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ABSTRACT. Raouf Doss has given a sufficient condition for a measurable
function ¢ on a measurable subset A of an LCA group I' to be the restriction
(l.a.e.) to A of the Fourier transform of a bounded measure, i.e., a Fourier mul-
tiplier of type (1, 1). We generalise Doss’ theorem, and prove that, if the mea-
surable function ¢ on A is approximable on finite subsets of A by trigonometric
polynomials which are Fourier multipliers of type (p, p) on T of norms no great-
er than C, then ¢ is equal locally almost everywhere to the restriction to A of a
Fourier multiplier of type (p, p) and norm no greater than C.

Before we prove the main theorem, we shall give some definitions and prove
a converse of the theorem for continuous multipliers. By G and I', we shall de-
note dual LCA groups, with Haar measures dx and d7y respectively. The group G
with the discrete topology is denoted G; its dual is T, the Bohr compactification
of I'. The continuous injection of I" into T is denoted §; by § we denote the in-
jection of G, onto G. The extended real numbers p and p’ satisfy 1 <p < oo
and p~! + p"~! = 1; LP(G) is the usual Lebesgue space on G. C(G) is the space
of bounded continuous functions on G, with the supremum norm; Cy(G) is the
space of continuous functions which tend to zero at infinity, and C,(G) is the
space of continuous functions with compact supports; both these spaces are
normed as subspaces of C(G). The Fourier transform of a function f is denoted
f; A(T) is the space of Fourier transforms of functions in L!(G), with the inherit-
ed norm. The subspace of L! N A(G) of functions whose Fourier transforms
have compact supports is denoted FA.(G).

A (Fourier) multiplier of type (p, p) on I' is a bounded measurable function
¢ on I such that, for any f, g in C,(G),

) J emimemar| <cir, gl

We shall identify such functions which are equal locally almost everywhere (l.a.e.)—
then the space of (Fourier) multipliers of type (p, p) is a Banach algebra, denoted
M, (T'); the norm of ® is the least admissible value of C in the inequality (1.1).
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It is known that
L=T) = M,([I) _D_Mp(l‘) M, [T =BT

(B(D) is the space of Fourier transforms of bounded measures on G, with the in-
herited norm), and &l < &l M, < [®lz. Consequently, the closure of A(T")
in M,(T"), denoted m,,(T'), is a subspace of Cy(T).

The space M,,(T') is the dual space of the space 4, G) introduced by A.
Figa-Talamanca [5] Ap(G) is the image under the contmuous mapping f ® g —
f* g of the completed projective tensor product LP(G) ® LP'(G) into Co(G).
The duality is, when ® € M,(T") and h € 4,(G),

(12) @n =3 [ smi,memar

where f,, g, € C,(G), Z7 llfnllpllgnllp' <,and h = Z7f, *g,. It is known
that Cy(G) = 4,(G) 2 4,(G) 2 4,(G) = A(G), and that the corresponding norm
inequalities hold. By B,(G), we denote the algebra of (pointwise) multipliers of
A,(G), and give it the obvious norm. If f€ 4,(6), Iri 4, = el B, [6], so
A,(G) is a closed ideal of B,(G).

C(G) = B,(G) 2B,(G) 2 B,(G) = B(G),

and again the corresponding norm inequalities hold. If 1 <p <o, it is known
that B,(G) is the dual space of m, (') [7]. The duality is, for & € B,(G) and

(®,h) = lim &, * h,(0),
n—oo

where &, € A(T") and 19, — M, > 0asn—>c, and h,, is the reflection of h:
h,(x) = h(-x). This duality coincides with that of (1.2) when ® € m,(T") and

h € 4,(G). We note that one can (and we shall) define (P, A} meaningfully for
larger sets than we have done.

