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ABSTRACT. Let W be a complex manifold and V an analytic variety.
Then homology classes in W — V which bound in V, called the geometric resi-
dues, are studied. In fact, a long exact sequence analogous to the Thom-Gysin
sequence for nonsingular V is formed by a geometric construction. A geometric
interpretation of the Leray spectral sequence of the inclusion of W — V C V is
also given.

If the complex codimension of V is one, then one shows that each cohomol-

ogy class of W — V can be represented by a differential form of the type 6 A A
+ n where A is the kernel associated to V and 6|V is the Poincaré residue of this
class.

1. Introduction. Let W be a complex manifold and V a subvariety of co-
dimension g in W. Then let

R,(V) = kemel {H,(W ~ V) — H,(W)}

and RP(V) are called the geometric g-residues of V.

In the classical case when W is a Riemann surface R, (V) is generated by
small circles ; about the points P; € V' and the relation is given by Zv, ~ 0 in
case W is compact. This is a special case of when V is nonsingular and one looks
at the Thom-Gysin sequence of the normal sphere bundle of V in W:

I
= Hy (W) 5 Hy_304,(V) D> H(W = V) = H,(W) —

where 7 is tubes over cycles and 7 is transverse intersection.

In §2 we study V in the case when V has normal crossing, i.e., transverse
intersection of nonsingular hypersurfaces. We construct Hp(V) A » @ quotient group
of a subgroup of the p-cycles of ¥, such that

COROLLARY 2.14. The following is exact
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I
e Hy (W) H,_ (V)y D Hy (W= V) — H, (W) —++

where T will be induced from the nonsingular hypersurfaces.

The proof is geometric. In §3 it is shown that if one can resolve singularities
via monoidal transforms with nonsingular centers, then it suffices to have normal
crossings to study R, (V).

In §4 we consider the general case of V, a subvariety of codimension ¢ in
W. There a tubular neighborhood 7(V) C W — V of V in W is constructed such
that

COROLLARY 4.17. The following is exact

v H, W)= Hy o (V) D Hy (W= V) — H (W) — -+

where 7 is the tubes over cycles via this tubular neighborhood and }‘Ip_2 q+ 1{Na
is a quotient group of a subgroup of the (p — 2q + 1)-cycles of V.

- The proof is geometric and uses Whitney work on stratifications to construct
the tubular neighborhood. At the end of the section, the spectral sequence in-
duced from the inclusion map W — ¥V — W is studied and one has

EP9 = HPta(w - V)

with
EZ® = image {HP(W) — HP(W - V)}

and
EZ~99 = cokernel (HP(W) — HP(W — V)}

Ge., RP(V)) for ¢ > 1. The d,-term of the spectral sequence is essentially the
Gysin map and the geometric results of this section are an investigation of this
map.

We note here that Corollary 4.17 is true if V satisfies Whitney condition A
and W is a differentiable manifold. In particular if ¥ has a regular neighborhood,
e.g. V is a polyhedron.

If we take coefficients in C, rather than Z, and let ¢ = 1, then by dualizing
Corollary 4.17 we get

HPW - V) HP=1(¥), = Hom@,_ ,(V),, C)
where R is the Poincaré residue operator if V is nonsingular. We show that

THEOREM 5.2. If V has normal crossings, then o € HP(W — V') can be
represented by a differential form with a pole of order one on V.
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By the de Rham theorem HP(W — V; C) can be represented by closed
C*” p-forms on W — ¥ modulo exact ones. Furthermore, if ¥ has normal
crossings, w will be of the type

w=0/\<2evjﬁj> +1n

U U

where f; is a local defining equation of V in U, a suitably chosen coordinate
chart in W and e, a partition of unity subordinate to U. Also 7 is smooth in W
and closed near ¥. Then R(w) = 0|V, a closed form on ¥V, but not necessarily
smooth, i.e., 8|V can have a simple pole on the singular locus of V.

Itis conjectured that for any hypersurface, w will have this form, in fact,
if V is a subvariety of codimension g, then it is conjectured that w =8 A A + ¢
where A is a (¢, ¢ — 1)-form with dX the representative of the Poincare dual of
Vin W.

Finally unless otherwise specified, in § §2—4, we always have H (X) =
H(X;Z), ie., coefficients in Z, and in §5, Hy(X) = Hy(X;C) and H*(X) =
H*(X;C).

2. Residues of normal crossings. Let W be an n-complex dim manifold and
V a hypersurface. If V is nonsingular, then we have a map 7: HP(V) —
Hp,, 1(W — V) called tubes over cycles which is adjoint to integration over the
fibre R: HPY1{(W — V) — HP(V), i.e. if we represent cohomology of W — V
by closed C* differential forms on W — ¥ (modulo exact ones), so that if w is a
closed (p + 1)formon W — V and a GHP(V), then [, ) @ = fo R(w). Essen-
tially, if 7p is a p-cycle which represents a, i.e., 7, € @, and s, is a local defining
equation of V in U, (where we choose coordinates of W in U, so that s, is one of
them, which is possible if ¥ is nonsingular), then () N, = (sl =1) x
(v, N U,). (Note that 7 is the map which appears in the Thom-Gysin sequence
of the normal bundle of V in W.) For a precise definition and discussion of 7,
see Leray [14], where 7 is called §* = coboundary map.

If V' is another nonsingular hypersurface of W, then we have the maps

H, ,(rn V'hy— Hy(V - vnvy— H,,,(W- (VU )}

and the composition is called reiterated tubes over cycles.

We also have a map on the chain level, T: Cp(V) — C, 1 2(W) where if
¢, is a p-chain of ¥ and s, and U, as above, then T(cp) NU, =(Is,I<1) x
(¢, NU,),sothat 3o T =17+ To d where 9 is the boundary map (recall
9(a x b) = da x b + (—1)%M% x 3p).

Note that even if V has a nonempty singular locus S, if ¢p is a chain in
V — 8, then we can still speak of the (p + 1)-chain 7(cp) C W - V and the
(p + 2)-chain Tc,)CW-s.
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2.1 DEFINITION. We say V has normal crossings if V. =U2, V; where
each V; is a nonsingular hypersurface and if PE V; N+« NV, and 2; is a local
defining equation for V;, 1 <j <Kk, then (zy, ... ,2;) can be extended to a
local coordinate system of W about P.

