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ERGODIC THEOREMS FOR THE ASYMMETRIC
SIMPLE EXCLUSION PROCESS(*)

BY

THOMAS M. LIGGETT

ABSTRACT. Consider the infinite particle system on the integers with the
simple exclusion interaction and one-particle motion determined by p(x, x + 1) =
pand p(x, x — 1) =q for x €EZ, where p + q = 1 and p > q. If u is the initial
distribution of the system, let u, be the distribution at time #. The main results
determine the limiting behavior of Myast—> oo for simple choices of u. For ex-
ample, it is shown that if u is the pointmass on the configuration in which all
sites to the left of the origin are occupied, while those to the right are vacant,
then the system converges as ¢ = « to the product measure on {0, l]z with den-
sity 2. For the proof, an auxiliary process is introduced which is of interest in
its own right. It is a process on the positive integers in which particles move
according to the simple exclusion process, but with the additional feature that
there can be creation and destruction of particles at one. Ergodic theorems are
proved for this process also.

1. Introduction. Let p(x, y) be the transition function for a Markov chain
on the countable set S. The infinite particle system on § with the simple exclu-
sion interaction and one-particle motion determined by p was introduced by
Spitzer in [8], and can be described in the following way. Particles are distributed
initially on § in such a way that there is at most one particle per site. Each par-
ticle waits an exponential time with parameter one, and then attempts a transition
to another site in S chosen according to the probabilities p(x, y). It makes the
transition if that site is vacant, while if it is occupied, the particle remains where
it was. As a result of this exclusion interaction, some condition on p(x, y) is
needed to guarantee that a process behaving according to this description exists.

It was proved in [6] that a sufficient condition for the existence of such a process
is that sup, Z, p(x, y) <eo. The resulting system is then a strong Markov process
n, with state space X = {0, 1}5 whose infinitesimal generator is the closure in
C(X) of the operator Q defined for functions f which depend on only finitely
many coordinates by
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Q)= ¥ ol i) - fn)),

n(x)=1
n(y)=0

where 7, denotes the configuration obtained from 7 by interchanging the x and
y coordinates. Let S(¢) be the semigroup on C(X) which corresponds to this
generator. Recall that if u is the initial distribution of the process, then uS(z) is
the distribution of the process at time ¢.

There are two basic problems which arise in the ergodic theory of the pro-
cess 1,. The first is to describe the set of all invariant (probability) measures for
the system: T = {u on X: uS(¢) = u for all # > 0}, while the second is to deter-
mine the domain of attraction of each extreme invariant measure. This means
that for a given u € T, one wants to find all probability measures » for which
vS(t) — i weakly as ¢ — oo. These questions were answered completely in [3],
[4] and [9] under the assumption that p(x, y) = p(», x) for all x, y € S. The
property which makes this symmetric case tractable is contained in a theorem due
to Spitzer (see [3, Theorem 1.1]) which permits the reduction of many problems
involving the infinite particle system to ones involving the corresponding finite
system. Analytically, the effect of this is that the n-point probabilities [vS(£)] {n:
n(xy) =1,...,1(x,) =1} of vS(¢) can be expressed in terms of the n-point
probabilities of v for the same n. If p is not symmetric, Spitzer’s theorem fails
and, in fact, the n-point probabilities of vS(#) depend on the full structure of the
measure » in a very complex way. This makes the analysis much more difficult,
and there is little hope that anything resembling the complete results available in
the symmetric case can be obtained in general. In fact, it will be seen in this
paper that the difficulty is not merely the absence of the analytical tools provided
in the symmetric case by Spitzer’s theorem, but also the fact that the limiting
behavior of the system is more complicated in the asymmetric case. One asym-
metric case which has been treated is that in which p is positive recurrent and
reversible [5]. This case is not at all typical, however, since one finds that there
are no measures in ] which concentrate on {n € X: Z,n(x) = e, Z,[1 = n(x)]
= oo},

In this paper, we consider the case in which S = Z (the integers) and
(1.1 px,x +1)=p and p(x,x-1)=gq

for all x € Z, where p + ¢ = 1. Some of our techniques of proof will probably
not generalize significantly beyond this case, but some of them will, and our re-
sults should indicate to some extent what may be expected to hold in greater
generality. We will assume that p # 4, since otherwise p(x, ) is symmetric and
the ergodic theory of n, is covered by the results of [9]. Furthermore, there is
an obvious translation of results for p > % into corresponding results for p < %,
so we will assume throughout that %4 <p <1.
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We begin by stating what is known about I, since we have little new to add
to its description. For p € [0, 1], let v, be the product measure on X with
v, {n: n(x) =1} = p for allx €Z. In [1], Holley proved that v, € T for each
p. (In fact, this is true whenever p(x, y) is doubly stochastic, as was conjectured
by Spitzer in [8] and can be easily proved using the results of [6].) These are
the only extreme invariant measures if p = %, as was proved in [9]. In our case,
however, there is another class of measuresin J. If p=1andn € Z, let v, be
the pointmass on the configuration in which n(x) = 1 for x = n and n(x) = 0 for
x <n. This is clearly invariant for the process, since, with this initial configura-
tion, no transitions are possible. If % <p < 1, there is a corresponding collection
of invariant measures which can be described in the following way. Let r = p/q
and for 0 < p < oo et ;;, be the product measure on X with ;", max)=1} =
pr*[(1 + pr*). The proof of part (a) of [5, Theorem 3.1] is independent of the
assumption of positive recurrence of p(x, ), so it follows from that result that
v~p € T for each p since r*p(x, y) =r’p(, x). LetA, = ME€X: Z ., n(x) =
Zesnll —n(x)] <e}andAd={n€X: T, n(x)<eoand T, [1-n(x)] <}
Then 4 = U:-_-_..,A,,, and ;;(A) =] for each p since r > 1. Since 4 is count-
able, 7, is simply a Markov chain on A4, and it is easy to check that {4,: -~ <
n < o} are the closed irreducible classes for the chain. Therefore the restriction
of ;; to A, is invariant for n,, and since ;;,(A,,) > 0 for each n and o, the chain
is positive recurrent on each 4, and has stationary distribution v, = v,( - |4,,),
which is therefore independent of p. Presumably, the only extreme invariant
measures for the process are {vp: 0<p<1}and {,: =% <n <}, but the
proof of this remains an open problem. The one result along these lines which is
available is that the only invariant measures which are translation invariant are the
exchangeable measures on X. A proof of this statement can be constructed using
the methods developed by Holley in [2]. Added in proof: The above conjecture
is correct, and will be proved in a forthcoming paper by the present author.

We turn now to a description of our results on the convergence problem.
The class of initial distributions which concentrate on 4 can be treated immediate-
ly. If u(4) = 1, and in particular if Z, ou{n: n(x) =1} <ecand Z,, ou{n: n(x) = 0}
< oo, the ordinary convergence theorem for positive recurrent Markov chains yields
(1.2) lim pS() = 2 u(Adp)vp-

n=—o

Our main interest, however, is treating initial distributions u which are product
measures on X for which lim, _, .u{n: n(x) = 1} and lim__,__u{n: n(x) = 1}
both exist but are not necessarily equal. For such initial distributions, there are
two components of the motion which would seem to determine the limiting be-
havior of the process as t —> . For example, suppose u has low density on the
left and high density on the right. Since p > q, one might think that the whole
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system would tend to move toward the right, and that therefore one would tend
to observe the lower density situation as ¢ — . This would in fact happen if
there were no interaction. On the other hand, since particles will interfere with
each other’s motion more at high density than at low density, the particles on the
left will initially move to the right more rapidly than will those on the right, and
will meet increasing interference from those on the right. Therefore the density
of the particles on the left will increase, and one might expect to observe the high
density situation as ¢ — °°. Our main theorem describes conditions under which
one or the other or both of these mechanisms dominate the evolution of the
process.

