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REAL SEMISIMPLE LIE GROUPS
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ABSTRACT. For a class of real semisimple Lie groups, including those for
which G and K have the same rank, Kostant introduced the decomposition G =
KNOK, where No is a certain abelian subgroup of N, and conjectured that the
Jacobian of the decomposition with respect to Haar measure, as well as the spher-
ical functions, would be polynomial in the canonical coordinates of Ng. We com-
pute here the Jacobian, which turns out to be polynomial precisely when the equa-
lity of ranks is satisfied. We also compute those spherical functions which restrict
to polynomials on Ny

1. Some preliminaries concerning root systems. Let V be a Euclidean space
with inner product {,). Let A be a root system in V. For a € A we indicate by
s, the Weyl reflection with respect to a

(5, () = v - Aa, Vo, @).

The group generated by {s,la € A} is called the Weyl group and will be designated
by W.

1.1. ProrosITION. Let s be an involutive element of W with t1-eigen-
spaces V,, respectively. Then s can be written in the form s = Sy, " Sy where
{745 - - - » Tn} is an orthogonal basis of V_ and v, i»,,.e Aforij=1,...,n

PROOF. Let v be a relatively regular element of V;i.e., an element of V,
for which (@, v) = 0, @ € A, implies (, V) = 0. Since s(v) = v, it follows from
[2, Chapter V, §3.3, Proposition 1], that s can be written in the form

1 $=8q, "7 Say,

where {a,...,a,} CANVi=ANV_. Now introduce any ordering in V,
and let v, be the largest element of A N V_ with respect to that ordering. Be-

cause of (1), v, exists. Now, having chosen v,, ..., 7, if s # Syp "t Sy let

Y+ be the largest element of A N V_ orthogonal to 7, . .., 7z Yx4 CXists
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by (1), applied to the involutive element ss, ,...,s, €W. Since ¥, hence
V_, is finite-dimensional, the process terminates, and we have s = Syy Sy,
Y15+ - - 5 Tp is an orthogonal basis of V_. If v; + /] €A4,i<j,theny; + /] >
7; and would have had to be chosen in preference to v;. Thus v, + /] € A, and
fori #j, 7,--7i=s,yi(7,+7j)$A. v —1,=0&A

A subset of A having the property that no sum or difference of two of its
elements belongs to A and no sum of two of its elements is zero is called a set of
strongly orthogonal roots. Two distinct strongly orthogonal roots are always
orthogonal. For if a and § are nonproportional elements of A, then if {a, §) < 0,

a+BEA, andif {, f) >0, a — § € A; whereas if a and B are proportional then
either @ = 1, a case we have excluded, or & = +28 (or § = +2a), whence a + «
(resp., B + B) is an element of A. We have show that the —1-igenspace of an
involutive element of W has a basis of strongly orthogonal roots. (The most inter-
esting case is, of course, the case s =—1, V_ = V, in case =1 € W.)

Now let ¢ be a linear involution of ¥ (not necessarily an element of W) with
the property that o(a) ~a € A for a € A. Let P = {%(a + o(a))la € A}. Then
P is a root system [1, Proposition 2.1] in the +1-eigenspace of g. The elements
of P will be called “restricted roots”, while those of A will be called simply
“roots”. For a € P the multiplicity of & (denoted m,) is defined as the number
of roots B satisfying %(8 + o(8)) = a. The following lemma is obvious, since ¢
acts as an involution on {B|%(8 + 0o(B)) = a} and fixes 8 iff § = a.

1.2. LEMMA. For a € P, « € A iff m,, is odd [1, Proposition 2.2].

We now relate sets of strongly orthogonal restricted roots to sets of strongly
orthogonal roots.

1.3. PROPOSITION. Let v, ...,7, be restricted roots. Then e es
Yn} is a set of strongly orthogonal roots iff it is a set of strongly orthogonal re-
stricted roots of odd multiplicities.