Let i: W — V — W be the inclusion map and so we get i,: Hp(W -N—
H,(W) and Ker i, = p-residues of V = R,(V). Also, let Z,(V, U) denote the
relative p-cycles of ¥ mod U for U C V.

2.2 THEOREM. Let W be an n-dim complex manifold and V a hypersurface
with normal crossings. Let S be the singular locus of V. Then we can choose S'
an arbitrary small neighborhood of S in V such that every class of R p(V) has a
representative of the form 7(%,_,) for some v,_, € Z,_,(V, S").

PROOF. Leta € Rp(V) and let Y be a representative of @. Then T =
9¢p4 1) Cpiy C W.
Let M; = i-fold points of V, i..,

Mi = U V, n oo n I,i. — U V n oo n V n V
iy} { & Yok lita
distinct 1<k<i

Therefore, P € M; implies we can choose coordinates so that V is given by
ﬂi=1 2, = 0 in a neighborhood of P and dims M; = n — i with M; a nonsingular
locally closed submanifold and 3M; = U5, ;.

Since each M; is a manifold, it makes sense to speak of the transverse inter-
section of chains with M;. Thenweletc,, , "M, =v, €Z,,,_,;M;). v;isa
cycle because (3¢, ;) N M; = & = (3M;) N ;. Then we let i, be the largest
mteger such that0=# [i,) € Hpryo2igMip) iesif oy MM, = & fori>i
and 7, ~ 0 in My, then we can deform c o1 keepmg Yo CW- V fixed so that

Cppy NM; = ;7.5. We denote by i, the largest integer such that this process termi-
nates, and i, > 1, since otherwise 7, = ac;,+,, c;, +1 CW—V,but then 0 =
aE Rp(V) (Recall R,(V) is a subgroup of H,(W - V))

IfPE€cyy,y nM, and about P, V is given by I, z, = 0, then locally
about P we get thate,,; =Cy x * = x G x 7,0 where C; = z;-plane. This is
becausecp,,,lhjtsPtransversely and M; = (0, . » 0, Co"'l"' » Cp)-

Since ¥ has normal crossings, if 4 is a set in M, which misses 9M, &> then we
can speak of the tubular neighborhood of 4 in M, _,, where we put My =W — V.
That is, if we have

ACVIr\ﬂ-nd—kalﬂ'--ndan
J
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then we can take the tubular neighborhood of Ain ¥y N +++ N 17', Nees NV,
since ¥, N+« + NV, is a nonsingular hypersurface in ¥; N -+ N f}, Neee N
Vi We denote it by T, ;(4) = solid tube, i.e., all fibres of length < some e.

Let

k
(¢))] Tk(A) = i;l Tk',-(A).

Furthermore, by putting appropriate Riemannian metrics in each normal
bundle, we can assume that, if 7, ;(4) denotes the boundary of the tube over 4,
ie, T, i(A) = (all vectors <€) x 4 and 7, i(A) = (all vectors = €) x A, then
we have that as sets 7, _, ;7 (4) = Tr—1,iTk, i{(4)-

However, if 4 is an oriented chain, we have

23 LEMMA. 7y ;7 [(A) = = Ty ;T4 1 (4).

PROOF. See Leray [14, p. 132] for proof. Essentially this is true because
in a fibre bundle, if ¢, and c, are oriented cycles, thenc, x ¢, =—¢, x ¢,.
This completes the proof of the lemma.

Let

k
¥3) T(4) = 2 Tk,,'(A)’

i=1
2.4 CoROLLARY. 7;,_,7,(4) =0, if A is an oriented chain.

PROOF. 7)_; 7;(4) is a sum of pairs of the form 7, _, ; Ty, j(4) +
Tx—1,jTk,i (A) which is zero by the lemma. Q.E.D. for Corollary 2.4.
fACV, NNV, let

Tye s T(A) = 2z Tit, Tivrg,

fy<eee<ig_is1
i<i;<k

(4).

T, .
kg 41

Note that T, (4) = T, (4).
Let "7,0 =%, and by induction define for i < i,

[T T+lT;'+271+2 LA PR T"oi"o]

after deforming C,, ., (leaving 7, fixed) such that TH, 17i+1 +oeee + T,H cee
T 'y, isa(p + l — 2i)-dim chain contained in 7;, which is possible by trans-
versahty

25 LEMMA. 3, = — 1,y %4, fori <i,
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Proor. Fori=i; -1,
0%—1 = 0% 1 = Ty 19%y — T Vi =~ TiyYig

since the 7, are cycles.
Fori<iy —1,since 7; ; Ty, x = T; xT;4,; (because the T; ; are locally
products of 2-dim chains), we have that

ZT ., T, e T )
i,i i+j-1,i;"i+j,i; i+j+1,i; itk-1,i

i<i]<m

= X ity *** Tivk—2,ip_y Titk—1(4)
11<°"<ik—l
i

i< ij<m

where 7, ., is defined in (2). This is a straightforward combinatorial argument.
Hence by induction on i and the above equality, we get

~ ~ ~ ~ ~ ~
0Tit1 *** Towjiw ) = Tivn **° Tpj1TinjYiny
~ ~ ~
=Tt " TigjTinjr1 Yitjer

Then a stralghtforward computation and the induction hypothesis yield 37, v =
1',“7”l QED for Lemma 2.5.

Let T' = T, 71 which is (p + 1)-dim chain in W; deform p+1 (leaving Tp
fixed) so that T’ Cepyyr- Then d(cyyy — T = 0/ 71 - Tl(a'yl) Now,
- T,8Y,= T,7,7, by Lemma 2.5, and 3(T,(37;)) = 7,7, %, = 0 by Corollary
2.4; therefore T,(37,) is an absolute cycle which implies 7, (7)) is also an abso-
lute cycle.

2.6 LEMMA. T;(37;) = - Ty7,7, = 3T" where
T =T\T,%, + T\T,Tyy; + o +T, «+- Ty Yio-
ProoF. We have

~ ~~ ~ ~ ~ ~ ~ ~
Ty T =Ty T T Ve — T 0 T Th 1 Vi

by Lemma 2.5. Then computmg T" with the above equality ylelds a telescopmg
series whose first term is — Tl‘r2 7, and whose last term is Tl s T, a'yio
= 0. QE.D. for Lemma 2.6.

