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EXTENSION OF FOURIER L? - L? MULTIPLIERS(")
BY

MICHAEL G. COWLING

ABSTRACT. By MY(I") we denote the space of Fourier LP — L9 multi-
pliers on the LCA group I. K. de Leeuw [4] (for I' = R?), N. Lohoué [16]
and S. Saeki [19] have shown that if Ty is a closed subgroup of T, and ¢ is a
continuous function in MP(T), then the restriction ¢ of ¢ to I'y is in Mg(l"o),
and liggll B< li¢llp- We answer here a natural question arising from this result:

we show that every continuous function ¥ in Mg(r‘) is the restriction to I'y of
a continuous M’p,(I‘) function whose norm is the same as that of . A Figa-
Talamanca and G. I. Gaudry [8] proved this with the extra condition that Ty
be discrete: our technique develops their ideas. An extension theorem for
Mg(l"o) is obtained: this complements work of Gaudry [11] on restrictions of
Mg(r)-functions to Ty.

1. Introduction. By G and I" we denote dual LCA (locally compact
abelian hausdorff topological) groups, written additively, whose Haar measures
dx and dvy are normalized so that the inversion theorem holds. For an extended
positive real number p, satisfying the conditions 1 < p < o0, LP(G) denotes the
usual Lebesgue space of functions (function classes, strictly speaking) on G, and
p' denotes the conjugate index defined by the rule: p"~! + p~! = 1. The space
of bounded regular complex Borel measures on G is denoted M(G): M(G) can be
viewed as a subspace of the space M, (G) of Radon measures on G. By C,.(G)
we denote the space of all continuous functions on G, with the topology of
locally uniform convergence; C,(G) is the subspace of C,.(G) of functions f
whose support supp(f) is compact, and Cy(G) is the closure of C,(G) in the uni-
form topology. The dual space of C,(G) is the space M, (G); that of Cy(G) is
M(G).

The Fourier transformation F is defined on L!(G) by the formula

o = [,an®re) Vyer
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2 M. G. COWLING

we shall often write £ for the Fourier transform of £ The space A(T") is the space
of Fourier transforms of functions in L!(G) with the inherited norm: the Riemann-
Lebesgue lemma shows that a function in A(T") is continuous and vanishes at
infinity. The inversion theorem states that, for any fin L! N A(G),

(NN @ =LfG) VxEQG,

J, being the reflection of [ R (x) = f(=x).
The Fourier transformation extends naturally to a mapping of M(G):

a0 = [, du®  Vrer,

For any u in M(G), i is a bounded continuous function on I': B(T) is the image
of M(G) under the Fourier transformation. The space B(T") has the inherited
norm:

il = el = J _ .
The Fourier transformation maps L! N L2(G) into L?(T), and
I, =1fl, VFfEL' nL*G)

(provided the Haar measures of G and I are adjusted so that the inversion theorem
holds) and so extends uniquely to an isometry of L2(G) onto L(T"). One can
interpolate between the spaces L(G) and L2(G) [respectively Co(T) and L2(I)]
and extend the Fourier transformation to a mapping of LP(G) into LP oas<
P < 2); but unless G is compact, to extend the Fourier transformation to L?(G)
(p > 2) one must use distributional methods. We shall use the notion of “quasi-
measures”, introduced by Gaudry [9], [10]; we shall give a different, though
equivalent, definition.

The space A_(G) is the subspace of A(G) of all functions with compact
supports. A linear functional ® on 4 (G) is called a quasimeasure if, for each
compact subset K of G,

K&, u) | <c®)lull, Vu € Ax(G),

Ak (G) being the Banach space of A(G)-functions which vanish off XK. The con-
volution & # « of a quasimeasure ® and an A (G)-function u is defined by the
rule

O xux)=(®,T_,u) VxEGQG,
T u being the translate by x of u: T,u(y) = u(y —x). If we imbed the space of
locally integrable functions L}, (G) into the space Q(G) of quasimeasure on G
by the formula
(fud=F»u0) VfELL(G),Vu€EALG,

where the convolution of two functions f and g on G is defined as usual:
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fe2x) =f0dyf(x -e(y) Vx€GQG,

then the convolution of a quasimeasure and an A (G)-function coincides with the
usual convolution if the quasimeasure “is” a locally integrable function. All this
is proved in some detail in [3].

By L1(G), we denote the space of quasimeasure & on G such that [|® « ull,
< Clull, Vu € 4 (G). If p <, LY(G) can be identified with the space of con-
tinuous linear operators from LP(G) to L9(G) which commute with translations;
if p = oo, a similar result holds if LP(G) is replaced by Cy(G). The least value of
C in the inequality above, which we write ||®l|; ¢, is just the operator norm of the
associated linear mapping from LP(G) (C,(G) ifpp = ) to L(G).

Figa-Talamanca [6] (p = q) and Figd-Talamanca and Gaudry [7] proved
that L1(G) can be identified with the dual space of a space A}(G) of locally in-
tegrable functionson G. If 1 <p, q < o, set

s= [max{p™' -¢71, 017;
naturally, ® = 07, Write EP(G) for the norm closure of C,(G) in L?(G). If
either G is compact and 1 <g<p < or G is arbitrary and 1 <p < q < oo,
then A](G) is the image of the completed projective tensor product EP(G) ®
E%(G) under the continuous linear mapping P: EP(G) & E9 @ — E*(G) which
carries f® gtof= g; Ag(G') has the induced norm. For such p, ¢ and G, AP(G)
is a nontrivial subspace of E%(G). For other p, q and G (i.e. noncompact G, and
p and q satisfying the inequalities 1 < g <p < =), 4](G) is defined to be the
trivial space containing only the zero function.

For those p, q and G for which A7(G) is nontrivial, it is easy to see that a
function u on G belongs to Ag(G) if and only if it can be represented:

u =an *gn inLIIOC(G)’
1
where f, and g, are in EP(G) and E? '(G) respectively for each n, and
212 Il lgnllyr < oo

The infimum of all sums Z5II£,ll,lig,ll - such that u = Tf, * g, is the A%(G)-
norm of u, written [lu|l , g For all these p, q and G, 4 (G) is a dense subspace
of 47(G) [3].

For certain values of p and g, A"(G) is equivalent to more extrmsmally
defined spaces: 42(G) = A(G), A} (G) Co(G), and 4(G) = L '©) @>)).
These characterizations, proved by Flga-Talamanca and Gaudry [7], lead to dual
characterizations of certain spaces L}(G): L1(G) = M(G), and L%(G) = LP(G) if
p>1.
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We are now in a position to define a distributional Fourier transformation
(also denoted F). It is an easy exercise to show that F4(G) is a dense subspace
of AX(G) (see [2]): for a quasimeasure @ in L](G) (in particular, for L(G)-func-
tions with ¢ > 2), we define the Fourier transform & to be the unique quasimea-
sure on I such that (&, u) =(®, ) Vu €A <(@). This extended Plancherel for-
mula uses the 47(G) — L1(G) duality; unfortunately, no really satisfactory defini-
tion of the Fourier transform of an arbitrary quasimeasure seems possible.

Write M](T") for the space of Fourier transforms of quasimeasure in Lg(G).
Unless G is compact, the Fourier transform of an element of L;’,(G) P<qis
not necessarily a Radon measure. We shall restrict our attention to the subspace
MZ(T) of M(T') of those elements which “are” locally integrable functions. This
is not so limiting as it might appear: if p =q, orif 1 <p<qg<2,0rif 2<p
< q < oo, then we are excluding nothing from consideration; Mg(l") is all of
MJ(T) in these cases [14]. Also, when G is compact, Fo() = L>=(I).

We conclude this section with a little group theory and an introductory
theorem. Suppose that G, is a closed subgroup of the LCA group G. Let I'y be
the annihilator of G, in the dual group I" of G. Then the dual group of G/G,
can be identified with I'y. The canonical projection 7 of G onto G/G, is dual to
the injection # of I, into T', in that

mx(yy) = x(@y,) VXEG, V7, €T,

For these facts, see [13, §24]. If the Haar measures dx, dx, and dx on G, G,
and G/G, are normalized so that

oo = [t ], drose+x0) vIECO)

[13, 28.54], then our standing assumption about the normalizations of the Haar
measures dy, dy and dy, on the dual groups I, I'/Ty and T imply that

f ) = fr ITo dy fl‘o drog(y +79) Vg EC D).

In particular, if G, is compact and has total mass one (the standard normalization
for the Haar measure on a compact group), then I’ is open in I and the Haar
measure on I'y is that on T' restricted to Iy .