ProoF. If the multiplicities of the 7; are odd, then the 9, are roots, and
EL7 € Aif %[(y; £ 1)+ oy )] =7 tv; &P Conversely,if {y,,...,
7,} is a set of strongly orthogonal roots contained in P, then each @, is a restricted
root of odd multiplicity, and if v, + 7; €P, then vy, £ 7 #0and y; £ v tvEA
for some v with o(v) = v. But then

27, 7, 27 + v
71 71 i <1

0 ,
<<7ii7,+v,7,ivj+v>

an impossibility because A is a root system.
Now assume that —1 belongs to the Weyl group of P, so that the + 1-eigen-
space of o has a basis {y,,..., 7q} of strongly orthogonal restricted roots.
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1.4. ProPOSITION. Every a € P is of the form a = %Z{_, n;;, where
the n; are integers. If a is proportional to v, then a = tv; or @ = t%y,.

Proor.
l q 2(&, ‘Yi)
a= 2 = (71’ 7,‘) 7i,

and e, 7/y;, 7)) is an integer. If a is proportional to 7;, then a = ty,a=
¥y, ora=+2y,. But2y,=v;+7;and =2y = Sy i('yi + 1v,) are not restricted
roots.

Let H be any linear functional on the + 1-eigenspace of . Let L=
2 sinh %2H(y,), and let

I Isinh H(e)l*™e

1)) Iy, .ot = “ef:
I1 cosh %H(y,)
i=1

The following lemma will be useful in the study of the function J.
1.5. LEMMA. The function from R to R defined by
fthy, - .. )= 12 [Isinh(tn hy - - - np),
where n,, . . ., n, are fixed integers and the product is extended over all com-

binations of signs, is a polynomial in sinh hy,...,sinh h, It is the square of a
polynomial in all cases except the case r = 1, n, even.

PrROOF. f= gz, where
gy, ... h)=IIsioh(n,n, £--- tnn),

where the product is extended over all combinations of signs. For r = 1, it is
well known that g2 is a polynomial in sinh 4 and & is a polynomial in sinh h, iff
n, is odd. Forr>2,

sinh(z, +---+4a,)=2f,@,) - f(a),
f; € {sinh, cosh}, {ilf; = sinh} of odd cardinality.
Thus II sinh(a, % - -+ +4,) is a sum of terms of the form
r k r—-1
?3) I Ginh a,)"#(cosh a;)2"~ "~ ki,
i=1

Because of the evenness in each a;, k; is even for each i in each term (3). But
then 2"~! — k, is even, and I sinh(g, * - - - £ 4,) is a polynomial in
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.12 " ) . TR ) . 1.2
sinh® a,, . .., sinh® a,. Thus g is a polynomial in sinh® n,h,, ..., sinh* nh,
and hence in sinh A, . . ., sinh A,.

1.6. PrOPOSITION. J is the absolute value of a polynomial iff m,. is odd
fori=l,...,q.

PrOOF. We may partition P into orbits of the subgroup of its Weyl group
generated by thess, v The orbit of a € P, where, by Proposition 1.4, a = %42 nyy,
has the form {%Z]_, +n;y;} for all combinations of signs. By Lemma 1.5, if
{i;, ..., i} is the subset of {1,...,q} on which n; #0,

inh(tn, v, +---tn v )%
Hlsmh( Y, n,r'yi')l

is the absolute value of a polynomial in the ¢; except in the case r = 1, n; even.
In that case n, = +2,a = t'yil, the orbit of a has the form {t'y,.l}, and we con-
sider the factor of J:

Yam ¥m m
Y - Y
linh By, )| Msish H-y, )t lsinh HOp )l
cosh %H('y,-l) ~ T cosh %H(‘y,-l)
m, %(m,y -1)
=l ) pE +4] N

which is the absolute value of a polynomial iff m,,i1 is odd. Thus J is the absolute
value of a polynomial iff all the m, . are odd.