Therefore,let T=T"+T"Cc,,, andc,,; NV CT. Then we have
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Cpt1 — TCW- Vand

a(cp+1 -T)= p —71(';;_.1) + Tl(a';;) - Tl(a";l) il 71(%_1)-

Since we have that ?Y'p—l,l €2, (V.S ") where S’ is an arbitrary small neighbor-
hood in ¥ of U1'> 2 M;=8= singular locus of ¥ by choosing the tubular neigh-
borhoods sufficiently small. Q.E.D. for Theorem 2.2.

The 7 we have constructed is not well defined on homology, i.e., Yp—1 can
bound in V but ‘rl(?l) might not bound in W — V. However, if Tp-1 does
bound in V, then it is a tube over a lower-dimensional cycle in V. Before proving
this we will need some more notation.

Again, let V = J/Z, V; have normal crossings. Let M; be the i-tuple points,

ie.,
Mi= U M(j1’°~°’ji)
distinct i-tuples
where
MGy, iy=Vy 00V, = U penpy neeenv.

k#j1<I<i

Let M(j,, . . . ,J;) = closure of M(j,,...,j;) = V; N<=+nV;. For nota
tional completeness, let My = W — V. Also, M UM(]I, ce ,/,)

At each component of M, ; there are (il*" )= (‘;" )-components of M; near-
by, i.e., if locally Myj=1z, - Z;4j = 0}, then {zkl Tz, = 0} for all
distinct subsets {k,, ..., k;}C {l1,...,i+j} defines the (i:i )-components.
Now (*}7)>j + 1 and we say that:

2.7 DEFINITION. (j + 1) of the components, say {k,,, ..., kil s =
L...,j+1,are tubular it OV fhygs oo ki = {1y, o By b, e
NIt Mk, ..., k) is a component ofM 1

Note that In!.'_f 11 kygs - - s ki <i— 1 where the kg are arbitrary.
Another way to see this is: if say M(1,...,i +j) C M@ +]) and take any
M;_, nearby, say M(1, .. .,i —1). Then there are exactly (j + 1)-components
of M; between M(1, . . . ,i — 1) and M(1, . . . , i + j), namely
MQ1,...,i—1,k),k=i,...,i+],and these M(1,...,i— 1, k) are tu-
bular.

We let Hp(ll_l,.) a (the tubular cycles) be those classes of H,(M;) which have
a representative such that each component Yo has the following properties:

@) Ify, "\Mk,y,..., ,ﬂ)#z, then dimp M(k,, ... sk )Ny, =
P — 2j, ie., they intersect transversely.

(b) Of the (/ '}'l)-components of M at M(ky, . . ., k;,)), 7, meets exactly
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(j + 1) of them in a nonempty transverse intersection.

(c) These (j + 1)-components form a tubular set.

This means, for example, if dimg W =2 and V' =V, U V, with V; being
nonsingular curves which intersect in double points, then if v, is a line in ¥ from
one double point to a different one and a line in ¥, connecting the same double
points, then (a) implies that [v,] ¢ H_l(ﬁ—'?l),\. (b) implies [V,] & H,(M,),.
Also note that in Theorem 2.2 H,,_,(M,), is precisely those classes for which we
constructed tubes in W — V. We did not have to worry about tubular then, since
fori=1,("}/)=j+ 1 and they are always tubular.

Let 7,: H,(M), — H,,,(M;_,) be the map defined in Theorem 2.2.
There we had it for i = 1, but if one checks one easily sees that tubular is pre-
cisely what one needs for i > 1. In fact, if M(k,,, ..., k), s=1,...,j+1,
are the tubular components, then they are tubular to some M;_,, say
My, ..., h;_y). Then M(h,, ..., h;_,) plays the role of My = W — V in
Theorem 2.2. Let 7,: H,M;) — H, ,(M;_ Q be the map which puts a tube
over a cycle in just one normal direction, ie., 7, = Tij for some j.

2.8 COROLLARY. R, (V) is generated by 7\ H, (M,)s, Ty7,H,_,(M,),,
RPN AN AN

2.9 DEFINITION. T *** "F:I_ Y A q(ll_lq)A are called the geometric
(p — q)residues of R,(V).

Note. The notion of geometric g-residue follows Hodge-Atiyah [11], whose
definition follows Zariski [28, p. 150]. Also "F; = 1, ; does not depend on which
J we choose because ?1 oo ?p_ a-1Tp— aVp- q) will only differ by a sign if we
choose the j’s in different order. This corollary is true for all p < 2n, since the
only difficulty would be for p = 21, but R,, (V) = 0.

Proor. We prove this by induction on m = number of components of V.
For m = 1, this is clear. Therefore assume done for less than m.

Leta € RP(V) and 7, be a representative of & so that T = 9¢h4 1>
Cpe1 NV =7_1» [7p—1] GHp_l(V)A and 7, ~1(7p_1) by Theorem 2.2.

Ify,_y #0in V, then we have v, € 7,H,_,(M,),. Suppose 7, _, = ac,
for A C V. Then choose the largest i such that Yp-1 N M,-0 # & and dim Tp-1
NM, =p+1-2i,

Ifiy =1, then v, _, C M, and we can apply the induction hypothesis;
namely, let W' =V, V' =8 N V; where S = singular locus of ¥V =M, and
Vo1 OVi=%_1, EHp_l(W' — V). Then since V' has (m — 1)-compo-
nents, we get v,_, ; is generated by T\Hy ,(My)ps -+ - s Tyt
~ ’

1 ! 37 ' _ ~r o~
Tp—2Tp—1HoMp_1)a- ButM, C M, and 1/ =7, ,, 7| = 7y, so that we
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have y,_, ; is generated by 7,H, _,(M,),, - - -, [AREE ?;,_ITPHO(IVIP)A which
implies 7, (v, _ ) = Z;7; {(¥,_,,;) is generated by T, 7,H, _,(M;),..., Ty **°
?; 1TpHo(M)4 -

Assume iy > 1. Let Yig = Yp-1 nM; er+2 20y M, ) Now,
dimR nMi <p+2- 210 Suppose dlmR nM —p + 2 — 2i, and let

A nM =¢ . If €y c M , then we can construct the tube over ¢, such that

1'( 2) C W Vanda'r( )——T('yp 1)=—"pie, 7, ~0in W— V. The
constructlon is as follows: Letc, NM; =¢;, 1 <i<iy. Then put ?}o =¢;
and by induction define for j < i0

0

¢ =6 = [TjpyCiyg tore ¥ Ty oo TioCi,)

after deforming as in Theorem 2.2. This is possible because of tubularness.

