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CIRCLE ACTIONS ON HOMOTOPY SPHERES
NOT BOUNDING SPIN MANIFOLDS

BY

REINHARD SCHULTZ(})

ABSTRACT. Smooth circle actions are constructed on odd-dimensional ho-
motopy spheres that do not bound spin manifolds. Examples are given in every di-
mension for which exotic spheres of the described type exist.

A result of H. B. Lawson and S.-T. Yau [15] implies that homotopy spheres
not bounding spin manifolds do not admit effective smooth S or S0, actions.
On the other hand, G. Bredon has shown that even-dimensional manifolds of this
type can admit smooth circle actions [9]; in fact, such examples exist in every
dimension of the form 8k + 2, where Kk > 0. Since homotopy spheres that are
not spin boundaries only occur in dimensions 8k + 1 and 8k + 2 (k > 0), it is
natural to ask if smooth circle actions also exist on (8% + 1)-dimensional exam-
ples. We shall prove the answer is yes.

THEOREM. For every k 2 1, there exists a homotopy (8k + 1)-sphere not
bounding a spin manifold that admits an effective smooth S* action.

We shall prove this result by explicitly constructing semifree circle actions
(see [10]) using surgery-theoretic methods. The motivation for such an approach
is that it yields an extremely simple proof of Bredon’s result in the even-dimension-
al case (see Remark 3.11 below). Several technical facts make the odd-dimensional
case more complicated; the most important are (i) the indecomposability of the
(8k + 1)-dimensional framed bordism classes of the homotopy spheres considered,
and (ii) the need to calculate surgery obstructions for normal maps into certain
simply connected 8k-manifolds. Needless to say, the bulk of this paper is devoted
to circumventing the first problem and studying the second. These are done using
the machinery of Adams’ J(X) papers (e.g., [2], [3]) and the validity of the
Adams conjecture [19].

REMARKS. 1. It is natural to ask whether tori of rank > 2 can act smoothly
on the manifolds considered; I do not know the answer to this question.

2. The exotic spheres considered here provide examples of odd-dimensional
spin manifolds with smooth S! actions but no Riemannian metric having positive
scalar curvature (compare [15]).
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1. Decomposability of p,u,. We begin by recalling from [S] that the im-
age of Q‘;’H e in le,"i,','_ ¢ (e =1 or 2)is cyclic of order 2. Furthermore, the odd-
dimensional spin classes have preimages u, € Qg’k +1 of order two defined in [3],
and the even-dimensional classes have preimages u,n (where 0 # 1 € Q{' =Z,)
131, [5]. Since u*KO*(S®) — KO*(S®**1) is nontrivial [3], it follows from
the results of [3] that u, is indecomposable in Q,f,' On the other hand, for some
time it has been known that the image of g, in Q5PI" is decomposable (Milnor
treats the cases k = 1, 2 in [18] and the rest follow from [3] and the conjecture
in [18, p. 61]). For our purposes it is necessary to know that p u, is decompo-
sable as M;n in m(F/O). Although this is undoubtedly known to many people,
no proof appears to be in the literature, and therefore we shall record one in this
section.

D. Sullivan has pointed out that the Adams conjecture yields splittings of the
the spaces F and F/O at every prime p; namely,

(1.1) Fpy = J 5y x CokJipy

(the first splitting for p odd was mentioned in [24], and the general cases are
treated in [17]).

These splittings are related by the fact that the composite CokJ,y — F,,
— F/O(p) — CokJ ;) is (homotopically) the identity. Furthermore, the inclu-
sions of J,y and BSO,,, fit into a long commutative diagram,

«ee SO, . —> J._, —> BSO hbk..”(l’)
®) ®) @) > BS0p)

o || |

"t Oy = Foy = Fl0p) = BOg) — BFy

where the horizontal rows are extended fibration sequences, Y¥ is an Adams op-
eration, and k is suitably chosen with respect to p (see [23] for p odd; if p = 2,
k = 3 is the customary value [14], [17]).

Recall that if p is odd then n*(J(p)) is equal to the classical image of the
p-primary J-homomorphism [23], while if p = 2 then n.(J(p)) contains the im-
age of the 2-primary J-homomorphism together with Z,-summands in dimensions
8k + 1, 8k + 2 (k > 1) corresponding to u, and u;n (compare [14]). Since
Pty and pepn are nonzero in m4(F/0), the following observation is immediate:

(1.3) With respect to the splitting of F/O,, given in (1.2), the first coor-
dinates of the images of pyu, and pyu,n in m4(F/O,) are nonzero and the sec-
ond coordinates are zero.

