TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 213, 1975

THE ABSOLUTE CONTINUITY OF PHASE OPERATORS
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J. DOMBROWSKI AND G. H. FRICKE

ABSTRACT. This paper studies the spectral properties of a class of
operators known as phase operators which originated in the study of harmonic
oscillator phase. Ifantis conjectured that such operators had no point spectrum.
It was later shown that certain phase operators were, in fact, absolutely con-
tinuous and that all phase operators at least had an absolutely continuous part.
The present work completes the discussion by showing that all phase operators
are absolutely continuous.

Introduction. Let H be an infinite dimensional separable Hilbert space with
orthonormal basis {¢,};_,. For any bounded linear operator 4 on H, let Sp(4)
denote the spectrum of 4. If A4 is selfadjoint with spectral resolution 4 =
JAdE,, denote by H,(A4) the set of elements x in H for which ||E, x| is an
absolutely continuous function of A. It can be shown [2, p. 104] that H,(4) is
a subspace of H which reduces A. The restriction of 4 to H,(4) is called the
absolutely continuous part of 4, and, if H,(4) = H, the operator 4 is said to be
absolutely continuous.

Let V denote the unilateral shift operator on H, so that V¢, = ¢, ,.
Furthermore, let {a,},;_, be any sequence of positive real numbers converging
monotonically to 1 and satisfying the following “chain sequence” condition:

(1) %l = (1 -g,_,)8,

where 0<g, <1and 0<g, <1 (n>0).
Define the operator 4 by A¢,, =a,_, ¢, with g, = 0. Consider now the
following operators on H:

C=WV*4+4V)2, S=V*4-4V))2i.

Such operators, called phase operators, have been studied in conjunction with the
phase of the harmonic oscillator. Note that C and § are the real and imaginary
parts, respectively, of T = V*4 and, in particular, are selfadjoint. The conditions
on the sequence {a,},_, guarantee that Sp(C) = Sp(S) = [-1, I]. [For a more
detailed discussion of the origin of such operators and their properties see [3],
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[4], [5] and the references cited there.] Since C and § are unitarily equivalent
(see [3]), it is sufficient to consider the spectral properties of C.

It follows from results due to Putnam that those phase operators for which
the corresponding sequence {a,},—, increases to 1 are absolutely continuous.
(See [1].) Also, it was shown by one of the authors in a previous work [1] that
those phase operators for which the corresponding sequence {a,},—, decreases
monotonically to 1 have an absolutely continuous part whose spectrum is exactly
the interval [~1, 1]. It was not known at that time, however, if phase operators
of this type were, in fact, absolutely continuous. It will be shown below that
they are.

Preliminary results. The aim now is to show that every phase operator C,
for which the corresponding sequence {a,},—, decreases monotonically to 1, is
absolutely continuous. The following results are needed.

LEMMA 1. Every element ¢,, of the given orthonormal basis for H can be
expressed in the form P,(C)p, where P,(C) denotes a polynomial in C.

ProoF. Clearly P,(C) =1 Since Cp; = a,¢,/2 it follows that ¢, =
2C¢, /a; and P,(C).= 2C/a,. Assume now that the lemma has been verified for
n=1,2,...,k and consider ¢, ,,. Since

Coy = (@101 + 8xBi411/2,
it follows that
bres1 = [2CO —ap_ 1041 1/ay
and hence that
Py 11(C) = [2CP(C) — ay_ Py, (O] /ay..

It will be shown below that ¢, € H,(C). By the previous lemma and the
fact that the subspace H,(C) is invariant under C, it will follow immediately that
C is absolutely continuous. To this end let C = fAdE, be the spectral decomposi-
tion of C, and let E(8) denote the projection operator associated with any Borel
set 8 of the real line. It follows from the spectral theorem for selfadjoint operators
that if C = fAdE,, then P,(C) = fP,(\)dE). Thus the sequence of operators
{P,(C)}~, defines a sequence of polynomials {P,(A)},~, where

@ P =1, P, =2Nay,
and forn = 3,

P, = 222, _, ) - an—ZPn-zo\)] /an-l .