But ac, = Tjn 1+l’] <lo, and 3¢, =7,. So we form 7,(¢;)C W - ¥V
and B‘rlc1 =- rl(acl) =-1 7, == Y-

Next, suppose ¢, NM; o+1 # @& which implies dimpg ¢, N M, +1 =P — 2.

However, we cannot, m general construct the tube over cp,inW- V because we

might have M‘o +1 contained in some component of M‘o with ¢, missing this

component, e.g., let p = 4, i, = 2 and locally we have coordinates (x, y, z) with
V= {xyz =0}.
Let

Y3=[&x=0xC, x(lz]=1)] V[C, x {y =0} x (Iz] = 1)].
Then
€ =[{x=0} xC, x (lzZI<S D]V [C, x {y =0} x (Iz] <1)]

and we connot construct 7(c,) C W — ¥ because at (0, 0, 0) € M3, dimc, * M,
= 0 but M; C M(y, z) and ¢4 * M(y, z) =g&. We notice, however, that

7(r;) = [ = 1) x €, = (19| < 1) x (12| = 1)]
UIC, - IxI<1 x (lyl=1) x (Iz] = 1)].

So if instead of coming down to ¥ so that we get 73, we first come down to ¥V
via |z] = 1, we get

=[(xI=1)x C, = (IyI<1) x {z=0}]
UIC —(xI<D x (Iyl=1) x £=10}]

and 13 = 7(7;), 7; € H,(M,), where
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73 =[fx=0} xC, x {z=0}] U[C, x {y =0} x {z=0}].

We can also do this in the general case: Yo € HP"’"z‘o(Mio) and assume
Yig is connected (if not, do each component one at a time). This implies Yio c
M(1,...,ig). Thenif W =M(,...,i;)and V' = Up,.oﬂ(l, RN A ))
then Y, is a residue of ¥’ in W' and W' has less than m components which im-

plies by induction that we have

Yig = ?10+1 tre Tio+q—1710+q(7to+q)’ Yig+q er+l—2io—q(Mx’o+q)A’
Thus locally we have for P € Yig and U a coordinate chart about P with

local coordinates (z,,...,z,)and V= {z, *- 2, = 0} that

'Yp_l n U=02i0—2 X (Izio-l'l' - 1) X oo X (Iz -ll = l) X {Tq(710+q) N U}

where

0210—2=Un[{zl =0}XC22 X o XCzi UCZl % {22=0}

0

sz3><°-- szioU"'UCzl X oo sz’o_l x {z"o=0}]'

Caim. ¥, €7y =TT 1Hy_q 1(Mgy)a-

We can assume g = 1, else rather than dropping down to ¥ by the tube
which yields Yp—1, We drop down via ?;o +1 and this yields a 'y;,__ 1 €M, and we

can proceed by the induction hypothesis.
Then v, =17 41 (Vp—1,ig+1) Vig+1 € Hp_2i Wi+ 1)a- Thus

T1(C219-2 X Tig41(Mig41)) ~ ?172(“2:'0-2 X Yig+1) € AL CAN
To see this, consider the following example: p = 6, i, = 2 and locally
Yooy =6, x £, =0}V £, =0} x C, ]
x [C,, = (23] S 1) x (Il = DV (1231 = 1) x €, = (Iz4| < 1)]
and
{C;, ~(z3l S D) x 1z, =1} U {iz5l =1 x G, = (Iz4] < 1} = 75(73)

where
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73 = {z;, =0} x {z, =0} xC23x {z4 =0}
U {z;, =0} x {z, =0} x {23=0}><Cz4.

So before we constructed tubes, we were considering

Czl X {22=0}xC23x {z4=0}UCzl x {z, =0}

x {23=0}sz4U{zl=0}sz2 xC23

x {z4=0}u{zl=0}szzx {z3 =0} x {z, =0}

=M(1, 3) UM(1, 4) UM(2, 3) UM, 4).

But M(1, 3) + M(2, 3) ~ M(3, 4) because dM(3) = M(1, 3) + M(2, 3) +
M3, 4). Therefore, what we want to construct the tube over is really M(1, 4) +
M2, 4) + M(3, 4) € Hy(M,) 5, ie., ¥y = 7175(12) ¥, € Hp_1(M;),. Thus
what we are saying in this example is that if we set

¢y = Czl —Uz;1<D) x(z31=1), ¢y =(lz;l=1)x sz = (lz,1 <),
¢3=C, - (z31< 1) x (Iz4]=1), ¢4 =(lz31=1) x Cy™ (241 <1)
and

es =€, — Uz <D x €, — (121 <D x (1zg] = ) x (Iz]=1),

then we have that 7, = ¢, x ¢ +¢, x ¢5 +¢; x ¢4 + ¢, x ¢4 is homologous
inW- Vto'y", =c¢y, xe3+c, xcytegwitheg ~cy x¢q +¢, x ¢4 corre-
sponding to M(1, 3) + M(2, 3) ~M(3, 4).