THEOREM 1.3. Assume that u is a product measure on X and that the
Sollowing limits exist:

14) K=xﬁﬂ“u{n: () =1}, p=xliT~#{n= n(x) = 1}.

@) If\=%and p <%, then lim,_, uS(¢) = V12
(®) Ifp=>Yand X + p > 1, then lim,_, ,uS(t) = »,,.
©) IfAN<Y%and X+ p <1, then lim,_, . uS(t) = v,.

It is interesting to note that the effect of the interaction is much more pro-
nounced in this case than in the symmetric case. For purposes of comparison, it
should be mentioned that if p = %, Theorem 4 of [9] implies that under the
above conditions, lim,_, . uS(f) = ¥(5 ;. )/, for any choice of A and p.

The above theorem omits the case

(1.5) At+tp=1 and A<%

in which the situation is much more delicate. In fact, in this case, (1.4) is not
sufficient to guarantee convergence at all. It will be shown as a consequence of
Theorem 1.3 that if A and p satisfy (1.5), there exists a product measure u satisfy-
ing (1.4) for which uS(¢) has both v and v, as weak limit points as ¢ —> .
However we do make the following conjecture in case the convergence in (1.4) is
sufficiently rapid.

CONJECTURE 1.6. Assume that u is a product measure on X which satisfies
%, colutn: n0e) =13~ N <o and =5 olufn: n(x) = 1} = pl <oo. IfA+p=1
and 0 <\ <%, then lim,_, ,uS(t) = Y%w, + Y%v,.

ReMARK. It follows from (1.2) that this is not true if A\=0and p = 1.

In the course of the proof of Theorem 1.3, an auxiliary process which is of
interest in its own right is introduced and studied. It is a Markov process on
X, = {0, 1Y+ where Z, = {1,2, ...} which can be described as the simple
exclusion process on Z, with the additional feature that there can be creation
and destruction of particles at one. The creation and destruction rates at one
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depend on only one parameter A € [0, 1], and are chosen in such a way that they
can be viewed as arising from a fictitious state O with the property that 1,(0) = 1
with probability A and 7,(0) is independent of the process {n,(x),x € Z} for

all £ > 0. Thus the creation and destruction rates at one are p\ and g(1 — A)
respectively, and the generator of the process, when restricted to functions f
which depend on finitely many coordinates, is given by

) = 3 @rell = nte + DI +ante + DI =109} M) = 0]

+ {pA[1 = 2(D)] + q(1 = Nn(1)} [f(n,) — f(n)]

where n,(x) = n(x) for x > 1 and ,(1) = 1 — n(1). Let S,(¢) be the semigroup
corresponding to this generator. We will refer to the process as the A-process.

It is easy to check that v, is invariant for this process. In fact if p = %,
this is the only invariant measure and uS, (f) — v, for every initial distribution
u. However, in our case in which p > %, there are in general other invariant
measures as described in the following theorem. We will say that a probability
measure g on X, behaves like v, at o if

lim u{n: n(x, +x)=1,...,1(x, +x)=1} =p"
x>0
for all distinct choices Xi5..., X, €Zandalln>1.

THEOREM 1.7. There exists a collection u(\, p) of probability measures on
X, definedfor b <p<lifh<A<landforp=Aandp>1-ANif0<
A\ < Y% with the following properties:

@) u(A, p) is invariant for the \-process for each p.

(b) u(A, p) behaves like v, at .

©) s\, A) =,y

(d) wu(X, p) is jointly weakly continuous in \ and p.

() If0<A<Y%, then vy, = lim, , ; _\u(A, p).

The convergence results for the A-process which are used in the proof of
Theorem 1.3 are given next.

THEOREM 1.8. Assume that u is a product measure on X + for which p =
lim,_, . u{n: n(x) = 1} exists.

(@) If \=%, then lim,_, uS,(?) = u(\, p) if p = %, and lim,_, uS,(8) =
M\, ) if p < %

(b) If XN, then lim,_, uS, () = u(\, p) if p > 1 =\, and lim,_, .uS,(t)
=n\ifp<1-N If\=0,p=1andp = 1, the additional assumption that
Z. 51k {n: n(x) = 0} = oo is required.
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An interesting special case of this theorem is that in which the process be-
gins with n(x) = 0 for all x € Z,_. Then we see that uS, (f) — v, if A <%, but
S, () converges to a measure which behaves like v, j2 at @ if A > %. Thus the
mechanism of creation of particles at one appears not to be sufficiently strong if
p > % to raise the asymptotic density of particles above %.

In the proofs of these results, it will often be necessary to compare the
distributions at time ¢ of two different processes which began with the same dis-
tribution, or of the same process begun with different distributions. The inequali-
ties between probability measures which will be needed in this connection will be
described and proved in §2. §3 is devoted to the analysis of a process on {1,

. » n} which has creation and destruction of particles at both 1 and n. This
process is simply a Markov chain with a finite state space, and the aim here is to
study its stationary distribution, and in particular the limiting behavior of the
stationary distribution as n — o, Theorems 1.7 and 1.8 will then be proved in
§4 by comparing the A\-process with the finite system. Finally, Theorem 1.3 will
be proved in §5 by comparison with the A-process.

2. Comparisons and inequalities. Let p(x, ) be a doubly stochastic tran-
sition function for a Markov chain on the countable set S, and let a(x) be a func-
tion on S which satisfies 0 < a((x) < 1 for all x. For each subset D of S, we will
consider the Markov process on X, = {0, 1}P whose generator, when restricted
to functions depending on finitely many coordinates, has the form

Qpft) = 3 ax)[1 = 20)lpC, ¥)[An, ,) - fn)]

x,yED

+ 2 {nxpx, )1 - ()] + [1 = 20:)]p(, x)e()} [fn,) = fm)),

x€ED

y€eD
where again 0, () = n(y) for y # x and n,(x) = 1 — n(x). Since p is doubly
stochastic, the existence results of [6] guarantee that there is a unique generator
with this restriction. For this process, in addition to the motion on D according
to the simple exclusion interaction, there is spontaneous creation and destruction
of particles at rates which depend on the function a. Note that if D = S, this is
the ordinary simple exclusion process on S, while the A-process described in the
introduction is obtained by taking S = Z, D = Z, and «(0) = A. Let S, (¢) de-
note the semigroup corresponding to this process. When dealing with a probability
measure on X, which represents the distribution of the process at some time, we
will adopt the convention that it is to be regarded as a probability measure
on X by letting it be the product measure on X = X, x I 4, {0, 1} with
u{n: n(x) = 1} = o(x) for x € D. Functions on X, will be viewed as functions
on X in the standard way.