THEOREM 1. Suppose that G is a compact subgroup of the LCA group
G, and that the total mass of G is one. Then the “periodification” mapping
w*: f — f o 7, induced by the canonical projection © of G onto G/G, is an
isometry of A}(G/G,) onto the subspace of A%(G) of functions constant on co-
sets of G in G. Dually, the restriction mapping #*: ¢ —> ¢ ° induced by the
injection of Ty into T maps MI(T') onto M3(T'o) without increasing norms; re-
stricted to the subspace of MZ(I") of functions which vanish off Ty, #* is an isom-
etry onto MI(Ty).
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ProoF. The proof of this theorem is quite simple. Cowling [2] gives com-
plete details; most readers will prefer to reconstruct the proof from the sketch
given here.

If f € LP(G/G,) and g € L (G/G,), then f ° m € LP(G), g ° n €LY (G),
and (fxg)° m=(f° n) = (g° m); moreover

720 = 7l g <UFe g = aly: = 111 el

It follows that 7* maps 47(G/G,) into A}(G) without increasing norms.
Let ug,, be the idempotent measure on G defined by the rule

ko, * 1) = [ axyflxp) VFECLO).
0

If f € LP(G) and g € LY (G), then
frgrp=(fr)s@rp)=Geom)s(keon)
for appropriate & and k in LP(G/G,) and L"'(G/Go) respectively. Thus

fegapu=(hek)on
and

Ve o Kl g < Ul Il = 17w ullg o bl < 11, Nl

If & belongs to Ag(G) and is constant on cosets of Gy in G, thenu =u  u. It
follows that u = v © 7 for some v in A](G/G,) of norm no greater than that of u.

We have shown that #* is a homomorphism of 43(G/G,) into A%(G) which
does not increase norms, and that the mapping M:u— 7% Y(u » ) is a left
inverse of #* (i.e. M, - m* is the identity map on A;(G/Go)), which also does not
increase norms. The first part of the theorem is proved.

It is easy to show that the adjoint maps of n* and M,,, which we write as
* and M, are given by the formula

™e=2l, VeEQM)
and
M,P,uy=(d,ulp ) VEQT,), Vu € AT);

here we have identified the dual spaces of FA(G) and FA,(G/G,) with the spaces
Q") and Q(T'y) respectively via the Fourier transformation. From this identifica-
tion and the continuity properties of 7* and M, on the Ag-spaces, the last part
of the theorem follows immediately.

As this theorem disposes of the periodification action on Ag-spaces induced
by the canonical projection 7 of G onto G/G,, for compact groups G, we can
assume hereafter that G is not compact. The only indices p and g of interest in
a discussion of noncompact groups are those satisfying the inequalities 1 <p <gq
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< oo, For notational convenience, we shall write S for the set {(p, q): 1 <p <
q <},

2. The main theorem. Discussion. As we stated in the abstract of this
paper, if I', is a closed subgroup of the LCA group T\, then the restriction ¢, of
a continuous function in M7 (T’) belongs to M7 (T'y), and 9o/l < "¢“M5' In
Theorem 1, we showed that any ¢, in Mf,(I‘o) can be extended to some ¢ in
MI(T") without increasing norms, provided that Iy is open in I'. Figd-Talamanca
and Gaudry [8] proved that if Ty is discrete then any ¢, in MJ(T') can be ex-
tended to a continuous function ¢ in Mg(l") without increasing norms. Our main
theorem, whose proof is an extension of Figd-Talamanca and Gaudry’s ideas, states

THEOREM 2. Suppose that T, is a closed but not open subgroup of the
LCA group T. There exist a linear operator L from G, (Ty) to C, () and a
compact subset K of T" such that, for any continuous function Y on Ty,

Il <, YO.OES, L@ = ¥(Yo) V7o €Ty,
P P

supp(L¥) C supp(y) + K.

The proof of Theorem 2 occupies the rest of this paper. The remainder
of §2 reviews the proof of Figa-Talamanca and Gaudry’s theorem, and sketches
the proof of our own. §3 contains three technical theorems, whose proof can be
profitably omitted at first reading: Theorem 3 is a structure theorem of indepen-
dent interest, Theorem 4 is a lemma of Figi-Talamanca and Gaudry [8] and
Theorem § is a useful group-theoretic construction. §4 ties together Theorems
3,4 and 5 to prove Theorem 2.

We now review the extension theorem of Figa-Talamanca and Gaudry.
Suppose that Iy is a discrete subgroup of the LCA group I'. Let A be a “tri-
angular” function on I' such that A(0) = 1 and supp(4) N Ty, = {0}; we picture
A thus:

-+ + t ! + + + r
! 1 1 ' ! ' J ' r
A natural extension & of the function ¢ on I'y is

(eR)) P = X A —vM(r) VYrET.
70€To
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For technical reasons, we take A? instead of A. The theorem that, with suitable
conditions on A, ® is in MI(T) if ¢ is in MZ(T,), can be proved by showing that
the mapping f — F,

FG) = fG (oS x)A # Ax +x,) Vx€G,

maps AZ(G) into AZ(G/GO) continuously (cf. Theorem 4) and that its adjoint is
the mapping ¢ — ®.

If T'y is any closed subgroup of I" and ¢ on I'; is a continuous function,
then the formula

20) = fl, dnao-voHn)  VrET,

which is a natural generalization of (2.1), still makes sense for any compactly
supported A on G. However, there is no obvious choice of A so that the desired
restriction property—¢ = ®|p —still holds.

The first step of our proofs is to simplify the situation by using structure
theory. The subgroup I'y can be written as R © A, where R is the group of
real numbers, ¢ is a nonnegative integer and A, has a compact open subgroup A,
[13, 24.30]; R? is an absolute direct summand (Theorem 3), so that I' can be
written as R? @ A, where A, is a closed subgroup of A. We discuss the case
where @ = 0, i.e. where I'y has a compact open subgroup A,. Only notational
changes are needed to restore the R%-factor to the proofs, but these modifications
do complicate the notation quite substantially.

Next, assuming that A, is compact and open in A,, we observe that the
quotient group I'y/A is a closed discrete subgroup of I'/Ay. We picture this as
follows:

Ay
7,

AN A A AL L P22 Y Ll 2 A
/ -
A A A/ A% sy A 44 7,47,

o 5047045074, /0077, 75
VAR A A //'4/,/.///////{4///// % //zz/{’:/f?,é 2.4 //ﬁ’///’ff/

(A, is as shown, Iy, is the union of the solid lines, and the union of the solid
and dotted lines is ') On I'/A,, there is a natural “triangular” function, , say.
We extend k by periodicity over Ay, and obtain a function A which is indicated
in the following diagram:

AR A ALY SR
ZI 7007 1 /0707
2, Y A0 A
//4/5///1/// 071457807, 5774 ////,/,/é///;

Ay

A
77 g/, LA /P AAA L AAALAAL
i
A R A A )
00,2770, 74,% 7
G A A
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Consider the formula
20) = [, ana*o -1 Vyer.

A @ given by this formula is constant on cosets of A, in T, and only if ¢ is con-
stant on cosets of A in I, is ¢ the restriction of ® to I'y. However, if in place
of A? we have A? - F,, where F,, behaves like a Fejér kernel on A, the integral
becomes @, (7):

2.0 = J, 416820~ 10)Fr 10000

— ) 2
= [y in, Fio Jy P =70 = Mo)Falr = Yo ~A}irg *+ 2o)

- o 12,% e o
= ro/Aod')'ok (67 70)',;\od)\°F°l(7 Yo )\0)¢(70+>\0)’

since A'is the periodic extension of k over A,. But k can be chosen to vanish on
all nonzero points of T'y/A,, and therefore

o, = [ doFa-A)r + o)
Ag

for any 7 in I'y. Because (F,),c, is a Fejér-type net on A, if ¢ is continuous,
the last expression will converge to ¢(y) as “a increases”.

Consequently, the essence of the proof is now seen to be the construction
of a net (F,),c, of functions on I which is “Fejér on A,” and with the property
that if () = f F0d7oA2(7 = Y0)F (Y — 70)8(7,) then

12,1l , < Cligll
olig = Whg

and &, converges at least locally uniformly on all of I'. For then the net
(®,)oca Would have a weak-star limit @ in M;’,(I‘), which would be the pointwise
limit

@) =lm @(y) V7VET,

and since ®,(y,) converges to ¢(v,) for 74 in Ty, it would follow that ®lp, = ¢.
To have &, converging locally uniformly, we need to ensure that (F,),ecq» OF
(ﬁa)aeA’ behaves nicely. In our proof, we require (ﬁa)ae 5 to increase mono-
tonely.