The general case, locally, is the same as the above example,i.., given U
open with V given in U by [I,."=l z; = 0, then we can transform Yp—1 inU so
that

Ig

Tp-1 = '21 Coxere x Gy x {0} x Gyy xooe x G x 7y 1y (¥ 41)-
I=

Then

!
Yig+1 =i§l Cig1 %7 x Gy y x {0}

X Cigtjer X0 X Gy XV amars
(] 0 0

where
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Pismes X0 X P, if p — 2ig = 2,
Yig+m+1

Tt X Bigpmas Xt x By i =2 =20+ 1,

and P, € C; — {0}, v, isaline in C; otm+1 = {0}. (Recall, dimj YTig+1 =P =

2iy.) Weletm =min(k, iy + 1) and ,,: C" — C™ be the projection on the
first m-coordinates. Then, locally, before we construct 7; o+l we have the

(p — 2)-dim chain
m 3 3
Too2 =2 X TaMG ) xv

where y is a (p — 2m)-dim chainin 0 x *++ x 0 x C,, ., x *** x C, and
M(, j) means {z; = 0} N {z; = 0}. By keeping 7 fixed, we can work in m,, (o9}
= 7,,,(U) and we have

2.10 LEmMA. Z}2 1 201 T MG 1) ~ Zig gy Ty MG, M) i 7, (V).

ProoFf. To fix some consistent orientation in M(i), we say M(i, j) = M(j, i)
and

OMG@) = 3 e(j, DM(j, i) where e(j, i) =

{+l, j<i,
i

-1, j>i
Then
M, M) = ¥ (i, ), (M D).

j<m;j#i
Hence

> MG iy tk)~ X mMG iy + k) inw,(U) forall k.
i<ig+k i>igtk

Thus, for k =1,

10 m ‘o m
>z Y nMLin~Y X mMGiN+ Y m,MG i, + 1))

1=1j=ig+1 i=1 j=ig+2 i>ig+1

for k =2,

lo m
~ Z Z m,,, (MG, ) + Z T, (MG, iy + 1)) + @, (MG, iy + 2));

i=1 j=ig+3 >ig+2

fork=m-1,
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m-ig—1

~ Z m,, MG, m) + Z T Mm, ig + m) =Y =, (MG, m)),

i<m

Q.E.D. for Lemma 2.10.

Note. This lemma is true for any m chosen, 1 <m <n = dimg W.

Then let 'yp 2 = Ziepy W, (MG m)) x v and 'yp 2 ~Tp_pin U
(mod 8U) and 12(7p_2) C M, by choice of m with 1'2(7p_2) ~ Y1
(mod aU).

Thus, locally there is no problem. The difficulty is global: Can we make
these local changes in a consistent manner, since we change Yp—o 2t AU

To do the global case, we will construct a polygon I' of dimp =ng — 1
where

ny = miax 3 local coordinates so that H z; = 0 defines V',
=1

i.e., ny = maximum number of components of ¥ which intersect at a point. Then
no <min(n, m), n = dimy W, m = number of components of V. In general,
ny =n.

Before constructing ', we note that we can assume the MGy, ..., 5)=
V,l Neee N V,k are connected for all {i;,...,#}C {1,...,m}. Thisis
because, if not, then perform monoidal transforms with centers at all but one of
the components of M(i, . . . , ;) and this will create new V, i > m, but with
only one component for M(i,, . . ., i,). Then Proposition 3.1 shows that RP(V)
is invariant under such transformations.

Note. The connectedness of the M(i,, . . ., i, ) simplifies the geometric
arguments which follow but is not necessary.

Now, to construct I': to each M(i) = V; C V, associate an (n, — 1)-dim
face, call it S;. If @+ M(i,, i,), then the two faces S; i and S, have an
(no — 2)-dim face in common, call it S,l iy If MG, iy, i5) # ¢, then we have

an (n, — 3)-dim edge S,.l iyis corresponding to where the three (n, — 2)-dim
edges Sflfz’ S’1‘3 and S,-zi3 intersect, etc. Finally, each vertex S‘x - will
correspond to (MG, , . . ., ino)) #* 4.

To see why we need I, let us again consider the example on pp. 136, 137 with
iy =2,p = 6. Suppose for simplicity, n, = 4 and T" is a simple closed regular
3-dim tetrahedron (i.e., a cone on a 2-dim pyramid) with § 3-dim faces S;,i=

1,...,5,10 2-dim faces S,.i,i,j= 1,...,5,i%], 10 edges S,ik and 5 vertices
SJ."-I.
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Suppose the situation described on pp. 136, 137 in the example is at vertex
S} 234 With S; corresponding to {z; = 0} = M(i).

Then YTig+1 = 73 is, near S, , 34, given by S;,,4 + S, and before con-
structing the tube 75, we are considering, near S, , 5,, the 2cycle (inT') §, 5 +
Sy1q + 8,3 18,47, N U (Note. ~ will mean correspond to.) But v, isa
2-cycle in M, and M; ~ T, the 1-skeleton of I. Hence we must have a 1-cycle
inTy,ie., §;,3and §,,4 have §,,55 and §,,, (respectively) as vertices. Sup-
pose that y3 = S ,3 + 8,54 + §;,5 €Z,(T';) CZ, (). Then for vy = Yo-1
to be a cycle, we have that, before constructing tubes, that y, must also have
Sis +855,i€, 7,83+ 8,4+8,3 + 8,4 +8,5 +8,; €Z,(D.

That is, we start with v, _, = C, ig=2 X Tig+1(Mig+ 1), but if we did not con-
struct Tig+1> WE have a (p — 2)-dim cycle in ¥V, which in U is of the form

E,?:l Ejis m4,(MG, j)). But as we approach S, if we assume v, = §,,5 + 5,4
+8},5, then for 7, to remain a cycle, we must have M(1, 5) + M(2,5) =~ S, s +
S,5. Now, aM(3) = M(1, 3) + M(2, 3) — M(3,4) — M3, 5),but M5) N U = g,
so that dM(3) N U does not have M(3, 5) as was in the example. In T, this
corresponds to 983 = §;3 + 8,3 — S34 — S35. Also 055 =8, + 8,5 + 535
+ 845 sothat v, = 8,4 + 8,4 + 534 — S45 (= 8S,). But this is precisely a
tubular element, i.e., in ¥V, we have M(1, 4) + M(2, 4) + M(4, 3) — M(4, 5) which
is tubular, as at each 4-tuple point, we have exactly 3 4-dim edges intersecting.
InT, at each vertex S, 534, 1245, 51345, and S, 345 of 7, we have exactly 3
edges, i.e., tubular 5-dim cycles of ¥ will correspond to simple closed 2-dim
polygons of I' where a simple 2-dim polygon is one where at each vertex there are
exactly 3 edges.

Thus, to show that the tubular cycles generate R (V) is equivalent to show-
ing that each 2-cycle of I" is homologous to a simple closed 2-dim polygon. But
it is clear that I is generated by such, i.e., Hy(I') ~ Z with a generator 2,-5=l S;
and the boundary of each S is a simple closed 2-dim polygon.

