

dif¥(s) — *s) = i DOf*(s))¢% + (other terms of degree >1).
i=1

We conclude that {D®f*(s)I1 <i<gq and r <I<m} generates A (P 0 -
Q.E.D.

We now consider certain morphisms of product varieties. Specifically, let
X, Y, and Z be nonsingular varieties over k, and let f: X x,, Z — Y x, Z be a
morphism such that g = h ° f, where g and k are the projections of X x, Z and
Y x; Z to Z. Let (x, z) be a closed point of X x, Z, and let (y, z) = f(x, 2).
Let (R, mg), (4, m,) and (B, mp) be the local rings 0 ;, Oy xz,(y,,) and
Oxxz, (x,z) Tespectively. Then f *: A — B is an R-algebra homomorphism. In
the following proposition, we regard Oy and 0, as subrings of 4 and B respectively.

ProrosiTioN 3.10. With the notation and assumptions as above, let
{845+ .s8p} CmyAdand {t},...,t} CmB be minimal generating sets such
that f "‘(si) =tforj=1,...,r- 1L If q = 0, then there exist differential
operators D®:B— B 1=1,...,q, which are also R-module homomorphisms,
such that

@ ifb=41 -+ tr (mod m2*'B), then DWp = ()it -+ - £
(mod m2*1~'B);

(ii) A9(P}, ) is generated by the q(m — r + 1) elements DOy *G), 1<1
<qandr<jsm

PrOOF. Since Py p = (P xz;2)(x,z)> PB/r is 2 free B-module. (The pro-
jection to the second factor is a smooth morphism.) We proceed as in the proof
of Lemma 3.7 to establish the existence of the differential operators D): B — B
which satisfy (i) and are also R-linear. (In fact, d} p: B — P} is an R-algebra
homomorphism.)

In order to show that A9(P}, ;) has the desired generating set, we represent
P} /4 s @ homomorphic image of P} ,r and proceed as in the proof of Lemma
3.8. QE.D.

4. Consequences of smoothness. The main result of this section is the
following theorem, which can be shown to be equivalent to the case d = 1 of
Theorem B.

THEOREM 4.1. Let f: V' — W™ be a finite morphism of nonsingular
varieties over k, where m >r. Let x € S{(f) - S{9*1)(£), and assume that
S(lq)(f ) is smooth at x and locally of codimension q(m —r + 1) in V. Then
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there are isomorphisms ¢: (5,,’,‘ =B =k[[t;,...,t]] and ¢: 6W,f(x) —=
A=k[[sy,...,s,]] such that g = ¢ ° f* o y~': A — B satisfies
De6)=¢t, i=1,...,r-1;
(i)(2) g6s,) = 18+ + 201 ¢ (m_,)+,r, if char(k)t(q + 1);
(i)b) &(s,) = t"+l + E" —ry+jty if char(®)I(q + 1), and q(m —r + 1)
<'r in this case;
(iii) g(sr+i) = zq=l tq(i—l)+itlr’ i= l, PR (el A

1 q(m

Before giving the proof, we will discuss certain algebras of principal parts.

LeMMA 4.2 [4, ProrosITION 16.4.20]. Let A be a ring, R an A-algebra
(commutative with identity), and let B = R/I, where I is an ideal in R. Then
there is a surjective B-algebra homomorphism v: B ®p Py, — P} 4 such that
Ker(v) is generated (as an ideal) by {1 ® d%|x € I}, where d? = d}, /4t R—
Py

LemMmA 4.3. Let (A, my) be a Noetherian local ring, R an A-algebra which
is finitely generated as A-module, and (B, mg) = R, , where m is a maximal ideal

PROOF. B is a localization of R, so that P}, = B ®g P}, ,. Therefore,
it will suffice to show that P} 7 =B ® P§ . Let R have the m,-adic
topology. Since R =4 ®, R, P 1A= =R ®; P} ;4 > hence it is enough to prove
that P} /A =B ®, Pﬁ ;2 Since R is semilocal, B = R/I, where I is generated
by idempotent elements. By Lemma 4.2, it will suffice to show that 1 ® d%x =
0 for every idempotent element x € I, where d7 = dﬁ JA° For such an x,

(d%x - x)?™1 = 0 [notation as in Lemma 3.7] and x = x9%1, so that d9x =
dix9t1 = Z2H 1 nx'd9%Tt 17 for suitable n, € Z. Therefore 1 ® d% = 0.
Q.E.D.

COROLLARY 4.4. A (P 1) = A,(Pg, ) - B. (The notation is as above.)

The corollary is an immediate consequence of Lemma 4.3 and the affine
case of Lemma 2.7. In the case that B is regular and Aq(Pf3 /4) is generated by
a subset of a regular system of parameters, we conclude that A,,(P% /A ») is generated
by a subset of a regular system of parameters. Thus, Theorem 4.1 is a direct
consequence of the following lemma.

LEMMA 4.5. Let k be a field; let (A, m,) and (B, mg) be formal power
series rings over k in m and r variables respectively, where m = r. Let g: A — B
be a local k-algebra homomorphism which makes B a finite A-module, and assume
that

(a) dim, mp/(g(m,)B + m3) =1,

(b) dim;, B/g(m,)B =q + 1,
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(© Aq(P}’; /) is generated by q(m —r + 1) elements of a regular system of
parameters in B.

Then there exist minimal generating sets {s,, . ..,s,,} Cm, and
{t;,...,t,} Cmg such that g: A —> B satisfies (i), (ii), and (iii) of Theorem 4.1.

The proof is given below, following some preliminary material.

If M is a B-module, let M = M/(;;— ;mjM. We have M = M if and only if
M is separated in its mg-adic topology. In general, M is separated in its mg-adic
topology; we call it the separated module associated to M. If f: M— N isa
homomorphism of B-modules, then there is a homomorphism f: M — N.

LEMMA 4.6. Consider an exact sequence of B-modules M — N — P — 0,
where P is separated. Then the corresponding sequence of separated modules
M — N — P — 0 is also exact. (In particular, the hypotheses are satisfied if P
is finitely generated.)

Let @7 =v° d},: B— P}, where v: P}, — P}, is the canonical
map onto the associated separated module. Then every differential operator D:
B — B of order <gq is of the form D = ¢ ° d9 for some B-module homomorphism
¢: P}, — B. (Note that B is separated in the mg-adic topology.) P} isa
B-algebra because [}, ,m3Pg ;. is an ideal in P§ . Finally, k ®p P} =
B/m%*!. (See Lemma 3.4.) Theorem 30.6 of [9] therefore implies that P}, is
a finitely generated B-module.

LEmMMA 4.7. Lett,,...,t, generate mg, o that B=k[[t,,...,¢]].
@ Ifi, + - +1i, <gq, then there is a unique differential operator D =
Dy, ...i,* B —> B such that
d d d d.)\ d,—i d,—i
D(tll . .trr)=(111) PP (ir)tll 1... tr' ’.

r
(it) P}y, is a free B-module, of rank = dim,B/mE**.

ProoF. We define a map D: B — B on monomials by the above formula
and extend it linearly to arbitrary power series. One shows that if by, ..., bg4 4,
t are arbitrary elements of B, then

Z ('_l)card(H)<
H

(H runs through all subsets of {1,...,q + 1}.) This identity implies that D is a
differential operator. Hence, we deduce a B-module homomorphism A: P B
such that D = \ ¢ &9,

Let{; =d%;—¢t, i=1,...,r. Then }—’%/k is generated as B-module by
the monomials of degree <q in {,, ..., {,. If X is the map constructed above,
then

I b,.)D I b,) t) = 0.

icH igH
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o dn=
)\G-] r') - la

7\«!;1 T dr) €mg ifj, # i, for some v.

This shows that the monomials of degree <q in §,, . . ., §, satisfy no B-linear
relations. Q.E.D.

PrOOF OF LEMMA 4.5. We start with (minimal) generating sets {s,, ...,
Sp} Cmy and {t;,...,¢} C mg, which will be modified as the proof proceeds.
By (a), we may assume that g(s;) = ¢; fori=1,...,r—1 and that t, & g(m,)B.
By (b), we may assume that the monomial ¢7*! occurs with nonzero coefficient
in the power series expansion of g(s,) and does not occur in the power series
expansions of g(s,;;), - - - » 8(s,,)- Finally, we may assume that g(s;) € m3,
i=r ..., m [If this is not the case, add A-linear combinations of s;, ..., s,_;
to s;.] We then obtain

¢)) g(si) = Zbijt{» i=r...,m;
j=1

the b;; are elements of k[[¢;, . . . , #,_;]] such that by is a nonunit if j < g, and
b; g+ is a unit if and only if i = r. We will assume that b, ,, ; has constant
term =1.
We now observe that there is a surjective B-algebra homomorphism w: Fg Jk

— P}, 4 such that Ker(w) is generated by {d%(g(a))la € A}. (See [4, Proposition
16.4.18) and Lemma 4.6.) Exactly as in the proof of Lemma 3.8 one shows that
AP} / 4) is generated by the elements D*)(g(s;)), where 1 S\ <gq, r<i<m,
and D) = D,,...ox: B —> B is defined as in Lemma 4.7. From (1) we obtain
the congruences:

D@(g(s,)) = (g + )t, + b,, (mod m3),
)]

DM(g(s)) = by, (mod m3) if A, ) # (g, ).

Now, (c) implies that {D(”(g(si))ll <A<gqandr <i<m}is a subset of a sys-
tem of parameters in B. If char(k)l(g + 1), then (g + 1)¢, = 0 and we conclude
that {b;,|1 <A <gq and r <i<m} is a subset of a system of parameters in
kllty, ... 6,411 If char(k)1(g + 1), we draw the “weaker” conclusion that
{b;\lG, N) # (r, q)} is a subset of a system of parameters.

Let (S, mg) = k[[s;, . ..,s,]] CA. Then B/g(mg)B has a basis consisting
of the residues of 1,¢,, ..., 7. By Theorem 30.6 of [9], we conclude that B
is generated as S-module by 1, ¢,, ..., 7. After a possible change of variables,
we obtain

3) g6) =1 + 3" gla,)el.
j=1
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Moreover a, €Emg, j=1,...,q. We may also assume
) 8, =0 if char(k)}t(q + 1).

[If this does not hold, replace ¢, with ¢, — (g + l)‘lg(a,q) in the minimal gener-
ating set of mg.] Finally, we may assume

q
®) &(s) = i; g(a,-i)t’,, i=r+1,...,m, where al a;; € mg.

