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Z-SETS IN ANR’S
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ABSTRACT. (1) Let A be a closed Z-set in an ANR X. Let F be an open
cover of X. Then there is a homotopy inverse f: X — X — A to the inclusion
X — A — X such that f and both homotopies are limited by F.

(2) If, in addition, X is a manifold modeled on a metrizable locally convex
TVS, F, such that F is homeomorphic to Fw, then there is a homotopy j: X X I
~> X limited by F such that the closure (in X) of j(X X {l}) is contained in
X - A.

We say that a closed subset 4 of a space X is a Z-set (or has Property Z) in
X, if, for each open set U C X, the inclusion U — 4 — U is a homotopy equiva-
lence. This concept was first introduced by R. D. Anderson [1] for subsets of
Hilbert space and has been defined in many different ways. Our definition is
equivalent to the others in spaces to which they are applied. (See [8] and [2,
Lemma 1])

In [2] it is proved that, if X is a manifold modeled on a separable, infinite-
dimensional Fréchet space, then 4 is a closed Z-set in X if and only if, for each
cover |/ of X, there is a homeomorphism X onto X — A limited by V. The
Theorem (1.2) of this paper is used in [4] and [18] to extend this result to mani-
folds modeled on nonseparable Fréchet spaces, F', which are homeomorphic to F*
The method of proof in this paper has been applied in [16].

I. THEOREM. Let A be a closed Z-set in a space X such that X and X — A
are paracompact (Hausdorff). Let F be an open cover of X.

(I.1) If X is a retract of an open subset, O, of a convex set lying in some
locally convex topological vector space (LCTVS), F, then there is a map f: X —
X — A such that f is a homotopy inverse to the inclusion i: X — A C X, with
both homotopies limited by F.

(1.2) If, in addition, X is a paracompact connected manifold modeled on a
metrizable LCTVS, F, such that F is homeomorphic to its countable cartesian
product F“, then there isa map > X — X - A such that
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Ad(fX)C X - A (‘I = closure in X),
and such [ is homotopic to the identity by a homotopy limited by F.

REMARK 1.3. The hypothesis of (1) is satisfied in case X is an ANR (Metric)
(see [3, p. 86]) or in case X is a paracompact manifold modeled on R® =
lim R" or on the conjugate of a separable Banach space with the bounded weak-*
topology (see Heisey [11, Corollary I1-4]).

II. Covers. We assume that all covers consist of nonempty sets. If A and B
are collections of subsets of X, then we say A refines B or A < B, if, for each
A € A, there is a B € B, such that A C B. We shall use the following notation:

cl A = closure of 4,

st(Y,A)= U4 EAIANY #g},

st(B, A) = {st(B, A)IB € B},

st A = st(A, A),

cl A = {CIAIA € A}’

ch A= {chAd|A €A},

rch A={rchAdl4A €A},
where ch denotes convex hull in F and r: 0 — X is the retract (it is assumed
when r ch A is written that ch 4 C 0).

(I1.1) CoveER LEMMA. For each open cover C of X (or X — A), there are
locally finite open covers B,, B,, B3, of X (or X — A) such that st B; <C,
dB,<CrchBy<C.

PrROOF. B, exists because X (and X — A) is paracompact. (See Dugundji
[7,3.3-35, pp. 167 and 168].) B, can be constructed using normality. In
order to construct Bj, find, for each x € X, a convex open set ¥, such that

x€EV,Ccr-li(c)co
for some C € C. Such V, exists because 0 is locally convex. Let By be any
locally finite refinement of {V, N X|x € X}.

III. PrROOF OF THEOREM. Using the Cover Lemma find a locally finite open
cover B of X — A and locally finite open covers C, D, E of X such that

(111.1) rchst B<{X - 4},
and
112) B<C<rchst C<D<rchstD<E<stE<F.