From the above considerations the desired factorization of Py, follows
readily:
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PRoPOSITION 1.4. Suppose k >1. Then there is a class M, € g, (F/O)
satisfying

(i) M, passes to a generator of g, (F/O)/Torsion = Z.

() Myn =p.u

PROOF. Let M € mg,(F/O)(,) correspond to a generator of g, (BSO),,)
under splitting (1.2). Then M'kn = image of pu; by (1.3) and the nontriviality
of n*:mg, (BSO) — mgy, ,(BSO) [8]. Let My € mg,(F/O) be chosen so that
image M = aM,, for some odd integer a; since Mjn = image p, ., it follows
that M','m =P, M is odd torsion. But p u, has order 2 by construction, and
Mjn also has order 2 because 1 does and the composition Ty q(SP) % ﬂp(F/O)
— M, 4 ¢(F/O) is bilinear (compare [20]); thus the above difference has order
two and accordingly is zero.

Consider the class of Mj, in g, (F/O)/Torsion. Since p,u, is not divisible
by 2 and the homotopy composition is bilinear, [Mj] is not divisible by 2. Thus
if My € mg,(F/O) represents a generator and [M}] is divisible by the odd integer
b, then M; — bM,] is torsion in mg,(F/O). Finally, the element M, = M} +

- b)M,; has all the desired properties (notice that b¢n = {n since 2n = 0).

2. Pontrjagin class calculations. In order to prove our main result, it is nec-
essary to show that certain types of normal maps into certain 1-connected 8%-
manifolds (e.g., 2 x CP3) are normally bordant to homotopy equivalences. Since
the obstruction to finding such bordisms is an index difference [11], it is obvious-
ly necessary to study the rational Pontrjagin classes of fiber homotopically trivial
bundles over the relevant 8%-manifolds. The necessary facts are collected in this
section; everything done here is a straightforward application of basic results on
K-theory found in [1]—[4], [7] and the Adams conjecture.

Let k > 1 be an integer, and let s be another integer satisfying 1 <s <2% -
1; we wish to find the Pontrjagin classes of certain fiber homotopically trivial
vector bundles over the 8k-dimensional complex

Xk = SBk—4s—2 (CPZ.H- I/CP2s—2)
»$ )

It is well known (compare [13], [22]) that this cell complex is homotopically the
mapping cone of a function

f + nzs8k—l \Y; S8k—3 __>Ssk-—4,

where 7 is the suspended Hopf map (as usual) and f is partially determined as
follows:

PROPOSITION 2.1. The complex e-invariant of f:S8%~1 — §8%=4 s given
by ec(f) = (s + 1)/12.

ProoF. By the results of [3, §7], it suffices to calculate the Chern charac-
ter of an element in K (C(f)) that restricts to a generator of K(Ss"“) Z [AH=
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mapping cone of f). On the other hand, by the above description of X , it is
clear that there is a map C(f) — X, ; inducing a surjection of integral singular
cohomology, and thus it suffices to calculate Chern characters for elements of
g(X k,s)- But this is a simple application of the results in [7] and the multiplica-
tivity of the Chern character.

By the above proposition and the remarks of [3, p. 41], there is a complex
vector bundle ¢ on C(f) such that

22) ch{ =hgp_4 + (s + 1)hg,/12

(h,,, is defined as in [3, p. 41]). Since C(f) is a suspension by standard homotopy-
theoretic results, the decomposable Chern classes vanish and we have

(2.3) ch§ = cqp_, (8 = 3)! + ¢y (/@K — 1)\,
Combining (2.2) and (2.3), we obtain the characteristic classes of ¢ :

+ 1) (4k = 1)!
@4)  Capg® = @k Nlhgy g cap) =C )1(2 L .

+ 1)@k - 1)!
(25) Py y@0) == 20k = lhgy_gr ppyt) =T DD

(r¢ denotes the underlying real vector bundle.)