Our first theorem concerns the local behaviour of multipliers, generalizing
Theorem 1 of [2]. Let K be a compact subset of I', and let m,(K) be the alge-
bra of restrictions to K of elements of mp(l‘), defined to be the quotient

mp,(T) modulo the ideal i(K) of m,(T")-functions which vanish on K.
Consider the mapping f*: m p(l") — M, N C() defined by the rule §*:
¢ — ¢ o §; Lohoué [8] and Saeki [9] have shown that * is norm-decreasing.
Further, if ¢ € mp(l"), there exist ¢,, in A(T) such that lg, — ol My 0, so
Y - %6, €A) and Iy - g*¢, — ¥ - p*oll,, (1_‘)_’0 where ¥ eA(l")and v
takes the value one on K, i.e., for any ¢ in mp(l") there exists ¢’ in my, (") such
that 8*¢ and ¢’ are equal on K. Finally, if ¢ € i(3(K)), then *¢ vanishes on K.
Therefore §* induces a quotient map denoted 87, from m,(B(K)) into m,(K). It
is easily seen that [3 is one-to-one and decreases norms.

Let B,(K) be the annihilator of i(K) in B,(G). Consider the mapping B*:
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Bp(G) — Bp(Gd), defined by the rule 3*: f — f o B, and its restriction to Bp(K ).
Lohoué [8] has shown that $* is an isometry; further, it is readily checked that,
iff€B,(G)and ¢ € mp(l—“), (6, B*N = (%9, /) (where we interpret §* as
limn_,,,ﬁ*qsn, where ¢, € A(T) and lim,_, . I¢ — ¢, M, = 0). Therefore the re-
striction of 8* to B, (K) maps into B, (B(K)), and is the adjoint map of the quo-
tient map B:: (in the cases where g = 1 or oo, the restriction map extends unique-
ly to the adjoint map of ﬁ; and this adjoint map is an isometry). A monomor-
phism whose adjoint is an isometry is itself an isometry [4, VI. 6]; we have there-
fore proved:

THEOREM 1. The algebra of restrictions of my,(Cymultipliers to the compact
subset K of T is isomorphic and isometric to the algebra of restrictions of mp(l‘)-

multipliers to f(K).

COROLLARY. 4n mp(l‘)-multiplier ¢ may be approximated on finite subsets
of T' by trigonometric polynomials whose norms, as multipliers of type (p, p) on
T, are bounded by the (p, p)-multiplier norm of ¢.

This follows from a theorem of Lohoué [8] and Saeki [9], which states that,
for dEM, N @), 1o pl M, = I®ll,, . We may extend this corollary to any
continuous multiplier ¢ using several resul‘t,s of Lohoué [8]. Let A be a finite sub-
set of I'; denote by § the continuous map of I'; onto I and by 8 the injection
of Ginto G, then ¢ o § € Mp(l"d), a.ndhfurther, there exists a net of measures
(M)oca supported in finite subsets of 6(G) such that, for every f € 4,(6),

lim (i, ) ={$ o 8, f)and IlﬁaIIMp <lgo BIIMP. If we consider f € §71(A),
we see that lim ,({,, §~1(7)) = ¢(7) for ¥ € A, so defining ¢, by the rule Py ©
8 = i, we have a net (¢,),c4 Of trigonometric polynomials on I' such that
lim, ¢,(7) = ¢(y) for all y € A and lg| M, < ligll My the -corollary therefore
holds for continuous multipliers.

The author [1] has shown also that the algebra of restrictions of M, N
C(I)-functions to the compact subset K of I' is isomorphic and isometric to the
algebra of restrictions of M, N C(f‘)-functions to B(K). To reproduce the proof
would obscure the essence of this paper, namely, Theorem 2, which follows di-
rectly. Theorem 2 is a generalisation of the main theorem of Doss’ paper [3], to
which this paper owes much.