LeEMMA 2. The polynomials {P,,()\)}:;’__.l are orthonormal with respect to
the measure u defined for every Borel set B of the real line by u(f) = |[E(B)$, 2.
That is,



THE ABSOLUTE CONTINUITY OF PHASE OPERATORS 365
n=m,

n#m,

1,
2 _
f[—l,l] P, )P, ) dIIEy,1I? = {0’

(The support of the measure is the interval [-1, 1] since Sp(C) = [-1,1] )

Proofr. It is enough to note that
f[_l’l ; EnOP () dIIEr9, 12 =(P,,(C)b;, Py(C)1 ) = (B> 8-

Recall now that the sequence {a,},—, corresponding to the phase operator
C satisfies the “chain sequence” condition (1). The related sequence {g,},_, is
not unique unless it is assumed that g, = 0. (That it is always possible to choose
8o = 0 is clear from the proof of the “chain sequence” condition as presented in

[51.)
LemMmA 3. If g, =0, then forn =2,3,4,...,2g,_,P,(1)=a,_,P,_,(1).
ProoF. If g, = 0 then a? = 4g,. Since P;(A) =1 and P,\) = 2Na,, it

follows that
28,P,(1) =2 -a%/4 - 2/a, =a, =a,P,(1),

and the lemma is true for n = 2. Assume now that the lemma has been verified
forn=2,...,k and consider » = k + 1. From (2) and the fact that
28,1 P (1) = a;_ P,_,(1), it follows that

28 Py, (1) = (ng/ak)[ZPk(l) = ay_y Pr_ (D]

= (ng/ak)[ZPk(l) - 2gk—1Pk(l)]

= (4gk/ak)(l —gk_l)Pk(l) = akPk(l)’
as was to be shown.
It was shown in [1] that if the sequence {g,},;_, monotonically decreases
to 1, the related sequence {g,},_, (with g, = 0) monotonically increases to %.
This result will be used in

LEMMA 4. Forn=1,2,3,...,P,(1)> 1.

PROOF. Note first that a? = 4g, and g, <% imply that 42 < 2. Since
P;(\) =1 and P,(A) = 2\/a,, the result is clear for n = 1,2. Now assume it has
been shown forn =1, 2,...,k The recursion formula (2) and the previous
lemma imply that

Ppy1(1) = 2P, (1) —ay_y P (1)) /g
= [@y—1/8k-1)Px -1 (1) = @1 Py y(1)] /2y,
= (ag_y/ag)P,_ (1) (since gp_, < %)
=1.
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LeEMMA 5. For A € [-1, 1] define

Sy =§:1 @3,—(1%3_,1_,_)&“0); N=1,2,....
Then '
1= SyQ) = (1/a?) 4P Q) — 24y Py Py ) + Py V]
® + @y ~ DIy 0
so that, in particular,
@ Sy < 1.

ProoF. Suppose N = 1. Then

1—s,(x)=1—(‘ )P’O\)

al

2 2
=1—(a‘21)4—)ﬁ+(a’21)P§0\)

2

-1
=L @2pe- 2M1P10)P20)+P’m1+( )

2
a; l

Q).

Hence (3) is true for N = 1. Assume now that (3) has been verified for N =1,
., k, and consider

@y =03
k+1 k+2 P2

S0 = 5,00 + L0,
Then
1-S M =1- skm—(—’-‘i;‘:—l)P:nO\)
a 1
g"—*a’—l—lPiﬂm
Since
1-85,0 = ;‘? 2200 ~ 20, PPy s 1 ) + a2y PRy V]
and

@11 Pr ) = NP ) - 4, P V]?,
it follows that
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1 -Sk-l-lo): 'al? [ai+1Plzc+lo\) + 2MkPkO‘)Pk+ lo‘) - 412 k+10) +P12¢+2()‘)]
1

+ ((‘112‘+2 - 1)/a§)P§+20‘)

1
= 7{a12c+lplzc+lo‘) = 2M5 41 P N

a
. [2>‘Pk+lo‘)-akplc0‘)] P 0\)}
+2

%41

+ ((a12c+2 - 1)/“§)P12:+20‘)
[a%“PiHO) = 2My 4 1 Py (NP, ) + Plzc+20‘)]

1
a}
+ (("12:-0-2 - l)/a%)PlchO‘)

and (3) is verified for N=k + 1.
Finally, (4) follows from (3) and the observation that

20y PyQ)Py 4101 < 22y 1Py )Py 1 1 M) < ay By M) + By 1 ).

LeEMMA 6. For k> 1 and any interval A such that AC (-1 + 1/k, 1 -
1/k),

© [, svvdize i < (l - llﬁ) IE@,I2, N=1,2,....