Let N, M, K be simplicial complexes such that N is the nerve of B, M is the
nerve of C and K is the nerve of B V C. (‘V’ denotes ‘disjoint union’); The nerve
of B is an abstract simplicial complex N whose n-simplices are all subsets {B,,
...»B, .} CBsuchthat B, N...NB,,; # & (See Dugundji [7, pp. 171—
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173].) By the proof of 54 on p. 172 of [7], there are maps (barycentric maps)
b: X — A — |Nland ¢: X — |M] into the geometric realizations of the nerves
such that, for each x € X, c(x) belongs to the closed simplex |{C € Clx € C}| €
IM|. Also, for each x € X — A, b(x) belongs to the closed simplex |{B € B|
x € B} € |N]. Consider N and M in the natural way as subcomplexes of K.

(IIL.3) Note that for each x € X — A4, b(x) and c¢(x) are in the same closed
simplex of K and thus there is a homotopy j: (X — 4) x I — |K| joining c1 X — A
to b and limited by the closed simplices of |K|.

We define a map g: |K| — X as follows: For vertex {Y} € K define g'({Y})
so that g'({Y}) €Y — A (note that Y E B V C). Y — A is nonempty, because
Aisa Z-set. Let g": |K| — 0 be obtained by extending the vertex map linearly
on each simplex. Then,let g =rog’. (II.4) Note that g(IN]) C X — 4 by
(ar.1).

(II1.5) Note that, for each closed simplex HYy, ..., Y, HEIK],

g'{Y,,..., Y, }l) Cchst(Y,,BU C)=chst(Y,, C)

and
g{Yy, ..., Y, }) Crchst(Y,, C)<D.

(II.6) Thus, for x € X — A4, g’ o b(x) and x belong to ch st(B, B) C
r=1(X — A), where x € B. Let k be the straight line homotopy in r~!(X — 4)
joining g’ o b toidy_,,(see (IIL.1)), then rok: (X — A) x I— (X — A) isa
homotopy joining g o b to id,_ , and limited by 0. Similarly, for each x € X,
g © ¢(x) and x belong to the same element of D.

We shall prove below in §1V.2,

(I11.7) PROPOSITION. For each cover ) < D, there isa map f..: |K| —
X — A such that

(@) fw and g are liclose (i.e., for each x € |K|, {f,,(x)} U {g(x)} E W, for
some W € (i.

®) fLIINl = glINI.

The homotopy inverse promised by the (I.1)is f=f,_o¢: X = X — A.
Note that f(x) = f,,  c(x) and x belong to the same element of st(D, ). Thus
the straight line homotopy in 0 joining f to id, is limited by ch st(D, W) <
chstD.

Applying the retract  we obtain the desired homotopy h: X x I = X join-
ing f and id and limited by r ch st D <F (IIL.2).

We have (II1.3) a homotopy j: (X — A) x I — |K|joining cl X — A to b
and limited by the closed simplices of |K|. Thus f,, oj: (X — A xI—-X-A4
joins f o c|X — A= fIX — A to f,, o b limited by st(D, W) < E (II1.5) and
(II12). But f_ o b = (f,lIN]) o b= (glINl) e b =g o b which is homotopic to
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idy_, limited by D (III.6). Thus f|X — A is homotopic in X — 4 toidy_ ,
limited by st(D, E) <st E <F (II1.2).

Iv.

(IV.1) Zser LEMMA. Let K be any simplicial complex and let B be a sub-
polyhedron of K (i.e., a subcomplex of some subdivision of K). Let A be a Z-set
in X as in Theorem (1.1). Let f: |K| — X be a map such that (f(B)) C X - A.
Then, for each open cover ! of X and each n-dimensional (n =0, 1,2, .. ) sub-
polyhedron C of K, there is a map T |K| = X such that f(lBl vichCX -4,
TUB| = fIIB|, and f and f are V-close.