THE ASYMMETRIC SIMPLE EXCLUSION PROCESS 243

Define a partial order on probability measures on X in the following way.
Let M be the set of monotone continuous functions on X:

M={fECX):ntEX and n<t=fin) <A}

If D CS, Mp will denote the set of f € M which depend only on coordinates in

D. Say that u <v if [fdu < ffdp for all fE€ M. An equivalent definition is that

u < v if there exists a probability measure on {(n, {) € X x X: n < ¢} whose
marginal distributions are u and v respectively. The equivalence of these definitions
is a consequence of [7, Theorem 53, Chapter XI]. In developing the relationship
between this partial order and the process with generator Q,, we will need the
following two standard semigroup results. The first is in fact valid for any bound-
ed generator, while the second is a consequence of the Trotter theorem on con-
vergence of a sequence of semigroups.

PROPOSITION 2.1.  Suppose that D is a finite subset of S and that K is a
closed convex subset of C(Xp). If there isan € >0 so that I + eQp: K — K,
then Sp(8): K — K for all t > 0.

ProrosiTiON 22. If D, C Sand D, 1t D, then, for all f € C(X. p) and
t=0, SDn(t)f—> Sp(Of

The following is a consequence of [5, Theorem 2.1] in case D = S.
THEOREM 23. If u <, then uSp () < vSp(t) forall t >0and D C S.

ProOOF. By Proposition 2.2, it suffices to prove the theorem in case D is
finite. So assume that D has n elements. If f€ Mp and x, y € D, then the func-
tions n(x)[1 = n0)1f(n,y) + [1 = 1G] [1 = n0NIAN), nEx)n,) + [1 = n(x)]fn),
and [1 = 7(x)] fn,) + n(x)f(n) are also in Mp,. Therefore Qpf + 2nf € Mp, and
hence Sp,(£): Mp — Mp, for all # > 0 by Proposition 2.1. The required result
then follows from the relation J; fduSp ()] = JSp(t)f du.

As mentioned in the introduction, the fact that p(x, ) is doubly stochastic
implies that v, is invariant for S(¢) for 0 < p < 1. For D C S, the role of v, is
described by the following result. In this, as well as in other theorems of this
section, versions can be obtained with inequalities reversed simply by interchanging
the roles of 0 and 1.

THEOREM 24. (2) If &;(x) <, (x) on S\D and p <, then uSh (1) <
vS%(t), where S,'_,(t) is the semigroup corresponding to o;. (b) If a(x) = p on
S\D, then v,, is invariant for S, (¢). (c) If a(x) > p on S\D, then vSp(®) > v,.

PROOF. Again it suffices to consider the case in which D is finite. If Q’D
is the generator of S’D(t), then



244 T. M. LIGGETT

Q5 ~ Qpfin)
= 2 {1 = 1®)]p0, x) = n(x)p(x, »)Hay 0) - &, )] [An,) = ).

x€ED
y&D

If f € Mp, then n(x)[f(n,) — fn)] <0 and [1 = n(x)] [A(n,) — f(n)] > O, so, for
such f,

2.5) Q}fn) > QLAn).

Let K = {(f,, f,) EMp x Mp: 0 <f, <f,}. By the proof of Theorem 2.3,
there is an € > 0 so that I + eQ},: My — My, and I + €Q3: M, — My, Since
Q) and Q2 are the generators for finite Markov chains, € can be made smaller in
such a way that in addition I + eﬂ}, and I + le, map nonnegative functions to
nonnegative functions. Then, by (2.5), (f}, f,) € K implies that (f, + eQ}, fi
f, + €93 f,) € K. Therefore (S}(t), S%(#)) maps K into itself. In particular, it
follows that SL,()f < S3,(¢)f for all f € My, and therefore that uS%(f) < uS%(¢)
for all u. Part (a) then follows from Theorem 2.3. In order to prove part (b),
note that, for any function f which depends only on the coordinates in D,

Qpftn) — Qf(n) = ED e, ¥) = [1 = 2()lp(, X)) — pl|fln,) = fn)].
y€&€D

The integral of the right side with respect to v, is zero, and therefore [Qpf(n)dy,

= 0 since v, is invariant for S(#). Part (c) then follows from (a) and (b).

COROLLARY 26. If a(x) = p on S\D, then > v, implies that
uSp() = v,Sp(t) > v,.
A stronger form of this result will be needed. We will say that u >; Y if

@.7) [rau=>o0

whenever

fe M,ffdvp =0,g>0, and f and g depend

28) R .
on finite disjoint sets of coordinates.

By taking g = 1, it can be seen that u >; v, implies that u = v, thus justifying
the notation. In fact, u >; v, can be viewed as a conditioned form of u = V-
The following result says that it suffices in the above definition to consider only
functions f which depend on one coordinate.

LEMMA 29. Suppose that u satisfies ([n(u) — plg(n)du = O whenever g is
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a nonnegative function which depends on finitely many coordinates other than
n(w). Then p>;v,.

ProoF. Assume that 0 < p < 1, since otherwise the result is immediate.
The proof of (2.7) is by induction on the number of coordinates on which f
depends. If f depends on only one coordinate n(«), then f is a nonnegative con-
stant multiple of [n(x) - p], 50 (2.7) is true by assumption. Now let f and g be
as in (2.8), and let n(u) be one of the coordinates on which f depends. Write

fn) = [1 = n@)]fo(n) + n@)f,(n), where f; and f, do not depend on the co-
ordinate n(u), and therefore depend on fewer coordinates than does £ Since f €

M, it follows that fo, f; € M and f(n) < f,(n) for all 7. Since [fdv, =0, it
follows that

(2.10) A -o)ffgdv, +off, v, =0,

and so [f, v, <0< [f, dv,. By the induction assumption,

{11 = 9 fymetn) du > [ [# dv,] 1t = n@letm) du,

and
f n()f,(me(n) du > [ f fi dvp] fn(u)g(n) du.
Therefore, by (2.10),

f fegdu=>(1- p)"[ f i dv,,] [(1 - p)fn(u)g(n) du-p f [1 = n)lg(n) du]

=@- p)“[ffl dvp][f[n(u) - p]g(n)d#] >0,
thus completing the induction step.

THEOREM 2.11. Suppose that D is a finite subset of S. For fixed
p € [0, 1], let L be the (closed, convex) set of all functions of the form g(n)
+ Z,eplnx) = plg,(n), where g and g, are nonnegative functions which depend
only on the coordinates n(y) for y € D and y € D\{x} respectively. If a(x) > p
on S\D, then there exists an € > 0 such that I + e p:- L — L.

ProoF. Since Q, is the generator for a finite Markov chain, there is an
€>0sothat (/ +eQp)g>0forallg>0. Now fixu €D, let g be a nonnega-
tive function depending only on coordinates n(x) for x € D\{u}, and put i(n) =
[n(4) — plg(n). In what follows, the variables x and y range over D\{u} and z
ranges over S\D. Then
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Qph(n) = nyn(X)ll = 20)lp(x, y)n@) = plie(n,,) — &)
= n(u) f;‘, [1=n0)lp(, y)ogn,) + (1 — p)em)]
+ [1 = n()] Zx: ne)pCx, w)[(1 - p)g(n,) + pe(n)]
+8o {[1 - 1] Zatet, ) = 1) Tt D11 - a1}
= [n@) = p]1 3 p(x, ) (nG)[1 — n()le(n,,) + nx)n(»)e(n)
~ + 11 - ne)len)
= [n@) - Pl&’(ﬂ)g p(x, ¥)
+ n() Zyj p(u, y)'{(l = pyn()e() — p[1 = n(»)lgn,)}
+ [1 - n@)] };‘, p(x, u){n(x)(1 = p)e(n,) = p[1 — n(x)lg()}
+8o) {[1 =) | Ttz +» T pts )]

— n(u) [z p@, 2)[1 -a@)] + (1 -p) T ol y)]} :
z y

For y € D\{u}, let gj(n) and g(n) be the functions depending only on the co-
ordinates in D\{u, y} which satisfy g(n) = n(y)g;(n) + [1 — n(»)]gh(n). Then

Qph(n) + [Z p(x, ) +1-p(u, u)] h(n)

x'y

= [1) - 5] 3" PG, )W) ~ n0)]gCns,) + 00 Xetnd + [1 ~ G}
x'y
+ 1) Y P, Y)n®») = pl@) + [1 —n@)] 3 p(x, w)n(x) - plg5(n)
y x
+ g(n) { [1 - )] " [22) - plp(z, 4) + 1) X p(u, 2)otz) - p]} :

So, if the cardinality of Disn, h + (n + l)'IQDh € L, and the proof is complete.
The required stronger form of Corollary 2.6 is then

CoROLLARY 2.12. If a(x) > p on S\D and j1 > v,, then uSp(0) > v, for
all t > 0.