1.7. COROLLARY. J is the absolute value of a polynomial iff the + 1-eigen-
space of o has a basis of strongly orthogonal roots.

We give in the table below the explicit formula for J, for each restricted
root system with —1 in its Weyl group, in terms of the multiplicities. We shall
use for convenience the following abbreviated notations.

Pw, x, y, 2) = W2x? + 2w? + 2x2 — y222 - 2% — 22%)*
+ wixt(W? + 4)2(x2 ¥ 4)% + 424 (% + 4)2(2? + 4)?
—2wW2x? + 2w? + 2x2 — 222 - 29? - 222)2wix2(w? + 4)(x? + 4)
—2w?x? + 2w? + 2x2 — y222 - 2p2 — 222)2)2;2(y% + 4)(22 + 4)
- 2wikx 222 (WP + 4)x? + 42 + 4 + 4).

0@, u, v) = [282(% + 4) - u?v® - 2u® - %)% - PP (® + H? + 4).

We have listed in the table only irreducible types. Clearly, for a reducible
root system, J is the product over the irreducible direct factors.
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The degree d; in ¢; of the polynomial whose absolute value is J (or, more
generally, half the degree of J2) can be read off in each case from Table 1. We
prefer, however, to relate d; to the structures of the root systems P and A.

1.8. ProrposiTION. J2 is a polynomial in t,, . . . , t, whose degree in t; is

mgKy;» @1 Kv;, B
2d;=-2+2 ==-2+2 .
Z 71’ 7x> BEA (71" 71')

PRrROOF.
H Isinh H(a)|™ @

Pty nty)=
H cosh? lAH('y)

where the numerator is a product of factors of the form

(71'1 ’ a) (7' > a)
inh | +——— H(y, ) % - -
I1|sinh _<7i1’ 7:'1) Hy; ) (7' 7 )H(')‘, )

"My

such a factor occurring for each orbit in P of the subgroup of the Weyl group of
P generated by the s, i Such a factor is of degree 2" "'lma('y,, oy, v int; =
2 sinh %y, and is counted 2" times in the product over all « € P. The denomina-
tor is of degree 2 in ¢;. The first equality of the proposition is now proven. To
prove the second equality we note that, for § € A, {y;, B = (y;, %(B + o(B)).

Note that the formula for d; depends only on A and v;, not on o.

Now assume that the m, . are odd, so that J is the absolute value of a poly-
nomial. Its degree in ¢; is

I( i I
di = —1 + z 7’ ﬁ) .
gea i 79

Assume further that A is irreducible and reduced. We can then express d; in
terms of the coefficients of the highest root of A in terms of a simple system
(with respect to some ordering).

1.9. PROPOSITION. If the highest root of A is expressed in terms of the
simple system {a;,...,a,} as 2 k;o., then

=17
d=-1+2 3k, <
=1 <7,,7,>'

PRroOF. [2, proof of Proposition 31, Chapter VI, §1, 1.11].
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1.10. CoROLLARY. If his the Coexeter number of A and v, is a root of
minimal length, then d; = 2h — 3.

ProoOF. [2,loc. cit.].

2. Application to Lie algebras. Let g be a noncompact real semisimple Lie
algebra with Cartan decomposition § = f + p. Let a be a maximal commutative
subspace of p. a can be extended to a maximal commutative subalgebra § of g,
and such an § has the form §= §, + a, where h, Ct [4, p. 221]. The non-
zero eigenvalues of the adjoint representation of § on the complexification gC
of g form a reduced root system A in ih} + q*, with inner product ¢ , ) dual to
the killing form B of g. (The stars denote real dual vector spaces, and Ch% +
Ca* is naturally identified with Ch*.) We let o be the linear involution of i §% +
a* which is —1 on i§¥ and +1 on a*. Then the restricted root system P defined
by o is the set of nonzero eigenvalues of the adjoint representation of @ on g,
and the multiplicity m, of a € P is equal to the dimension of its eigenspace in @.
(For details of the above, see e.g. [1].)