Let each of the nonunits g(a,.l-) € B be expanded as power series in £, ...,
t,. In this way, (3) and (5) give power series expansions of g(s,), . . . , 8(5,,)- If
we compare these expansions with (1), then we obtain

©) &a;) =b; (modm}) whenr<i<mand1<j<gq.

Since {b;} (possibly excluding (i, /) = (r, q)) is a subset of a system of parameters
ink[[t,,...,t_4]], it follows that we may change variables and assume that
{“ii} (possibly excluding (i, ) = (r, q)) is a subset of {s,,...,s,_;}. Thisimplies
that (i), (ii), and (iii) hold. Q.E.D.

REMARK 4.8. If g(m —r + 1) = r and char(k)|(g + 1), then there are no
points which satisfy the hypotheses of Theorem 4.1. This is because there are not
enough parameters to serve as “coefficients” in conclusions (i) and (iii). In the
following example, we will demonstrate the nonexistence of smooth points more
directly in the case r =2, m = 3, q = 1, and char(k) = 2. -

ExAMPLE 4.9. Let char(k) = 2, and consider the k-algebra homomorphism
g A — B, where A = k[[s,, s,, 5511, B=k[[t, t,]1], and

(a) g(sy) =y, )

(b) &(s;) = T, b;th, i =2, 3, where b; € k[[1,]].

Assume that b,, and b5, are nonunits but that some b;; is a unit, so that 2 <
dimy, B/g(m,)B <. Then A(P,,) = 8y(Qp,4) is generated by dg(s,)/0t,
and 3g(s,)/dt,; moreover dg(s;)/dt, = by, + byyts ++++. Thus, A, (P, 4)
cannot be generated by two elements of a regular system of parameters.

The following proposition gives an explicit description of the cotangent
space of S(lq )(f) in Theorem 4.1. It also shows that the converse of Lemma 4.5
is true.

ProposITION 4.10. Let A =k[[s;,...,s,1], B=k[[t;,...,t]],
and let g2 A — B satisfy (i), (ii), and (iii) of Theorem 4.1. Then
Q,PE 0+ m2)/m} is the subspace of mg/m} having the basis:

{fh<i<gm-r+1)-1}U {,} if char(k)t(qg + 1),

{1 <i<q(m-r+ 1)} if char(k)l(g + 1).

(The bars denote residue class modulo m3.)
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ProoF. We use the notation of the proof of Lemma 4.5. Thus, A (P} /4)
is generated by {DMg(s)Il <A< qgandr<i<m}. If 1 <v<r-1,then
DMyt = ()t 87> (where () = 0 if A > ). Furthermore, D@1 = (g + 1)t,.
Therefore, the set of initial forms of the elements D)g(s,) is

{t<i<qm-r+1)-1}U {(@ + 1),} if char(k)}t(g + 1),

(tN <i<q(m-r+1)} if char(k)i(g + 1).
This implies that the desired conclusions hold. Q.E.D.

5. Some properties of fibre products. In this section we study some prop-
erties of fibre products of the singularity subschemes of a morphism of varieties.
All of these are consequences of elementary properties of fibre products of
schemes of finite type over the algebraically closed field .

ProrosITION S5.1. Let f; W, — Y, j=1,...,d, be morphisms over k,
where Y is a nonsingular variety and Wy, . . . , W are of finite type over k and
of pure dimension. If Wy xy *** xy Wy #g& and Z is an irreducible component
of Wy xy *** xy Wy, then

dim(Z) > zd; dim(W,) - @ = 1) - dim(Y).
j=1

Proor. Consider the morphism f; x * =+ x fg: Wy x *++ x Wy — Y x
+ «+ x Y of d-fold products over Spec(k), and let AC Y x * - x Y be the d-fold
diagonal. Then

Wy xy o xy Wy =(f; x - x )7 ().

Since Y 15 nonsingular, the sheaf of ideals defining A as a closed subscheme of
Y x - -+ x Y is generated locally by (d — 1) * dim(Y) elements at every point.
Hence (f; x *** x £2)"1(A) has the same property as a closed subscheme of
W, x * -+ x W;. By Theorem 9.3 of [9], the codimension is <(d — 1) * dim(Y).
Q.E.D.

Let f: X — Y be a morphism of nonsingular varieties. Asin §1, we form
fibre products S{V(f) xy * * * xy S{9d)(f) by using the restrictions of f,
which send S@)(f)— Y, j=1,...,d. We recall that = 4(f) is the comple-
ment in X xy * ** xy X of the union of all diagonals. The closed points of
24(f) will be called d-fold points of f. We also recall that

Sa(fidhs - - 240 = Za(A O STV xy -+ xy 895,

(In particular, Z,(f;q,, . - . , 44) is an open subset of SSTV(f) xy ++* xy
5$9(£).)
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CoROLLARY 5.2. If Z is an irreducible component of Z,(f,qy, .. .,4g4)
and (£ 4y, - -+ 44) # B, then dim(Z) > dr - (d - Ym — T q(m —r + 1),
where r = dim(X) and m = dim(Y). In particular, every irreducible component
of Z4(f) has dimension Zdr — (d — 1)m.

Proor. The conclusion follows from Proposition 5.1, because every irreduc-
ible component of Sg"i)( f) has dimension >r = q;(m ~r + 1). (See Corollary
39.) Q.ED.

REMARK 5.3. The result of Corollary 5.2 is, of course, interesting only
when m = r. We observe that this result could be considered the “easy half” of
conclusion (i) of Theorem A.

PROPOSITION 5.4. With the assumptions of Proposition 5.1, assume further
that W, ..., W4, and Y are smooth over k. Letx,, ... ,xy be closed points
of Wy, ..., Wy respectively, and assume that f,(x,) =+ =fy(xy) =y €Y.
Let (0, my) = Oy, (Ox]., my;) = owj»xi’ and let p;: my/mf, — mxl./m,z‘i be
induced by f;, j=1,...,d. Then W xy * -+ xy W, is smooth and of the
smallest possible dimension at (x,, . . . , xg) if and only if dim (N, + + -+ N,)
= dim,(V,) + * + * + dim(N,;), where N; = Ker(o;) C m,/m3, j=1,...,d.

PrOOF. Leté=(xy,...,x)EW; x ' xWyandn=(y,...,») €
Y x -+ + x Y. (These d-fold products are taken over Spec(k).) Then mn/m% 2
ZL, ® my/m2, and if J C 0, defines the d-fold diagonal A, then

d
U + mp)/m} = (sv--nsa)eiZGmy/mi s+ "+Sa=0%-
=1

On the other hand, f; x * ** x f; induces the linear map p: mn/mf7 — mtlmg =
L, @ mxi/mil., where p(sy, . - - 5 85) = (0,(51)s - - - » Pg(54))-

(fy x =+ x £)"1(4) is smooth at (x,, . . . , xz) if and only if
Ker(p) N [(/ + m2)/m2] = (0).

This holds if and only if dim(V; + - * * + Ny) = dim,(NV,) + - - - +
dim,(V;). Q.E.D.

COROLLARY 5.5. Let f: X" — Y™ be a morphism of nonsingular varieties,
and let x,, . . . , x4 be distinct closed points of X such that f(x,) =+ * = f(x,)
=y €Y. Then T (f) is smooth and of dimension dr —(d — I)m at (xy, . .. , Xy)
if and only if

d d
dimy (]n Im«df)x)) = 3. dim (@), ) - @ = om
=1 =1

where (df ) = T(X)x,. — N(Y),, is the map of Zariski tangent spaces induced by f.
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COROLLARY 5.6. With the assumptions and notation of Corollary 5.5,

assume also that x; € S@(f), j=1,...,d Let I C 0,‘1. be the ideal
Aql(P‘]‘}/Y)x Let finduce A m/m2 — m,, /m} and p]' m,/m2 —
mxl/(mxl +1),j = ,d. Let N; = Ker(p)), j = ..,d If

Z,£0,q,5, ..., qd) is smooth and of the smallest posszble dimension at
Xy - o s Xg), then Z4(f;qq, - . ., q) is smooth and of the smallest pos-
sible dimension at (x,, . . . , x;) if and only if there exist elements t, . . . ,
1q1(m=r+1) Of Iy such that i <i< ql(m -r+1)}cC m,‘l/m,‘1 is linearly
independent modulo the subspace NN, + - -+ + N;) Cmy, /mxl

ProoOF. Each of the statements which must be shown to be equivalent implies
that S‘l"l)( f) is smooth at x, . Assume that this is true. Since Z;(f;0,45,...,44)
is smooth at (x,, . . . , x), Proposition 5.4 implies that Ker(\) N
W, +++++ Ny)=(0). Therefore, we must prove that Z,(f;qy, - - - qq) is
smooth and of the smallest possible dimension at (x, . . . , x;) if and only if
Ker() N ANV, + + - * + N,) = (0), where v: my,/m2, — m, /(mZ, +1,) is the
canonical surjection. The equivalence of these two statements follows from
Proposition 5.4 because p; =v° A,

6. A lemma about projective embeddings. In this section we prove the
existence of projective embeddings having certain properties.

DEFINITION 6.1. Let V be a closed subvariety of PV = Proj k[T, . .., Ty],
and let # C PV be a hyperplane. Let PV — H be identified with Spec k[T, ..., T,]
(after a linear change of variables). A linear coordinate functionon U=V -V N
H is an element of I'(U, 0,,) induced by a linear combination of the elements 1,
Ty,...,T,.

Consider an affine variety U (over k) and points x,, ..., x; € U. Let
b 1 ., by be positive integers. Forj =1, ..., d we have ring homomorphisms

l"(U 0y) — Ox]/m [, where (0, my)) is the local ring Oy, ;. Therefore,

we have a ring homomorphlsm 0. I‘(U OU) —> A, where A4 is the Artinian ring
H}’___l Ox]./mz;. It is well known that ¢ is surjective.

DEFINITION 6.2. Let U and ¢: I'(U, 0y) — A be as above. Let E be a
subset of I'(U, 0y). We say that A is spanned by E if A is spanned (as k-vector

space) by ¢(E).