PROOF. Since the relation pu > v, is preserved by weak convergence, it
suffices by Proposition 2.2 to prove the corollary in case D is finite. But, by
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Theorem 2.11 and Proposition 2.1, Sp(¢): L — L, and the proof is complete
since p > v, is equivalent to fAdu = O for all n € L by Lemma 2.9.

So far, we have dealt only with inequalities which involve only one D at a
time. Throughout the remainder of the paper, however, we will need to compare
distributions at time ¢ corresponding to different processes. In doing so, it is
important to recall the convention adopted at the beginning of this section regard-
ing the interpretation of uSp,(¢) as a probability measure on X.

THEOREM 2.13. Assume that CC D C S, a(x) = p on S\D, and a(x) = p
on D\C. If u> v, then uSc(t) < uSp(t) for all t > 0.

Proor. By Proposition 2.2, we may assume that D is finite. Consider
f€ Mc. Then

Qpftn) = Qcfn)
= ¥ [fin,) — f)pG, )1 = n(x)] = n(xpx, »)}Hak) - o).

x€C
yED\C

Since the function multiplying [n(y) — p] is nonnegative, it follows that
(2.14) f@pf-acpau=>0

whenever u >; Vpe Now, by the proof of Theorem 2.3, by Theorem 2.11, and by the
fact that Q, is the generator of a finite Markov chain, there exists an € > 0 so that
(I + GQD): MD - MD’ (I + GQC): Mc i MC’

(2.15) T+eQp)L—L,

and (7 + €Q,) maps nonnegative functions into nonnegative functions. For any
i, let u be the probability measure determined by

fndi = [ + ety du.
By (2.15),if u >, v, then E>, v,. Now let
K= {(f; 8 € Me x MD:Ifdu <fgdu for all u >, vp},
and take (f, ) €K and u >; V- Then
[+ eappydu=[gdi > [rdi = [+ eapNan> [+ eRcnan,

where the final inequality is a consequence of (2.14). Therefore (f + eQ.f, g +
€25 g) € K also. So, the semigroup (Sc(¢), Sp(#)) maps K into itself. Since
(. ) €K for f € Mg, it follows that
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Jrdwsc@) < frdusy o)

foru>;v,and f€ M. In order to complete the proof of the theorem, it suf-
fices to prove this inequality for f € Mj,. For simplicity, assume that D\C = {u},
a singleton, and if f € My, write f{n) = n()f,(n) + [1 — nw)]fy(n) where f,,

fi €EMg and fy <f,. Then

[rdlusc®) = [lof, + (1 = o)) dluSc(®)]

since a(u) = p and by our convention, the random variable n(u) is independent of
{n(x), x € C} relative to the measure uS,(¢). On the other hand,

[r s, @) = [a)lf, - fol diuSp @] + [£o dlusp®)]
> o [Ify = fol dluSp®) + [, diuSp(®)]

since uSp(f) > v, by Corollary 2.12. The result then follows from the fact that
pfy + (1= p)fy € M.

COROLLARY 2.16. Assume that C C D C S, a(x) > p on S\D, and a(x) =
pon D\C. Ifv> v, and v > p, then uSc(t) < vSp(t) for all t = 0.

3. The finite system. Throughout this section, we will consider the process-
es described at the beginning of §2 in the case that p(x, y) is given by (1.1) with
%<p<1and

(A ifx <0,
“(x)‘{p ifx>0,

LetD, = {1,...,n},Q, =Qp ,and S,() = Sp,(®)- This process is a finite
state Markov chain, and is irreducible provided that

G.D pPA+gp>0 and p(1-p)+4q(1—-N)>0.

It is easy to see what the stationary distributions of the chain are if (3.1) fails.
If one of the expressions in (3.1) is positive and the other is zero, then the unique
stationary distribution is the pointmass on 7 =0 or on n = 1. If both expressions
are zero, then p = 1, A = 0 and p = 1, in which case there are exactly n + 1
extreme stationary distributions. Therefore throughout this section we will assume
that (3.1) holds, and will study the (unique) stationary distribution u,, of the
chain. Our eventual goal is to determine properties of the measure lim,,_, .z, on
X, =10, l}z"", and in particular its dependence on A and p, since this will be
the key to the analysis of the A-process in the next section.

The first observation, obtained from the relation fQ,fdu, = 0 for f(n) =
n(u), is that, for 1 <u<n-1,
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pu, (n: n(u) =1, n(u + 1) = 0} — qu,, {n: n(@) = 0, n(u + 1) = 1}
= p\t, {n: n(1) = 0} — q(1 = N, {n: n(1) = 1}
= p(1 = p)u, {n: n(n) = 1} — qpu,, {n: n(n) = 0}.

Let c,, be the common value of these expressions. The key result which permits
the study of {u,, n > 1} is the following recursion relation.

THEOREM 32. Assume that (3.1) holds, and take n € {0, 1}°n.
@) Ifp)=1andnu + 1) =0 for some 1 Su<n-—1, then

pu, (0} = qu, Iy y4 1} = Cpbtp—y B §x) =n(x) for 1 <x <u
and {(x)=nx + D foru<x<n-1}.
() If n(1) =0, then
PNt (1} = q(1 = N () = cpbty_ &1 $) =7m(x + 1) for 1 <x<n-1}.
(c) If n(n) = 0, then

p(l = p)u, n,} — qpu, I} = cppt,_y {82 $(x) = n(x) for 1 <x <n-—1}.

ReMARK. The proof of this theorem is considerably simpler when p = 1,
so it is suggested that the interested reader carry it out in that case first.

PROOF. Since p,, is continuous in p, p and \ whenever (3.1) is satisfied, it
suffices to prove the theorem for a dense set of p, p and A. Therefore we will
assume that p, p and A € (0, 1) and that

(33) PNl =p) #q"p(1 -]
for all integers m = 1. The proof of the theorem will then be by induction on n.
A simple computation gives

2 - ) — a2(1 -
py{n:n(l)=1} = 1+ ()f’} ;)(‘;P_ q) and ¢, =£ lx('l|‘ (7\p')' P)‘(IP(;I' q)Dp '

Therefore (a) is vacuous and (b) and (c) hold if n = 1. Assume then that (a), (b)
and (c) hold forn =1,...,m — 1. Suppose for now that there is a signed mea-

sure u on {0, l}D'" such that for each n € {0, l}D'”, the following holds:
(@) If nw) =1 and n(u + 1) = 0 for some 1 <u <m -1, then

pu{n} —quing 41} =ty & 5G) = n(x) for 1 <x <u

and ¢x)=n(x + 1) foru<x <m-1}.
(") If n(1) = 0, then

pNe{n} = q(1 = Nu{n,} = pp_ B 8x) =n(x + 1) for 1 <x<m-—1}.
(c") If n(m) = 0, then
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p(1 = pu{n,,} —qorin} = pp_; {§: §x) =n(x) for 1 <x <m-—1}.