The natural way to construct a Fejér-type net on a compact group K is to
consider, for each finite' subset & of the discrete dual D, the function F’a:

Fy= 1o, * X,

If K is the circle group 7, and hence D is the group of integers Z, the functions
Fy=(@N+ 1)‘1x[_N'N], N=1,2,...,wil do the trick. However, even if
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D = Z, it is not generally true that Ial“xa * X, S Iﬁl"lxp * Xz when o and §
are finite subsets of D and a C B. The construction of the net (F,),c, therefore
requires some work in the general case.

The idea of the construction is to take the dual group G/H,, of A,, and to
consider the discrete measures m, on G:

me=lal Y e x T ey,

xEa xEa
where «a is a finite subset of G containing at most one element of each coset of
H, in G, and e, is the unit mass at the point x. As remarked earlier, this proce-
dure does not necessarily give the required monotonicity property, but the follow-
ing technique does. Select x; from a nonzero coset x, + H,,. Either the iterates
0, xy, 2x,, ... belong to distinct cosets of H, in G or nx, is in H, for some
positive integer n. In other words, x, + H,, is of infinite or finite order in G/H,.
We take the measures m,, where « = {0} or {0, x,, 2x;,...,(n— Ix, }if
xy + Hy is of finite order n in G/H,,. If x, + H,, is of infinite order in G/H,),
we let « range over all the sets a,,, where a,, = {0, £x,, +2x,,..., tnx,}, and
n is any nonnegative integer. If H,:

H, = gp({x,}) + H,

is equal to G, we are done. Otherwise, we consider the nonzero coset x, + H,
of Hy in G, and take only the sets § = {0} or {0, x,, 2x,, ..., (n — D)x,} if
x, + H, is of finite order n in G/H,, but allow B to range over all the sets B>
where 8, = {0, £x,,+2x,, ..., *nx,} and n ranges over the nonnegative
integers, if x, + H, is of infinite order in G/H,. We then take the measures m
on G:

a+p

Mysg=la+p™ 3 e *x ¥ e,
xEa+f xEa+p

as « and § run over their respective ranges.

The inductive process that is used if G/H,, is countable is now quite clear.
If G/H,, is uncountably infinite, a transfinite induction process is effected, mim-
icking the ideas above. In any case, we end up with a net (mgy)oey4 of finitely
supported discrete measures on G, where A is a subnet of the net of all finite sub-
sets of a subset S of G containing one element of each coset of HyinG. We
take F, = m,,.

This completes our outline of the proof; the details follow in the next
sections.

3. Three theorems. The first theorem in this section is a structure
theorem of some interest per se, which develops already known results [8, 24.30
and 25.31] and [1]. The result may not be original, but if not, it seems to be
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fairly inaccessible. We need the notion of an absolute direct summand.

Let G be an LCA group. We say that G is an absolute direct summand if,
whenever H is an LCA group, G is (topologically and algebraically isomorphic to)
a closed subgroup of H, and H,, is a closed subgroup of H such that G N H,, =
{0} and G + H,; is closed in H; then there exists a closed subgroup H, of H
containing H, such that H = G © H,, the direct sum being interpreted both
algebraically and topologically.

It is well known that divisible groups are absolute direct summands algebra-
ically [13, A.8], but whether they are also topological summands is another
question. Both 7% (g an arbitrarily large cardinal number) and R? (b a nonnegative
integer) are divisible groups. We prove

THEOREM 3. T° (a an arbitrary cardinal number) and R® (b a positive
integer) are absolute direct summands.

PROOF. Suppose that T® and H,, are closed subgroups of the LCA group
H, and that T* N H, = {0}. Because T* is compact, T* + H, is closed in H
automatically. Let A and A, be the annihilators of % and H|, respectively in
the dual group I of H.

The dual group Z° (the discrete incomplete direct sum) of 7% can be iden-
tified with I'/A, so A is open in I". Since T* N H, = {0}, A + A, is dense in T};
since also AisopeninI', A + A, =T

Let {y; + A: v, €T, i € A} be a generating set for the (free abelian) group
Z° (i.e. a is the cardinality |A| of the set A). From each coset 7; + A, select §;
in A, (this is possible because A + A, =T). Denote by A, the discrete (free
abelian) group generated by {5;: i € A}. Then A; C Ay, and A; ® A =T, the
sum being interpreted both algebraically and topologically. Let H, be the
annihilator of A, in H; evidently Hy C H, and T° ® H, = H both topologically
and algebraically, as required.

The proof that R? is an absolute direct summand is rather more difficult,
as it involves structure theory, elementary vector space ideas, and group theory.
Before starting this proof, we claim that: if G, and G, are closed subgroups of
G with trivial intersection, if G, is o-compact, and if G, + G, is closed in G,
then G, + G,, with the relative topology as a subgroup of G, is topologically
and algebraically isomorphic to the direct sum G, ® G,. For G; + G, is an
algebraic direct sum, and if x, — x in G, and y; —> y in G,, then x, +yz —
x +yinG. Conversely, if x, + y, converges in G (x, in G, y, in G,), then
x, + y, converges to some element x + y in G, + G,, because G, + G, is
closed. By a standard isomorphism theorem [13, 5.33], since G, is o-compact,
G, + G,/G, is isomorphic to G, under the natural isomorphism taking x+y)
to x. Thusx, — x in G,. Consequently, y, — y in G,, which suffices to
prove our claim.
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Now suppose that R® and H, are closed subgroups of G with trivial inter-
section, and that R® + H, is closed in G. Immediately, we see that R® + H,
“is” the direct sum R® ® H, both algebraically and topologically. The problem
is to “expand” H|, to a closed subgroup H of G such that G = RP ®H We
appeal to a structure theorem [18, 2.4.1] which states that G has an open sub-
group of the form R? ® K, where q is a positive integer (¢ = b!) and K is com-
pact. It is natural first to expand H,, to H, + K, which is a closed group since
H, is closed and K is compact. The essence of the proof is then to find a sub-
group R®7? of R? such that

R +(R* P +H,+K)DR* ®K,
and is therefore open in G, and also such that
RV +(R*® +H, +K)=R®> ® R*™® + Hy +K).

Then since R? is divisible, the group R®~2 + H, + K can be extended to a group
H such that G = R® + H, the sum being an algebraic direct sum. However,
because R ® (R*™® + H, + K) is open in G, it follows that the direct sum is
topological as well as algebraic, i.e., G = R? ® H. Here now is a detailed realiza-
tion of the proof just outlined.

The first step of the proof is to “expand” H, to the group H,, + K, and
check that R® + Hj, + K is in fact the direct sum R® ® (H, + K). Since K is
compact, H, + K and R® + Hy + K are both closed in G (recall that one of the
hypotheses of the theorem is that R® + H, is closed in G); it is sufficient to show
that R® N (H, + K) = {0}.

IfR? N (H, + K) is nontrivial, there is a nonzero element r of R? of the
formr =x + k, x €Hy, k €K. The element 7 —x of R ® H,, must generate
a discrete group, since its “first component™ r generates a discrete group. Thus,
the group generated by % is a discrete subgroup of the compact group K, whence
mk = 0 for some positive integer m. But then mr = mx, contradicting the
assumption that R N Hy = {0}. We conclude that R® + Hj, + K can indeed be
written in the form R® © H,y + K).

The key step, constructing R*~2, is carried out in the following way. The
subgroup R® ® K of G is open, and R? is connected. It follows that R? is con-
tained in R* @ K, through not necessarily in R®. First, we show that the projec-
tion, S say, of R® onto R* is isomorphic to R®. We also project (H, + K) N
(R® ® K) onto its set of R-components, say Uy; U, is isomorphic to R® ® Z9.
We then show that § + Uj, is actually the direct sum S © U,. Next, in case
d > 0, we “fill out” Z to its R-linear span R%, and show that U — U = R® ® R?
also has the requisite intersection property S N U = {0}. Finally, in case b + ¢ +
d < a, we extend S ® R° ® R? to all of R® by using a subgroup ¥V of R?, isomor-
phic to R*~27¢~4_ for which ¥ N (S ® R ® R?) = {0}. Once the subgroup
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U ® V of R%, isomorphic to R®~2, has been constructed, it is necessary to check
that the sum R® + (R*™® + H, + K) is actually direct. This we shall do after
constructing R,

Take a basis {x, . .., x,} for R? over R. We write xj=r;+ k1 €R,
k;€K,j=1,...,b Forany \in R, we represent Ax; uniquely:

Ny =)+ k), 50 ERL KM EK.