PROOF OF LEMMA. (By induction on n.) If n = —1, the lemma is clearly
true. Assume true for n — 1. Let T be an open cover of X such that r ch st T
refines /. (Here we assume as in the theorem that X C 0 C F, where there is a
retract r: 0 — X.) Thus each T € T must be so small that ch st(T, T) C 0.
Let K be a subdivision of K such that, for each simplex s € K, f(st(s, K )) refings
T. (st(s, K ) =U{t CKlsis a face of £}.) Now apply the lemma, with T and
C"—! = n — 1 skeleton of the subdivision C that K induces on C. Thus there is
amap f: |K| — X such that cl f(IBIU IC"~1])C X — 4, flIBl and f and f
are T<close. Let s be an n-simplex of C not in B. Note that, for some TS ET,
f (s) C st(T(s), T) = S(s) and f (bd s) C S(s) — A. By the definition of Z-set,
there is a map g: S(s) — S(s) — A which is a homotopy inverse to the inclusion.
Thus g o f |bd (s) is homotopic to fin S(s) — A. This homotopy together with
ge f Is gives hy: S(s) — S(s) — A, an extension of f Ibd(s). For each n-simplex
s of C not in B, pick open sets U(s) such that

s — bd(s) C U(s) C Ist(s, K)| C IK| - |BI,
Us)NUs' )= g, fors+#s', and

1 (closure U(s)) C S(s).
The map f [bd U(s) together with 2 ;: S — S(s) — A4 can be extended to a map
?{s: cl(U(s)) = ch(S(s)) and thus to r o 7{_,: cl(U(s)) = r(ch(S(s))). Do this sep-
arately for each s to obtain f: |K| — X where f1U(s) =r o %, and flIK| -
U {UG) = f . Tt is easy to check that f is the desired map.
(IV.2) PROOF OF PROPOSITION. Let (), WW,, U,, . . . be a sequence of
locally finite open covers of X such that, for each n,

X, <c X, <W, where Xg =W, and X,, = st(X,,_;, W,).
We may construct these covers inductively as follows: Let (J; = X, be any locally

finite open covers of Y such that cl X, < . Assume X, ..., X, _;,and Wy,
.., W,_,, have been constructed as above, so that each X; is locally finite.
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Then, for each x € X, let W, be a neighborhood of x such that W, intersects only
finitely many members of X,,_,, say {4,,4,,...,4,,}. We may assume that
x belongs to the closure of each 4;. (If x & cl(4;), then replace W, by W, —
c(4,).) Let W(4,) € W be such that cl(4;) C W(4;). Then

XeNWUli=1,...,m.
Let ¥, be an open set such that
xEV, CdV,)C NWAli=1,...,m.

Let W, be a locally finite refinement of {W, N V,|x € X} and define X, =
st(X,_1, W,). Each W€ (U, intersects only finitely many members of X,,_,,
thus X,, is locally finite. Also, if V € X,,, then ¥ = st(4, ll,)), for some 4 €
Xp—y- But,if W€, and W N 4 # g, then cl(W) C W(A). Thus, since [, is
locally finite,
(V) = cl(st(4, W,)) C W(A).

(IV.3) Let K" denote the union of all simplices of K of dimension less than
or equal to n.

We now construct inductively a sequence of maps {f,,: |K| — X} and {Q,},
where Q,, is a closed neighborhood of |K"| U |N], such that

(@) f,_, (K" 'UIN)C X - 4,

(i) f-2104-2 = fu_2>

(i) f,_2(@,_2)CX -4,

(@iv) Qn_z c Qn—l’

(V) f,_, and g are X,,_, -close, where g is the map constructed between
(II1.3) and (1I1.4).

Let f, = g (II1.4) and assume inductively that {fy, f;,..., f,_;} and

{90, Q45 . - ., Q,_5} have been constructed. Let Q,_, be a closed polyhedral
neighborhood of |[K”~!| U |N| such that

IMUIK"~YuQ, ,CQ0,_, Cfili(x-A4).

Now apply the Z-set Lemma withK =K,B=Q, _,,f=f,_, V=W,
and C = K" to obtain f = [, It is easy to check that (i)—(v) are satisfied. Thus
we may assume the existence of the sequences {f,} and {Q,}.

If x € |[K"|, then Q, is a neighborhood of x, thus the { [} converge to a
map

feo: |K|—>X—A; foolQn=flen'
Since f,, and g are X, -close, f,, and g are | J{X,|ln=1,2,3,.. }<lose. But

UX,ln=1,2,3,..} refines ), thus f,, and g are (close. Note that f_||N| =
folINI = glIN].  Thus the proposition is proved.
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V. Metric complexes. In the proof of (I.2) we must deal with metric com-
plexes. This section will introduce metric complexes and prove some important
lemmas.