LEMMA 6.3. Let by, ..., by be positive integers and let V be a projective
variety over k. There exists a projective embedding V C PV (for some N) such
that if x,, . . . , xg4 are closed points of V and H C PV is a hyperplane such that
X €U=V-VNHforj=1,...,d, then II l()x,/m,‘; is spanned by the
linear coordinate functions on U, where (0,,] mx]) Oy’xl i=1,...,d

PrOOF. Let an embedding V C P be given. We reduce to the case V =
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P” by considering the surjections Opn T OV"‘I" For each g > 0, let g,: P"
S PV be the g-tuple embedding (defined by global sections of the sheaf ((g) on
P"). Lemma 6.3 is a consequence of the following result.

LEMMA 64. Ifg> (E;-lei) — 1, then the conclusion of Lemma 6.3 holds
for the embedding o,: P" & PV.

PrOOF. Given a hyperplane H C PV such that og(xi) ¢Hforj=1,...,d
we change H so that o;’(H) is a hyperplane in P” counted g times. Such a change
multiplies the linear coordinate functions by an element which is a unit in each

O,

! We now choose a basis {T,, . . ., T,,} for I(P", 0(1)) so that 0;1(H) is
the hypersurface 7§ = 0; we identify P" — ;1(1{) with Spec(B), where B =
k[Ty,...,T,]. Let m; C B be the maximal ideal corresponding to x;, so that
L, Ox/mi = T, B/m?i.

We choose an (n — 2)-subspace A of the hyperplane T, = 0 which does not
meet any of the lines J?,_x—i', and we change the coordinates so that this subspace
has the equations Ty = T, = 0. Thus, if x; has homogeneous coordinates (1, ¢;,,

- 5 Cjp), it follows that ¢y, . . ., ¢4, are distinct. (Check this by projecting
from A.) For each i, we set hy(T,) = I, (T = ¢;;)*i. Then h; ¢ m;, but h; €
m,?i if i #j. Multiplying h; by the monomials of degree <b; = 1in Ty —¢;;,

-» T,, = ¢j,, we obtain polynomials of degree <g lying in m,.b" for i #j whose
residue classes span B/m}’i. This completes the proof. Q.E.D.

COROLLARY 6.5. Let x,, . .., X4 be distinct closed points of P". Assume
that g = 2d — 1. Then the tangent spaces Lao(Pn),05(xj)> j=1,...,d,spana
linear subspace of PV of the largest possible dimension, namely d(n + 1) — 1.

REMARK 6.6. This corollary is a stronger version of Corollary 1 of [11,
§2].

7. The d-fold points of a generic projection. Let V" be a nonsingular quasi-
projective variety over k. When a projective embedding V" C P” and a closed
point x € V are given, ¢, ., will denote the r-subspace of P" tangent to V at x.
If L CP" is an (n — m — 1)-subspace with L N ¥ =g [so that m =>r], we will
denote by m,: P* — L — P™ the projection from L and by m: ¥ —> P™ the
restriction of m; to V. We will denote by m, (¢}, ,) the linear subspace m; (¢, , — L)
C P™,

ProPoSITION 7.1. Let V' be a nonsingular subvariety of P*, L C P" an
(n — m — 1)-subspace with L N V =g. Let x € V be a closed point, set y =
n(x) € P™, and let p: my/m} — m,/m be induced by 1*: Opm , = Oy, .
The following statements are equivalent (where i is any positive integer):
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(a) dim,(Ker(p)) = m —r + i.
(b) x € S,(m).

(c)dim(L Nty ) =i—1.
() dim(m, (¢, ) <1 —i.

Proor. (a) <+ (b) is a consequence of Proposition 2.4. To prove (c) « (d),
observe that the closure (in P") of nzl(ﬂL(x)) is the subspace spanned by L and
x, so that the closure of 17 (m(x)) N ty x is the subspace spanned by x and
LNty . Sincen!(my(x)) Nty is a typical fibre of 7, I(t}, , — L), the equiv-
alence of (c) and (d) is now easily established.

In proving (c) « (a), we assume that equality holds in (c), and we select
homogeneous coordinates Ty, . . . , T,, on P such that:

(i) L is the zero locus of {Ty,...,T,},

@i)x=(,0,...,0),

(iii) 5, is the zero locus of {7, ;s ..., T,;}.

We set t, = 1 and work with affine coordinates ¢,, . . ., ¢, in an affine open
neighborhood of x € V. By (i), (ii), and (iii), it follows that coker(p) =
m,/(m2 + m*(m,) * 0,) is spanned by the residues of ¢, _;,,, ..., 7, and that
these elements are linearly independent. Hence, equality holds in (a). Q.E.D.

PRoPOSITION 7.2. Let VC P*, L CP", and w: V — P™ be as before; let
Xy, .« . ., X4 be distinct closed points of V such that n(x,) =+ =m(xy) =
y €P™ so that (x,, ... ,xz) € Zy4(m). Then Z 4(m) is smooth (over k) at
(xy5 - - . » xz) and locally of dimension dr — (d — 1)m if and only if

d d
dim( N nL(tV,xj)> =y dim(nL(tV.xi)) -(d-Dm.
. P

=1
ProoF. It is well known that there is a bijective map

a: {Vector subspaces of T(P™),} —> {Subspaces of P™ containing y}

which preserves dimension and intersections. By choosing coordinates as in the
preceding proof, one shows that & sends (dﬂ)x,(T(V)x j) to my (ty,x j). Therefore,
the desired conclusion follows from Corollary 5.5. Q.E.D.

We set d, = [m/(m —r)] + 1 in the case m >r and d, = r + 1 in the case
m =r. Consider the following property of a projective embedding ¥ C P".

(@) Ifd <d,, and x,, . . ., x4 are distinct closed points of V, then the
tangent spaces ty,x,, - - . , ty,x, Span a subspace of P of the largest possible
dimension, viz. d(r + 1) — 1.

LemMA 7.3. Every nonsingular quasi-projective variety has a projective
embedding which satisfies (c).
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The proof uses the techniques of §6 or of [11, §2].
In the statement of the following proposition, we identify Z;(m) with a
subscheme of ¥ x * -+ x ¥V (d-fold product over Spec(k)).

ProrosITION 7.4. Let V' be a nonsingular subvariety of P"*, and assume
that (o) holds. If n: V —> P™ is induced by projection from a generic (n —m — 1)-
subspace L C P", then for all sequences i, . . . , iy of nonnegative integers, = ()
N (S, (m) x - -+ x S;,(m)) is either empty or of pure dimension dr — (d — 1)m
E;Ll ‘j(m -r+ 11) (We set Sy = V.) In particular, if this integer is negative,
thenZy N (S;y % xS )=42.

COROLLARY 7.5. If n: V" — P™ s a generic projection, then for every
i 20, S(n)is either empty or of pure codimension i(m —r + i) in V.

PrOOF OF PROPOSITION 7.4. I claim that it will suffice to show that the
conclusion holds for the (finitely many) d-tuples (iy, . . . , i) such that d < d,
and i; <rforj=1,...,d The restriction §; < involves no loss of generality
because Sy(f) =@ when i > r for any morphism f: ¥ — P™. If m > r, then this
special case of the conclusion (more precisely the case d =dy and i, = - =i,
= 0) implies that card(m~!(n(x))) < d, — 1 for all x € V. This will imply that
Z4(m) =& whenever d > d,. If m =, it is only necessary to prove the result
wheni; >0forj=1,...,d [This is because m may be assumed to be finite.
Thus, if d < d' and Z;(r) — Zy(m) sends (xp, « .o, Xg) = (g5 0 0 0 5 Xg),
the fibres are finite. If iy, , =+ - =iy =0, then the result for (i}, ..., i,

0, ..., 0) follows from the result for (i,, ..., i;).] Therefore, if m =r and
we have proved the result for the case d <d, =r + 1, we conclude that Z,, , ()
N (Sy(m) x -+ x 8;(m) =g. This implies that the result holds for all d-tuples
(7T

Therefore, we may fix d <d, and (i, . . ., iz) and then show that there
is a dense open subset of the Grassmann variety G(n, n — m — 1) whose points
correspond to linear subspaces L C P” such that m = m, |V satisfies the conclusions
of the proposition relative to this particular d-tuple. (Observe that the intersection
of finitely many dense open subsets is still a dense open subset.) We recall that
dim G(n, n —m —1) = (m + 1)(n — m). Let G, C G consist of all (n —m — 1)-
subspaces L C P" such that L N V =g&.

Let U; C V x + ++ x V (d copies) consist of all d-tuples of distinct points,
and let W C U, x G, consist of all (x,, ..., Xy, L) such that

() dim(L N M(x,, .. .,xz)) =>d — 2, where M(x,, . . ., x,) is the (d — 1)-
subspace of P” spanned by x,, ..., X4}

(ii) dim(Z nty,xi)>i,-- 1forj=1,...,d
As in [11], we see that (i) is equivalent to saying that m(x,) = * * * = m(x,), or
equivalently that (x,, . .., x;) € Z,4(n). Proposition 7.1 implies that (ii) is
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equivalent to saying that x € S,-I.(1r) forj=1,...,d By looking at suitable
incidence correspondences, one shows that W is closed in U x G,,.

Let p: W — U, send (x,,...,X4 L) — (x;,...,X;). By Lemma 7.9
below (applied in the case thatq =n-m—-1landr, =---=r; =r):

d
dim(p"l(x,, cesxg)=m+Dn-m- 3 im-r+i)-(d- Dm,
j=1

so that dim(W) = dim(G(rn, n —m — 1)) + dr = (d = D)m = Z{L ,i(m = r + i)).
Thus, if L is chosen to lie in a dense open subset of G, the dimension of the
fibre of W above L will be dim(W) — dim(G,), or else the fibre will be empty. In
other words,

d
dim(Z, N (S,.l X "X S,-d)) =dr-(d-1)m —1;1 ifm-r+1i). QED.
THEOREM 7.6. Let V' C P" be as in Proposition 74. If m: V" — P is
a generic projection (where r < m < 2r), then for every d 2> 0, Z () is either
empty or smooth (over k) and of pure dimension dr — (d — Dm.

REMARK 7.7. Statement (iii) of Theorem 1 of [11] is equivalent to smooth-
ness of Z(m) at points (x,, . . . , X4) such that x; € S, (m) forj = 1,...,d.
The proof of Theorem 7.6 is similar to the proof of Lemma 7 of [11]; the
essential difference is that Corollary 7.10 must now be used to calculate the
dimension of the fibres of Fy — G,.