THEOREM 2. Let ¢ be a measurable function on the measurable subset A
of I. If ¢ can be uniformly approximated on finite subsets of A by trigonometric
polynomials t such that lltll M, < C, then ¢ is the restriction tc A of a function
@ in M,(T) such that |l M, <C

Proor. The theorem is trivial if A is locally null, so we shall assume the
contrary; further, we observe that the hypotheses of the theorem imply that ¢ is
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bounded (by C). Because M, (') is the dual space of A,(G), it suffices to show
that, if fis in L=(T") and vanishes off the compact subset Ay of A,

@1 , IAdW(*r)f(‘r) <Clf1,,G).
For the Hahn-Banach theorem then shows that there is a multiplier ® in M,(T)
such that Pl M, < Cand

f aneenion = [ avemsen

for any f in L*(T") vanishing off some compact subset of A. It follows that ¢ =
® (locally almost everywhere) on A. For convenience, we shall extend ¢ to a
function ¢ on I' by taking ¢ to be zero off A.

A key observation to be made is that, if £ is in L*(I") and vanishes off the
compact subset Ay of A, then

[y dromren = 67O £ axenreuc,

where u is a nonnegative 4 ,(G)-function with support ¥ “close” to 0 in G, and u
also satisfies the condition that [}, dxu(x) = 1. In fact, if ¥ is “small enough”,

[, 1o = faxenmseue)

for any § in A, since, as x tends to 0 in G, 6(x) tends to 1 uniformly for § in
the compact set A,. This approximation is needed for technical reasons which
will become apparent later.

By Theorem 1 (the case where p = 1 and f is the injection of G into its
Bohr compactification 5), u may be written as an absolutely convergent trigono-
metric series Z7°b,, 8, on an arbitrarily large compact set K. We have then that

Jagdrorm s [ a<@@seEe,s,¢)
= [ x@TOZb,6 +8,)@,
0 1

(6 + 5,) being the group theoretic sum of & and §,,.
If it happened that (¢f)" vanished off K, we could write, using the inver-
sion theorem,

o N
J 010 2 Zbad0® + 8,016 +8,) 2 b6 + 8,016 +8,)

for large N, because Z7 b, | < e, In the formal proof below, the function (¢ - f)
is regularised to (¢f) * k, where k is supported in K,, in order to validate the use
of the inversion theorem.

Since ¢ can be approximated on the finite subset {§ +8,,...,8 +dy} N
A of A by trigonometric polynomials ¢ with llzl M, 10 greater than C,
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.
.

N
[ A, 18I | 20,906 + 8,15 +5,)

N
22) z zl:b,, (6 +8,)f(6 +8,)

<C

N
b, f(6+8,)(6 +8,)
1 BP(G)

The essence of the formal proof is the estimation of

N
2 b,f(6 +8,)6+8,) -
1 Bp

All we really need to show is that, for any small positive €,
N
Zl:b,, G +5,)06 +38,)

23) o SV *e

for some & in A, because then (2.1) can be established. The proof of this in-
equality involves regularisation of f to f # k, where k is in FA(T").

The regularisation of ¢f and f necessitates that we obtain integral estimates
for (¢f)(0) and 1Z{b,, £(5 + 8,)(6 + 5 )l B, Rather than prove (2.2) and
(2.3) directly, we are obliged to first establish that

f o

<e€

N N
N2 = 20,906 + 8,)f(6 +5,)

and

onds

where u(Ao) is the Haar measure of A,. From these “randomised” estimates, we
deduce the “pointwise” estimates (2.2) and (2.3) by measure theoretic arguments.

Lemma 1 shows how to construct a particular trigonometric series Zb,,6,,.
Lemma 2 establishes the integral estimates indicated above. This proof relies on
the fact that the polynomial 25,5, of Lemma 1 can be chosen with sufficiently
weak dependence on ¢ and f to permit regularisation of f and ¢f.