This is precisely what happens in the global case:

Suppose we are given the representative Tp—1 = 8cp, ¢, C V and we let
ko = max; { p N M, #@}. We have, of course, ko > iy by the above remarks.

Case 1. ny =k,.

Then locally 7,1 = Cz,.o_2 X T4 1(7"0 +1) corresponds to a1y, _, CM,
(before we construct Tig+ 1) which we saw before Lemma 2.10 is essentially

zfgl 2}2,.0 +1 T (MG, j)). The 7 is unimportant to finding a tubular representa-
tive as we perform the homologies in 7, (U).

Yp—2 Will then correspond to a, an (1, — 2)-dim cycle of I and Yig+1 1O

an (ny — i, — 1)-dim cycle of F”o"'o—" the (ny — iy — 1)-skeleton of T'.
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Namely, since k, = n,, and m,, in Lemma 2.10 is independent of m, we can
assume ,, is never onto an M(i), i.e., m,,: C" — C" and we can assume coordi-
nates have been chosen so that for i > m, {z; = 0} € V. Then each , (MG, j))
corresponds to an (1, — 2)-dim chain of T and if v, _, is a chain over which we
can form a tube to get v, _,, then these (n, — 2)-dim chains must fit together to
form an (n, — 2)-dim cycle of I'. That is, if « is not a cycle, so that, say, at the
vertex (1, ..., ng) we have M(1, 2) C a but M(1, 3) € a and aM(1, 2) D

M(1, 2, 3), then in ¥ N U where U is a neighborhood and V is given by Il,-"=°l z;
= 0 in U, we cannot construct T‘o +1 On 7"0 +1-

Hence the proof of Lemma 2.10 is just a local manipulation in I'" and to find
a tubular cycle 71;_2 ~ Yp_z With 7;;—1 =1(Yp_3) ~ Vp_y in V with 1'17;,_1
~ TyYp—1 in W — V is equivalent to finding a simple closed (ny, — 2)-dim poly-
gon o’ ~ o in T, where ' is a simple (7, — 2)-dim polygon if at each vertex
there are

ny — 1
(ny — 1) edges, < 5 )— 2-dim faces, . . ., (1y— 1)(ny, — 2)-dim faces.

This is because Cno_l(I‘) is generated by the S; which correspond to M(i) so

that @' ~ a in I" will correspond to 7;_2 ~ Yp_y in V as shown in Lemma 2.10.
Furthermore the condition that & is simple is precisely the condition of 7",_2
being tubular, i.e., at each vertex o' will have exactly (n, — 1) edges, but if a ver-

tex is given by S, peet? then the (n, — 1) edges are given by, say, S, eyt

fori=1,...,ny, — 1 (i.e., one of the indices must appear in each edge). This
implies that the (n, — 1) (n, — 2)-dim faces of o at S1,...n, re given by S;

no l'lo’
i=1,...,ny— 1. This corresponds to having 7,',_2 represented by
2"<"o T, (MG, ng)) x vy at M(1, . . . , ny) which is a tubular element, so that

(E"<"o T, (MG, ny)) x v) CM,.

However, it is clear that Hno_l(l") is a free abelian group with say NV gener-

T2,n°

ators B, i =1, ..., N, with each f; having as a representative a simple closed
(ng — 1)-dim polygon Eisij‘ Also, Hno_z(l‘) = 0 and 9S; is a simple closed
(ny — 2)-dim polygon. So that given « GZno_z(I‘), it is easy to see that 3o’
with &' ~ & and o' a simple closed (7, — 2)-dim polygon. (One can give a pre-
cise proof of this by induction on the number of faces S; of I".)

Case 111 ko <ny,.

Again recall we have Yo-1= acp, c, CV. Let

1) = {Gys - - - iIMGy, - - . 0) N e, # B)
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Then k, = max, {I(k) # @},and let U, I(k) =1L Form T}, a (k, — 1)-dim
polyhedron corresponding to I if i € I(i) then we take an (k, — 1)-dim face,
called S;. If @, j) € I(2), then S; and S; have a (k, — 2)-dim face §;;in common,
etc.

Then as in the case k, = ny, we can form a, a (k, — 2)-dim cycle in I'; which
correspond to y,_,. We then have by induction on k,,, that a ~ &, a simple
closed (ko — 2)—d1m polygon.

Now, if I! | 2; defines V'in U and To-1 is given in U so that

lg ko
Y2 =Y X m (MG ) x7
i=1 j=igt+1

then aﬂko(M(i)) =Zi< ko tnko (MG, /). That is, the changes we make in T;
correspond to homologous changes in V to form 7;_2, ie., Mo is a local change
in U but the changes in I, are global changes in ¥ which give a consistent local
change in each U. In T, we have 3S; = Z; £5,; where S; corresponds to
nko(M(i)), and S; to ﬂko(M(i, 7). Thus, we have the same situation as on T’
when n, = k,.

Note that what we are doing can be seen in another context as follows:

We can embed I'; C T as a subcomplex of the first barycentric subdivision
of I':

If Gy,..., i"o)rl is a vertex of T';, then at the (ny — k,)-dim face

(P ) CT Ge., Sil""’iko)’ we take the barycenter to correspond to the
vertex. If GGy, ...,0.. ., i"o)rz is an edge of T, joining (,, . . ., iko)rl to,
say, (s » v v s djy oo e s i"o)rl’ then in the (n, — k, + 1)-dim face
Gys - - - ,f, +++ 2l Ir € T, we join the barycenter of (i, . . . , i )p and
(P ,, ««+, i )p to form an edge. We continue in this fashion.

Then under the embedding, & ~ @, a (kg — 2)-dim cycle of the first bary-

centric subdivision of T'.
Also, note that I, CT" —T, o—Ko—1’ ie., T'; misses the (ny — kg — 1)-

dim skeleton of I and l"ko isa deformatlon retract of ' =T, _ 0—Ko—1 (as
dmp '=ny—landny —1-(ng -k, —1)-1=k, - l). We can deform
I, into I‘ko_l as a subpolyhédron which is PL-homeomorphic to the original T';.
Then we work in l"k _, to find &' and then push everything back into T —
I‘no_k _1- QED. for Corollary 2.8.