We will show that u is a constant multiple of u,,. In order to do so, let f{n) =1
if n = ¢ and fin) = 0 if n # { where { is any fixed configuration in {0, l}D"'.
Computing £2,, f for this f yields

Q) =W + [1 - (D)]q(1 =N,
Q&) = [1 = §m)]p(1 = p) + §(mp,
R fCy u+1) = 8@ = §@ + 1] + ps + D1 = §@)],
if $) # S + 1),
m-—1 m-1
Q) =-p X {1 -¢tx+D-q X §x+ D1 -5x)]
x=1 x=1
=pA[1 = )] - q(1 = M) - p(1 = p)s(m) — qo[1 = §(m)],
and Q,, f(n) = 0 for all other n. Therefore
fﬂmfdn = ()P} —q( =N} + [1 =M [g(1 — Nu{s;} —pu{S]
+ §(m)[qpu &, } — p(1 — P {8}]
+ [1 =m)] [p(1 = P&} — ap{8}]

+ "5 () - 8 + D] [qu s gr} —PRE]
u=1

+ 75 b+ DI - 5] Pl e} - .
u=1

Using (a'), (b") and (c"), this becomes
[t i = [26(1) = 111ty _y B 7x) = §0x + 1) for 1 <x <m =1}

+ [1 = 28 Wy {r: Yx) = §(x) for 1 <x<m-—1}

+ mz—:l (¥ + 1) = 8@ Wy — 4 {72 7(x) = §(x) for 1 <x <uand

u=1
yx) =8¢+ foru<x<m-1}

But then fQ,, fdu = 0 since [§(u + 1) = §W),, _; {7: 7(x) = §Cx) for 1 <x <
uandy(x) =¢(x+ Dforu<x<m-1} = [28u + 1) = 1]y, _, {r: v(x) =

t(x)for 1 Kx<wuand y(x)=¢(x + 1) foru<x<m-1} - [2§@w) - 1]u,_,
{y: 7(x) = §(x) for 1 <x <u and y(x) = §(x + 1) for u <x <m — 1}. Therefore
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u is a constant multiple of u,,. In fact, summing (a") appropriately yields
pui{n:n@)=1,n@ +1)=0} - qu{n: nw) =0,nu + 1) =1} =1,
soc, #0and
(34 B=cpltt,

so that (a), (b) and (c) follow from (a"), (b") and (c'). Therefore, in order to
complete the proof, it suffices to prove that there exists a signed measure u on
{0, 1Y°m which satisfies @@"), (") and (") for all 7 € {0, 1}Pm_ 1f y =1, define
u{y} by

"IN = p) = g™ (1 = N]ulr}

=[N" + pq"™ Wy _ 1 102 n(x) = 1 for all x}
(3.5)

m-—1
+oA Y PYq" 1,y {n: n(x) = 1 for all x # y},
y=1

which is possible by (3.3). Next we will show by induction on k that u{n} can
be defined for n such that Z7_n(x) = m — k in such a way that ('), (b) and
(c') are satisfied for those 5. That this is possible for k = 1 follows from the
above choice of u {7y}, as can easily be checked. So, assume that u{n} has been
defined for 7 such that 7 n(x) > m — k and that (2'), (b") and (c') are satisfied
for such n, where k > 2. Use (b") and (c') to define u{n} for n such that
ZT_in(x) =m -k and n(1) = 0 or n(m) = 0. In order to show that this is well
defined if n(1) = 0 and n(m) = 0, it suffices to show that, for such an 7,

a’p(1 = Nu{ny} + gt _y §: $) = n(x + 1) for 1 <x <m—1}
(3.6)
=p?N1 = pu{ng,} = PNty & §&) = 0x) for 1 <x <m -1},

By the induction hypothesis, (b') can be applied to N, and (') to n, to show that
(3.6) is equivalent to

APl & X)) =n(x + 1) for 1 <x<m-1}
+ PNy, 8 8x) =n(x) for 1 Kx<m-1}
=q(1 =M, & x)=n,&)for 1 <x<m-1}

+p(1 =Py B $x) =, (x + 1) for 1 <x <m -1},

which is true since (b) and (c) are satisfied for n =m — 1. Now (a') can be used
to define u{n} for n such that 7, n(x) = m — k and n(1) = n(m) = 1. Again,
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to check that this is well defined, and that (a') then holds for all  for which
ZTLn(x) = m — k, it suffices to observe that if n(u) =1, n(u + 1) = 0, n(v) =
1,7 + 1) = 0 and u <, then

Py 15 5x)=n(x)for 1 <x<uand {x)=nx + 1) foru<x<m-1}
F iy B E&) =my, 4, () for 1 <x <wand §(x) =n(x + 1)
forv<x<m-1}
=Py, 1 8 5x)=nx) for 1 <x<vand {(x)=nx + 1) forv<x<m-1}
+ qu,, _, §: §(x) = n(x) for 1 <x <u and {(x) = Nyp+1 & +1)
foru<x<m-1}.

But this is a consequence of the fact that (a) holds for n = m — 1. This completes
the induction on k, and therefore the proof of the theorem.

In general, it appears to be difficult to express u,,, or even c,,, explicitly in
closed form. It does follow from (3.4) and (3.5) that c,, is a positive multiple of
"1 - p) =gt p(1 = V)], so that if A(1 = p) > 0, for example, then ¢, is
positive for large values of n. If p = 1, it can be shown that

_ Ml =p,_ (A 1-p)
‘=T RN 1-p)

-k n+E\'SE prini
where A, (x, y) = > A" % > xkHiyn-i,
n =on +k\ & =0

although this will not be needed for the subsequent analysis. If A = p, thenu, =
v, by Theorem 2.4, and therefore ¢,, = (p — q)A(1 — ) for all n.

When comparisons are made which involve u,, for various values of n, we will
adopt the same convention as in §2: u, will be viewed as a measure on {0, 1}2
via

M, {n: n(x;) = 1,00;) = 1, n(z;) = 1 for 1 i<L1<j<m,1<k<r}

pu,,{n n(y;) =1forl1 <j< Sm} forx; <0<y;<n<z.

We will write u, (A, p) and c, (A, p) when it is necessary to make explicit the de-
pendence on A and p.

PROPOSITION 3.7. (a) If \; <A,, then u,(A,, p) < u,(A,, p).
(®) If py < py, then p, (A, py) < ,(N, py)-

() If A <p, then (A, p) = tp 4 (A, P).

@) If A= p, then p,(A, p) < Mpy QA P).

Proor. Statements (a) and (b) are obtained by letting £ — < in (a) of
Theorem 2.4. For (d), apply Theorem 2.13 to C =D, and D = D, to
obtain v,S,(f) < v,S, +1(), and then let ¢ — oo, The proof of (c) is similar.
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CoROLLARY 38. (a) If A < p, then vy S, (A, p) SV,
(®) If A= p, then v, <, (A, p) S ).