REMARK 7.8. When m = r it is necessary to prove smoothness only at points
(Xy5 .+« 5 xg) such that x; €S, (m) for all j. In fact, if x4 & S, (m), a straightfor-
ward application of Proposition 7.2 shows that (x,, . . . , x;) is a smooth point of
Z4(m) if and only if (x,, ..., x4_,) is a smooth pointof Z,_, (7). (The essential
observation is that m; (ty,x,) = P’ because x; ¢ S, (m).)

PrROOF OF THEOREM 7.6. We must show that if #: ¥ — P™ is a generic
projection, then for all d-tuples (i, . . . , i;) of nonnegative integers, there do
not exist points (x,, . . ., X;) such that (i) (x,, . . ., x,) is a nonsmooth point
of Z4(m) and (i) x; € S,-j(n) - Sii+ 1(m). As in the proof of Proposition 7.4, we
observe that we may fix (i;, . . . , i;) [with d <d,] and prove that there is a
dense open subset of G(n, n — m — 1) whose points correspond to (n —m — 1)-
subspaces L C P” such that = &, |V has the desired properties relative to the
given d-tuple (i, . . . , iy).

We define G, C G(n,n—m—1)and U; C V x * +* x V as before. We
consider a point (zy, . . ., zy) € Uy and L € G, such that n(z,) = - - - = 7(z4)
and z; € S;i(ﬂ) - S,-j+1(1r) forj=1,...,d By Propositions 7.1 and 7.2, Z,(m)
fails to be smooth at (z,, . . . , z;) if and only if there exists a linear subspace
AC ﬂ;;lnL(t,,,,j) such that
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' d
dim(AYy=m-dm-r -3 i+ 1.
j=1

Setting A = 17! (A"), we have

d
dim(A) = dim(AY+n-m=n—-dm-n- 3 i +1,
i=1

dim(A N tV,zi) >dim(A) +i; forj=1,...,d

For any integer 0 > 0, let E, C U, x G(n, q), whereq =n—m — 1, be
the subset consisting of all closed points (x, . . ., x4, L) such that L N V=g
and

(a) dim(L N M) >d — 2, where M is spanned by x,, . .., x4;

®) dimL Nty ) >§=1forj=1,...,d;

(c) there is a subspace A C P" with dim(A) =q + o+ 1,L CA,x; €A,
and dim(ty’xl.ﬂA)>a+ii forj=1,...,d

Since we want to show that Z4(m) is smooth if L is chosen to lie in some
dense open subset of G(n, q), the proof will be finished if we can show that E;
is a constructible subset of U; x G(n, q) with dim(E,;) < dim(G(n, q)) in the
case that 0 = m —d(m ~r) — ZL,i; + 1.

We will estimate dim(E;) by studying F,, which is defined to be the subset
of Uy x G(n, v) x G(n, q), where v =q + o + 1, consisting of all (x,, ..., Xy,
A, L) such that L N V =g, (a) and (b) above are satisfied, and

()L C A, x;€Aand dm(A Nty ) >0+ forj=1,...,d
By Lemma 8 of [11], F, is locally closed in U; x G(n, v) x G(n, q). Let
P13 Uy x G(n, v) x G(n, @) — Uy x G(n, q) be the projection; then E, =
p,3(F,). We conclude that E is constructible, and dim(E,) < dim(F,).

Let G, C Uy x G(n, v) be the closed subset consisting of all (x;,...,x4,A)
with x; € A and dim(A N ty,xj) 2o+ forj=1,...,d Using Lemma 7.11
below, we see that the dimension of G,, is

dr+ @+ 1)n-v)—do((n—-v)—(r—o0))—dn-v)
d d
“(-9-C-20)3 - ¥ i
J=1 j=1
Recalling that v =n —m + g, so that n —v = m — g, we find

dim(G,) =dr+(n—-m+o+ 1)(m — 6) —do(m —r) — d(m — o)
-(m—r+o)ii,— iif.
=1 j=1

The projection p,,: Uy x G(n, v) x G(n, q) — Uy x G(n, v) induces a surjection
¢: Fg — G,. If (x4,...,xg, A)is a point of G, then the fibre over this point
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is isomorphic to the locally closed subvariety of G(v, q) which parameterizes all
L C A which satisfy conditions (a) and (b) and also L N ¥V =g. By Corollary
7.10 below [applied with v replacing n], the dimension of any fibre of ¢ is
@+1D)w-q@—-@d-1)w—-q-1). Recallingthatv=q+ o+ 1landg=n-
m — 1, we obtain

dim(F,) = dim(G,) + (n —m)(o + 1) = (d - 1)o

d
=m+Dn-m+m-dm-n-m-nY i
j=1
d d
- Z ii2 + o<m—d(m-r)— > i,) - 02
j=1 j=1
In the case 0 = m —d(m - 1) — ZL,i; + 1, this becomes
d d
dim(F,) = dim(G(n, n —m — 1)) = (m _'),;1 i +i§:l G-iH-1.

Therefore, dim(F,;) < dim(G(n, n — m - 1)) — 1; in particular, dim(E,;) <
dim(G(n, n —m - 1)). Q.E.D.

LEMMA 79. Let Ly, ..., L, be subspaces of P", and let x; € L; for j =
1,...,d. Letr;=dim(L;), and assume that L, ..., Ly span a subspace of
P" of the largest possible dimension, viz. Zf-,(r; + 1) = 1. Let M C P" be the
(d — 1)-subspace spanned by x,, . .., x4, let iy, ..., iy be nonnegative integers
with i; <r,, and let q satisfy n > q > I i; + d = 2. Finally, let Z C G(n, q)
be the locally closed subset consisting of all q-subspaces L C P* such that

(O)xj¢Lforj= 1,...,d,

() dimLNL)>j-1forj=1,...,d,

(2) dim(L NM)>d -2.

Then, dm(Z) <@+ Dn—-q)-@-Dn-q-D-Z,iln—q-1-r; +i),
and equality holds if and only if q <n —r; +i; = 1 for all j.

We note that condition (1) is vacuous for those values of j with i; = 0.

COROLLARY 7.10. Let the notation be as in Lemma 7.9. Assume that
there is an integer 0 2 0 such thatn=q + o + 1 andr,=o+iiforj= 1,
veesd. Thendim@) =@+ 1)n-q)-d-1Xn—-q-1).

ProOF OF LEMMA 7.9. Let G, C G(d - 1, d — 2) parameterize (d — 2)-
subspaces M’ CMwithxj¢M' forj=1,...,d When1<j<d, letG;C
G(r;, i; — 1) be the dense open subset which parameterizes (i — 1)-subspaces
M; C L; with x; € M;. (If i; = 0, we take G; = Spec(k).) Let Y =G, x * * * x
G4, and let T C G(n, q) x Y consist of all (L, M,, . .., M,) with M; C L for
j=0,...,d Letp, and p, be the projections of G(n, ) x Y to the first and
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second factors, and let g,: T —> Y be the restriction of p,. Then Z = p,(T),
so that dim(Z) < dim(7); equality holds if and only if there exists a g-subspace
L C P" such that equality holds in (1) and (2). On the other hand, let y =
My, ..., Mx)EY. Then (L, My, ...,My) €T if and only if M, C L, where
M, is spanned by M,,, . . . , M;. Hence, q;l(y) is irreducible and of the same
dimension as G(n — € = 1,q — e — 1), where e = dim(M,) = ZjL. i, +d - 2.
Therefore

dim(7) = dim(Y) + dim(G(n —e—-1,q —e—1))

d
=d—1+j}=:lii(r—ii+ 1)+ (q-en—q)

d
=@+Dn-@)-@d-Dn-q-1)-3 in—q-1-r+i). QED.
=1

LeMMA 7.11. Let Ly, ..., L, be r-subspaces of P", and let x; € L; be a
closed point, forj =1, ...,d. Assume that dim(L) = (d + 1)(r + 1) — 1, where
L is spanned by Ly, ...,Ly. Letv,0,i,, ..., i, be nonnegative integers such
thata+ii<rforj= 1,...,d, and

d
do+ 1)+ X j-1<v<n-1
=1

Let H C G(n, v) consist of all v-subspaces A C P* such that x; € A and
dim(A N L)y=>o+iforj=1,...,d Then H is irreducible, and

dimH) < @ + 1)(n—v) —do((n —v) - (r— o)) —d(n —v)
d d
—(-»-C-20) T - 3 i
=1 j=1
Equality holds if and only if v<n—r + o + i; for all j.

The proof of this lemma is similar to the proof of Lemma 9 of [11]. We
omit the details.

8. The morphism ®. Let V" be a nonsingular closed subvariety of P" =
Proj k[X,, . . ., X,,] and let m be an integer such that n > m > dim(V). We
construct a morphism which parameterizes projections of ¥ to P™ (see Definition
8.1) and study its behavior under certain coordinate changes.

Let N=(m+ 1)n + 1)~ 1 and PV = Proj k[r;] 0<i<m; 0<j<n].
The homogeneous coordinates of a closed point can be regarded as entries of an
(m + 1) x (n + 1) matrix. Let U C PV consist of all points where this matrix
hasrank (m + 1). Ifz=(B) €U, let L, C P" be the (n — m — 1)-subspace
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given by the vanishing of the linear forms E'-'=OBU-TI~, i=0,...,m Sincem=
dim(¥), there is a dense open subset Z C Usuch that L, N V' =g forall z € Z.

DEFINITION 8.1, Letz = (8;) €Z C PV, We define ®,: V— P" to be
the unique morphism such that if x = (¢4, . . .,a,) €V C P" then ®,(x) =
(Cos -+ ++Cy) EP™ =Projk[Yy, ..., Y, ], where c; = Z7_ ,B;a;. [Equivalently,
we can specify that ®*: T(P™, 0(1)) — I'(P", 0(1)) satisfies ®F(Y;) = Zj=oB;X;s
i=0,...,m] Finally, we define ®: ¥ x Z — P™ x Z to be the umque
morphism which satisfies ®(x, z) = (®,(x), z). (The product sign “x” without a
subscript will henceforth denote the product x, (taken over Spec(k)).)

LEMMA 8.2. With the above notation, ®,: V — P™ is induced by projec-
tion from L,. If z and 2’ are points of Z such that L, = L, then ®, and &,
differ by an automorphism of P™.