An easy argument shows that r;(A) = Ar; for rational A, hence for all real A by
continuity. Accordingly, k;(A) is the element of K such that A= Ny = k).
It follows that {r,, ..., r,} is a linearly independent set in the R-module R*
and that the projection S of R? onto R is isomorphic to R®.

The projection (S) of R® onto R? is (R® + K) N R?, while the projection
(U,) of (H, + K) N (R® ® K) onto R? is (H, + K) N R®. However,

(R® +K)NR* N (Hy +K) = {[R® n(H, +K)] + K} NR* = {0}
since, as we have already seen, R® N (H, + K) = {0}. Moreover,

[R®+K)NR%] + [Hy +K)NR*] =R® + Hy + K) NR®,

which is closed since R® + K + Hy is closed. Thus, because R and H,, + K are
direct summands, one with the other, the projections S and U, are direct sum-
mands, one with the other. Being a closed subgroup of R?, U, is of the form

R® ® 7% [13,9.11].
We now propose to fill-out the group R° ® Z? by taking its R-linear span,

U=R° ®RY,
and showing that U also has the direct summand property S N U = {0}. To
establish this, it is clear enough to show that the R-linear span of Z9 has only 0
in common with S @ R€. If the contrary is the case, and we denote by
{z4, ..., 24} a set of independent generators of the group Z9, then there exist
real scalars A, . . ., A; and an element r of S © R® such that r = E‘l’)\izi. To
obtain a contradiction, choose for each positive integer n those integers [{, . . .,
I3 for which I /n <\, <(If + 1)/n. Denoting by |Ill the Euclidean norm on R®,
we see that
d

<131

1

~

d "
r=3 -:-l z

1
This implies that the sequence (nr = Z§17z,)7—, of points of (S ® R°) ® Z% is
bounded in R?, and hence has a limit point of (S ® R°) ® Z%. Clearly this can
happen only if some subsequence of each coefficient sequence (I;’):::l is bounded.
Since [ <n\; < I}' + 1, this entails that A; = O for each j.

We have now shown that the R-linear span U of U, forms a direct sum in

R? with S. The space U is isomorphic to R° ® R?, though the actual dimension
is quite irrelevant.
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If the dimension of S @ U is less than a, choose a subgroup R® of R? such
that (S ® U) ® R® = R®. Note that, since S is isomorphic to R?, U + R® is
isomorphic to R4%,

We have thus established the existence of a subgroup R®~2 of R? such that

R®+R*P+K+Hy=R"®K)+H,DR* ®K,

and such that
(Hy + K) NR® C RSP,

We now check that the sum R® + (R~ + K + H,) is actually direct. The group
R? is closed; the group RP™® + K + H,, is the union of cosets of (R®™ + K + Hy)
N (R” ® K), where R® © K is open in G. Since (R®™ + K + H,) N (R* ® K)
=R ® K, the group R®™® + K + H, is also closed in G. Further, R® +

(R®™ + K + H,) is open in G, so it suffices to show that R® N (R + K + Hy)
is trivial. However,

RN +K+H)=R*NR*®K)NR*D +K +H,)

=R°N[R*® +K + {H,NR* ®K)}]
=RP N [R*® + {(H, + K) N (R® ® K)}]
=R N [R*® + {(H, + K) NR%} + K]
=RP N [R*® +K] = {0},

and so

R+ @R P+K+H)=R ® R +K+H,)
as required.

Finally, R? is divisible. Consequently [13, A.8], there exists a subgroup
H of G such that G = R® + H, this sum being an algebraic direct sum, and

R*® +K+H,CH.
To show that G = R® ® H topologically, we need only prove that H is closed.
But
HN[R®® R*™® + K+ Hy)] = R® NH) + (R*™® + K + Hy)

=R +K+H,

which is closed, and R? ® (R®*® + K + H,) is open in G, so H is closed, and
G = R® @ H, algebraically and topologically, as required.

REMARKS. If R? and H, are closed subgroups of G with trivial intersection,
there need not be a closed subgroup H of G containing H,, such that G = R® ®
H unless R® + H, is closed. For instance, let G be the group R ® R (R is the
Bohr compactification of R), and take
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Ry={(,0):r€R} and Hy={(r,N:rER}.
Both R, and H,, are closed in G and isomorphic (topologically and algebraically)
to R. However, G cannot be written as R, © H, where H,, is a closed subgroup
of H. Thus, the first stage of our proof of Theorem 3 (for R?), i.e. showing that
R® + (H, + K) is actually the direct sum R® @ (H,, + K) (where K is a compact
subgroup of G such that R © K is open in G), requires that R® + H, be closed
in G. The second stage of the proof, i.e. constructing a subgroup RP of R®
such that R? + (R®™® + K + H,) is open in G and is the direct sum R® ®
(R°™® + K + H,), also breaks down if R® + H), is not closed in G. For example,
let G be the group R © R, and take

Ry={(rr):r€R} and H, = {(m,n): m n€Z}.

If s is irrational, R, N Hy = {0}, but G cannot be expressed in the form R, © H,
where H,, is a subgroup of H.

On purely topological grounds, if G = R® ® H, and H,, is a closed subgroup
of H, then R + H, is closed in G. Therefore there is no hope of extending a
closed subgroup H,, of G such that R’ N H,y = {0} to a subgroup H of G such
that G = R® ® H unless R® + H, is closed in G.

COROLLARY 3a. Suppose that Ty is a closed subgroup of the LCA group
. There exist closed subgroups R®, A, and A of T such that A, has a compact
open subgroup, A, C A, and

T,=R°®4,, T=R'®A.

ProOF. Recall that any group Iy can be expressed as R ® A, where A,
has a compact open subgroup [13, 24.30]. The corollary follows immediately.

With our next theorem, due to Figa-Talamanca and Gaudry [8], we show
that operators of a certain type map A2(G) to A2(G/G,) continuously; the adjoint
of such an operator maps MJ(T'y) to M3 (T").

THEOREM 4. Suppose that G is a closed subgroup of the LCA group G.
If h and k are bounded integrable functions on G such that

fG dxglh(x + x)| SC Vx€EG
0

and

J, axgix +xi<C Vx€G,
0

then the operator J, defined by the formula
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Jf(x) = fGo dxof(x + xo)h « k(x + x5) Vx€EG,

initially as a mapping from C,(G) into C(G/G,), maps A (G) into A (G/G,)
and, for each (p, q) in S,

—1 —1 -1 -1
1971, < O Wt g~ ka0

foreach fin A (G) (s =p~! -q7).
REMARK. The condition

G.1) fao drgh(x + xg)| < C

holds for all x in G if it holds for almost all x in G (see the proof of (4.1) in
§4), provided A is continuous.

PrROOF. We assume that the Haar measures of G, G/G, and G, are normal-
ized so that

Jotr@ = @[, drofetx) vrECO).

Because & and k& are integrable and bounded, & & k is a bounded continuous
function. Therefore, if fis in C,(G), so is f * h * k, and hence Jf is continuous,
and

supp(Jf) C n(supp(f)) VfECLG),

where 7 is the canonical projection of G onto G/G,.
Suppose that f and g are in C,(G). Forx inG,

J(f«g)x) = IGO dx, [IG dyf(x + xq = )e( y)] [ IG dzh(x + x, — z)k(z)]
= fGodxo fody fG dzf(x + xo = y)e(Wh(x + x4 —y — 2)k(y + 2)
= fadzj;;dyfcodxof(x +xo = VWlx + xo —y = 2)g(P)(y + 2)
G2 = fG dz fG/Go dy fco dy, fGo dxo(f - T,A)x + X0 =3 = ¥o)
(@ T_k)» + )
=, 66,7 [ fGo dxof* T,h(x + x4 - y)]

; [Jo o8 Tk O+ 20
= GdZFz *+ G,(%),
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where F, and G, are the bounded measurable compactly supported functions on
G/G, defined by the formulae:

F,G) = fGo dro(f- T,h)x +x;) Vx€EG,

G,(%) = fGo dry(g* T_k)x+x,) Vx€G.