N
Ebnf(8 + 8,,)(8 + 6n) G) < I‘(Ao)“f"Ap(G) te
1

Bp(

LEmMA 1. Let G, be an LCA group of the form R® ® T® @ D, where a
and b are nonnegative integers and D is a discrete group. Let Vo be a neighbor-
hood of 0 in G, which is a direct sum of compact symmetric neighborhoods of
0 in the R and T summands occurring in G, and of the neighbourhood {0} of 0
in D. Denote by u the function m(Vo)‘zx,,o * Xy, on Gy, where m and *
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represent the Haar measure and convolution on G, respectively. Then
@u=0,
(b) u vanishes outside Vy, + V,,
© fGldxu(x) =1,
To any compact set Ky containing Vo + V, we can associate a trigono-
metric series q on G,: q = Z7b,v, (1, in the dual group Ty of G) such that
@ =7, | = m(Vo)'l,
(@) u(x) = Z7b,7,(x) Vx€EK,.
Further, denoting by m and # the Haar measure and convolution on the Bohr
compactification 51 of Gy, we can write the unique continuous extension qof
the almost periodic function q on G, to 51 in the following manner:
®a= m(Vo)_l ;(U)—IXU * Xy _
where U is a closed symmetric subset of G, sgch that
(® fxodx Xu()-’- +x) <m(V,) vy G__Gl;
here we regard G, as a dense subgroup of G, .

PROOF. Case (i). G, = T. The group T is its own Bohr compactification.
Let U be the set ¥V, and let Z7'b,7,, be the Fourier series of u. Evidently u,
27,7, and U satisfy the conditions of the lemma.

Case (ii). G, = R. Take an interval [~ /2, I/2) containing K|, in its interior,
and identify this interval with the quotient group R/IZ. The injection § of R in-
to R induces a homeomorphic isomorphism B, of R/IZ onto the quotient group
R/H, where H is the closure in R of f(IZ). We denote by Ty and 7 the projections
of R onto R/IZ and R onto R/H respectively; then the following diagram com-
mutes:

R &5 &

1(0 l l [ 4
RIIZ b, RIH

Define U to be the subset n‘lﬁoﬂo(Vo), and let ¢ be the trigonometric series
Z7b,Y, on R such that § = m(Vy) ' m(U) ' xy * xy-

We observe that an equivalent expression for U is Xy = Zyerz Tx Xy
whence, for any y in R

fxodxxv(x +y) <m(V,).

Proof of the inequality (g) of the lemma is similar.

The series ¢ is independent of the particular choice of Haar measure on R.
For the moment, we shall assume that the Haar measure of [-1/2, I/2) is equal
to the total mass of R/IZ, that f, is measure preserving, and that the Haar mea-
sures of R and R/H are also equal. Then m(V,) = m(U), and for any x in R,
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a(x) = BE)) = m(Vo) *xy * xy ()
= m(Vo)-zlxﬁo"o(Vo) * Xggo(ve)l © TBX))
= m(Vo) Wggmo(v) * Xsgmo(v )] BoTo())

= m(Vo)-—2 [Xﬂo(Vo) * Xﬂ’o(Vo)] (mo(x)).
We conclude that g is periodic, with period 7, and that
a(x) = m(Vo) *xy, * Xy (), X E[-112,172).

The function ¢ and set U therefore satisfy the conditions of the lemma.

Case (iii). G, = D. Choose a neighbourhood W of 0 in D such that W meets
the finite set f(K, — K) in just the point 0. Let U be a compact symmetric
neighbourhood of 0 in D such that U - U C W. Take q to be the function on D
given. by the formula:

q =m(Vy) 'm(UY 'xy * xy-

By the construction of U, (g) is satisfied, for if y, and y, both lie in f(K,) N
(x + U) for some X in D, then

V1 ~y2 €BKy —Ko) N (U~-U) = {0}.

Since ¥ is just the point {0} of D,
Je @0 +7) = mEy 0 (U =5) < m(0) = m(Vy).

Moreover, supp(q) C W since U is symmetric, and so g(x) = O for all x in
K\{0}. Further, q(0) = m(Vo) !. Now u is just the function m(Vy)2 Xy *

Xy onD,ie.u= m(Vy)™! Xyo- The conditions of the lemma are therefore sat-
isfied.