PROOF. Let DyQA) = (lay Pyl = [Py, (QOD2. If IPyQ)I >
31Py 4y Q)| then

Dy > (Bay = 1)°Pg 4 () > 4P5 1 1)
and

Dy > (ay = /3P4 > (49)P5 (V.
If IPyQ)I < [Py ;(V)I/3, then

Dy =(1- alv/3)2P12v+1()\) = (2/9)P12\[+ 1M

and
Dy =G - aN)szVO\) = ZP?VO\)

Thus Dy (N) > max {PYQ\), P ., (\)}/5 whenever [Pyl € [IPy.,.,Q)I3,
31Py 1 1M IE 1Py QO € [IPy 4, (WI/3, 31y, ;] then
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2ay|Py)Py 4 Q)l/a} > max{PYQY), Py, ; V)}/10.

Hence for any A € (-1, 1),
(1/aD) a3 Py Q) ~ 2ay Py()Py 41 + Py i ]
©  >1/a})aylPy@)l = 1By QOD? +2(1 = N)ay|PyM)Py s ]
> (1/10)(1 ~ [\J) max {P2Q\), P2, (V).

Now consider an interval A such that A C (-1 + 1/k, 1 — 1/k). To verify
(5) it is necessary to consider several cases.
Case 1. Suppose [, P2\ dIIE, 9,112 < IIE(A), II? for all n. Then

N g’ —af,
[ sydiE g2 = 3 22t [ g2 ) dIE, 6,12
A n=1 a"; a

2
< ): I T ontt m Ay, 2

l
< (1 - 1/a?)IEA, 11> < BIEQA), I12.

Case II. Suppose there exists a subsequence n;, n; — oo, for which

S APﬁ,-O\)dIIE;\% 12 > IEQA, 112 If [, PRQVdIE@, 12 > IIE(A), 112, it follows
from (6) that

1 1
S, =5, diB8, 12 > [ 1501 - RDPZQ)dIE,S,I? > 7oz 1B, I,
and hence that
1
. sv0aaiz, 0,17 < (1 - The) ey 2.
Furthermore, for fixed A, S,(0) increases with n and hence
J; S,,()\)dIIE',&tISIII2 < ( - l—(ﬁ) EA)$, I? foralln<N.

The argument is concluded by noting that [, P2, Q\)dIIEy ¢, 11> > IE(A), II? for
infinitely many values of N.

Case III. Suppose [, PZA)dIIE\¢, 11 > IE(A), lI? for finitely many
values of n. Let ng be such that

P= [ B dIE I
™
> [ P2Q)dIE,I? foralln.

Then for n > n,,
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J 11 - 5,001 digy 8,12

d aiz—a)?+l 2
= [ |1-5,.0- X T=F5 B0 dIE
A 0 i

=ng @

2 _ g G ,
AL LLCUED s sl MORLANE
-0 1

By (3), (6), and (7), it then follows that
J, n-s,000diEg, 1 > [ @ -2 0dIE g, I?

2
a: -1 2 _ 2
"o &Y a4

+ p-y 1

a2 = a2
1 j=ng 1

= P/10k > |IE(A), l12/10k.
Hence [, S,)dIIE\o, 12 < (1 = 1/10k)IE(A), lI? for all n as was to be shown.
LEMMA 7. f1_; 11dlIE\é, 1% = 0.
ProOOF. Recall that

j}‘l,l] P"O‘)Pmo‘)dllEAdJlllz = {

I, n=m,

0, n#m,

and note that P,,(A), forn =1, 2, ..., is a polynomial of degree 2n — 1, sym-
metric with respect to the origin. Note also that f{_, ;| A>""'P,, ., )dIIE\¢, II?
=0. For L > 0 define M, = (A € (-1, 1)||P,,,,)| >L}. By Lemma 4,
P,,.,(1) > 1. Hence

0=l *”'“szmdlwmu’l

>Pyna) [, AEIP = [, TR IdIE S, P

> f{-l,l} dIEx$, I -an 1Py, 2 VIdIEL$, 112

- 2n—1 2
I o, N BB
2 _ l 2_ 2n—1 2
> f{_l’l}dllE;&lll I an P2, (VdIE$, 12~ L f(_m) 21 dIE, ¢, I

2__1__ 2n—-1 2
> [y MBI - T Lf N B8 I
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 Since n can be chosen arbitrarily large, it follows that f_, |dlIE\é, I < 1/L,
and, since L was arbitrary, that f(_, ,}dlIE\é,1I* = 0.
It is easily verified that CS — SC = ~iK/2 where K¢, = —a2¢,, and for
n>1,K¢, = @_, —a’)p,. The following result is adapted from a proof due
to Putnam [6, p. 20].