2.11 DefFINITION. We say V C W has local normal crossings if V is locally
given by H{;l z?" = 0 where (z,, . . ., z,) are local coordinates.
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The proof of Theorem 2.2 is still valid in the local normal crossings case.
In fact, a more general result is proven in §4 for arbitrary V. Corollary 2.8 is
also valid but it takes some work to prove it. The induction should be changed
to an induction on dim V and n,, where n, = max, {I[,.":l z:‘ = 0 defines V},
The sole difficulty in proving the result is the global construction of T (i.e.,
Lemma 2.10 is a local result) and here we can form I"' which is no longer a poly-
gon but a simplicial complex. The S, the (n, — 1)-dim simplex of I would corre-
spond to the global components of V, e.g. we can have a component intersect it-
self many times at a point. Also, when S; intersects itself, we would form Siik

where j could equal i, e.g., S, e A\ 1,° etc, and the S,.]-k would correspond to the

global components of Mz, a subvariety of V. Again, if M(i) and M(, j,) are the
components of ¥ and 11712 respectively, then homology in V via aM() =
Z; MG, j,;) would correspond to homology in I via 3S({). Then the difficult part
will be to give a precise proof that simple closed (n, — 2)-dim simplices are in
each equivalence class of homology. However, this can be done by, e.g. a double
induction on the number of components and ny. (For ny = 2, first step in the
induction, we have a graph and results are clear.) The details are left to the reader.
To get the relations among the various geometric g-residues, let us say that
two geometric g-residues v, 7;, are equivalent (7, ~ 7;,) if v, — 7;, =03,y
1 CV such that 1'1(7p) - 'rl('y;,) =— a(rl(cp +1))- This is clearly an equiva-
lence relation.
2.12 DEFINITION. Let Hp—l(V)A denote

Hy_((M)p® 1,H, ;(M))y © DT, -- Tp—1THoMp)a

modulo the equivalence relation.
Then7, =7: HP_I(V)A ——>HP(W - V).

2.13 PROPOSITION. The sequence
I T

is exact where I is intersection with V, i.e., essentially cap product with the dual
cohomology class of V.

PROOF. Lety,,, €H, \(W). ThenI(v,,()=7,4y NV =17,_,. But
by the construction in Corollary 2.8, T(Vp-1) = (Ypt1— T‘yp_,) where T
is the solid tube over Yp-1 i.e., all fibres of length less than or equal to €.
Therefore 7 < I = 0.

Conversely, suppose Yo-1 € Hp_l(V)A and (Y1) = acp+l for Cpse1 C
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W—V. Thensety, .,y =TY,_j — Cpyq- Butdy,,, = 1(7p_l)—r(7p_,) =0,
so that Yp+1 €Hpy 1(W) and clearly I(p+1) = Yp—1- QE.D. for Proposition
2.13.

Therefore the relations are given by / (Hp_,_l(W )). To say I('yp,,_ =0
means that if

~

I(7p+1) = (7p...1» 72(7p—2)’ ooy Ty oo ?p_l'rp')'o)

for Yp-; € Hp_ j(1l7Ii)A then each Yo-i is homologous to zero in Hp_ j(Mi)’ ie.,
Youi = acp_,.“ and Cp_j+1 © Mi; In faci"rl Cet Ti_1Cp_jyyp isa (p+1)
chain in W — ¥ whose boundary is 7, < Ti—1T; Yo-i by the definition of

homologous in H,_; (V).

2.14 COROLLARY. The following is exact:
1

oo Hy (W) Hy (V) > Hy(W = V)= Hy(W) —> -+
Proor. Exactness at Hy(V'), is Proposition 2.11, while exactness at
H, (W — V) is essentially Corollary 2.8. By the above discussion we have exact-

ness at H (W). QED.

We would like to note here that Theorem 2.2 and Corollary 2.8 are really
a geometric investigation of a special sequence. Namely if we take the inclusion
map of W — V' C W and look at the induced Leray spectral sequence, then

ER9~ 3 HP(MG,,..., i)
{igseeig

and
Eg,q =>HP+Q(W -V

(See Hodge-Atiyah [11] for a detailed investigation of this sequence. However,
they use coefficients in C.) Then d%'9 is just the Gysin map and Ker d'9 =
H ”(A_lq, C),. Also see Gordon [S] for a further discussion of this spectral se-
quence. We also note that Deligne [4] has generalized these results to the case
of schemes over C. For a detailed investigation of V¥ in the general case see the
end of §4.

3. More remarks about the normal crossings case. In the previous section
we investigated the problem of the residues of ¥ when V has normal crossings.
We will now show that this is quite sufficient in most cases and also give a further
topological reduction if further hypotheses are satisfied.

3.1 ProposiTION. If W' is obtained from W by a monoidal transform m
whose center X C V is nonsingular and if n=Y(V)= V", then n,: Rp(V') =R, (V).
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ProOF. From the commutative diagram

0——R,(V)— H,(W' = V) — H,(W)

lm ln.

0——R,(V) —> H,(W - V) —> H,(W)

we have that 1r*Rp(V') CR, (V).

Suppose a € RP(V). Then a has a representative v, such that y, = 9C,, ,,
Co+1 C W with C,,, intersecting X transversely, i.., if commg X = m,
then G,y NX =17,,,_sp,,andif N(X) is a normal disk bundle of X in W,
then, locally, C,, ; "N(X) =Y,y _2,n % Dy,, where D,,, is a 2m-dim disk.

The difficulty with having (m,)~'a € R, (V") is that if we let T, =
1), Cppy =1 1(Cpyy N(W = V) and C' be the closure of Cpyyin W',
then C' N ¥ may not be a (p — 1)-dim chain, i.e., it may be too large.

Set theoretically, we have W’ = (W — X) U, PN(X), where PN(X) is the
projective-normal bundle of X in W with fibre CP,, _,. Then let U be a neighbor-
hood of W with local coordinates (x,,...,x,)and {x;, =++*=x, =0} =
XNUandlet CP,_, = [X,,...,X,] in homogeneous coordinates. Then
W N~ l(U)=TCUNCP,_, where

F={(xy,....,x,)x [X;,...,X,] Ix,.Xi=xl-X1,i<i,j<m}.