Proor. To prove (a), for example, use (a) and (b) of Proposition 3.7 to
obtain

n = By D) S (s 0) S (0, ) = 0.
We will need a slightly stronger form of these inequalities.

ProrosiTION 39. (a) If A < p, then there exists a 8 < p such that
1,0, p) <vgon {0, 13",
() If N> p, then there exists a > p such that u,(\, p) > vg on {0, 1Y°n.

PROOF. The two parts are similar, so assume that A < p. Since MD,. is
finite dimensional and [f dvg is continuous in BforfEM D’ it suffices to prove
that ff du, (A, p) < ffdp, for all nonconstant f € MD,,° So suppose that f€ MD”
and [fdu, (A, p) = ffdvp. Then

Jsatoras, > f5,@0f du,. p) = [£au, O\ )

where the equality is a consequence of the invariance of u, with respect to S, (¢),
and the inequality follows from Corollary 3.8 and Theorem 2.3. By Theorem 2.4,
IS,(O)f dv, < ffdv,. Putting these inequalities together leads to [S,(¢)f dv, =
Jfdv,, and therefore to fQ,S,(1)f dv, = 0 for all t > 0. But, for any g € Mp, ,

u8dv, = 0= N J1n() - 1 lstn,) - g v,

and since the integrand is nonpositive, it follows that S, (£)f(n,) = S,,(£)f(n) for
all n and all £ > 0 if p < 1. But this implies that f is constant. The case p = 1
is easier, and left to the reader. (Recall that p <1 by (3.1)if p =1.)

THEOREM 3.10. (a) wu(}, p) = lim,,_, .1, (A, p) exists in the sense of weak
convergence of measures on X.

®) c(\, p) =lim,_, ¢, (A, p) exists, c(\, p) < (@ —q)p(1 = p) if A <p,
and c(A, p) = (p — @p(1 = p) if A= p.
©) Ifx;<uandu +1 <yjfor 1 <i<kand1<j<I, then
pu\, p){n: n(x) =1, n@) = 1,n(m + 1) = 0, n(y)) = 1
for1<i<kand1<j<li}
= qu\, p){n: n(x) = 1,n@) =0,n(u + 1) = 1,n(y;) = 1
for1<i<kandl1<j<l}

=\, P, ) nlx)=1,n(p; - 1)=1for 1 <i<kand 1 <j<I}.
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@ Ifx;>1forl1 <i<Kk, then
PN, p) {n: n(1) = 0, m(x) = 1 for 1 <i <k}
=q(1 =N, p){n: n(1) =1, n(x) = 1 for 1 <i <Kk}
=c\, P\, p){n: n(x; — 1) =1 for 1 <i<k}.

(¢) The relations in (c) and (d) determine u(\, p) uniquely, so in particular,
#(\, p) depends on p only through the value of c(\, p).

Proor. If f € M, then lim,,_, . ff du,, exists by (c) and (d) of Proposition
3.7. Therefore (a) follows from the compactness of the set of probability mea-
gures on X and the fact that M is a determining class of functions. Since c,(, p)
= pu, (A, p){n: () = 1, n(u + 1) = 0} — qu,(\, p) {(n: n(w) =0, n(u + 1) =1},
it follows from (a) that lim,_, ..c,,(A, p) exists. Summing (c) of Theorem 3.2
appropriately yields

cn p) = p(1 = Pl (A, ) (02 (m) = 1} = qp, (A, p) {n: m(n) = 0}.

By Corollary 3.8, if A < p, then u, (A, p) {n: n(n) = 1} < p, from which ¢, (A, p)
< (p - q)p(1 = p) follows. If A = p, then the inequalities are reversed, thus com-
pleting the proof of (b). Parts (c) and (d) are obtained by summing and letting
n —> o in (a) and (b) of Theorem 3.2. For the proof of (e), consider the problem
of determining probabilities of the form u(A, p) (n: n(1) = €,,7(2) =¢,, ...,
n(n) = €,} for all choices of €; = 0 or 1. This can be done inductively on n in
the following way. For n = 1, note that (d) determines uQA, p) {n: n(1) = 1}.
For the induction step, use (c) and (d) to express all the required probabilities in
terms of u(A, p){n: n(@) =1 for 1 <i<n} if A >0, and in terms of u(;, p) {n:
n(@) = 0 for 1 <i<n}if A\ =0. The details will be left to the reader.

In order to study the tail behavior of u(A, p), let u™(A, p) be the measure
which is obtained by shifting uQd, p) in the following way.

K\ p){n: n(x) =1 for 1 <i <k} =pQ, p){n: nix; +n)=1for 1 <i<k}.

Lemma 3.11. (a) ;()\, p) = lim,_, .u"(\, p) exists.
) TI()\, p) is translation invariant.
©) Ifx;<uandu +1 <yjfor1<i<kand 1<j<lI, then

PR\ p) tn: n(x) = 1, m(w) = 1,n(u + 1) =0, n(y) = 1 for | i<k, 1 <j <1}
~qu(\, p) fn: n(x) = 1,9@) = 0,n(u + 1) =1, 7(y) =1
for1 i<k, 1<j<I[}
=\, PR\ ) 0 1, = 1,10, = 1) =1 for 1 <i <k, 1 <j <1},
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Proor. It follows from an argument similar to that used to prove (c) and
(d) of Proposition 3.7 that u"(A, p) < u" (A, p) if A < p and u"(}, p) =
w1, p) if A > p, and (a) is a consequence of this monotonicity. Part (b) is
immediate, while part (c) is obtained by using (c) of Theorem 3.10 and then let-
ting n —> oo,

LEMMA 3.12. p(\, p) is exchangeable.

PROOF. Let £, () = (A, p){n: n(x) = {(x) for 1 <x <m} for { € X.

We must show that £, ($) is only a function of m and k = Z7°_,§(x). The proof
is by induction on m and then, for each m, by induction on k. The statement is
immediate if m = 1 or k = 0 since H()\, p) is translation invariant. So consider
I <n and assume that f,, (¢) depends only on m and k = Z7._, {(x) for m <n
and k <m, and form=nand k <I. Put N=1I(n—1I) and let {, and {y be
configurations with {((1) =---={, (D=1, + 1) ="+ =¢§,(n) =0,
tn() = =fyr-D=0,and {y(n =1+ 1)="---=§{y@m) =1. Let§,,

- » $x— be configurations such that, for 0 <i <N -1, ;, , is obtained from
§; by interchanging two coordinates u and u + 1 for which §{;(u) = 1 and
§i(u + 1) = 0. By (c) of Lemma 3.11 and the induction hypothesis, pf,(;) =
@fn(§;4 1) is independent of i and f,($) = f,(x). Therefore £, (5,) = £, (§,) for
all 0 <i < N. This completes the induction step, since for any ¢ such that
Z%-1$(x) = I, the construction of the sequence {{;} can be performed in such a
way that { = {; for some i.

THEOREM 3.13. Ifp =Y and A + p > 1, then p(), p) = v, and therefore
A, p) = @ —qp(1 - p).