The A%(G/G,y)-valued function on G taking z to F, * G, is continuous. We show
that

—1 —1 —1 -1
@3 [ P, e Gl <AL S W A gl
p

it follows that the Bochner integral [;dzF, * G, converges in A;’,(G'/Go) and has
A](G/Gy)-norm no greater than " Hnlig lIIhII?_lllkll‘I'"lllf ll,llglly . From
(3.2), we can deduce by a variation of the argument of C. Herz [12] that J(f = g)
is equal to f;dzF, » G,; the inequality

— ~1 -1 -1
F g < C IR IR Y11

follows from the definition of 47(G), the linearity of J, and the completeness of
A3(G/Gy).
To prove (3.3), we observe first that, from Holder’s inequality,

J az1F, « G < [ delF, 1,16, 1,

p
q! et
< [Jer.tg] [[,ezic.z]

if 1 < g < o0; the corresponding inequality holds if q is either 1 or . We employ
an interpolation theorem to further our estimation. On the one hand,

(34)

sup{lIF,ll.: z € G} = supg

f dxo f(x + x)h(x + xo — 2)
Go

:x,zGGE

< sup {nfu,, fGodxolh(x +x-2):xz€ G} <afl.

il

from the inéquality (3.1). On the other hand, if 1 <7 < o,
-1

[fa dzllell';] = [fcdz{ G/Godi faodxof(x + xoh(x + x4 — 2)

At
< [fadz 3fcdx fOh(x - 2) §] < [Iall £y

by Minkowski’s inequality; if 7 = oo, the analogous inequality holds.
The linear mapping taking f to F therefore maps L(G) into L"(G ;L1(G/G,))
and Cy(G) into L*(G; L™(G/G,)) respectively. By a vector-valued Riesz-Thorin
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interpolation theorem, proved by J.-L. Lions and J. Peetre [15] using their real
method of interpolation, this mapping also maps LP(G) into LP"(G; LP(G/G)),
and if p and r are both finite,

—1 -1,,-1
[ azir e |7 <Al i cP
G

while if p or r is infinite,
_l r—-l
SUP{Ilellpi ZE€EG}< ||f||,,||h|l£’ ce o,

Similar inequalities can be proved likewise when £, F, h and p are replaced
by g G, k and q'. Taking r equal to gp~! in the F-inequalities and 1 in the
G-inequalities, we deduce from (3.4) that

—1 pl—l —1 -1
fG dz|IF, = G,|l ag <If Ilpllhllz ,,-IC gl Nkl ~C?

-1 1 =1 —1_ -1
<A MRS linls, CP gl Ikl] ~C?

e S | —1
= S Il g RN £ Mgl

proving the inequality (2.3) and thereby the theorem.

The following result is of some use in our proof of Theorem 4.1, but is of
interest in itself. It is quite well known (see [13, 40.12], [17, p. 121]). Our
proof follows Lohoué [16].

COROLLARY 4a. Let G be a closed subgroup of the LCA group G. For
any compact neighborhood K in G, the mapping taking k to k,

k(x) = fGo dxok(x +x,) Vx €G,

maps Ag(G) into A,,(K)(G/Go) (where m is the canonical projection of G onto
G/G), and

Ik, <CIkl, V&€ A4,(G).
The constant C depends only on K.

ProOF. Let U be a compact neighborhood of 0 in G. The function
Ixylly* Xx—u * Xy takes the value one on K and so, for any & in 4,(G),

k(-’.‘) = fGo dxok(x + xo)"XU"]—lXK—U * Xu(x + xo)

for every x in G. From Theorem 4, ||kll , < Cllk| 4> Where C depends only on
K. The corollary is proved.

Theorem §, the last of this section, is the construction of a Fejér-type net.
We take an open subgroup H,, of the LCA group H and produce a monotone
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increasing net (m,),c, Of finitely supported (discrete) measures on H, whose
Fourier transforms are an approximate identity on Ay, the compact annihilator of
H, in the dual group of H.

THEOREM 5. Let H, be an open subgroup of the LCA group H. There
exist a subset S of H containing exactly one element of each coset of Hy in H
and a subnet A of the net of all finite subsets of S such that (my),ca>
moz=l‘!|_l Z €) * z €_x Va €A,
xEa xEa
is @ monotone increasing net of measures on H and, further, for each coset y + H,,
of Hy in H, lixy+m, * Mylly increases monotonely to one.

PROOF. Let (z, + Hy) g be a well-ordering of the elements of H/H,,,
or, more accurately, let (z ), be a collection of elements of H, containing
one member of each coset of H, in H, indexed by the well-ordered set 2. The
existence of such a set is a consequence of the axiom of choice and Zermelo’s
well-ordering theorem.

Define the subgroups H , and Hg, of H:

H, =gp({z,, h: 0 < w, h EH}),
H = gp({z,, h: 6 < w, h EH,}).

Now Hw/Hﬂ, is a group with one generator, i.e. a cyclic group; denote by O, the
order of this group. Define S to be the set of all (finite) sums mz,, + -+
my2,,,, where the finitely many «; (j = 1,2,..., k) are all different elements
of § and each m; is an integer, satisfying the inequalities 0 <m; < 0"’1 if Owi

is finite. We now show that S contains exactly one element of each coset of Hy
in H. The proof is inductive.

For each w in 2, let S, be the subset of S consisting of all elements of the
formm;z,, + -+ myzy,,, where wy, ..., wy are distinct elements of £,
each no greater than w, m; is an integer and 0 <m; < Owi if Owi is finite.
Clearly, S = U eqS,,- Furthermore, H = U, eqH,,- In order to prove that
S contains precisely one element of each coset of Hy in H, it will therefore suf-
fice to establish the following inductive assertion:

P ,: For each w in Q, S, contains exactly one element of each coset of
HyinH,.

If 7 is the least element of & (R is well-ordered), P, is true. For H,/H, is

a cyclic group, generated by Z,,, of order 0,. Therefore

Hy= | mz, +H,,

meIn

where I, = Z if Oy, is infinite and I, = [0, 0,) otherwise. The sets mz,, + H,,
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as m ranges over I,,, are disjoint, from the definitions of On and In'

If P, is true for all o less than c, then P, is true. For, as above,

Hw = U mzw + H?d
mel
where I, = Z if O, is infinite, and I, = [0, O_,) otherwise; and the sets mz , +
Hz, (m in I ) are pairwise disjoint. The setS, is clearly a subset of H. It remains
to show that if x is in H,, the set x + H,, contains precisely one element of S,,.
We can express x in the form x = mz_, + h where m isin I, and h is in H?,.
But if 4 is in H?, then & is in H,, for some o less than . The inductive hypoth-
esis P, implies that h = s, + h,, where s, is in S; and h,, is in Hy. Thus
x=mz, +s,+h,
€S, +H,.

It remains to show that x + H, contains only the element mz , + s, of S,. If
nz, +s. (1 <w, n€I,) also lies in the coset x + H,, of H,, in H_,, then cer-
tainly mz , + s, and nz , + s, both lie in the same coset of H?, in H,, since
Hy C H?. Consequently m = n, and s, and s, therefore both lie in the same
coset of Hy in H,. We conclude that S, contains exactly one element of each
coset of Hy in H,, as required.

We recall the definition of m,:

m, = lal"l(z ex) *( > ex).
xEa x€a

A monotone increasing net (m,),c 5 i to be constructed from an appropriate net
A of finite subsets of S.

Before we actually construct the sets a, we observe that, if z is in S, there
is a unique finite subset {w,, ..., w;} of Q and a unique finite set {n,,...,n;}
of nonzero integers such that

z2=nmz,, +-0- 4+ MEZgy s

and 1 <n; < 0“’1' if 0, i is finite. This assertion can be readily verified using
the total order on 2 and the definition of O,,.
The subsets a of S are constructed as follows. We select a finite subset

{wys ..., wi} of Qand a set {n;,...,n;} of positive integers subject to the
condition that n; = Owj -1ifo, i is finite. This condition excludes elements
w of Q such that 0, = 1 (i.e. z, € Hg,). The set a consists of all elements x
of S of the form:

x=mz,, +---4 MyZ iy s
where |m;| <n; if Ow, is infinite and 0 <m; < n; if Owi is finite. The set of
all such « is denoted A, and is ordered by set inclusion. Notice that if F is any
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finite subset of S, there is a subset f, constructed as above, such that F C .
Consequently the net A is a cofinal subfamily [5, p. 8] of the power set of S
ordered by inclusion.