Case (iv). G, =R° ® TP ® D. We view Gl as the direct sum R° ® T &
D. Any compact neighbourhood K, of 0 in G, can be contained in another of
the form

[A-DR,7-12)y 6T 8 K,
in G;. Construct U, q and u for each of the summands, using this latter neigh-
bourhood, and identifying [~ 1/2, I/2) with R/IZ in each of the R-summands.

Take u and q on G, and U in G, to be the products of those u, ¢ and U con-
structed in the summands.

Our next lemma is the core of the theorem. As we have already explained,
the result claimed can be deduced quite easily from the integral estimates obtained.
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LEMMA 2. Let T’ be an LCA group with dual G. Let ¢ and f be bounded
measurable functions on T', with f vanishing off the compact subset Ay of T'.
Suppose € is a given, arbitrarily small, positive quantity. Then, for a certain poly-
nomial ZNb,v,,, the following estimates hold:

<e

N
);.b,. *(r + 1) (7 + 1) — @) (0)

24) f Aod‘r
and
(2.5) f At

where u is the Haar measure on T'.

N
Zl:bnf(')' + 1) + 7,) 8,(6) Se@A Ny )t

ProoF. Extend A, to a compact neighbourhood A; of 0 in T, and let T',
be the open subgroup of I generated by A,. We take the Haar measure on I';
to be the restriction to I'; of that on I'. Let H, be the annihilator of 'y in G,
and take G, to be the quotient group G/H,. From the structure theorem for
compactly generated LCA groups, G, , which is the dual of T',, is of the form
R°® TP® D. Ifyisin I}, then v is constant on cosets of H,, as are f and
(#fY), since f and ¢f are supported in I';. Thus elements of Ty, f, and (¢f)" nat-
urally define functions on G,: we shall deal largely with these functions.

Choose a neighbourhood ¥, in G, of the form described in Lemma 1, such
that m(V,) <1 and, if u is the function m(Vo)""')(I,o * Xy of Lemma 1, then

26) II 6, X UG Y00 - (¢f)‘(0)| <5 Wreh,

where § is a small quantity whose choice will be explained later. This is possible
because (¢f)" is continuous and A, is compact.
Choose k in FA,(T') such that

2.7 I(of) * k — of I, <8m(Vy) <8
and
(2.8) If + k= £, <8m(Vy) <8;

recall that m(V,y) < 1. Enlarge the support K; of kinG ; to a compact neigh-
bourhood K, of 0 in G, which contains ¥V, + V,,. From the theorem on finitely
generated' abelian groups, K, generates a subgroup of G, of the form R* & Y
(K ® Z°), where K is a finite discrete group and ¢ is a nonnegative integer; K, is
therefore contained in a compact subset K3 of G of the form [-M,, M} &

T® ® K @ [-M,,M,]°. Let; be a positive integer so large that

29) G+ Dt <1 +s.
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Define M to be the positive integer (j + 1)M,, and let K, be the set [-M, M]'®
T°® K ® [-M, M. Let u and q be as in Lemma 1.
We first prove the inequality (2.4). For 7y in I';, by the inversion theorem,

Z6,0f) » ktr + 1) = [, @R By + 7060

= [, SOrY®REU6).
So, for any sufficiently large positive integer NV and any v in T';,

N
(2.10) lgbn(qbf) *k(y +7,) — I o, x¢f Y. k@) ve)ulx)| <8.

By 2.7), I(¢f)" .k — (¢r) 1, <&, whence
l f 6 dx [(@f Y R)k(x) - (£ )Iv(x)u(x)| < 8.

Thus, from (2.6) and (2.10), for any 7 in A,,

N
z?b,,(tﬁf ) *k(r +7,) - (¢f)‘(0)l <38,

and therefore
< 38u(Ay).