Blyx ¢ is negative definite, while By, is positive definite. Let 6 be the
symmetry; i.e., the linear involution of g equal to +1 on f,to—1on p. @ isan
algebra automorphism of g. For « € P let H, € a be the unique element such
that o(H) = B(H, H,) for all HE a.

Now let {y,,...,7,} be a set of strongly orthogonal restricted roots. Let
X; be an element of the eigenspace of v, in g such that —B(X;, 6X,) = 2/1,(H.,i).
Let Y, =-0X,,Z, = 2H, i/'y,.(H,").

2.1. PROPOSITION. For the X,, Y,, Z,, we have the following multiplica-
tion table:
[X. X1 =Y, Y1=12,2]=0, [Z,X]=2,X,

[X;, Y1 = 8,2, 20, Y;] = =28,Y;.
Furthermore, X;- Y, €L, X, + Y,€Ep, Z,€p.

PROOF (as in [4, Chapter VI, Lemma 3.1]). Z; € a, which is commutative;
fori #j, [X,, Yi]’ X, Xj], and [Y, Y;] belong to (7, t;)-eigenspaces of
ad‘(a), which are all {0}, and [Z, X)) = 7,-(Zi)Xi =0= —7,-(Z,.)Yj = [Z, Yj].
Fori=j,

2, X1 =7@)X;=2X;, (2, YV|]=—1(Z)Y,=-2Y,,
and [X, Y;] belongs to the O-eigenspace of ady(a). Also
60X, Y,) = [0X,, 0Y,] = [ Y, —X,] = [¥; X,] = ~[X, Y].
Therefore [X;, Y;] € p, and so [X}, Y;] € a, by maximality of @ in p. Now,
forHE a,
B#H, [X,, Y;]) = B(lH, X,], Y)) = v(H)B(X;, Y;) = 2v(H)|v{H).
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Therefore [X;, Y;] =Z;. 0(X;—Y))=-Y,+ X; = X;— Y,;. Therefore X; —
Z€acCy.

22. CorOLLARY. X,,...,X,Y,,...,Y,andZ,,...,Z, generate
(as a vector space) a subalgebra of g isomorphic to the Lie algebra direct sum of
r copies of 81(2, R) and having a Cartan decomposition compatible with that of
8. Specifically, the Lie algebra generated by X, Y, and Z; is mapped isomorphi-
cally onto 81(2, R) by the linear mapping defined on the given basis by

0 1 0 0 1 0
Xi—=\o o)’ Yi"*(l o)’ Zi_’(o —-1);

and the Cartan decomposition

81(2, R) =80(2) + {(,t, —:‘)}

is compatible with the Cartan decomposition of §.

ProOOF. Direct computation.

We now determine a necessary and sufficient condition on ¢ for a* to have
a basis of strongly orthogonal roots. (If we require only a basis of strongly ortho-
gonal restricted roots, a necessary and sufficient condition is simply that —1 be-
long to the Weyl group of P)

2.3. PROPOSITION. a* has a basis of strongly orthogonal roots if and only
if t contains a maximal commutative subalgebra of .

PROOF. Let {y;, ..., 7,} be a basis of strongly orthogonal roots for a*,
and let X;, Y;, b, and B be as above.
CLAIM. A maximal commutative subalgebra of g contained in { is given by

exp (adw(%' ’i;l @, + Y,)))([)+ + ia).

PROOF OF CLAIM. X and Y; commute with §, because the 7; vanish on
4. For H=Z% hZ, a typical element of q,

m 3
exp(ad.c TIZI &, +Y)))E

= (mi/2)2K ®  (riiN2k+1

M-e

1 [Gos %)(X, +Y)- i<sin %)(X, - Y,-)] = —igl(X, -Y)€Eit.

i
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The commutativity and maximality follow from the same properties for §.