LEMMA 8.3. Let {Sy,...,Sp,}and {Ty, ..., T,} be bases of
T®™, 0(1)) and TP, 0(1)) respectively. Let zo € Z. Assume that L, C P" is
given by the vanishing of Ty, . . . , T, and that ®} (S,) T,i=0,...,m
Then there is a basis {0,;|0 <i < mand 0 <j < n} of T(®Y, 0(1)) such that
(ifze Z C PN has homogeneous coordinates (by;) relative to {o;;},
then ®}(S) = i ob; T}, fori =0,...,m;
(ii) zo has homogeneous coordinates (5;;) relative to {0}, where §;; = 1

(resp. 0) if i = (resp. i #J).

PrOOF. X, =27 ¢a,Tj, v=0,...,nand S;=Z{_o7n Yy, i=0,
. » m, for suitable a,; and v;, € k. We set

Z Z 717\0‘1117}\1&

A=0 v=0
The matrix of coefficients which expresses {o;; ;} in terms of {r,} is invertible
because it is the Kronecker product of two mvert1ble matrices. If z € Z has
homogeneous coordinates (b,-j) relative to {0}, then

Z 2 7:7\0‘1116)\14’

A=0 v=0
where {8} is a set of homogeneous coordinates of z relative to {r,,}. There-
fore

m
XS = > 1227 (1))
A=0

m n n n
=Y X ¥ 1l = X bl
A=0 v=0 j=0 j=0

This proves (i), and (ii) is clear. Q.E.D.
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9. The singularity subschemes of . We again fix a nonsingular projective
variety Vand an integer m =r = dim(V). Letd, = [m/(m —r)] + 1 (respectively
dey=r+1)ifm=r+ 1 (respectively m =r). Wesetqe = [r/(m-r+1)] +1
in either case. (The brackets denote integer part.) We also assume that the
embedding V C P” satisfies:

The conclusion of Lemma 6.3 holds with

() _ L
d—d*andbl-—"‘—bd=q*+l.

(See also Lemma 6.4.) We set N = (m + 1)(n + 1) — 1 and consider the dense
open subset Z C PV and the morphism ®: ¥ x Z — P™ x Z as in Definition 8.1.

THEOREM 9.1. Let V C P" be as above. Assume that d <d, and 0 < q;
<qu, j=1,...,d Then Z,®;q,,...,q,)is smooth over k and has pure
dimension dr — (d — 1)m — 2;-’= 19/(m —r + 1) + dim(Z). In particular, Sﬁ‘”(@)
has pure codimension q(m —r + 1) in V x Z whenever 0 < q < q,.

Proor. Corollary 5.2 implies that every irreducible component of
24(®;qy, . . ., qy) has dimension >dr — (d - )m — ZL ,q(m —r + 1) +
dim(Z). In proving the opposite inequality we will regard Z4(®; q,, . ..,qy) as
a subscheme of V' x + *+« x ¥V x Z. Therefore,

g5 e s Xg, 2)EZH(D5 94, .- .5 ag)

i and only if (a) ®,(x;) = - * * = ®,(x,) and (b) (x;, 2) € S{(®),j = 1,
...,d. If Spec(k) — Z corresponds to the closed point z € Z, then S(,"i)(CDZ) =
Spec(k) xz S{%)(®). Thus (b) holds if and only if x; € S{)(®,), j=1,...,d.

Let (x,, ..., x4, Zy) be a closed point of W =Z (®;q,,...,q,). We
will show that there is a subspace A C PV such that

Dzo €N

(if) dim(A) = (@ — D)m + ZL ,q(m —r + 1);

(i) if S = (x4, . . ., Xg) X A, then S N W is the point (xy, . . ., X4, Zg)
with reduced structure.

In other words, S N W is nonsingular and of pure codimension (d — 1)m +
2}’___1q,-(m -r+1)inS. Since (x;, ..., Xy, 2y) is an arbitrary closed point of
W, we will obtain the desired conclusion.

In constructing A, we fix homogeneous coordinate systems {T, ..., T,}
onP" and {S,,...,S,,} on P” which satisfy (1) through (6) below.

() x; =(1,0,...,0),and x; = (1,0,...,0,1,0,...,0), j=2,...,
d. (The Oth and (7 —j + 2)th coordinates of x; are nonzero.)

(2) L;, CP" is the subspace T = * * - = T,,, = 0, and ®},: I'(P™, 0(1))
— I'(P", 0(1)) satisfies o) =T;, i=0,...,m (In particular, ®,,(x,) =
ce= 8, (x) =y =(1,0,...,0)EP")
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(3 Forj=1,...,d, the (n —r)subspace T, = * * * = T,_; = 0 meets the
tangent space fy x i C P" in exactly one point.

This is possible by Proposition 7.1. (Note that (xj, zy) ¢ S,(®), so that
xj ¢ S2((I)20)°)

We now work with affine coordinate functions ¢,,...,¢, on V (we set
to = 1). By (x) we can modify ¢,_4.,,...,1, to obtain the following stronger
version of (1), where (o"i’ m,) = Oy,xj.

@If2<v<dand 1 <j<d, then

typss =1 (mod m:;H) ifv=j,

+1
ty_ysa =0 (mod m:; ) ifv#j.

By (3), the elements t; = <I>2'0(s,.), i=1,...,r—1, are linearly independent
modulo m? ; for all j, where sy, ..., s, are affine coordinates on P™ in a neigh-
borhood of y. By (x) we may also assume

(5)Ifg; >0, thenty, ..., t,_y, by generate my;, while 2, ;» € mg;'“
ifqi:>0andi'¢j.

(6) If g; > 0 and 1 <I<qy, then t,,¢; ) = 1,4, (mod md**1), where
v(j, ) =m + (I - 1)d +j, while if g > 0 and j' #, then #,,;» ;, =0
(mod mi; +1,

Having good coordinate systems on P” and P, we now fix a homogeneous
coordinate system {0;,|0 <i<m and 0 <v <n} on PV which satisfies the
conclusions of Lemma 8.3. We take A C PV to be the linear subspace given by
the vanishing of all g;, — 8,0, except those which satisfy either

(Ta)n-d+2<v<nand 1<i<m,or

(7b) r <i<mand v = v(j, I) for some j, I such that g; >0 and 1 <I<g;.

I claim that (i), (i) and (iii) hold for this A. Of course, (i) and (ii) are
clear. To establish (iii), we get Z' = Z N A and consider the morphism ®' =
®lyyz: V xZ'— P" x Z'. Thus if & is regarded as a morphism of schemes
over Z, then @' is obtained by the base extension Z' — Z. Therefore SV(®') =
Sg‘”(d)) Xz Z ' for all ¢ = 0, by Proposition 3.3. Using elementary properties of
fibre products one shows Z4(®") = 4(®) xz Z'. In other words §{V(®') =
SD@) NV xZ)inV xZ and Zy@)=Zy@)N( x++xVxZ')in
V x+++xV xZ, Moreover,

ey 1.y
2@y, .0 45) = 2@ N pTAS V@) N N pFt 8P (@))

wherep;: V x -- x VxZ—V xZsends (xy, . ..,x4,2) = (x;, ). Therefore,
(iii) is a consequence of the following two lemmas.

LemMA 9.2. If q; >0, then s{a@)n ({Ix} x2)= xrx@n Z'), where
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A,- is the subspace of A given by the vanishing of {0;,Ir <i<mand v=y(j, ) for
somel€E {1,... ,ql-}}.

LEMMA 9.3. Z5(@) N ((Xy5 ..., Xg) X Z) = (%1, ... ,%5) x (Ay N Z"),
where Ay C A is the subspace of A given by the vanishing of {0;,|1 <i<mandn -
d+2<v<n}.

PROOF OF LEMMA 9.2. Consider the statement about S¢71)(@") N ({x,} x Z").
To simplify notation we set x =x, and ¢ =q,. Let (4, m,) and (B, mg) be the local
rings on P x Z' at (¥, z5) and on V x Z' at (x, z,) respectively, and let '*: 4 —
B be induced by ®'. In particular, A and B are localizations of 0, ®, R and 0, ®,
R, where (0,,m,) =0y ,,(0,, m))= Opm’y, and (R, mg) = OZ'zo‘ Moreover,
@'* is an R-algebra homomorphism. As minimal generating set of mz we take {0;,}
where (i, v) runs through all pairs such that either (7a) or (7b) holds. Then

(8a) ®'*(0;,) = 0;, for all (i, v);

Bb) @'*(s)=u;fori=1,...,r-1;

(80 "*(s) =u; + 25 1y0; v inyluyy fOTE =1, .. m, whereu; = ¢, +
2 =n—d+20itysi=1,...,m. (j, ) runs through all pairs such that ¢; >0 and 1 <
1<q;. (We have written 0;,,, s; and ¢, to denote the elements 1 ® g;,,s; ® 1 and
t, ® 1, respectively.)

Since {uy,...,U,_q:t;p+1} is @ minimal generating set of m, B, Proposition
3.10 implies that there are R-linear differential operators DW): Bp— B, u=1,...,q,
such that

9) if b = (2 ui»)e,, . | (mod m2*!B), then

r—1
Dy = <L>< II uf,") th# | (mod mI*17#B);
v=1
(10) A, (P} /4) is generated by the elements D(“)dJ'*(si), where 1 <u<gqand
r<is<m.
By (5), (6), and (9), we see that if 1 <I<g, then

D™ty n=1(mod m,B) ifpu=1

=0 (mod mB) ifu#l

Using this, together with (8c) and the R-linearity of D™, and observing that (4)
implies D“)u; Em,B, i=r, ..., m, we conclude that DM&'*s) =0, ,, ) (mod m B)
whenever 1 <u <gqand r <i<m. By (10), this implies that m,.B + A (P} ,)
=m,B +J, where J C B is generated by {0; ,(; plr <i<mand 1<I<gq}.
Since Aq(Pg ;4) C B corresponds to the subscheme Sﬁq )(@"), the proof of the case
j =1 is complete.

The proof is entirely similar in the case 2 <j<d. The idea is that equations
like (8b) and (8c) hold with s; and u; replaced by s; = 0; ,_j,, and u; = 0; , ;.5
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respectively. With this change, Proposition 3.10 can be applied as in the case
considered above. Q.E.D.

The proof of Lemma 9.3 is straightforward and will be omitted. Let us
simply observe that if z = (b;,) is a point of Z', then ®,(x,) = - * * = ®,(x,) if
and only if b;, =0 foralli€ {I,...,m}andv€E€ {n—d+2,...,n}. Thus,
it is clear that our description of Z,;(®") N ((x 1reeesXg) XZ ) is set-theoretically
correct.