N
J B a0 » r + 20 = 1Y)
1

From (2.7), we conclude that

N

N
;b,,cb(v + 1) (0 + )~ (f )“(0)|

N
; b l(0f) * k- of 10y + 1,)

< IAody + 36 u(Ay)

N
<X b, 15 m(Vy) + 35 u(Ag) <5 + 38 u(A,),
1

and so if & is chosen to be less than € (1 + 3u(A,))™!, inequality (2.4) is estab-
lished.

We now estimate IIE{" b, f(y + 1,)(r + )l Bp(G)" Our first step, the most
difficult, is to estimate

Iz?bn(f*k)(‘r 1) (v )

Bp(G)

Forany vin Ty, Z7b,(f * k)(v + 7,) - (v + 7,,) is constant on cosets of H; in
G, and so
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”zl:bn(f *R)O+7) (0 +r,)

Bp(G)

Bp(Gl)

= “f:b,,(f 2B +7,) (v +7,)
1

= ‘Z::b,,(f* DO+ 7)) Tn

Bp(G1)

Denote by E the almost periodic function on G, defined by the formula
EQ) =2 b,(f * K)(¥ + 7,)7,00)-
1

Since Z7° Ib,,l < oo, we deduce from the inversion theorem that
BO) = £b, T, #0100 = [ 5 asrk@Eb,7,0x +)
1
= 6, k) q(x + ).
It follows from results of Lohoué [8] that

@.11) ib,,(f B0+ 7) G+ |

E being the unique continuous extension of E to Gl We shall estimate IEI 4,@1)
in terms of Ifll 4p(G)> and hence obtain the inequality (2.5) from (2.11) and

@23).

The estimation of IEIl A4, (G,) Perhaps merits some explanation. It is illu-
minating to consider the cases G, = R, T, and D separately. Suppose first that
G, =T. Then

E(p) = f dx*/ﬁ?(x)Q(x +y)= f dx Yfk(x) u(x + y).

From Lemma 1, u is in L (T) and lull; <1. For any LCA group, L! » 4, C
A, and lh =kl 4 a, < Il Ikl 4, Smce also T =T, it follows that

IEN 4, (ry < Wfil (1) = = I fil , ) <11, o T8

the last inequality being a consequence of (2.8).

Suppose now that G; = R. We can express yfk as a limit of sums of con-
volutions of Cy O(Rl-functions. Let us consider one such convolution, g * h say.
The function g on R is a convolution:

q= m(Vo)_l m(U)_IXU * Xy-
Informally, (g * /) * (xy * Xy) = (g * Xy) * (7 * X)) whence
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I * 1) % Oy ¥ Xola ) < W * XolLp gy 1P * X0l 'y
As a function on R, Xy, is a sum of translates of V:
Xu= 2 TeXy,:
x€IZ
Now g say is supported in [-1/2, I/2], from which we deduce that
“g * XU“LP(E) < ﬂgan(R)||xU||Ll(§),
which leads us to the required inequality.
Finally, if G; = D, we need, as above, to estimate llg * x;,1 LP(D) in terms

of gl LP(D)- Asa function on D, g * Xy is a sum of translates of x;; whose sup-
ports are disjoint, i.e.

£ * Xy = 228(,) T, Xuy»
whence

p-1
Ig * xul o 5y = [Z lg(x,) T, X120 (5)] = lgl oy X 5y

which again gives the required estimate.

We now formalise the above ideas. The function 'yfﬁ isin 4,(G,), a sub-
space of 4,(G,), so there exist sequences (g,); and (h,);" of C,(G,)-functions
such that

Llg, W,y < Irfily 6y +
and -
Z g, *h, = vfk.
1

Note that, since “7"8(61) = "‘y"c(cl) = l, “'y“Bp(Gl) =1 for any vy in Pl'
The same equality holds for the inverse of v, whence

||7fE“Ap(Gl) = Ilfk“Ap(Gl) < llf“Ap(Gl) + 8 = ||f||Ap(G) + 8,

the last inequality being a consequence of (2.8). We conclude that
@.12) le Il U1 <17 () + 25

Recall that & is supported inside a compact subset K, of G, of the form
M, M,]* ® T ® (K® [-M,;, M,]°), and that K, was chosen to be the sub-
set [-M, M]° © T® ® (K ® [-M, M]°) of G, where M = (j + 1)M,. Denote
by ¥, and Y, the characteristic functions of K, and K5 respectively, where

Ky=IM,-M\M-M,1°®T°® (K& [M, - M, M~ M,]°).