(V.1) Let P be a simplicial complex (not necessarily locally finite) and let
|P| be its geometric realization with the usual weak topology. The barycentric
coordinates {b v a vertex of P} for P are maps b,: P — [0, 1] such that, for
each x € |P|, b; (0, 1] = open star of v in P = ost(v, P) T, b,(x) = 1,55 1(1) =
{v},and x = T, b,(x) * v. The barycentric metric d on P is defined by d(x, y) =
% Zy1by(x) = b, ().

(V2) The metric realization, or metric complex, of P is denoted by |P|,,
and is the point set |P| with the barycentric metric.

The topologies on |P],, and |P| are equivalent if and only if P is locally
finite. The next lemma will help us determine when maps defined on metric com-
plexes are continuous.

(V.3) LEMMA. Let Q be a subcomplex of P. Let q: |Ql,, = FCN bea
map into a bounded convex subset (F) of a normal topological vector space (N,
Il ). Further, suppose either (i) Q = (vertices of P) or (ii) P is a subcomplex of
0, * Q, (* denotes join) where Q = 0, VU Q,,Q, N Q, = @. Then the linear
extension § of q to all of |P|,, is continuous.

PROOF. Case (i). If Q = (vertices of P), then §(x) = §(Z b,(x) * v) =
Z b,(x) * q(v). Then

176) - 700 = [ 2,6 - a0) = T,07) - a0
< T by (x) — by * llg@)l.

Then 7 is continuous, because

Ig(x) — I <2d(x, y) * D,
where

D = sup{llq)lilv a vertex of P}.

Case (ii). Assume P is a subcomplex of Q, * Q,, then, forx € |P|,,,,x =
t,x, +(1 —t,)x,, where x, €Q,,x, €Q,,and x,, x,, t, are unique and vary
continuously with respect to x € |P|,,, — |Q, U Q,1,,. Define §(x) = t,q(x,) +
(1 —t,)q(x,). This is clearly continuous for x & 1Q; U Q,l,,. Let x € |Ql,,
and let {'} be a sequence in |P|,, converging to x. Then y' = t,y{ + (1 — t, v}
and {y’l} — x,and {t;} — 1. Then

17x) — TN < llg@x) — t,g(yDIl + 11 — 11D,

where D = sup{llq(»)ly € Q,|I}. Thus §(»") converges to §(x) and § is continuous.
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(V4) DEFINITION. A subdivision Q of a simplicial complex P is called a
proper subdivision if the topology on |Q|,, is the same as |P|,,,. (IQl and |P| are
the same point sets.)

Not all subdivisions are proper. For example, let

P=1{gli=0,1,2,..}U {(eg, €)li=1,2,3,.. J}

(the cone over countable many points) and let Q be the subdivision obtained by
adding, for each 7, a new vertex on (ey, ¢;) at (1 — 1/i)ey + ¢;/i. Then |Ql,, does
not have the same topology as |Pl,,. (However, note that |Q|,, is homeomorphic
to |Pl,,.) (See also [6].)

(V.5) LEMMA. A subdivision Q of P is a proper subdivision if and only if
each open star of a vertex in Q is open in |P|,,.

Proor. If Q is a proper subdivision then each open star of a vertex in Q is
open in |Ql,, and therefore open in |P|,,. Conversely, assume that each open
star of a vertex in Q is open in |P|,,. Let x be a point in |Q| = |P|. Let s (resp.r)
be the simplex of Q (resp. P) which contains x in its interior, then

ost(s, @) = (N {ost (v, Q)lv a vertex of s}
isopeninost(r, P). For0<t<1and Y Cost(r, P),lett- Y= {(1-1t)x+1y|
y € Y}. The collections {t * ost(s, Q)} and {r * ost(r, P)}, 0 <t <1, form neigh-
borhood bases for x in |Ql,, and |Pl,,, respectively. Thus, for some ty, ¢, *
ost(r, P) C ost(s, @), and therefore, for any ¢,

tot * ost(s, Q) C tyt * ost(r,P) Ct - ost(s, Q).
Thus |Ql,,, and |P],,, have the same topology at x and |Ql,, = |P|,,,.
(V.6) COROLLARY. Barycentric subdivisions are proper.