PROOF. Since 1 is exchangeable, de Finetti’s theorem guarantees the exis-
tence of a probability measure ¢ on [0, 1] such that n= (‘, vg do(B). By property
(c) of Lemma 3.11,

@-)f (1 - B8+ dof) = o, ) [ 6* do(®)

Therefore there is some § € [0, 1] so that c¢(A, p) = (p — ¢@)B(1 — B), and some
7€ [0,1] so that i = 1w + (1 = 7)p,_s. By (b) of Theorem 3.10, (1 — ) <
p(1 = p)if A < p and f(1 - B) = p(1 — p) if A = p. By Corollary 3.8, if >0,
then f lies between A and p, while if 7 < 1, then 1 — f lies between A and p.
Since p 2 % and X + p > 1, the only possibility is that ﬁ =,. The final state-
ment follows from (c) of Lemma 3.11.

COROLLARY 3.14. If A <%, then lim, | _\u(), p) = »,.

Proor. This limit exists by monotonicity, since u(, py) S, p,) for
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py < p, by (b) of Proposition 3.7. By Theorem 3.13,1im,, ; _,c(A, p) =
@ — @M1 — ) for A <%. Therefore the limit is v, by (¢) of Theorem 3.10.

THEOREM 3.15. If A<%and XA + p <1, then u(\, p) = v, and therefore
e\ p) = (@ = QN1 — N).

ProOF. By the previous corollary and the monotonicity of u(A, p) in p,
u(Q\, p) <v,. Therefore ﬁ()\, p) <v,. By the argument used in the proof of
Theorem 3.13, E()\, p) = vy for some B < A. Suppose f <A. Then c(d, p) =
@ - 9)8(1 = B) = c(\, 1 — B) by Theorem 3.13, so u(A, p) = (A, 1 — B) by (e)
of Theorem 3.10. But this is impossible since T[O\, 1 =) =v,_g by Theorem
3.13. Therefore § = A.

THEOREM 3.16. If A= % and p < %, then Tf()\, p)=v, J2 and therefore
c(\, p) = %P — q).

ProoF. Since u(A, p) < u(A, %) by (b) of Proposition 3.7, it follows from
Theorem 3.13 that ;7()\, p) < HQ\, %)=v, J2: Therefore, by the argument used
in 'the proof of Theorem 3.13, u(A, p) = vg for some § < %. Suppose § < %.
Then ¢(A, p) = (p — @)B(1 — B) = c(A, 1 — B) by Theorem 3.13, so uQd, p) =
u(A, 1 = B) by (e) of Theorem 3.10. But this is impossible since p(A, 1 = §) =
Vi_g by Theorem 3.13, so it follows that § = %.

Finally, we will summarize some of the previous results in the following way.

CoROLLARY 3.17. (a) If A= Y% and p <%, then p(\, p) = u(A, %).

() IfA<%and A+ p <1, then pQA, p) = v,.

(© Ifp=>Yand A+ p > 1, then (X, p) behaves like v, at .

(d) c(A, p) is continuous on [0, 1] x [0, 1].

(e) u(\, p) is continuous in the sense of weak convergence on [0, 1] x
[0, 1].

ProoF. (a), (b) and (c) follow from Theorems 3.16, 3.15 and 3.13, to-
gether with (e) of Theorem 3.10. Since c(A, p) has been computed explicitly, (d)
is immediate. The final statement follows from this and (e) of Theorem 3.10.

4. The one-sided system. This section is devoted to the ergodic theory of
the A-process, which is obtained from the processes described at the beginning of
§2 by taking S =2Z, p(x, x + 1) =p, p(x, x — 1) = q, where p + ¢ = 1 and
% <p<1,and a(0) = A\. As in the introduction, the generator and semigroup
corresponding to this process will be denoted by 2, and S, (¢) respectively. In
order to emphasize the dependence on A and p of the semigroups from §3, we
will write S,,(f) = S, (¢; \, p). In §3, u(\, p) was defined whenever (3.1) is satis-
fied. In order to define it in the other cases, let u(A, p) be the pointmass on
n =0if pA + gp = 0, and the pointmass on n =1 if pA + gp > 0 and p(1 — p)
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+ q(1 = A) = 0. These cases are generally simpler than those in which (3.1) holds.
Special arguments which arc at times required for them will usually be omitted.

THEOREM 4.1. For each p € [0, 1}, u(\, p) is invariant for the \-process.

PrROOF. By Proposition 2.2, S, (¢; N, p)f — S (£)f uniformly on X, for all
f which depend on finitely many coordinates. Since u,(X, p) is invariant for
Sa(t; X, p),

5,67, o) du, 0, ) = [ £du, O p).

Therefore [, (£)f du(A, p) = Jf du(X, p) by (a) of Theorem 3.10, from which the
result follows.

LEMMA 42. Ifp > 1/zand)\+p>l then v,S)\(£) = u(A, p) as t —> .

ProOF. Assume that A = p, since the proof is similar in the other case.
Then v, < p(d, p) by Corollary 3.8, so »,5,(¢) < p(A, p) by Theorems 2.3
and 41 On the other hand, »,5,(f) < v,S,(t; A, p) by Theorem 2.13, and
lim,_,, lim,_, ,v,S,(t; A, p) = uQd, p) by (a) of Theorem 3.10. Therefore every
weak limit of Vpr(t) as t — oo is equal to u(}, p), and the result follows by
compactness.

LEMMA 4.3. Assume that u is a product measure on X .
@ IfAN=>Y%and u{n: n(x) =1} <% forall x €EZ, then

uSy () = u(A, %) as & —> .
b) fO<A<%andu{n:n(x)=1}<1-AforallzE€EZ_, then
uS\(t) — v, ast—> oo,

PrROOF. In order to prove (a), take C= {l,...,n},D=Z,_ and p=0
in Theorem 2.13 to obtain vyS,(?) = v,S,,(t; A, 0). By (a) of Theorem 3.10 and
(a) of Corollary 3.17,

lim lim pyS,(t; A, 0) = u(A, 0) = u(A, %).

n-»oo t—>co
On the other hand, v, < u(}, 12), so v, (¢) < u(A, %) for all £ = 0 by Theorems
2.3 and 4.1. Therefore lim,, .v(S,(t) = u(A, %). Since vy <u<v, /2 <u\, %)
by Corollary 3.8, another application of Theorem 2.3 gives the required result.
For (b), the same argument shows that lim,_, .v,S,(¢) = v,. By Lemma 4.2 and

Corollary 3.14, lim,, , _, lim,_,,,S,(f) = v\. Since vy Spu<w, forp>1-1,
the result follows from Theroem 2.3.

LEMMA 44. Assume that 1 >p =%, N+ p > 1,and \ ¥ p. Then for
each n thereisaBwithf<pif A\<pand B> pif N> p such thatif nisa
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product measure on X, with u{n: n(x) = 1} between Band p for 1 <x <n
and p{n: n(x) = 1} = p for x > n, then uS, () — u(\, p) as t —> .

PROOF. Assume for simplicity that A < p. By Proposition 3.9, given n,
there exists a § < p such that u, (A, p) < vz on {0, I}D". Let u be a product
measure on X, with p = u{n: n(x) = 1} =g for 1 <x <nand u{n: n(x) = 1}
= p for x > n. Then

u\, p) Sp, (A p) S < Vps

so uS,(t) — u(A, p) by Lemma 4.2 and Theorem 2.3.

Theorem 1.7 is contained in Theorem 4.1 and Corollaries 3.14 and 3.17.
We now complete the proof of Theorem 1.8, special cases of which appear in
Lemmas 4.3 and 4.4.