Then 4171y, * V5 takes the value one on supp(k), so
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k) =7.f.k. 131710 * Y3(x) = Iy, [?gn * hn] Yo *¥31x)

= an"Il; .[Gldw(ngn . l]lo) b (T—whn . %)(x)

by a standard argument.
Next, we recall the definition of E:

B0) = [ dxy . F k@t +3).
We see at once that
80) = [ 5, W51 [T J, olTugs - 0o) ¢ Ty - 95)0)]ate +2)

(2.13)
=W X [ aw [ aslTuy  00) * Tty - 9@ +9)

from Fubini’s theorem.
From Lemma 1, for any g and 4 in C (G, ), and any y in G,,

I c,9¥8 * h(x)a(x +)
1

= m(Vy)  m(U)"! Ioldx Ua, dzg(x - z)h(z)]

. Ualdﬁ Xyt +y - Dxu(ﬁ)]

= m(roy (OY™ |, 560 -DHE),
where
6@) = IGldxg(x)xU(x +5) Vieg,

and
Hp) = faldxh(x)xv(x +v) VvEGQG,

by Fubini’s theorem. Defining the functions G,, ,, and H,, ., by the formulae:

Go® = [ BTty  W)@WXGE+D)  VTEG,,

Hopo®) = [ o X 1y 4 )@X,06+7) VI EG,

it follows from (2.13) that
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EQ) = W37 m(Vy)y  m(U)™! i:: I a,d”’Gn-w H, .0

for every y in the dense subgroup G, of 51. We deduce by a standard argument
that

E = Wlim A0y % || w6, 34,
in Ap((_?l) and that

Bl 5,) < W3l m(Vy) lm(U)"‘Z I, L - 0 .

provided, of course, that this last expression is finite. From Holder’s inequality,
we conclude that

- ) p1
llEllAp(c—;l) < Iy;litm(vy)™ m(U)-lg [JaldwﬂGn’w“ip(al)]

(2.14) .

-
[Jl dwlH, nw LP((; )] *

If g is any bounded measurable function on G, which vanishes off X, and
G is the function on Gl defined by the formula

GQ@) = _[Gldxg(x)xu(x +v) vaeél,
then IGH, < ligll, lix I, from Fubini’s theorem. Moreover,
IGl,, = sup{lfcldxg(x)xu(x + E)I: vE Gl}
< sup{_fxodxllgll,. xyx +v)l: v e Gl} < lgh.m(Vy)
from Lemma 1. By the Riesz-Thorin interpolation theorem, for any p in [1, <],

IG1, < Igl, Ixy B~ m(Ve)? ™" = g, m(Uy? " m(vy)» ™.

It follows from the inequality (2.14) that
p"l

IIE“AP(EI) < "wsllIl;[IGldW“ngn . wo"g]

p-1
. [ j'mdwnr_wh,, : wsug,.] .
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Now

[Icldwllngn . d/ollg]p-l = [fcidw Icldxlgn(x - w)wo(x)lp]p

=lg, 1, 19,1,

-1

by Fubini’s theorem, and the translation and reflection invariance of Haar mea-
sure. A similar estimate holds for

P
[fcldwnr_wh,, . wsug]

-1

SO

BN, 5y < 19317 1ol “"'3""'21: PARIEE

p—l _p-—l 2 +
<m(Ko)P" mK3)P (M, () + 25]
from the definitions of Y, and V5, and the inequality (2.12). Thus
- _ . a(a+c).p~ Y Al
IEI 4,@p S+ 1)/j)@+)P[Ifl 4, +28]
<@+ 5)[||f||Ap(G) + 28]

from the definitions of K, and K, and the inequality (2.9). We conclude, from
(2.11), that