10. Proof of Theorem A. We fix an integer m = r = dim(V) and an em-
bedding ¥ C P* which satisfies assumption (+) of §9. Let Z C PV and ®: V x
Z — P™ x Z be as in Definition 8.1. Using Pliicker coordinates, we obtain a
dominant morphism g: Z — G(n, n —m — 1). Therefore, Theorem A will follow
if we can show that = = @, satisfies the conclusions of Theorem A when z lies
in a suitable dense open subset of Z.

Let Spec(k) — Z correspond to the closed point z € Z. Then
Z4@5ay, ..., q9) =245 94, ..., q4) xz Spec(k). If we regard
Z4(®; 94, . ..,4y) as a closed subscheme of ¥V x * -+ x ¥V x Z (product
taken over k, as usual), this is equivalent to

24 @591 --599) X {2} =Z4(®:qy, ..., q) NV x -+ x V x {z}).

By Theorem 9.1, dim(S{9*)(®)) = r — q4(m — r + 1) + dim(Z) < dim(Z). There-
fore (V x {z}) N S{7*)(®) =g if z lies in a suitable dense open subset of Z.
Equivalently, we may replace Z by a dense open subset and assume

(D) S{D(®) = when q > q,.
A similar argument shows that if Z is replaced by a still smaller dense open sub-
set, we may assume

(I1a) if m > r, then Z,(P) =& when d = d,;

(IIb) if m =r, then Zy(®; 1,...,1) =& whend 2> d,.
In the case m > r + 1 it follows that only finitely many Z,(®; q,, .. ., qy) are
nonempty; if m = r we conclude that only finitely many of the Z,(®; q,,...,qy)
with g; > 0 for all j are nonempty. Since the intersection of finitely many dense
open subsets of Z is dense, we may therefore fix q,, . . . , ¢4 and consider the
morphism p: Z,(®;49,,...,94) — Zinducedby Vx ** - x VxZ—Z
Specifically, we must show that if z lies in some dense open subset of Z, then

(i") p~(2) has pure dimension dr — (d - 1)m - E;quj(m -r+1)

@ii") if char(k)‘l’(qi + 1) for all j, then p~!(2) is smooth over k;

(iii") in general, the dimension of the nonsmooth locus of p~! (2) is < card(Q)
— 1, where Q = {jlchar(k) divides q;j + 1}

Since dim(Z,(®; q,, - . . , q4)) — dim(Z) =dr - (d — 1)m -
E}’__. 14jm—r +1), (i’) follows from well-known properties of the fibres of a
morphism, regardless of the characteristic. If char(k) = 0, then (ii") follows
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from Theorem 2.9, and (iii") is meaningless. If char(k) > 0, then (ii') and (iii")
follow from Lemma 10.3 below. Q.E.D. for Theorem A.

REMARK 10.1. Let m = r; suppose that d > d,, and (x;,...,Xx3) €
Z4(®,:44,...,494). By (IIb), we may assume that 4q,="""=qg=0andx;
€5,(®,),j=dy,...,d. By Proposition 5.4, smoothness of Z4(®,,q,,...,q,)
at (xy, . . ., x4) follows from smoothness of Z; _;(®,;qy,...,q4,-) at
Xy v e Xg,my)- [With W, = S{%(®,), we have Ker(p)) = 0,/ = dy, . . . ,d.]
This explains why it suffices to consider the valuesd =1, ...,d, — 1 when
proving the case m = r of Theorem A.

DEFINITION 10.2. Let T be a subscheme of ¥ x  ++ x V x Z which is
smooth over k and of pure dimension, with dim(T) = dim(Z). Let p: T — Z be
induced by the projection ¥V x + + * x V x Z — Z. We define the nonsmooth
locus of T over Z, denoted NS(T/Z), to be S,(p), where v = dim(T) — dim(Z) + 1.

As in the proof of Theorem 2.9, we observe that s € T is a closed point of
NS(T/Z) if and only if either

@) p~}(p(s)) is not smooth (over k) at s, or

(b) s is contained in an irreducible component of p~!(p(s)) which has
dimension >dim(T) — dim(Z).

LemMA 103. Let 0<d<dy and 0<¢q;<qx~1,j=1,...,d Let
W=2Z,®;q,,...,4q,) be identified with a subscheme of V x =+ x V x Z.
Then dim(NS(W/Z)) < dim(Z) + card(Q) — 1, where Q = {jlchar(k) divides
q; + 11,

The proof of Lemma 10.3 is given in the next section. Similar methods
can also be used to prove the following more detailed result, of which Theorem
10.5 is an immediate consequence.

LEMMA 104. Let 1<e<d<d,,andletq,,...,q4 qys---+q, be
integers such that 0 < q; <qx — 1, j=l,...,d,and0<q}<qi, i=1,...,e
Let W=Z24®;qy--.,dg), W=2.@:q},...,q.),and Y =W N NSW'/Z)
x Vx-++x V). Then dim(Y) < dim(W) — & — 1, where

S=r—-(-D)m-r)- i qj(m —r + 1) = card(Q) - card(Q"),
j=1

0= {jl1 <j<e q;=gqj and char(k) divides q; + 1}, and
Q' = {jll <j<eand q; <q;}.

In other words, (x,, . .., Xy, 2) € Y if and only if (x;, ... ,x4,2) EW
and (x;,...,X, 2) € NS(W'/Z). We obtain Lemma 10.3 by taking e = d and
gj=aqj=1,...,d
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THEOREM 10.5. Letd, e, q,,...,qy,and qy, - . . , q, be as above. Let
w: V. — P™ be a generic projection, and let © C V x -+ - x V (d-fold product)
consist of all (x,, . . ., xy) such that

@) (g5 .0 e x) €EZ4(M5qq, - -5 4y),

(b) (x4, . . ., x,) is @a nonsmooth point of Z,(q,, - - . » q,)-
Then dim(©) < dim(Z4(m; q,, . . ., qy)) — 8 — 1, where § is defined as above.

CoROLLARY 10.6. Assume, as always, that the projective embedding sat-
isfies (x). If m: V — P™ is a generic projection and x is a nonsmooth point of
SO (), then

@) x ¢ S99 Ve,
(iia) 7Y (x)) = {x} if m > r;
(iib) 7 @(x) N S, (m) = {x} if m=r.

ReEMARK 10.7. With the hypotheses of Theorem 10.5, let (x;, ..., x,) €
Z4mqy, ..., q,) and set y = w(x;) =" =n(xy) EP™. Set (0, m)) =
Opm > (Oxj» my)) = Ov,x;» and let [; C Oy, be the ideal defining the subscheme
S{:';)(ﬂ)c Viecally,j=1,...,e. LetN;= Ker(pi) C my/mf,, where p;: my/mf,
— my /([; + mii) is induced by *: Oy — 0y i For simplicity, assume that x;
$S(l"i’{‘ Dm)if 1 <j<eand q; =q;. Lemma 11.2 below implies that § = m =
Z7_ ;dimy(V;). By Proposition 5.4 we conclude that if § <0, then (x, . . .,x,)
cannot be a smooth point of Z,(1;qy, . . . ,q,). Of course, this does not imply
that Z,(m;q5, . . ., q,) is empty.

11. Dimension of the nonsmooth locus. We will keep the assumptions of
§9. In particular Z C PY and &: ¥ x Z — P™ x Z are as in Definition 8.1. As
we have noted before, Z5(®,) x {z} = Z4(@)N(V x * -+ x V x {z}). Since
(*) implies condition (@) of §7, Theorem 7.6 implies that we may replace Z with
a dense open subset and assume

(A) If 0 < d <d,, then Z () is smooth over Z and of pure relative di-
mension dr — (d — 1)m. (We regard Z;(®) as a scheme over Z, with p: Z4(®) —
Z induced by the projection V x +++ x V' xZ —Z)

Proor oF LEMMA 10.3. We fix d <d, and aj» j=1,...,d, such that
0<¢j<qu—1 Lete= card({jlqi>0}). Ife=0,theng, =---=¢q,=0,
and smoothness follows directly from (A). Thus, we may assume that ¢, > 0.
Ifd>2, weset Wy =2y(®0,q5,...,95)and @y =Q N {2,...,d}
tion on € implies

dim(NS(W,/Z)) < dim(Z) + card(Q,) — 1 < dim(Z) + card(Q) — 1.

Therefore, we may ignore irreducible components of NS(W/Z) which are contained
in NS(W,y/Z).
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We now fix a closed point (x, . .., X4, 25) € W such that

(1) W, is smooth over Z at (x,, . . ., X4, Zy)- (Thus, (x;,...,xz)isa
smooth point of Z;(®;,;0,4;, - - - ,44))

(If d = 1, we simply fix a point (x, z,) € Sg‘”(@).) Let Q' = {jlCx;s 29) €
SOt D@)} and 0" =0 -0 N Q. Let W, = Zy(®;q%, . .., q%), where qr =
q; + 1 (resp. q¥ = q;) if j € Q' (resp. j & @), and let Y = W, N NS(W/Z).

I claim that dim(Y) < dim(Z) + card(Q") — (m — r)card(Q") — 1, or
equivalently that dim(Y) < dim(W,) — & — 1, where

d
§=r-@-Dm-nN-3 qm-r+1)- card(Q") — card(Q").
j=1

This will imply the desired conclusion because Q" C Q. We may assume that
6 = 0; there is nothing to prove otherwise. Finally, a descending induction on
card(Q") shows that we only need to study irreducible components of ¥ which
contain (x,, . .., X4, Zy)-

We will establish the claim by finding a linear subspace A C PV such that
the following statements hold with Z' = Z N A.

P zy €2, and (x;,...,x5) x Z' C W,.

(P2) dim(((xy, - - - » xg) x Z') N NS(W/Z)) < dim(A) - § — 1.
[Since W, is smooth over k, (P1) and (P2) will in fact imply that Y has codimen-
sion>8 + 1in W.] Lety =&, (x,) =""*=®,(x,;) €EP". In constructing
A we will use homogeneous coordinate systems {T, ..., T,,} on P” and
{Sg> - - - »8,,,} on P which satisfy (2) through (6) below.