(V.7) LEMMA. For each open cover C of a metric complex |P\,, , there is a
proper subdivision Q of P such that the simplices of Q refine C.

PrROOF. If s is a simplex of P, let N, (s) denote the collection of all simplices
and their faces in the nth barycentric subdivision of P which have s as a face.

Let n(s) be an integer (= 2) so large that N(s) = Ny (s)(s) refines C. Such
n(s) exists because s is compact. Pick the n(s) so that if s is a face of 7 then n(s)
<n(r). Let

N = {NG)ldim(s) = i} - int]J {N(s)idim(s) < i}
[For A, a complex, and X, aset,4A — X = {s EAlsiClAl-X}and AN X =

{s€ Allsl C|AIN X}] Let s' denote the ith barycentric subdivision of s. Define
the subdivision Q as follows: If s is a 1-simplex of P, let [s| N Q be s"() N N1}
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together with |J{N() N slv € S}. If s is a 2-simplex, let @ N |s| N |N?| be N2
N Isl. Now each simplex of N! N |s| is the join of a simplex in N1 N |N2| N |s],
and N2 N |N!| N |s| subdivides N* N |N2| N |s]. Thus we may extend N1 N

Ibd sl and N2 N [N N |s| to IN?| N [s] by joining. Similarly extend by joining
the above-defined subdivision of N® N (IN1] U |N2]) N || to all of |[N° N |s].
Continue in this manner subdividing each skeleton in order of dimension. If v is

a vertex of Q, then v is a vertex of s”() N N9M(8)_for some 5. It can be checked
routinely that ost(v, Q) D ost(v, P*(*)) and that thus ost(v, Q) is open.

VI. Proof of Theorem (1.2). The proof of (1.2) follows the same outline as
the proof of (I.1).

(V1.1) Let F be a metrizable locally convex topological vector space, then
F can be embedded as a bounded convex subset of some normed TVS and thus F
has a convex metric. By [15, p. 46], F can be linearly embedded as a subspace
of a countable product IT{N;li= 1,2, .. } of normed spaces. For each i, let
B, = {x € N}|lIxll; < 1/2'}, where || ||, is the norm on N,. Let f;: N;— B, be a
radial homeomorphism. Then I, is homeomorphic to I B; using the {f;}. Let
d be a metric on I1 B; defined by d({x;}, {y;)) = Zllx; — y,ll;. With this metric
I1 B; is naturally isomorphic to a convex subset of E’x (V) = {{x;}Ix; EN,,
Z|lx;ll; < es}, with the norm [[{x;}Il = Zllx;ll;. But the radial homeomorphism
between I1V; and 1 B; takes F into the convex subset F N I1.B; C I B; and thus
F can be embedded as a convex subset of the normed space E,I{Ni}.

(V1.2) Let X = 0 be an open subset in F, a bounded convex subset of a
normed space (N, || ||). This can be done by (VI.1) and the open embedding
theorem [12, p. 323].

Using the Cover Lemma (11.1) find locally finite open covers C and D of X
such that

(VL3) C<chst(chst(C,C))<D<chstD<F
and with the additional assumption that

(V1.4) (Cardinality of C) < (weight of F) and the nerve, M, of C is locally
finite dimensional. Such a C can be found by using a lemma due to Dowker
(Lemma 3.3 of [5]) which states, in part, that every locally finite cover of a nor-
mal space has a locally finite refinement whose nerve is locally finite-dimensional.
Also every open cover of X has a subcover whose cardinality is not more that the
weight of X (see [9, Theorem 6, p. 32]) which, in turn, is not more than the
weight of F.

(VI5) Asin §III, let M be the nerve of C and c: X — [M],, be the bary-
centric map into the metric realization of the nerve.