Lo+ 1) ) <A+ ) + 28]

Bp(G

We can now complete the proof of Lemma 2 very easily. Because

ilbnll(f* B+, < ilbnl If =kl <o,
1 1

N -~
(2.15) 2 b, +1,) (Y 7,) o S+, g + 38]
1 ) P

Bp(

for all sufficiently large N. Consequently,

N
Zl:b,,f(v +9,) (v +7,) 5,(6)

N

< ;b,.(f-f s +7) (0 +7,)

50y (1O ) +30]

N
S 2, lIF =1 # )y + 7))l + (1 + I, ) + 35),
1
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and so

N
IA | b, fr+7,) - (v + )
0 1

Bp(G)

< f:) b, If = f+ kI, +(1 + 8)u(A0)[lIfIIAp(G) + 35]
<5 +(1+ S)M(AO)[IIfIIAp(G) + 35],
by (2.8). Therefore, if 6 be chosen to satisfy the conditions
8[1 + 3u(Ag) < e
and
s+(1+ 5)u(Ao)[IIfl|Ap(G) +38] <p(Ay) IIfIIAp(G) +e,

and N is then chosen so that both (2.10) and (2.15) are satisfied, the lemma is
proved.

PRrROOF OF THEOREM 2 (continued). To prove Theorem 2, we show that the
inequality (2.1) is satisfied.

Suppose that f is a bounded measurable function vanishing outside the com-
pact subset A, of A, and that € is any small positive quantity. By Lemma 2,
there exists a trigonometric polynomial Zf’ b,v, such that

<eu(Ay)

N
(2.16) j Aodv Zl:b,,¢(7 +71)(r +7,) — @) (0)

and

N PN
e [, #llZs, s+ 1) G a0y SO La @) + €b

>e{.

N
; b, (v + 1,)f(y +v,.) — (@f )‘(O)I

Define the measurable subset A; of A, by the formula

N
§: b, " 6(v + 1, )f(r + 7,) — (@)(0)

A= %76/\0:

Now

e€u(A)) < IAldy

so eu(A) < e’u(Ao) from (2.16). We deduce that u(A;) < eu(A,).
Similarly, defining A, by the formula
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N
Ay ={yenrg:|| b, - for + 1) +7,) >A-e Il g +e
1 B,(G) p
we can deduce that u(A;) <(1 = €)u(Ay). Consequently, u(A; U A,;) < u(Ag);
take 7, in Ag\(A; U A;). Then

N
(2.18) Zl:b,,xb(vo + 1) 0 + 7,) ~ @Y <e
and
N PPN
@19) (|25, 0 + 1) (To + )|, o) <A - W0 + €l

Let A3 be the set Ag N {yy +7,: n=1,2,...,N}. The hypothesis of
the theorem implies that there is a trigonometric polynomial ¢ on I' such that
il M, < Cand

-1
o

N
lt(y) = o) <e[zl: b,! - Ifl ] VYEA,.

Since f(vy + 7,,) vanishes unless v, + v, is in A,

N
2 b,t(r + 1) (e + V) - (¢f)‘~(0)| <2

1

from (2.18). Therefore

N
Zl: b, (Yo + 1) (Yo + V)| + 2€

IAdw(v)fm‘ <

<

N
I Gd; (x)le by f(Yo + 1,)(To + 1) (X)| + 2e.

However { is a discrete measure with finite support, and A,(G) contains a local
unit, so

N
“'A dy¢(Mf(m ; b, f(rg +7,)(10 + V) 5,() + 2e.

<ty

Taking (2.19) into account, we deduce that

J  davomnien| < Cl - o 1Fl ) + €] + 2,

but € can be arbitrarily small, proving the inequality (2.1) and thereby the theo-
rem.
The author wishes to thank Professor G. I. Gaudry of the Flinders Universi-
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