LEMMA 8. For any finite interval A,
KKE(AY,, E(A), N < 2 |AlIEAW, 112
ProoF. Let A, be the midpoint of A. It follows from the commutator
equation CS — SC = —iK/2 that
E(AXC — N )SE(A) — E(A)S(C = N\ E(A) = (i[2)E(A)KE(D),
and hence that
(SE(A);, (C = NDE(AW, ) — ((C — N D)E(A), , SE(A)p, )
= —(i/2XKE(A)$, , E(A)9, ).

Then by the Schwarz inequality,
BKKE(AY, , E(A)Yp, ) < 2lISE(A), L II(C — N DE(A)P, .-
Finally,
IC = XDE@I? = [ =2 dlIEy9, 12
implies that

I(C = N DEA), | < KIAIIE(A), Il
and, since ||s|| = 1, that
KKE(A)9, , E(A), )] < 2IAlIEQA), I?
as was to be shown.

The main result. It remains now to combine the results of the previous
section to obtain the main result of this paper.

THEOREM. Every phase operator C for which the corresponding sequence
{a,},— decreases monotonically to 1 is absolutely continuous.

PROOF. As noted above it is enough to show that ¢, € H,(C). For any
interval A,

n=1

KE(AYp, = —a3(E(A),, 6,09,

+ 2 (arzl -ar21+l)<E(A)¢l’¢n+l)¢n+l’

n=1
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and
(KE(A),, E(A), ) = —a} E(A), [*

+ 3 @ -a2y DKEAW,byp WP

n=1
It then follows from Lemma 8 that

o (2
@®) |1E@, I - X (an——'ﬂﬂ—)

n=1 al

KE(A)¢1 ’ ¢n+ 1 )12 <"_ lAl "E(A)¢l "2
Furthermore, if A C (-1 + 1/k, 1 — 1/k), the following argument holds. Let

)
My = Z, L 3) KEAWy, 61 2.
l

(“rzz —arzz+l) 2
5 KE(A)¥y, P, ,(C)¢ )° (Lemma 1)

N a )
=2 nHI Ppiy )dIIE;‘¢1||2| (spectral theorem)

n=1

N (ap=anyy)
<IE@WI? 3 = [ B2 i, 1P

n=1 al

<IEQYI? f, Sy@)dIE,9, 12
< (1 - 1/106)|E(A),II*  (Lemma 6).

Hence, it follows from (8) that

4 - (ai—arzl'l'l) 2
IE@)I1* = 2 =" KE(A)dy, $p 41 )

n=1 al

1 ;
o B, I <

<2(Al B, I /a,
or, equivalently, that
IEA), 1? < (10k)21Al/a3.
Consider first a Borel set § such that $ C (=1 + 1/k, 1 — 1/k). Let

{A,, A,, ...} be a countable covering of § by disjoint intervals such that Aj C
(-1+ 1/k, 1 = 1/k) for all j. Then
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IE@)$, 17 = 2 IB@ 0 2,112 < Zij IE), 1> < (10k) %Z 141
J

Since the argument holds for any such countable covering of g, it follows that

() IE@), I? < 20k(meas B)/a?,

where “meas §’ denotes the Lebesgue measure of 8. Thus if meas § = 0, then
IE@),lI> = 0. Consider now an arbitrary Borel set §. By Lemma 7, IIE(ﬁ)¢,|I2
= [IE@ N (=1, 1))¢,12. Furthermore, since g N (=1, 1) = U, B, where 8, C
-1+ 1/k, 1 = 1/k), it follows that

@10) IE@), I = kli‘l IE@B, ), 112,

Hence if meas § = 0, then meas f,, = 0, and it follows from (9) that [[E(8, )¢, I
= 0 and from (10) that |[E@B),lI> = 0. Thus ¢, € H,(C). Lemma 1 and the
fact that the subspace H,(C) is invariant under C imply that H,(C) = H as was
to be shown.
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