Proor oF THEOREM 1.8. The additional arguments needed to generalize
from Lemmas 4.3 and 4.4 to Theorem 1.8 are similar in the various cases which
occur. Therefore we will carry them out only in the case that ¥ <A <p <1. Fix
n for the moment, and let !, . .., 7%V be the points of {0, l}D", where N = 2",
For 1 <i <N, let y; be the product measure on X, with y;{n: n(x) =1} =
7'(x) for 1 <x <nand #;{n: n(x) =1} = p for x > n. Let B be as in Lemma
4.4, and let Bi be such that § < Bj <pfor 1 <j<n. Thenif

N[ . .
p=2 [H 5}'i0)(1 - ﬁ;)l_nio)]#i,

i=1] j=1

it follows from Lemma 4.4 that uS, (f) — u(), p). Since this is true for all choices
of [3,.’s satisfying the given constraints, it follows that w5, (f) — u(A, p) for each

i. Therefore uS, (f) — u(A, p) whenever u is a product measure satisfying

u{n: n(x) = 1} = p for x = n. Now suppose u is a product measure satisfying
lim, _, . u{n: n(x) = 1} = p. Then, for every € > 0, there is an n and product
measures g and g with u{n: n(x) = 1} = p — e and u{n: n(x) = 1} = p + ¢ for

x 2 n such that y <pu < 1. By Theorem 2.3 and the preceding case, all weak
limits of uS, (¢) lie between u(\, p — €) and u(A, p + €). Therefore uS, () —

u(), p) by (e) of Corollary 3.17. One other case which merits additional comments
is that in which A\=0and p = 1. If p <1, then (3.1) holds, so the results of

§3 are available. By Theorem 2.13, », 8, () <»,S,(t; 0, 1), so »,5,(t) = v,
since lim,,_, ., lim,, .», S, (¢; 0, 1) = p, by (b) of Corollary 3.17. On the other
hand, if p = 1 and Z_ 5 ,u{n: n(x) = 0} = o, then u concentrates on mex,:
n(x) = 0 for infinitely many x > 1}, and therefore uS, () — v, is immediate.

5. The two-sided system. This section is devoted to the analysis of the
simple exclusion process on Z with p(x, x + 1) = p and p(x, x — 1) = q, where
p +q=1andp > q,and in particular to the proof of Theorem 1.3. In order to
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reduce the number of cases that need to be considered, it is convenient to use the
following symmetry principle, whose proof follows easily from an examination of
the form of the generator . From it, for example, follows that part (b) of
Theorem 1.3 implies part (c), and that it suffices to prove part (a) in case A +
p=1.

ProprosITION 5.1.  If {n/(x): x € Z} moves according to the simple exclu-
sion process, then so does {1 — n,(—x): x € Z} (with the same p).

PROOF OF THEOREM 1.3. In order to prove part (a), first let u be any prod-
uct measure on X such that

(5.2) lim p{n:n(x)=1} <%

Let v be the product measure on X with »{n: n(x) = 1} =1 for x <0 and

vi{n: nx) =1} = ufn: n(x) =1} forx > 1. Take C=2Z,_ and D = Z in the
version of Corollary 2.16 obtained by interchanging the roles of 0 and 1 to con-
clude that uS(¢) < »S,(¢) with A = 1 for all # > 0. Therefore if u,, is any weak
limit of uS(r) as ¢ — oo, it follows from (a) of Theorem 1.8 that u , < u(1, %).
Since condition (5.2) is not changed by shifting u by a finite amount, and since
u(1, %) behaves like v, J2 At =, it follows that u,, <v, /2- By Proposition 5.1, it
then follows that if u is any product measure on X such that

(5.3) xli-?—l-cn p{ninx) =1} 2%,

then all weak limit points u,, of uS(f) as t — oo satisfy u, >, j2- Therefore if
M is a product measure on X which satisfies both (5.2) and (5.3), it follows that
lim,_, uS(z) exists and is v, /2> thus concluding the proof of part (a). For the
proof of (b), assume first that

(54 p > max(, 1 =),
and that u is a product measure on X which satisfies
(5.5) A<p{max)=1}<p

in addition to (1.4). Take C=Z_ and D = Z with A in place of p in Theorem
2.13 to obtain uS, (f) < uS(¢) for all £ > 0. Therefore if u,, is any weak limit of
uS(z) as t — o0, u, > p(A, p) by Theorem 1.8. Since u(), p) behaves like v, at
o 1, = v, is obtained by shifting 1. On the other hand, since u < v, it follows
that uS(t) < v, by Theorems 2.3 and 2.4. Therefore p,, < v,, S0 lim,_, ., uS(r)
exists and is v,. Now the arguments used in the proof of Theorem 1.8 can be
used to eliminate restriction (5.5), and therefore to complete the proof of (b) in
case (5.4) holds. Now assume that % < p < A and that u is a product measure
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on X which satisfies
(5.6) p<Spin:nx)=1} <A

in addition to (1.4). Using Theorem 2.13 again gives uS(f) < uS, (¢) for all £ >0,
so that if u, is any weak limit of uS(¢) as £ — oo, it follows that u., < u(a, p)
by Theorem 1.8. Since p(A, p) behaves like v, at o, it follows that u,, < v,
Since u = v,,, it again follows that u,, > v,, and therefore that lim,_, . uS(t) = v,
Restriction (5.6) is then removed as before. The one remaining situation to be
considered in part (b) is A = p > %. So, suppose that u is a product measure on
X satisfying (1.4) in this case. Given 0 < e <p — %, let u and u be product mea-
sures on X whose densities at — o and + oo exist and are given by A=A —¢,
p=p, A=2Aand p = p + ¢, and which satisfy p <p < p. Then, by the cases
already considered, lim,_, ,uS(t) = v, and lim,_, , uS(t) = o +e 50 if g is any
weak limit of uS(z) as t — oo, it follows that V, S Mo SVyye Therefore
lim,_, . uS(t) = V-

THEOREM 5.7. If 0 <A <Y and \ + p = 1, then there exists a product
measure |1 on X which satisfies (1.4) such that both v, and v, are weak limit
points of uS(t) as t —> oo,

PrROOF. Let {f;: k> 1} be a sequence in M whose linear span is dense in
C(X). Whenever u appears in the proof, it will be a product measure on X which
satisfies A < u{n: n(x) = 1} < p and pu{n: n(x) = 1} is nondecreasing in x. It
suffices to prove that there are sequences ¢, t <, a,,, and x,, such that , =
“<ag,a,,  \,0,,,, tp x, is an integer, x; = 0 >x,, x,, 1 o, and
Xyp41 ¥ —°°, and such that, for eachn > 1,

fS(tn)fk du <ffk dv, +% if n is even,
(5.8) 1
st du> [fdv, =~ i nis odd,

whenever 1 < k < n and y satisfies

oy ifx; <x<xg,
. T I -7 ifx,-_l<x<xi+l,iodd,l<i<n,
G9)  winink) =1} ifx;,., <x<x;_,,ieven, 1 <i<n,

%
ifx=x,,.

)

The three sequences will be constructed recursively. So, assume that they have
been chosen for n </, and assume for specificity that / is even. Let u be the
measure which satisfies (5.9) forn =1-1,u{n: n(x) =1} =q,_, forx = x,_,,
and pu{n: n(x) = 1} = X for x <x,_,. Then uS(t) — v, by Theorem 1.3, so
there is a #, > t,_, such that (5.8) holds for n =17 and 1 <k <I. Since S(t))f; €
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C(X) for each k, x; and o; can be chosen so that (5.8) holds whenever u satisfies
(59) withn =1
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