Actually, we are not primarily interested in r{, but rather in a fiber homo-
topically trivial vector bundle whose restriction to 1?(5(S8" ~4) = Z generates the
kernel of the J-homomorphism, at least when localized at 2. According to the
Adams conjecture, such a vector bundle is given by

(26) 3Rt — )

for some sufficiently large integer e.

(Note. For this purpose it suffices to use the weak Adams conjecture proved
in [2] together with the identity Y31t = it [4])

If 6 € K(C(f)) is the pullback of the generator of K(S8¥) = Z, a result of
Adams [3, p. 41] and Proposition 2.1 imply that

Q@7 Y3 —1t =G "2 - Dt +3*%-3.2. + Dro;

since p, ;(ro) = 2(4k — 1)'hg,, the Pontrjagin classes of (2.6) are easily obtainable
from (2.5) and (2.7) (alternatively, one can use Adams’ formula for ch Y*¢ [1, The-
orem 5.1 (vi)] directly). Finally, we record the following simple fact.

PROPOSITION 2.8. The “restriction” map from KO(X,, ;) to KO(CYf)) is
an isomorphism.
This follows immediately from the triviality of m(BO) fori =5, 6, 7 mod 8.

3. Proof of main result Leta = erg —r{,and let g = (3‘"‘ - Dro/2 =
’11 o — ¢, where 0’ € KO(C(f)) is the pullback of a generator of KO(S’"‘) Z
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such that o' ® C =0 (and hence 20’ = r0); o' exists since g, _,(U/O) = 0 by
Bott periodicity [8]. Using the isomorphism of Proposition 2.8, these vector
bundles may be pulled back to vector bundles on §8¥=45=2 » CP25+1 (= M,
henceforth), and we shall also call these pullbacks « and . By the Adams con-
jecture, 3°a and 3° are fiber homotopically trivial for suitably large e, and thus
for each pair of integers (x, y) there is a normal map

f:x¥% -

for which 7, © f*vM = f*(3°xa @ 3°yp). Since the index of the 1-connected
manifold M, , is zero, 8 times the surgery obstruction of fis merely

index (X) = (L, (7x), [X]) = (L, (f*1pr ® f*(3°xa ® 3°yp)), [X])
= (L, (1 © 3°xa ® 3°9p), [M]).

The multiplicative property of the L classes and the triviality of pj(a) and p{(p)
for j < 2k — 1 then yield

LeEMMA 3.1. The surgery obstruction of J(x,y) vanishes if and only if
(32) L, (3°xa® 3°%p) + L, (CP>**N)L,,_,(3*xa ®3°yp) = 0.

Since & and f are induced from bundles over suspensions, the above expres-
sion is additive in 3%, x, and y. In particular, (3.2) is equivalent to the analogous
equation with all coefficients of the form 3¢ suppressed. Furthermore, for y
= xa @ yf we then have L;(y) = l;p;(y) (since the decomposable terms drop out),

where
22m+1 (22m—1 - 1)

3.3) L, = =
(2m 1).14m
(compare [12, p. 292]), with j,,, = order T (8*™—1). Therefore, if we use the
calculations of §2, together with
L (CP %1y = (25 +2)%/3

(where t € H(CP***1) is a generator) and L,,_,(f) = 0, we may rewrite the
vanishing condition of (3.2) in the following numerical form.

I,k([y c@k—1).G¥ -] + [x-3** 3. 4.5+ 1) (k- 1)]

num (B,, /4m)

x+(3%%-2-1)e(s + 1) (4k = 1)!
G4 +[ 6 ])
Dg_q+X+2-(@4k=3).3%"2+1).(2s +2)
— 3 .

If we substitute for /; using (3.3), divide both sides of the equation by 2**¥*+1, and
rearrange the terms, we obtain
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y+ (%% -1). 2%~! - 1) num(B,,/8)

Isk
3*2 - 1). 2**3 - 1) . num (B,;_,/8 —4)
(3.9) —x{ Jsk—4q°3
ak-1_1y. . (3%k
_(2 1) nu.m(sz/Sk) € l)}-(s+ 1).
Jgx* 6

The above equation has the form ya = xb, where a and b are rational num-
bers; we wish to calculate the 2-adic valuations of these coefficients, which are
given by the formula

¢ = 2~ eg2v2(Np/q.

where p and q are odd integers.