To prove the converse (along the lines of [4, Chapter VIII, Proposition 7.4]),
we assume that § C { is a maximal commutative subalgebra of 8- We let A be
the root system of nonzero eigenvalues of ad C(C l)) A= A V) A where the
eigenspaces of A are contained in C t, whlle those of A are contained in Cp.
Introduce an ordenng in the span of A and choose Xp in the B-eigenspace for
each0<B€E A Let Y 5= 0X,, where ¢ is the linear involution of 8¢ Which is
+1on 10 and -1 on ig. Since A C zb* Yﬂ belongs to the —B-eigenspace. Clearly
XB + YBE g. Since 0 # [Xﬁ, YB] ecpc ct YB¢ Ct. Therefore Yﬂ
Chp; X5+ Yﬁe CpNg=p. Infact ;J zpez R(Xﬁ+ YB)

Now let y, be the highest root in A and, given ¥, . . . , Yy, let 7,4 be
the highest root in A,l such that {y,, ..., 74} is a strongly orthogonal set
(if such a root exists; if not, the process terminates). Let {y,,..., 'yq} be the
full sequence of strongly orthogonal roots obtained in this manner. Let @ =
by 1R(X’7 F T’w). Clearly @ is commutative. To show that @ is maximal
commutative in p, consider any element X of p.

X= 2 t,(X+ 7,
geA,
and assume that X commutes with @ but X ¢ @. Let r be the smallest index such

that 1 # 0 for some g with {y,, ..., 7,, B} not strongly orthogonal. Then in
[X, X, + ?'h] = 0 we must have

tﬁ[Xﬂ’ X."] = t27r—B[X27r-ﬁ, Y"}‘] # 0.
But then either v, <f € Zn or7,<2,—-BE Kn. Thus either {7,,...,%—1»
BY or {¥;, ... %—1»27,— B} is a set of roots which is not strongly orthogonal.
But we assumed that r was the minimal index for which such a set could be con-

structed.
Now we can show by a computation similar to (4) that

ﬂi q ~ ~ - ~ ~ ~ .~
exp (ad“.(—; ZB(X‘Y,-’ Y7i) %(X'Yi - Y7i)>>(a) C i
i=1
We can therefore view the ; as roots of the conjugate of i?)',
Tri q ~ ~ _% ~ ~ K
exp(adge (-7 X BX,, Y, )X, - V,) @,
i=1

which is of the form @ + i b4, hy C L. The v, vanish on b, and can therefore
be regarded as forming a basis of a*. Any given maximal commutative subspace
a of p is Int(f )-conjugate to a.
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3. The Horn-Thompson-Kostant decomposition. Let g, {, p, a, and a*
be as in §2, and assume that a* has a basis of strongly orthogonal restricted roots
(not necessarily roots). Let X; and Z; be as in Proposition 2.1, and let ny =
Z1 ,RX,. Then n, is a commutative subalgebra of g.

Now let G be any analytic group having Lie algebra g. Let X, 4, and N,
be the analytic subgroups of G corresponding to f, a, and n,, respectively.

3.1. PROPOSITION. The element exp Z{_ h,Z; of A belongs to the same
coset in K\G/K as the element exp 2 Z1_, sinh h.X; of N,.

ProOF. Because of Corollary 2.2, it is enough to prove the proposition for
g = 8[(2,R). Because the center of G is contained in K, it is enough to prove
the proposition for one analytic group having Lie algebra 8[(2, R); say, for G =
SL(2, R).

In SL(2,R), since

2h
(exp hZ)!(exp hZ) = (e(’)' e(—)h>< e(’)' ﬁh) = (eo e92h>

is similar to

(exp 2 sinh X)*(exp 2 sinh hX) = ( 1 2sinh h )( 1 0)

0 1 2 sinhh 1
_ (1 + 2 sinh®>h 2 sinh A
2sinh h 1/

exp hZ and exp # sinh X belong to the same double coset of K = SO(2).