We wish to prove that the net (m,),c,, Where m, = lal'l(Zx@ex) *
(Z,cq€_,) is monotone increasing. With the finite set 8, we can associate the
unique sets {w,, ..., w;} of elements of Q and {n,, ..., n} of positive
integers such that

(i)Owi> L,i=12,...,k

(i) n; = Ow,. -1,; Owj < oo;

(iii) B consists of the elements x of § of the form x = m;z,, +--+
myz,,, where |m| < n; if O, i is infinite and 0 < m; < n; if Owi is finite. We
write this association symbolically:

B~ {wys oo sy, oo, gl

It is now easily seen that, in order to prove that m, < mg when a <, it suffices
to prove the inequality in each of the following three basic cases:

@a~{wy,...,w, wsng, ..., n,nh0,=andf~ {w;,...,
Wy, Wi Nyyon My, n+ 1}

®a~{w,...,wgng, ..., m} 0, =>andf~ {w;,...,w, w
ny, ..., 1},

@a~{w,. .o, wesng, .o, m1,0,<eeand B~ {wy, ..., W, w;
Nyyeonsty, 0, — 1}

The argument is really very similar to an argument about finite sums of
cyclic groups. Rather than bore the reader with the details of each case, we treat
only the first case. The proof of case (b) is essentially the same, with n taken to
be 0, and case (c) is only different in that sums from O to n rather than from
—n to +n are involved.

Suppose that @ ~ {wy, ..., Wy, Wi Ny, ..., M, N}, 0, =, and § ~
{wys e oo @y, wing, ..., n+ 1}, Observe that each element x of a has
a unique representation:

x=mzy,, R Mz, +mz,,
such that 0 < m; <n; if 0“’1 is finite, [m;| < n; if 0, is infinite, and |m| < n.
Each element of § can be similarly represented (except that we stipulate that
m| <n + 1). Let v be the set in A:
L AadR (TP A NS ISR % 3
Then
lal = @n + Dlyl and Bl = (2n + 3)hl;
further
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Zex=(lz emw)t Zex) and

xEa mi<n x€y

xze:ﬂ =T (lm |<};'+1 e,,,,w) ) (,E, ex).

Consequently,
my, = ™ Z ex) . ( E e—x)
xEa x€Ea
=@n+ 1)y 'yt p e )
( ) " (Imlz<n mzw) ‘(Imlz<n mrw

* (,é—y ex) t( xfé“" e_x)

=@+ ¥ @+1- lml)e,,,,w] .m,.

| Im|<2n

Similarly,

,,,‘3=(2n+3"l [ Y (@ +3-imDe, ]‘”’7'
| Im|<2n+2 w

Since m,, is positive and

@+t Y @n+1- ImDem;

Imi<2n

<@+3' ¥ @n+3-imbe,, ,
Im|<2n+2 b

m, < mg, and the monotonicity assertion is established.

The last stage of the proof is to show that, for any coset y + H, of H, in
H, lIXy+H¢ * Mglly increases monotonely to one. The quantity Xy +ry * Mqllyr
is just the amount of mass the measure m,, has in a particular coset y + H|, of
Hy in H. The key observation here is that computing lixy+#, * M,lly is exactly
the same as regarding the convolution lal™!(Z,c€,) * (Zcq€-_) 25 a convolu-
tion on the quotient group H/H, (with counting measure) |l (T, c €3) *
(Z,cqo€_3) and computing the mass at the point »; symbolically,

Xy 411, * Mally = lal"( )> e,;) 5> e_,-,) o)
x€a / xEa
for any y in H. This observation follows immediately from the fact that
IXy+10(€x # € Mo = Xz 11, (7) = €5 # €_3(3).
We deduce first that
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(Z) - (Z9)o
2 & || 2 e

xEa xEa

IXy+ 21y * Mallyy = le™

< ™! =1.

1

Next, since m,, is monotone increasing, liXy +# * M,llps is monotone increasing.
Therefore, to complete the proof, we have only to show the validity, for all w in
Q, of the following inductive assertion:

Q,,: Forany y in H,, and any small positive quantity € there exists a finite
setain A,a~ {wy,...,wesny, ..., 0}, such that

W<w, j=1,...,k and Ial'l(z e;‘) * ( e_%(ﬁ)> 1-e
xEa xEa
If n is the least element of £, then Q,, is true. For if 0, =, then H,,,/Ho
is isomorphic to the group of integers, Z, and we are therefore required to show
that, if m is any integer, there is a positive integer N such that

N N
N + l)“(}: ek) * (Z ek) my>1-e.
by =y

This is of course a well'known and elementary fact. The proof for the case where
0,, < is simpler, if anything.

If Q, is true for every ¢ less than w, then 0, is true. For clearly we may
assume that the element z_, does not belong to Hﬁ,, since, in that case, y would
belong to a subgroup H,, for some o less than w. The element y can therefore
be uniquely expressed as y = mz , + h, where h is in H, for some o less than
w and m is an integer satisfying the condition 0 <m < 0, if O, is finite. For
the remainder of this proof, we shall deal with the case where O, is finite. The
other case can be resolved along similar, but easier, lines.

Because O, is finite, Oz , + h,, lies in some subgroup H, of H?,, with 7
less than w. By our inductive hypothesis, there exist sets § and 7 in A,

B~ {04, 050, ...,n5},
Y~ T s T Pys oo o Phs

such that

and
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byl ( > e,;) * ( ) e_,;) 0,2, +hs)>1-¢

xEy xEy

Let 5 be the smallest set in A which contains both 8 and 7. The set § is given by
the correspondence

5~{P1,--~,P,§ql:---,qr}

where {p;, ..., 0} ={0y,...,0} VU {r},... ,r,},sopi<w(j= L,...,n,
and q; = max{n,, py: p; = 0, or 7 ;}. From the monotonicity property of the
convolution measures m,,,

o (x% e,-‘) . ( xé e_;‘) (i) >1-¢

lal“( ) e,-‘) . ( ) e_,.‘) Oy i, +h)>1-e.

xES XEd

and

Finally, take a to be the set § “augmented by powers of z ,”, i.e. & is the
set described by the correspondence a ~ {p,, ..., p,, w; 4y, . . ., q,, n} where
n=0, - 1. Then

laf? (x';l_: ei) *< E e_,-‘) 6
=0+ l)—ilﬁl_l(i ejz-w) * (ie—iz' ) * (Z e-> » <Z €_§> (62]
[ 0 w x€8 =)

=m+1)! l&l‘l<zn: n+1- |f|)€j§w>

* < > e,;) * <Z e_i)(miw + }.lo)

xXES xXE8
=@n+ l)‘li(n +1- |i|)[l5|"l<28 6,;) *(Zs e_,;)]
-n xE x€

(mi,, = jz, +h,)

>m+ 1) {(n +1-m) [I&I"l(z: e.> s( > e__,;)] (ﬁo)
xES xES
(it 1-lm=-@+ 1)|)[|srl(z e,.,> . (Z e__,;)]
x€ES XES

((n + D2, + k)

S+ Hn+1l-mll-e)+m(l-e}=1-¢,
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proving @ ,, with the assumption that O, is finite. When O, is infinite, the
proof is easier, because we do not have to take “O ,z ,” into account. This
concludes our proof of Theorem 5.

While the net of measures (m,),c4 constructed in Theorem S is monotone
increasing and locally convergent in M(H), much stronger conditions can be deduced
about the net (m, * f),cp Where fis in A (H). The following corollary bears
this out.

COROLLARY 5a. Let A be as in Theorem 5. If lin L' N L%(H) is non-
negative and supported in H,,, then my + I x I:

ma*l*IV=lal'l(Z Gxttl)# > 6x¢l>
\

xea xEa

is in A(H) and lim, # 1+ W), <13 for each ain A. The net (my, 1 % 1\ )ocp
is monotone increasing. If j denotes the pointwise limit of the net, j is in B(H)
and \|jllg < WII3; further, for any f in A(H),

(my xlxl)-f—j f inAH)
as a “tends to infinity”. Finally

[, dxolmg w10 ) +x) —> W} vx€H
]

as o “‘tends to infinity™.

ProOF. Since a contains at most one element of each coset of Hy, in H,

and / is supported in H,
Z e_x) *1
xEa

Consequeritly, lm, « I * iyll, < [llI3. Because ! is nonnegative, I « I\, is nonnega-
tive; (My),ca is monotone increasing, so (M, * I # I),c4 is monotone increasing.
The net (m,, * I % 1\)),c, therefore converges pointwise to a bounded function j
on H. In fact, this convergence is locally uniform: for any compact subset of H
is contained in a union of a finite number of cosets of the open subgroup H,,.
Since ! * I\, is supported in H,

— Y2
= lal* .
2

(my xlx1)" Xy+Hy = (m, 'xy+H0) slxly

for any coset y + H,, of H,, in H. It follows immediately from Theorem 5 that
((my % 1 £ ) * Xy +Ho)aeca converges uniformly, and so m, * [+ Iy, —j in
Cio(H) as a “tends to infinity”.