(VL.6) Construct g: |M|,, — X as follows:

() Let Y be paracompact with weight(Y) < weight(F). If each point of Y
has a closed neighborhood which can be closed embedded in F, then Y can be
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closed embedded in F. This follows immediately from the proof of the closed
embedding theorem (Theorem 1 of [13]).

(i) There is a closed embedding e: |M],, — F. Note that weight(IMl,,) <
weight (F). A basis for |[M],, is the collection of all 1/i-neighborhoods of points
with all rational barycentric coordinates. It is enough to show that the star of
each vertex can be closed embedded. Each star is finite dimensional (since |M|,,
is locally finite dimensional) and is the cone over a metric subcomplex of one
lower dimension. Clearly 0-dimensional stars (points) can be closed embedded.
Assume (n — 1)-dimensional metric stars can be closed embedded in F. Then
(n — 1)-dimensional metric complexes of the appropriate weight can be closed
embedded in F by (i), and thus n-dimensional metric stars can be closed embedded
in the open cone over F (= ¢(F)) which is homeomorphic to F x R. (See [14,
Lemma 1.1].) By [10, Theorem 42], F= G x R, for some G. Thus

F=FY=(G xR =G xR xR=F xR.

(iii) There is a homeomorphism h: X x F — X such that h is C-close to
the projection p,: X x F — X. (IL.e. for each (x, y)) €EX x F, thereisa CE C
such that {x} U {h(x, y)} € C.) This is Corollary 2.3 of [17].

(v) g": IMl,, — X be the same function as above (II[.4). In particular, g’
is the linear extension of a vertex map which takes each vertex {C} € M into
C—-ACX - A. By (V.3.) g is continuous.

(v) There is a closed embedding g: \Ml,, — X such that g is C-close to g'.
Let g be the composition of (¢, €): IMl,, — X x F and i, X x F — X. (See (ii)
and (iii).) It is easy to check that g is a closed embedding. Note that g satisfies

(VL7) (See (1IL.5).) For each simplex {C,,...,C,}| € IM],,,
g({Cy,...,ClD)CD,and

(V1.8)(See (I11.6.))For each x € X, g © ¢(x) and x belong to the same ele-
ment of D.
We prove below in §VII:

(V19) ProPosITION. Let (U be a cover of x such that W < D and, for each
WE W, g~ (st(W, W) is finite dimensional. (Such covers exist because g is a
closed embedding and |\M\,, is locally finite dimensional.) There isa map f,,:
IMl,, = X — A such that

(@) f. and g are W-close, and

®) £.(Ml,,) is closed in X.

The map promised by (I.2) is f=f,, o ¢: X = X — A. Note that f(X) =
fo(e(X)) C £,.(IM),,,) which is closed and contained in X — 4. Thus cl(f(X))
misses 4. Also, note that f(X) = f,, o ¢(X) and x belong to the same element of
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st(D, W). Thus the straight line homotopy in X joining f to id, is limited by
chst(D, ) <chst D<F.

VII.

(VIL.1) LEMMA. Let U be an open subset of F and let h, and h, be
embeddings of a simplex s into F, such that h;(int s) C U, i = 1,2 (int = interior),
hylbd s = h,|bd s (bd = boundary), and h, is homotopic (in U) to h, (rel bd s).
[4 homotopy (in U) rel bd s isa map j: s x I — closure U such that j(int s x I)
CUand j(x, t) = hy(x) = h,(x), for x Ebd s.] Then there is a homeomorphism
h: F — F such that h|F — U = identity and h ° h, = h,.

Proor. That such a result is true is generally known but it does not seem
to appear in the literature. We give here an outline of a proof. The sets 4, (int 5)
and h,(int s) are o-compact closed subsets of U, and thus there is a homeomor-
phism g: U— U x F such that g(h;(int 5)) C U x {0} for i = 1, 2. This follows
from the fact that F has an [, -factor [12, proof of Lemma 2], and that a set is
1, deficient if and only if it is F-deficient. (See [4, Theorem 3.1]. This result
does not use the theorem of this paper.) The proof is completed by following the
outline: (i) Embed the homotopy in U x F such that the paths of points from
near bd s are “small”. (ii) Find a “tubular” neighborhood of the embedded
homotopy. (iii) Find an ambient homeomorphism of the tubular neighborhood
that moves A, to k,, is the identity on the boundary of the tubular neighborhood,
and approaches the identity near g(bd U). For details of similar (but harder)
procedures, see [13, proof of Theorem 3].