3.2. COROLLARY. We have the decomposition (announced in [8])
5) G = KN K.

ProoF. The corollary follows from Proposition 3.1 and the well-known
decomposition of Cartan G = KAK [8, (4.2.8)].

The decomposition (5) was called by Barker the Thompson-Kostant decom-
position. Kostant later added the name Horn upon discovering that Thompson’s
result for SL(2, R), later generalized by Kostant, had previously been discovered
by Horn.

3.3. COROLLARY. The Haar integral on G is given (up to normalization
by a constant factor) by the formula

fo = [~ [ fxf(k, o 3 W,)
©® -

cJty, ..., tq) dk,dt, - - - dtqdkz,
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where dk, = dk, is the Haar measure on K and J is defined by (2) (and given,
for G simple, by Table 1).

ProOF. The corollary follows from Proposition 3.1 and the well-known
formula [4, Chapter X, Proposition 1.17]

J re) 28 = fK f‘ fK fley exp Hk,) TT Isinh aB)*™= dk, dH dk,,

a€EP
where dH is Lebesgue measure on the Euclidean space a.

Kostant conjectured that the Jacobian appearing in (6) would be a poly-
nomial. We see from Corollary 1.7 and Proposition 2.3 that Kostant’s conjecture
is true precisely when ! contains a maximal commutative subalgebra of g, the
case for which Kostant stated in [8,(5.1.1)] the decomposition (5).

We conclude this section by computing the radial part on N, of the Casimir
operator Q of G, which will be useful in the next section.

3.4. CoroOLLARY. If fis any smooth K-bi-invariant function on G, then

q a (v, 2
ﬂf(exp th,,\’,.) = [z i4 i 30? "'4):—,@
= :

i=1

+ [2ti +(3 + ay2lee]

o,
.(f(exp g:ltiX,-»,

wherever J(t,, ..., tq) # 0.

L]
expZd  1,X; o,

ProoFr. The corollary follows from Proposition 3.1 and Helgason’s formula
for the radial part of £ on 4 (as in [5, Theorem 3.3]); namely, for H € a,

Qftexp H) = D(exp H)™ %A, [D(exp H)’f 1(exp H)
— D(exp HY~ %A, [D(exp H)"*flexp H),

where D(exp H) = II ,cplsinh a(H)I%m“ and A, is the Laplacian of the Euclidean
space a. Formula (7) is valid wherever D(exp H) # 0.

Q)

4. Spherical polynomials. Assume that G has finite center, so that K is
compact.

Kostant conjectured in [8, Remark 5.1.1], that the (G, K)-spherical func-
tions, which, due to Corollary 3.2, are determined by their values on N, might
have a polynomial nature there. In case P is of fype Cq or BCq, we do indeed
find a sequence of spherical functions whose restrictions to N, are polynomials in
the canonical coordinates ¢, . . ., #,. These polynomials can all be expressed in



CERTAIN REAL SEMISIMPLE LIE GROUPS 189

terms of the hypergeometric function F. For other simple types we find that the
only spherical polynomial is the constant 1.

4.1. LemMA. If fis a K-bi-invariant eigenfunction of S whose restriction
to N, is a polynomial in the canonical coordinates t,, . . . , typ and if f INo has

2
an extremal term of the form atf'll <o 2", then

of = 3" [n? + W(d; + Dy v,
i=1

where d, is as in Proposition 1.8.

Proor. Apply Corollary 3.4 and equate coefficients of £

We now introduce in a* the lexicographic ordering with respect to the
ordered basis (7, ..., 'yq). With respect to that ordering we let G = KAN be
the Iwasawa decomposition; @, and aX be the positive Weyl chambers in a and
a*, respectively; and p be the half-sum of the positive restricted roots with multi-
plicities.