Since v,(j,,,) = ¥,(32™ — 1) (compare [3]) and the numerator of B,,/4m
is odd (the denominator is divisible by 8), we have v,(a) = 1. To calculate »,(b),
write b = (b’ — b")(s + 1), where b’ and b" are the two positive rational coeffi-
cients in the expression enclosed within braces on the right-hand side of (3.5). By
the same reasoning used for v, (a), we see that

(3.6) v, =1, (") =2.

It follows that v,(b) = 2v,(s + 1). Therefore v,(a) < v,(b) reduces to the in-
equality

(3.7 s #3 mod 4.

Fact (3.8). If (3.7) holds, then there is an integral solution of the (equiv-
alent) equations (3.2), (3.4), or (3.5) with y odd. For then v,(a) < v,(b) im-
plies

a=2%@lg), b=2°(/)

where p, g, r, t are odd integers and a = B, so that (x, ¥) = (2%~ Ppt, gr) solves
the equation (s).
We can now prove a strong form of the main result.

THEOREM 3.9. Let k > 1 and q < 2k; assume that q # 1 and q ¥ 0 mod 4.
Then there is a semifree circle action on some exotic (8k + 1)-sphere not bound-
ing a spin manifold whose fixed point set is an ordinary sphere of codimension 4q.

REMARK. By a result in [21], no such actions exist for codimensions of
the form 4q + 2 (q'arbitrary). Levine has shown that codimension 4 is not real-
izable either ([16]; see [22] for another proof).

PrROOF. Lets =gq —1;thens > 1 since ¢ = 2. We claim the normal maps
fx,y) May be chosen so that f(x'y)| o (D342 x CP?s+1) is a diffeomor-
phism. To show this, it suffices to show that the “classifying bundle” of such a
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normal map (see [11]for example), which is an element of [§8%~45—2 x

CP*$*1 F/0], may be chosen to lie in the image of

[sBk—4:—2 x Cp?st 1/D8k-4s—2 x Cst+l,F/0]
o~ [DSk—4s—2 x Cp%st I/SSk—4s—3 x CP2:+1’F/0] (by excision)
= [$8%-45=2 A (cP?s*! v §°), F/O] (by a canonical homeomorphism [6])

(see [10] or [25, pp. 106—107] for background information). But, by construc-
tion, the bundles 3°xa + 3¢y are induced from fiber homotopically trivial vector
bundles over §3%~4s-2(Cp2s+1/Cp25-2) and hence canonical choices of the de-
sired type are always possible.

If we excise the open submanifolds over which f(x,y) is @ diffeomorphism
by construction, we obtain a canonically associated relative normal map of pairs

f’ . (XO’ aXo) — (D8k—4s-2’ S8k-4s—3) X CP2S+1

that is a diffeomorphism on the boundary. The relative surgery obstruction for
this relative normal map f agrees with the (absolute) surgery obstruction for f
since D8%=45=2  Cp2s+1 anq §8%-45-2 » CP2S*1 gre both 1-connected (com-
pare [11] or [25, pp. 106—107]), and thus fzx'y) is normally bordant to a ho-
motopy equivalence if and only if (x, y) satisfies equations (3.2), (3.4), (3.5). By
(3.8), the comments after (3.7), and the immediately preceding remarks, we may
choose (x, y) so that y is odd, and the surgery obstruction for fzx’ y) Vvanishes.

For the above choice of (x, y), assume the normal map fo, y) is chosen
within the appropriate cobordism class to be a homotopy equivalence (there is an
essentially unique choice up to k-cobordism by the surgery exact sequence [11],
[25] since Lg,, ,(1) = 0); using this representative, a semifree circle action may
be constructed on some homotopy (8k + 1)-sphere by the following standard
process (compare [10] or [22]): Take the pullback of the canonical principal
S! bundle

DBk—-4s~2 x S2s+3 _,D8k~4s—2 x CP23+1
with respect to f'. This yields a homotopy equivalence of total spaces
f”:(Y, ay) — (D8k—4s-—2' S8k—4s-3) X S4S+3

that is a diffeomorphism on the boundary and is S'-equivariant. The manifold

28k+l =Yu

8k—45-3 _ pas+4
(£39) ooy S x D

(trivial action on the first coordinate of S x D, complex multiplication on the
second) formed by equivariant identification is then a smooth S!-manifold, and
it admits a smooth semifree action with $8%¥=45—3 = g8k+1-4q 5 11e fixed
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point set. By van Kampen’s theorem and a Mayer-Vietoris argument, Z is a ho-
motopy sphere.