(VI1.2) ZseT LEMMA. Let M be any simplicial complex and let B be a
proper subpolyhedron of M. (l.e., B is a subcomplex of a proper subdivision of M
(V4).) Let Abea Zsetin X, asin (12). Let f: IMl,, — X be a closed embed-
ding such that f(1B),,,) C X — A. Then, for each open cover  of X and each n-
dimensional (n =0, 1, 2, . . .) proper subpolyhedron C of M, there is a closed
embedding § |M\,, — X such that T(IBl,, U ICl,,) C X — A, F11Bl,,,and F
and f are | close.

Proor. (By induction on n.) The proof follows the outline of the proof
of (IV.1). Assume that the lemma is true for n — 1. Let T be an open cover of
X such that ch st T refines V. As in (VI.2), assume that X is open in F, a bounded
convex subset of a normed space (V, || |I). In particular, each T € T must be so
small that ch st(T, T) C X. Let M be a proper subdivision of M such that, for
each simplex s € M, f(st(s, M)) refines T. [Use (II.1) and (V.7).] Now apply
the lemma with T and C"~! = n — 1 skeleton of the subdivision, C, and M
induces on C. Thus there is a closed embedding f : IMl,, — X such that
faBIUIC*Y,) C X - 4, flIBl,, = fIIBl,,,and f and f are Tclose. Lets
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be an n- simplex of Cnot in B Note that, for some T(s) € T, £(s) C st(T(s) T)
and fi (bd §)CX - A. Let, for each s, S(s) be an open set such that f (mt §)C
S(s) C st(T(s), T) — F(Bl,), S(s) N f(ICI U Bl,,): = f(int s), and, for
s#s', 8(s) N S(i') = g. (This is possible because IMI = |Ml,,. For example,
use (V.7) and simplicxal nelghborhoods) Now, for some polyhedral n-cell ¢ C int s,
f(s-— ¢) CX — A. Now apply (IVl)thhK—s B=s—-(intc), f= fls, C=c
and V a cover so small that |/ refines {S(s), X — f (¢)} and such that if f and h,
are |/<close then fis homotopic to Ay in S(s). We obtain ig: s — cl(s(s)) — 4, an
extension of f fibd 5. Note that & lint s is homotopic (rel bd 5)'in S(s) to f lmt s
Also hg|int s is homotopic (rel bd 5) in S(s) — A to a closed embedding h,.
c(S(s)) — A. (Use (VL6.v) with a cover whose elements get small near bd S(s),
and note that in a locally convex space any two functions sufficiently close are
homotopic.) Now apply (VILI) to h; = f Isand h, = ﬁ in order to obtain a
homeomorphlsm Jg: clS(s) —cl S(s) such that ]slbd S(s) identity and j; o f fls
= h Now define j: X — X by ]lS(s) =j,, fors € C-3B, and j = identity,
otherw1se Then set f jof. That f satisfies the desired conclusions can be seen
by using the fact that S(s) N f(IBl, U |Cl,) = int s.

(VIL.3) PrROOF OF PROPOSITION (V19). The proof follows very closely the
proof in (IV.2). The necessary changes are to replace |K| by IMl,,, , assume induc-
tively that f, is a closed embedding, and, instead of starting with fo = &; apply
(VIL2) with M =M, B= @, f=¢, U = W, and C = M° to obtain f'= f,. In
getting the polyhedral neighborhood Q, _, use proper subdivision and (V.7).
References to |V] can be ignored. The conclusion (f,,(IMl,,) is closed in X) fol-
lows because, if W € (0, let dimension(g™![st(W, W)) = d see (V1.9), then

Ja(M) O W= fo@ st W) NWC [ (M,)N W
=f(MY,) N W

which is closed in W.
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