4.2. LEMMA.

d; +1=@p, vy v

Equality holds for i = 1. If G is simple, equality holds only fori = 1.

Proor. The inequality, as well as the equality for i = 1, follows from
Proposition 1.8. If G is simple, then fori € {1, ..., q} there exists a finite
sequence (8, . .., 8,) from A such that 5, =v,,5, =7;,and §;,8;, ,> #0.
Now let (,, . . . , ,) be such a sequence of minimal length. (§;,8;,,) =0;
otherwise we could obtain a shorter sequence by omitting §;, ;. But now there
exists a root of the form §;, | £8;,,,and §;,8;,, +8;,) =;,8,,,)#0,
<8i+1 + 8]._,_2, 81-_,_3) = i(8j+2, 8i+3) # 0; so we may obtain a shorter sequence
by substituting 8,.+l + 6i+2 for 5,-+l and 8]-+2 whenever 2 <j+1<j+2<
r— 1. Therefore r = 3, and &, is not orthogonal to either 7, or v;. By applying
Weyl reflections with respect to 7y, and 7v;, we may assume that (y,,8,) >0 >
{y;,6,). Thend, >0, and

=1 <1 =1
(71" p) = 2 6§0 <7,', iy 2 pgok'yp Bl = 4(di + l)(')'i, 71)-

4.3. CoROLLARY. If fis a K-bi-invariant function whose restriction to
Ny is a polynomial in t,, . . ., t,, and if Qf = cf, then

q
Cc= Z: [l‘l'2 + %(di + l)ni]<'yi, 7,)

i=1

q q
=(p+ 3 nypp+ 3 ny) =0,
i=1 i=1
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where fly  has an extremal term of the form atf"1 ee t;"q asin Lemma 4.1.
Equality holds if n; = 0 for i = 2, and for G simple only in that case.

ProoF. The corollary follows from Lemmas 4.1 and 4.2.

4.4. LEMMA. If fis a K-bi-invariant function on G such that f|y 0 isa
polynomial in t,, . . ., t, and e~ flexp H) is bounded away from 0 and =
for H in the closure of @, where p is some element in the closure of a¥; then
M= 2E§’=,n,7, for some nonnegative integersny, . . ., Ny, and

2n

q
f (CXP ZtiX1> =ap,,..n.0
i=1 q

2n 2m 2m
1... q 1... q
t +Z:a,,,pm,,,,qtl ty

q
;ml, cees mql Zl (n,-m,-)v,,a.,,) =0,
i=

(ml,...,mq)sﬁ(nl,...,nq)

for some coefficients a,, mq

PROOF. Since f is invariant under the Weyl reflection with respect to each
75 Rexp TL 1, X;) is even in each #;. The degree follows from Proposition 3.1.

We now apply Corollary 4.3 and Lemma 4.4 to the problem of determining
which spherical functions have polynomial restrictions to N,. The spherical func-
tions on G are indexed by a& (modulo the Weyl group of P) and given by the
formula

0(0) = f eA=P)(HEK)) gp
K

for A € a&, where H(g) is the element of @ such that g € K exp(H(@)V. If

iN€ a} +ia* we can transform the integral formula for ¢, (a) (for a € exp a.)
to an integral over N, the analytic subgroup of G corresponding to the sum of the
negative restricted root spaces. We have, as in [6, Lemma 2.3],

#2(@) = exp[(\ - p)(og @)] [ exp[@A ~ p)(H(ara="))] exp(-ik - p)H())] di,

where dn is the Haar measure on N such that [gexp[—~ 2o0(H(n))ldn = 1. We see
that for e~#(1°82)g. () to be bounded away from 0 and = on the closure of a;,
we must have u € i\ — p +ia*. In case i\ — p is in the closure of a¥, we have
indeed

0< e = J expl(- k= p)(HE)] dit < expl(- i\ + p)(log a)] (@)

<[ oexp[= 20(H()] dii = 1.
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Furthermore, Q¢, = (—\, N = (o, p))¢,.