It remains to show that 8%+ ! does not bound a spin manifold. But the
Pontrjagin-Thom invariant of Z is recoverable from the classifying bundle of f’
as follows. The natural map

"*:[SSk—4S—2A (CP2S+1 v SO)’ F/0]
(3.10) — [$8k-4s-2 A (s%5+3 v 89), F/O]
= 7T8k+1(F/0) X 7r8k-4s—2(F/0)

induced by :8%*3 — CP25*! sends the classifying bundle of f’ to that of f”
(compare [25, pp. 186, 187, 242]), and the elementary attaching considerations
imply that the first coordinate of the classifying bundle for f” is the Pontrjagin-
Thom invariant up to appropriate sign conventions forced by choices of orientation.

Explicit choices for the normal maps f(x,y) are obtainable via the Adams
conjecture; for the reasoning used to obtain the splittings in §1 in fact induces a
commutative diagram (modulo maps of infinite filtration)

BSO[1/3] s Fjo[1/3]

W3 -3 Vi3]

BO[1/3],
where +++ [1/3] denotes localization away from 3, V classifies the universal stable
bundle over F/O, and all maps are H-maps (note that [X, H[1/3]] = [X, H] ®
Z[1/3] for X finite and the above H). In the notation of §2, let &' and §’ denote
the images of { and n under the canonical maps

[X, BSO] — X, ,, BSO] ® Z[1/3] x (X, ;F/0] ® Z[1/3],

and choose e so large that 3°¢’, 36’ € Image {[ X, [F/O]—[X, , F/O] ® Z[1/3]}.
Then 3¢(xa’ + yg') is a convenient explicit choice for Feepy:
To determine the Pontrjagin-Thom invariant of &7 for the above choice
of (surgically unobstructed) normal map, by naturality it suffices to determine the
image of 3°(x¢ + yo') in (mg; .., (BSO) ® Z[1/3]) x (Mgy_ 45, BSO) ® Z[1/3])
under the map 7* analogous to (3.10) for BSO[1/3]. By Bott periodicity the
first factor is Z, and the second is Z, or 0, and by (1.3) and Proposition 1.4 it
suffices to show that the first coordinate of 7*(3¢(x¢ + yo')) is nonzero. Since
the product group has exponent two, the coefficient 3¢ acts as the identity and
can be suppressed; thus we need only consider xn*¢ + ya*o’. First, we claim
that 7% = 0; this is true because { has a complex structure, the restriction maps
K(S™CP?s*2) — K(S™CP?* 1) are onto [4], and CP**+2 is the mapping cone
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of 7. On the other hand, ¢’ is the pullback of the generator of mg, (BSO) under
the .collapsing map
S8k—4s—2(CP2s+ I/CP2S—2) — S8k

and 7*o’ is thus the composite of this generator with the map
h 1S8k+ 1 SSk—4s—2(CP2.s-+ l) ___,5816

localized away from 3. It is well known that & is the suspended Hopf map (com-
pare [13] or [22]), so that o’A is the nonzero element of Mg 41 (BSO) = Z, (see
[8]); since tensoring with Z[1/3] is an isomorphism for finite 2-primary groups,
the first coordinate of m*o’ is also nonzero. Since y is odd, these calculations,
Proposition 1.4 and (1.3) conclude the proof of Theorem 3.9.

CoMPLEMENT 3.11. A similar but simpler argument proves the analogous
result for exotic (8k + 2)-spheres not bounding spin manifolds with no restrictions
on q except the obvious one, 49 < 8k + 2. Explicitly, take the normal map
whose classifying bundle pf in [S8¥=4s+1(CP2s+1 v/ §9) F/O] is the pullback
of the element p, u; € mg; , ,(F/0). Since odd-dimensional 1-connected surgery
groups vanish, the relative normal map corresponds to a homotopy equivalence
that is a diffeomorphism on the boundary. As in the preceding paragraph, the
first coordinate of n*u,f is pn, and thus the previously described construction
for semifree circle actions yields the desired examples. This method of construc-
tion is basically equivalent to Bredon’s [9]. Of course, the important simplifying
difference is that odd-dimensional simply connected surgery is always possible.
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