Now, since m,, I * I\, is in A(H),

I fde(ma s 1aly) - 0(0)| <WZNBN. Vo € A (H).
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Further, because (m,, * I * ), converges locally uniformly to j,

fH dxj - 00| < 2NN Vo € A, (H).

Therefore j is in B(H) and ||jllz < 2, as claimed.

To show that, for fin A(H), (m, * 1+ 1) - f— ] - f in A(H), it suffices to
consider only arbitrary f in 4, (&), since IIf - gll, < IIfll4llgll4 and lim, » 1 « LIl ,
is uniformly bounded. Any f in A (H) vanishes off a finite union of cosets of
H, in H, whence it is enough to show that

(g # 1% 1) Xypspry =1 *Xparr, in AGH).
But (my x 1 x 1)) " Xy+my = (My " Xp+rg) * 1 * Iy and (my * Xy+Hglaca cON-

verges in M(H), from which the result follows.
Finally, because m, and / are nonnegative, and [ is supported in H,

f”o dxgtg # 1 X +%0) = Iy 17, * (g # 1 By

—_ . 2
= sy MallaglI2,

which tends to lllllf from Theorem 5.

4. Proof of the extension theorem. In this section, we prove the exten-
sion theorem (Theorem 2), under the assumption that 'y has a compact open
subgroup A,, i.e. that 2 = 0 in Corollary 3a. This assumption makes the proof
much easier to read. At the end of the section, we indicate the modifications
needed to prove the theorem unrestrictedly. The reader is referred to the diagrams
in §2, which may be helpful in keeping track of the ideas of the proof.

Suppose, then, that ', is a closed subgroup of the LCA group T, and that
I’y has a compact open subgroup A,. We make the standard assumptions about
the Haar measures of these groups: we assume that the Haar measure on A is
the restriction to A, of that on 'y, that the total mass of A, is one, and that
the Haar measures on the quotient groups are all normalized so that the “fold-up”
formulae hold:

fro - f[‘o/Ao on’ fr - ‘[I‘/Ao j;\o and fr =fr/rofr'°'
We have supposed also that
on dhg = fpo d7oXAo(7o) =L

Now T'y/A, is a discrete subgroup of I'/Ay; let k be a positive definite
A (T'/Ag)-function such that

KO)=1, IIkll; <1 and supp(k) N To/Aq = {0}.
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For any positive definite A-function, in particular , Ikl , = k(0); in this case,
Ikl = 1.

Let G be the dual group of I'. The annihilators of Ay and I'y in G are
denoted by H,, and G, respectively. Since A, is compact, H, is open in G; Hy/G,,
being identified with the dual group of Ty/A,, is compact. We summarize:

{0}CGy CHy CG  T'2Ty2 A2 {0}
Our assumptions on the Haar measures of T', Iy, etc., imply corresponding condi-
tions on the Haar measures of G, G,,, etc., which do not bear repeating.

Define I to be the FA _(G)-function, supported in the open subgroup H, of
G such that Il = k. Then [ is nonnegative, continuous, and integrable, so the
LY(G/G)-function /,

ix = j;; . dxyl(x +x5) Vx€G,

is nonnegative and lower-semicontinuous. The Fourier transform of i restricted to
Hy/G, is just ky restricted. to T'y/Ay, sO I is equal to one almost everywhere by
our choice of k. Because [ is lower-semicontinuous, the set of points x where
i(x) > 1 is open, hence empty. It follows that

@.1) o<fcodx01(x +x)<1 Vx€G

and

4.2) fcod"o’(" +20) =Xy 10, 0)  ae.¥ in G/Go.
Also,

(4.3) Wiy = llkll, =1,

44 Ml < Nkl <1

and so

45) I, < NN < 1.

Let S be a subset of G containing exactly one element of each coset of the
open subgroup H,, of G in G, as in Theorem 5, and let A be the net of finite
subsets of S constructed there. Define I, and j, by the formulae

I,=YTl=Y e+l and j,= ™, » (U

xEa xEa

From (4.1),
0<f dxgl(x +x)) <1 Vx€G;
Go

evidently, ll/ll, = lol and lll]l.. <1, from (4.3) and (4.4).
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Define, for each « in A, the linear operator J,,: C,(G) — C,(G/G,), by the
formula

I fG) = fao dxo f(x + xg)iy(x +x,) Vx€EG,
for each f in C,(G). Note that
JofG) =l [ (oS0 xody # U\ +%0) VX EG.

From Theorem 4, J, maps 4,(G) into 4,(G/G,) and, for every (p, q) in S,
(4.6) W s, g <Ifll A8 VfEA(G).

From Corollary 5a and (4.5), each j, is in A(G), llj,ll; <1, and the net
(Jo)ac, increases monotonely to the function j in B(G). Set

e = [, (BofGx +xIx + %) Vx€G.

For any fin 4(G), f * j, converges in A(G) to f - j (Corollary 5a) and, of course,
supp(f * j,) C supp(f). It follows from Corollary 4a that J, f converges to Jf in
A/G/G,), and so in A}(G/G,) for any (p, q) in S. We conclude that Jf is in
AJG/G,) if fis in 4,(G), and

@7 WAl g SUfl,g  VFEAL)

for every (p, @) in S.
Let u be the measure on I' such that 2 =j. Since j, converges locally uni-
formly and boundedly to j (Corollary 5a) and

supp(ji,) = supp(l,) = supp({),

which is compact, u is in fact a measure with compact support, K say:

supp(u) = K.

We now identify the adjoint of J. The linear operator J maps 4.(G) con-
tinuously into 4,(G/G,), and so its adjoint J* maps Q(G/G,) continuously into
Q(G). Furthermore, for any (p, q) in S,

48) 1701, ¢ <101, V& € LI(G/G,),

from (4.7). For any u in A,(T"), 4, and so also J&, is integrable. If v, is in Ty,
(Ja) (o) = fa /Gy dxyo (%) fGo dxoii(x + xo)i(x + xo)

= [axve®@ieae = J axvg®iu » )6 =@ ) (o),

sinceu s+ uisin L! N A(D), so the inversion theorem holds. In fact, because u
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and u are compactly supported, # » u is in 4 (T"), whence
©*@)", w) = (J*®, &) = (9, Jd)
= (Cs’ (Jﬁ)v) = (&)s (u=» I‘)lpo),

for any & in any LY(G/G,) with (p, q) in S.
Let L be the linear operator from C,(T'y) to M, (") (the space of Radon
measures on I') defined by the rule

Lop=(¢ -my) s
where (¢ - my, u) = (¢, ulp,) Yu € C,(T) for any continuous function ¢ on Ty
From (4.8) and (4.9), we deduce that, if ¢ is in Mg N Cioc(Ty), then Lo is in
M3(T) and

(4.10) IIL¢IIMg < II¢IIMg;

(4.9)

this applies for any (p, q) in S. Now u is supported in a compact set K; it follows
from the definition of L that

(4.11) supp(L¢) C supp(¢) + K.
It remains only to show that L maps Cy, (T,) into Gy, (T') and that Lélp, = ¢,
for all ¢ in G, (T'y)-

To show that L¢ is a continuous function whenever ¢ is a continuous func-
tion, we apply the inequality (4.10) for particular cases of (p, q) in S, and use
(4.11). First, if ¢ is in 4,(T,), then L¢ is in B(T) (B(T) = M}(T)) from (4.10)
with (p, q) taken to be (1, 1). However, supp(L¢) is compact, from (4.11). Thus
L maps A (T'y) into A (). Next, if ¢ is continuous and compactly supported,
we can write ¢ = Z7°¢, where each ¢,, is in 4,(T") and ZTll¢,ll., < e

From (4.10), with (p, q) taken to be (2, 2), we note that ZTIL$,ll.. <o,
since M2([') = L™(T), and then deduce that L¢ = Z7L¢,, where the right-hand
side is a uniformly convergent series of 4 ,(I')-functions. Hence L¢ is (identifiable
with) a continuous function. From (4.11), L¢ is actually in C,(T'). Observe fur-
ther that

L¢|[‘o = ; (L¢”)Ir0’

so if the restriction property Lglr, = ¢ holds for every ¢ in 4 <(T'o), then it holds
for each ¢ in C,(T').