@D x;=(1,0,...,00€P", and Ty(x) #0, j=1,...,d

(3) L;, C P" is the subspace T = * - = T, = 0, and ®%,: I'(P"™, (1))
— I'(P", 0(1)) satisfies ®F(S) =T;, i=0,...,m

Thus, y = (1, ..., 0) € P". Henceforth, we use affine coordinates ¢,,
...y t, (resp.s;,...,5,)on an affine open subset of P” (resp. P™). Since
x, € Sl(fb,o) - S2(<I>z°), we may assume

@ty ... t_y, 1, generate the maximal ideal my; C Oy, = Oy, x>
andt,€m} ,v=r,...,m

If x € X with (0., m,) = Oy ,., we set T(X)} = m,/mZ, i.e., the cotangent
space. @,,: ¥ — P™ induces linear maps A;,: T(P™)} — T(V)%, and (if d >
2) pj,zo: TO™YE — TSI (@, )%, i=2,...,d. Let N} = Ker(;) and
N; =Ker(pjz;), i=2,...,d. By (), {s,,...,85,} is a basis of N}, where
s; € my/m3 = T(P™)} is the residue class of 5, In the case d > 2, Proposition
5.4 implies that we may assume

(5) There are disjoint subsets E,, ..., E; C {1,...,r— 1} such that
{sli€E}isabasisof Nj,j=2,...,d.

Finally, by assumption (x) of §9 we may assume
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(6)If 1 <I<gq,,and 1 <u<r -1, then there is an integer y(/, u) such
that (a) 2,7 4y = tutpm 41 (mod m31+2), and (b) £, ) € m§l+2 if2<j<d
Having obtained good coordinate systems on P” and P’”, we now fix a

homogeneous coordinate system {0;,|0 <i<m and 0 <v <n} on PV which
satisfies the conclusions of Lemma 8.3. If d = 1, we set N = (0) C T(P™)} and
c=0. Ifd>2,weset N=N, + -+ N, and ¢ = dim(V,) + *  * + dim(V,);
in this case we may assume that E, U -+ -UE; = {r—c,...,r—1}. We take
A C P to be the linear subspace given by the vanishing of all o;, - §,,0,, such

that (i, v) € A, where
A= {( v)Ir<i<mand v = y(, u) for some (/, u)

such that 1 <I<gq,and 1 <u<r-c-1}L

An argument similar to the proof of Lemma 9.2 shows that Z' = Z N A satisfies
(P1); moreover

(7) If z € Z', then (x;, z) € S{%+1)(®) if and only if j € @'. Forz €2',
®,: ¥V — P™ induces linear maps A,: T(P™)} — T(V)¥, and p; ,: T(P")} —
mgﬁqi)(@z))gj, j=2,...,d Lemma 11.1 below implies that {s;li € E;} is a
basis of Ker(p; ;). Thus, Corollary 5.6 implies

(8) (x4, - . - , x5) is a smooth point of Z4(®,; q,, . . ., q,) if and only if
there exist elements b, €I}, i=1,...,q,(m —r+ 1), where I; C 0y, =
0v,x, is the ideal defining S71)(®,) C V, such that the elements b; € m,, /m2 ,
i=1,...,q,(m—r+1),are linearly independent modulo the subspace of
m, /m% spanned by {flr—c<i<r-1}.

Specifically, Lemma 3.8 implies that I, is generated by the elements
DM&X(s), r<i<mand 1 <A<gq,, where the DV: 0, — 0y, are klinear
differential operators such that

(9) If b € O, and b = ut},, ., (mod m§1*2) where u is a monomial in
tyseoost,_y,then DMp = (5\)“"1_4-1 (mod mxl)

Let Ay C A be the complement of the hyperplane 0y, = 0. We set gy =
1 to obtain a set of linear coordinate functions on Ay, which we denote {o;,I(7, »)
€ A}. Ifz€2'and ®}: 0, — 0y, is induced by ®,, then

Xs)=1t, i=1...,r—1,
)=+ X o, ,Dt,, i=r...,m
v
where v takes the values v = y(], u), with 1 <pu<r-c-1land 1 <I<gq,. By
(6), we may therefore assume that the following congruences hold modulo m§} +2,

q’*(sr)_tm+l + Z Z rl(z) m+l+$r lfl¢Q’

u=1 I=1
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r—c—-1 91 . ,
¥s)= Y 2o ,,(z)t” el TE f1EQ,
u=1 1=1
r—c—1 91
Q;()- Zl IZ :(Z),,m“""é,, i=r+1,...,m,
“—- =

where o wit = O yuy + @y for some a,; € k [similarly for o ,,] and §,,...,
§,, are polynomials in ¢,, ..., f,_,, t,, . Which do not involve the monomials
t“t'mH, 1<u<r-c-1,orpowersof t, ,,. These congruences, together

with (9), imply that the following hold modulo m?‘l:

r&t (q 1 )

(102) pVassy=(q, + D, + > Opra, @1y + DV, 160"

(100) pgrs)="S o, (), + D%, if1€0"
z\"r = urqy M r ’

r—c-1
(11) DMaexis) = }:l o @, + DM if G N # @ qy).

fre=
The linear term of D, involves ¢,__,, . . . . By (8) it does not matter.

We now consider a matrix M, whose entnes are to be the o] win (distinct

indeterminates, lying in the coordinate ring of Ay). M will have r— ¢ — 1 columns,
indexed by the integersu=1,...,r—c—1. If 1€ Q'U Q" (ie.,if x; &
5$91+1) and char(k)4(q, + 1)), we take the rows of M to be indexed by {(G, N)I
r<i<m,1<A<gqy,and (; \) # (, q,)}. [Since z,,,, occurs nontrivially in
the linear form of D(91)®*(s,), we do not need to consider the coefficients of
tyse ey bty in (10a).] If 1 € Q' orif char(k)l(g, + 1), M will have one more
row—we do not exclude (7, q,) from the indexing set. It follows from (8) that
(xys - - .5 Xg, 2) € NS(W/Z) if and only if M has rank <#(rows). If d = 1, then
M has r — 1 columns. If d > 2, then Lemma 11.2, below, and the fact that ¢ =
dim(V,) + - - - + dim(V,) imply

#eolumns) + 1 =r—-@d-1)m—-r) - Zd: q;(m - r + 1) — card(Q}) — card(Q}),
j=2

where 0] = Q' N {2,...,d}and Q] = Q" N {2,...,d}. Therefore
#columns) — #(rows) + 1 =§ + 1.

It follows that the subvariety of A, determined by the condition rank(M) < #(rows)
has codimension § + 1. (See [10, Propositions 1 and 2] and [2, Theorem 3].)
This implies (P2). Q.E.D.

LeMMA 11.1. With the notation of the proof of Lemma 10.3, let z be an
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arbitrary point of Z'. Then T'(Sg"i)(d>z))xl. and T(S{9)(®, oDx ; are identical sub-
spaces of T(V)xl., forj=2,...,d

Proor. We set x = x; to simplify notation. @} and &%, induce 0,-algebra
structures on (. In each case, we get a surjective (), -algebra homomorphism
u: Py e — P 0 » where g = g;. The two kernels are generated by {d?®7(a)|
a€0,} and {d79¥,(a)la € 0,} respectively. Since ®,(a) = P,,(a) (mod mI+?)
and d? is a differential operator of order g, we conclude that d9 AGE
d®*(g) (mod m2 ),/k)- Using a free basis of P}/, to compute the two Fitting
ideals, we see that corresponding generators of the Fitting ideals are congruent
modulo m2. Q.E.D.

2.

LEMMA 11.2. Let f: X™ — Y™ be a morphism of nonsingular varieties,
where r <m. Let q = 0, let x be a closed point of S = Sg")(f), and let g = flg.
Assume that S is smooth at x and locally of codimension q(m —r + 1) in X.
Then the linear map (dg),: T(S), —> T(Y)y(y satisfies

rank((dg),) =r—qm—r+1) ifx € SS9 1(f) and char(k)t(q + 1),

rank((dg),) =r—q(m—r+ 1) — 1 otherwise.

PrROOF. Let (4, my) = Oy r(,) and (B, mg) = Oy ,,and let p = f*: 4
— B be induced by f. Let {s;,...,s,}Cmy,, {t;,...,7} Cmg and the
differential operators D1, . .., D(®) be as in Lemma 3.8. The cokernel of the
linear map (df)}: T(Y)} )y — T(X)} is just mg/(m, B + m32). Therefore, we
must show that it is possible to find a pair (i, /) such that D(i)p(u,) ¢m,B+
m3 if and only if (i) x & S{?* 1)(f) and (ii) char(k)+(g + 1).

Let p(4,), . . . , p(u,,) be expanded (modulo mg“) as power series in
tys- .., t,. Thenx & S{@* () if and only if the monomial 22*! occurs in
one of these expansions. By Lemma 3.7, D{¥)(t3%!) = (g + 1)t, (mod m2),
while DOf € m} if i <q and » > q + 1. Therefore, DP(p(u;)) ¢ m,B + m3
for some (3, /) if and only if (i) and (ii) hold. [Observe that mg/(m,B + m3) is
spanned by the residue class of ,.]

12. Further consequences of smoothness. The main result of this section
is Theorem 12.1. We will prove that Theorem B is a direct consequence of
Theorem 12.1.

Consider a finite morphism f: X" — Y™ of nonsingular varieties over k (m=>r)
and distinct closed points x,, ..., x; € X such that f(x,) =+ =f(x;) =y €Y.
We fix nonnegative integers q,, . . . , g4 and assume

(1) x; €SE(f) = SEGHI(f), j=1,...,d;

(93} Sg"i)( f) is smooth and of dimension 7 —g,;(m —r + 1) near x;;

(3) S$9U(f) xy * + + xy 8{9d)(£) is smooth and of dimension dr — (d — 1)m
= Zj=1qi(m —r + 1) near (x,, . . . , x,).
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(Of course, (3) implies (2); we list (2) only to isolate its use more clearly.)
We have homomorphisms f}: (A)y'y ad Ox,x,., j=1,...,d, induced by . Let
f* 0y, — 0L, 5x,xj, where f*(a@) = (f¥(@), . . . , £%(a)). We want to iden-
tify the various complete local rings with formal power series rings in a way that
will give a canonical form for f*.