Now assume that ¢, |y is a polynomial in #,, .. ., #,. By Lemma 4.4,
a 2n 2n
= 1... »
)\ (exp iZ 1: tiX,) = a,,lm,,qtl tq ¢ + “lower order” terms,

where i\ — p = ZL_ n;7, is in the closure of a%. (We may have i\ —p =0,
¢\ = ¢_;, =1.) Furthermore,

q q
-AN-, 0= (p + 2 n e +1Z nm)-<p,p>
i=1 =1

q
= Zl [n,2 + %(d; + l)ni]m, 7).
i=

By Corollary 4.3 we must have, for G simple, n; = 0 for i > 2.

Now by considering the asymptotic behavior at e of ¢, in all Weyl chambers,
we conclude that ¢, | must have an extremal term of the form aﬂ};ltf‘"‘
whenever § = %I k;; belongs to the Weyl group orbit of ,. But if Pis of a
simple type other than C, or BC,, then we may set § = 'y, + %‘yi + %y, + %y,
for some choice of i, j, k, L. (We have assumed for convenience that v, is of
maximal length.) The number of the indices i, j, k, lequal tor € {1,...,q} is
either 0 or {y,, 7,Y4y,, v,). Then we must have, by comparison of eigenvalues
of Q, that

[n? + %@, + Dn,Jr, 1y

= n% + %n1(4 + d,'('Yp 7,') + d,‘<7,‘1 7,‘) + dk(')'k’ 7k) + dl('Yp 71))

whence n, = 0. (We have used that d; <min[d,, d}, d;, d;] and that i, j, k, !
are not all equal.) We have proven the following

4.5. THEOREM. If Pis of a simple type other than Cq or BCq, then the
only spherical function on G restricting on Ny to a polynomial in PRI A
$_ip =1

In case P is of type Cq or BC,, we find the polynomial solution
q
P, kexp Z t,-X,-)
i=1

: -2m(q - 1)? s+1+2@-Dm+1
T+t +2q-1m g +I+1)+2q-)m

q
c Y Fn s+ 1+ (g = Dm+n; s + B+ (q = Dm + %; - %r?)
i=1
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to the differential equation on N, for a K-bi-invariant eigenfunction of £ with
eigenvalue [n? + %(d, + 1)n]¢y,,7,). (Here s, m, and [ are as in Table 1.)
Since p,, is even in each ¢; and symmetric in the ¢;, it extends to a K-bi-invariant

function on G. Now I claim that p,(ny) = ¢_ itny g+ o)1) for ng €Ny, For
P, is a K-bi-invariant function satisfying

p, W-itny,+0)

and 0<p, <¢_ .
Pn ¢_i(n71+p) n i(ny;+p)

Since ¢_;(n, 140) is a minimal K-bi-invariant eigenfunction of Q (see [7]), p, =
kb_i(ny,+p) for some k € [0, 1]. Butp,(€) = ¢_;(ny L+ )€ = 1. Therefore
k = 1. We have proven the following theorem.

4.6. THEOREM. If Pis of type Cq or BC,, then the spherical functions on
G restricting on N, to polynomials in ty, . . . , t, are precisely

q
¢_ i(nyy+p) (exP iz-:l tiXi>

_ -2m(q - 1)? s+I1+2q-1m+1
Tgs+I+1D)+2q-1)m qs+li+1)+2q-1)m

q
<Y F-nYs+l+@-Dm+n %s+ %+ (q— m+ %;— %e?).

i=1

The formula of the theorem is valid (by the same proof) for all n = 0 and
by analytic continuation for all n € C, although ¢_;,, 1+0) is polynomial in
iy ...ty only for n.a nonnegative integer. Our result includes in particular
Harish-Chandra’s formula for all spherical functions on a rank-one symmetric
space [3].
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