Suppose finally that ¢ is any continuous function on I'y. Even if ¢ is in
some space M;’,(I‘o), we can say very little about Lo at the outset. For example,
if p <2 <gq and I is not discrete, L¢ need not be a priori a function class. How-
ever, let (ng)secg be an approximate identity for multiplication of C (I'y)-functions
which is also a local unit. It follows that, in a distributional topology (0(M;,, C,))s
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L¢ =L lim(ng * ¢) = lim L(ng * 9),
¢ =L lim(ng - ¢) = lim L(ng - )

from (4.11). Each L(ng - ¢) is continuous, and the net (L(ng * ¢))segp is eventually
constant on any given, arbitrarily large, compact subset of I. Thus L¢ is a con-
tinuous function on I'. Moreover,

L¢|ro = Bllel'g L(nﬁ ° ¢)Ip°9
and so if the restriction property Lglr, = ¢ holds for all continuous compactly
supported functions on Iy, then it holds also for all continuous functions on T,
We have established that the linear mapping L maps continuous functions on
Ty to continuous functions on I', and further, that the restriction property Lélr,,
= ¢ holds for all continuous functions ¢ on I’y if it holds for 4 (T'y)-functions.

To complete the proof of the theorem we must therefore prove that, for any ¢
in A, (Ty), Lglr, = ¢. This we do by showing that

@“.12) fGo dxgi(x +x5)=1 Vx€G.

The motivation for this may be loosely expressed as follows: The requirement that
L¢lp,, be equal to ¢ is, in dual form, that when u is a function on G/G, and
u ° 7 is its “periodification”, then u should be recovered from u © m by application
of J.

The vital step in proving (4.12) is showing that

1, x€H,,

0, elsewhere.

[, dxgl s Q)x +x0) = {
0
Recall (4.2) that
i*) = fG dxollx +%0) = Xir, 16,0) ae.% in G/Go.
Then, because Hy/G,, is a subgroup of G/G, of mass one,
j‘; ] dxyl # (W )x + x4) = j;; odxo fG dyl(x + x4 + ()

= 616, dyfcod}'o fGdeoI(x +xo +y +yo)(y +yo) =12 1[%)

{1, x €H,,

@4.13)

0, elsewhere.

Recall that j = lim,c m,, # I + I, where (m,,),e, is the net of measures con-
structed in Theorem 5. If we denote by m, the measure in the coset x + H|, to
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which Xy 45 * M, converges, then m, is a discrete, nonnegative measure of total
mass one. We write m, = ZTb,e,, , where Z7'b, =1 and the points x,, all be-
long to the coset x + Hy. Since / is supported in H, it follows that

Jx +xg) =m, x 1« f(x +x;) =anltlv(x+xo— »)
1
and consequently,

[ dxoitx +x0) = b, [ dxgl o fx + %0 = x,)
%o 1 " Co

=an =1,
1

by (4.13). Since x is arbitrary, (4.12) is proved.
Finally, recall the definition of L:

Lp=(p" mo) * M.
Then, for every x in G,
(L4)"®) = (¢ - my)"()AX) = ¢ © 7X)j(x),

where 7 is the canonical projection of G onto G/G,,. Let [(L$)"]" be the function
on G/G, defined by the rule

€16 = f, dxoLoy e +x) Vx€G

From (4.12), [(L¢)"]' = 8. It is easily checked that [(L$)lr,]” = [(L$)"]" for
any L¢ in A (T), whence (L¢)Ir, = ¢, as required to complete the proof of
Theorem 2, under the condition that 'y have a compact open subgroup A,.

In the general case, T, may not have a compact open subgroup A,. How-
ever, Iy can be written in the form R? ® A, where A, has a compact open
subgroup Ay, and then write I' as R® @ A, where A, is a closed subgroup of A
(Corollary 3a). In effect, one produces an extension operator L from Cj,.(4,) to
Co.(8), and then this operator gives rise naturally to an operator L’ from the
space of continuous functions on R* @ A, to a space of functions on R* @ A:
for any ¢ in C;, (R® ® A,) and p in R?, L'¢(p, *) is just the function on A ob-
tained by extending the continuous function ¢(p, -) on A, using L. However, the
details of the proof are worth outlining.

Let H be the dual group of A. Then R ® H is the dual group of R* © A.
Let H, and G, be the annihilators of Ay and A, in H. Symbolically

{0} CACA CA  H2Hy2Gy2 {0}

The function J, to be used in the definition of operators J, and J, is a func-
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tion on H, not on all of G, such that

0<faodxol(x+xo)<l Vx EH,

fG 450G+ x) = Xy () aesEinH

Wy, =1, We<1;

1 is the Fourier transform of.an 4 ,(A)-function.

The net A, constructed in Theorem 5, is now a set of subsets of S, say,
where S contains exactly one element of each coset of the open subgroup H of
H (rather than G). The functions /, and j, on H are defined by the formulae:

I, = ( )3 ex) «l and j,=lol", x O\

x€Ea

Theorem 4 must be modified slightly to prove that the operators J,,:
A (R ® H) — A (R® ® H/G ), defined

J f(u +5c)=fGodxof(u+x+xo)ja(x +x,) VYVu€ER® Vx€EH,

map A7(R” ® H) into A](R® ® H/G,) without increasing norms. The new
feature of the proof is that the operators J, “fold up” only in the H-component.
One shows first that

W (f e g¥u+3) = | doF, s Gu+5) VueR,vxeH

(compare with 4.2), where
Fu+3= fG dxg fu +x + x)T,1(x +x,) VuER%,VxEH
0
and
G,(u+x)= f dxogu + x + X NTI )\ (x +x0) VuER* VxEH,
Go

and then estimates [ dz|IF, ||, lIG, |- much as before.
In showing that the operators J,, converge in the strong operator topology
(qua operators from 4 (R® © H) to A (R® ® H/G,)) to the operator J:

Jfu+x)= fcodxof(u +x +xy)j(x +x,) Yu€ER® Vx€EH,

a small point arises. It is necessary to multiply the integrands by a function g in
A (H) which takes the value one on the compact projection of supp(f) onto H
in order to apply Corollary 4a unchanged. Having done so, one observes that
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Wef =Jfll4 = Il [f (u, x)ex)(Ge(x) =GN N4
< Cifll4llely =Nl

which tends to zero as « increases.
The measure u on R* @ A is defined by the rule

iu+x)=jix) VYu€R®VYxEH,
u is supported in the closed subgroup A of R? @ A. Immediately

fGo dxfi(u + x + xg) = fGO dxyj(x + %g) = 1.

The operator L: G, .(Ty) — M, (), defined by the formula L = ¢ - m;, = u,
is shown to have the requisite properties in the same way as in the particular case
treated fully.

REMARK I. Let Bp(G) be the space of (pointwise) multipliers of Af,(G),
with the operator norm. The formula

JfG) = fGo dxo f(x + xg)ii(x +x;) VxE€G

clearly makes sense whenever f is continuous and bounded, not just when f has
compact support. It is easy to show that Jf is continuous for any f-in ((G) and
furthermore that J maps BP(G) into Bp(G/Go) without increasing norms. This
latter fact is obtained by natural extension from the continuity of J from Af,(G)
to AP(G/G,). On the other hand, it has been known for some time (see, e.g.
[16]) that if u is in B,(G/G,) and = denotes the canonical projection of G onto
G/Gy, then u °  is in B,(G) and |lu ° 7llp » < |lullg . However, it is clear that
J(u ° m) = u, so that |lullg,, < llu ° 7llg,, for any continuous function u such that
u ° mis in B,(G). We conclude that the induced mapping n*, taking u on G/G,
to u ° 7 on G, is an isometry of Bp(G/Go) onto the subspace of B,(G) of func-
tions constant on cosets of G in G.

ReMARK II. By judicious choice of the function k (made in the early part
of this section), we can show that if € > 0 there is an extension operator J:

Cloc(r‘o) - Cloc(r) such that

-1
IIJ&IIMg <é gl g V(. q) €S, V¢ € MJ(T,)

("t =p! - ¢71); one has merely to pick k such that likll, <e. Thus
inf {1l g: ¥ € M5 0 O, Y, = ¢} =0

for every ¢ in M7 N C(Tp). This complements results of Gaudry [11] about the
restriction of L? — L9 multipliers (p < q) to closed subgroups.
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