In this paragraph, we fix a value of j and set ¢ = ¢;. Let 4, my)=
k[[uys ..., u,]], and let (B;, m)) be a copy of k[[¢,,...,t]]. By Lemma
4.5, there are isomorphisms ¢: (7},'), —>4 and y;: ax"‘i —=B,j=1...,
d, such that g; = y; ° f} ° ¢~1: A — B; satisfies

@Dgw)=1,i=1,...,r-1;

q-1
g,‘(ur) = tg+l + Z tq(m—r)-l-vt;) IfChar(k)*(q +1),
v=1

) )
= tg+l + Z tq(m—r)+vt: if char(k)l(q + 1);
v=1

6) g, ) = T ytg—ry4uts» i=1,...,m—r.
(If ¢ = 0, we are to take gi(u,) = ¢, and g,y )=0,i=1,...,m~- r) Let
I; = A,(P};4) [with g = q;] and N; = Ker(m, [m%4 — m;/(m? + I).

Since each J; is the “extension to B” of the ideal defining S$D(f) near
x;, assumption (3) implies

(7) dim@V, + + - + + Np) = dim(V;) + - -  + dim(V,p).
(See Proposition 5.4.) Forj=1,...,d, there are generating sets {#;;, . . . , #;,}
Cm;and {sj5,..., Sjm} C m such that (4), (5), and (6) hold with u; = s;;,
t, = t;, and q = q;. By Proposition 4.10, there is a subset £; C {s;,, .. ., Sjim?}
such that {s;;ls;; € E;} is a basis of N; C m,, /m?%. Specifically

Ej={Sjys s S qimert 1)=12 S+ + > Sjmd A char(k)‘f(q,. +1),
®) Ej= {sj;s«« s 8,qm=r+1) Sjrs + + + > Sim} if char(k)l(g; + 1).
By (7), E, =E, U:*+UE, is a subset of a minimal generating set £ =
54500058, of my.

It is easily seen that g(E — E;) C m is a set of elements whose residues are
linearly independent modulo (m,-2 + Ii)’ For each value of j, we can change
{tjys . . . s tj} by replacing those 7, = ¢;, not appearing on the right-hand sides
of (5) and (6) with suitable elements of g,(£ — E;). If this is done, then @, (5),
and (6) will hold for all j if u,, . . ., u,, is taken to be a rearrangement of s,,

.+ §,,- The following theorem summarizes our conclusions.

THEOREM 12.1. Let f: X' — Y™ be as above, and assume that (1), (2),
and (3) hold. Then there exist

(a) isomorphisms ¥: Oy , > A =k[[s;,...,s,]] and ¢;: OX"‘i =
B=k[[t;,...,t]],ji=1,...,4
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(b) permutations o, . . .,04 0f {1,...,m},and
(c) disjoint subsets E,, . .. ,E4 of {s\,...,s,,}, having the properties:
(i) The homomorphisms g; = ¢; ° f} ° vi:4—B j=1,...,
d, satisfy (4), (5), and (6) with g = g;, q = q;, and u; = Soj(i)s 1= 1,...,m;
(ii) the subsets E;,j = 1, . . ., d, satisfy (8) with s;; = Saj(i)-

PrROOF OF THEOREM B. By Theorem 12.1 there are isomorphisms ¢':
Oy =>4, y" Oy'y =>4, ¢ OX',x,‘-"l’ B, and ¢;: 0’{"‘/‘ —=> B (where
1 <j <d) such that the homomorphisms g; = ¢; ° f* ° (¥")™" and g; = ¢;
°ofFe (¥")! both satisfy (4), (5), and (6). Changing ¢’ by an automorphism
which permutes the variables, we may assume that g = g} forallj. Lety =
WY ey andg; = (¢) e " Thenf*=¢;°ofreyli=1,....d
Q.E.D.

13. Application to generic projections. Let m =>r + 1, and let m: V© —
P™ be a generic projection, starting from a projective embedding of ¥ which
satisfies assumption () of §9. (We will regard as generic those projections which
satisfy the conclusions of Theorem A and Proposition 7.4 and have the property
that m: ¥ — V' = n(V) C P™ is finite and birational.)

Lety € V' and 71 (») = {x;,...,x3} C V. Then

X d
(5V',y = Opm,y/Kef("*) = Im(r*) C ,'I=Il 6V'xi’

where *: 6Pm'y — L, Oy, x; is induced by 7. Assume now that

@ S,m A1) =&

() x; € S{%(m) - S V(@) forj=1,. .., d;

(c) (x4, - - - » xg) is a smooth point of Z,(m; 4y, . . . ,qq)

[If char(k)»i’(q,- +1), j=1,...,d, then smoothness is automatic in (c) since 7
is generic.] The hypotheses of Theorem 12.1 are thus satisfied with X = ¥ and
Y = P™. It follows that Im(7*) can be explicitly described as being isomorphic
to a certain subring of the direct product of d copies of k[[t,, ..., ¢]].

(13.1) The case m = r + 1. Instead of using the general approach outlined
above, we can consider the {ing homomorphisms m}: OPm’y — Oy,x}. induced
by 7. Let P; = Ker(n}¥) C OPm,y =k[[X,,...,X,4,]]. ThenPy,... P,
are principal prime ideals, and Ker(a*) =P, N+ N P,. Since OV"y =
OPm'y/Ker(ﬂ*), we conclude that 01,',), =k[[X,, ... X 11y - F)s
where f,, . . . , f; are (distinct) irreducible power series.

(132) The case m =r + 1,r<S5. If m =r + 1, then S, (m) has pure dimen-
sion  — 6. Hence S,(m) = & when r < 5, so that (a) holds automatically. We will
x(;ow list the various possibilites for 7~!(») and the corresponding structure of

vy

(0) 7 (») consists of d points of ¥ =S, where d < r + 1. This can occur
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along a subset of dimensionr —d + 1, and OV',y =k[[Xy,. 0, X J1/(X, o X))
(1a) 771 (y) consists of one point of S, — S{*). This can occur when r > 2,
along a subset of dimension » — 2. If char(k) # 2, then

OV',y gk“:tla LI , tr_p tltr’ tz]] Ck[[tl’ cec tr]]

= k[[Xl’ LY Xr+1]]/(X3 —X%Xr+l)‘
If char(k) = 2 and x is a smooth point of S, then

~ ~ 2
OV',J’ = k[[tl’ v b ity Bt F tr]]

=k[[Xy, . -« » Xy  J1/X2 + X2X, ., + X, X,X,).

REMARK. When char(k) = 2, smoothness of S, implies > 3. Finitely
many nonsmooth points of S, can, of course, occur. These have been studied
only in the case m = 2r — 1. (See Theorem 3 of [11].)

(1b) () consists of one point of S{2) — S¢3). This can occur when
r = 4, along a subset of dimension r — 4. If char(k) # 3, then

Opy klltys - ooty 48, + 1522, 13, + £2]]

=k[[Xy, ..., X, 11X + @, + ©)),
where
@4 = X1X3X, = XX, 11 + 2X,X3X] = 3X, X, X X, 4,
®s = X3X3X, ~ X\ X3Xo X,y — X3X]4
If char(k) = 3 and x is a smooth point of S(lz), then
Oy y =klltys oo tigs 1yt + 1,82, 151, + 1422 + £2]].
(Observe that r = 5 when char(k) = 3 and S(lz) is smooth.)
(2a) 71(») = {x,, x,}, where x, €S, - 5{?) and x, € ¥ - §,. This can
occur when r = 3, along a set of dimension » — 3. If char(k) # 2, then
Oy y =EIIXy, oo X,y 117 - X5X, 4 ).
If char(k) = 2 and (x,, x,) is a smooth point of Z,(; 1, 0), then
Oy =R[IXy, - - o, Xy 1K (X2 + X3X, oy + X, X5 X,).

ProoF. We consider only the first isomorphism. The homomorphisms
L 01,,,,' y Oy,xj, J = 1,2, can be identified with homomorphisms g;:
k[[X;,.... X 11 = Kllty, ..., 8]], j=1,2, where

&g X)=¢, i=1,...,r—1;

8§ (X) =t,t; 8, (X, 4,) =12
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&X)=t_y i=2,...,r+ 1 gX)=0.

(In the notation of §12, E; = {X,, X,, X,,,} and E;, = {X,}; notice that these
sets are disjoint.) Then Ker(g,) = (X? — X2X,,,) and Ker(g,) = (X;). QED.

(2b) 771(») = {x,, x,}, where x, € ${) —§{®) and x, € V- S5,. This
can occur when r = 5, along a set of dimension r — 5. If char(k) # 3, then

Oy =KI[Xy, -« oo Xpy 11/C6 (D + T + ),

where ¥, = (X,, X5, X,, X, X, ,),v=4,5.
(2¢) 7 1(») consists of two points of S, - ng) . This can occur when r >
5 along a set of dimension r — 5. If char(k) # 2, then

Opry 2 KI[Xy, . . X ]2 - 3K, YA, = X3X,,)).

() 7' () = {x,, x,, X3}, where x; €S, - S and x; €V -5,/ =2,
3. This can occur when r = 4 along a set of dimension » — 4. If char(k) # 2,
then
0V',y =k[[Xy, ... s X, 1 111X X,(XT - X3X,40))-
@'y = {xy, X3, X3, X5}, where x; €S, —ng) and x; €V -85,
j=2,3,4. This can occur when j = 5, along a set of dimension r — 5. If
char(k) # 2, then

aV'.y =k[[X;,..., Xr+1]]/(X1X2X3(X3 'X?erH))'

PROPOSITION 13.3. The above list of fibres n~)(y) are the only types
which occur whenm =r + 1 and r < 5.

PrOOF. Since Z;(m) has pure dimension 7 —d + 1, we have T (r) = &
when d 2 r + 2. Thus we must have d <r + 1 in (0). More generally,
Z4(m;q,, - . .,4q,) has pure dimensionr —d + 1 —-2(q, +* - -+ q). Therefore,
Z4(m5 4,5 - - . 5 qq) can be nonempty only when 2(g, + -+ q ) <r—-d+1.
The following table specifies which nontrivial fibres can occur.

r d r—-d+1 Values which can occur
2 1 2 q=1
31 3 qg=1
2 2 @y, 92)=(1,0)
4 1 4 q=1,2
2 3 (@1, 92)=(1,0)
3 2 @1, 92, 93) =(1,0,0)
51 5 q=1,2
2 4 (@1, 92)=(1,0), (2,0 or (1, 1)
3 3 (@1, 92, 943) =(1,0,0)
4 2 (@1: 92 93, 44) = (1,0,0,0)
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