Hence, locally, C,,.y NU=Cy x *** x Cp X (Vp4y_pp NU)and C' N
7 U)NV'=CP,_ | X YVpyy_am Where Yp iy 5 isa (p + 1 — 2m)dim
chain in 7~ !(U) which is isomorphic to Yo+1—2m NU. ThusC'NV'isa
(p — 1)-dim chain, ie., C' is a (p + 1)-dim chain with 3C" =y,. Hence

73 la € R,(V'). QE.D. for Proposition 3.1.

Hironaka [9] has shown that if W is algebraic or a Stein manifold (in fact,
any closed submanifold of a (Stein variety) x (algebraic variety)), then, if V is a
hypersurface of W, after a finite number of monoidal transforms with nonsingular
centers contained in ¥, we can obtain m: W' — W, also algebraic if W is, such
that V' = a=1(V), the total transform, has normal crossings in the sense of
Definition 2.1.

Then recently Lejeune-Teissier [13] have shown that if W is a reduced com-
plex analytic space and if ¥ C W is a hypersurface, one can (by a finite number
of monoidal transforms centered on nonsingular parts of ¥') obtain W' with V'
having normal crossings..

Hence, in the above cases, the results of §2 are valid.

Next we want to make some further topological investigations of Rp( V)
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when ¥V has normal crossings. Recall that in Corollary 2.8. we showed that
RP(V) is generated by cycles of the form 7, « rq_qu('yp_q) fory,_q €
Hp__q(Mq)A. If To-q er—q(Mq)A and Yo-q = z7p-—q,l,.....1q then we first

~

want to consider TP‘q'ii(7P'qvi1'---»‘q)m MG, ..., by o ooy xq) -

MGy, ... ,i,). For simplicity assume q = 1.
3.2 PROPOSITION. Let 7,_; = Zigg 7p—1,ier'—l(A_{.1)A°
(a) 1}’7,,_1,,.0 ~0in V,.o, then 7(Y,_;) ~ r,('yp_,)m W — V, where
’ ’ ! o
Yp-1 5= 2161;1#0 Yo—1,iMd Yp_y i~ Yp_y,;in V.
() Ifrl,,o('yp_l’,.o) ~0inW- V‘o’ then 7,(Y,_1) ~ “'1('7;;-1) where
’ ’
To-1 = Ziziy Tp-1,i"

Furthermore, if 7y ; (Y,_y,;)) ~0in W — (V; U Uje; V), then1,(v,_y)
~ T (Yp_ ) Where v, _, = Zitigsict Yp—1,i- Also, F1(Mp_1,iy) ~0in W~
Vil (or W - (an U U,.e, V,)) then Tl('y;,__l,,l) ~0inW- V"n (or W -
(¥, Y Uger V).

ProOF. (a) Suppose iy = 1. Thenify, , ; ~0in ¥, theny,_; =
dcp,q fore,  C V. Lete, 5 ,;=¢, NV;wherec, ,,;isa -2)
chain in ¥,N V,, since V; intersects ¥, transversely. Then we have

Yo3.0i = Ypo1a OVi= %0, OV = 32,10

Put

7;:-1,1' =Yp-1,i = Ty (Ypos3,10) - Ty0(p_2,11)
for i # 1. Note that
0T5,16p 2,10 = T2,1%-2,1i T T2,1Mp 3,1

aTl,l(E;),l) =- "1,1(3";,1)

= ;l T2, -2, 1 “'1,1"'2,17p-3,1i} “T1,iYp-1,1"
1}

This implies

> Tl,i(71;—l,i) =2 Tl,i(Vp-l,i) + a“'l,l("p,1)°
i>1 iz1
Thus 2,5, 7(7,;-1,1') ~Zi5y T(Vp_y,)in W— Vand 7;—1.i ~Ypoyyin
V; fori > 1.



THE RESIDUE CALCULUS IN SEVERAL COMPLEX VARIABLES 1417

(b) Again suppose i, = 1 and T1,10p_1,) ~0in W-V,.
Then 7y 1 (Yp_1,1) =3¢p4q fore, g CW-V,. Lete,, NV, =

L1 CV,=V,nV, fori>1.

A1, =Qepy )NV =1Ir 1(1,_1, )] NV,

=721, V) =72,1(0_3,10)

where Yo-3,10 = Yo-1,1 VVi =1, N V4. The second from last equality
follows because we can choose the normal bundle of ¥, with respect to ¥; so
that

alinVi=n oV, =V -V, ny,

by definition of 7, ;.
Thensety,_, ;= 7p 1, ,+I‘ —1,1 fori> 1 where 7‘, 1,i=Ypo1,0—
Ty, (Yp_3,10) a’Yp—n,i = T2,1%-3,1: ¥ 72,17p—3,1; = 0 by Lemma 2.5. Now,

6(2 Tl,irl—l,i> =2 1Tyt 2 Ty, M2 T3
i>1 i>1 i>1
=X Dt T1,aT2,i Y- 3,11
i>1 i>1
since Ty ;7, ; =7, ; T, ; by their definition (i.e., 3(D* x §') = 3(S! x D?) so

that as oriented chains, D? x §' =8 x D?). A0 25, T, 17, 34y =
Yp-1,1 'yp_, 1> 50 that

a(Z‘, Tx,irl—l.i> =2 T1alp— 1, a1 - :;'p—l,l)'
i>1 i>1

Thus

a(c“-z T, T} )=T Oy )= 71
-1,i 1,i -1,1
14 5 of 4 5 li p 1,i°

—

Hence

T @ )= 5 1y -)—a(c - T Tl
5 1,i\ip-1,i igl 1,i\lp—1,i p+1 gt 1,i*p-1,i

Furthermore, note that ifc p+1 N Vj =g, then 1p_1 = Yp—1,7150 that
this proves the second part of (b)

Finally, suppose that Tl',l(’yp_l’,l) ~0in W - V,l (or W — (V,l v
Uie; ¥))). For simplicity suppose i, = 2. Then if Tp-312=Tp_14 NV, =
Tp—1,2 N V;, we have that
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Ty 0T21%p-3,12 =~ T1,172,2%-3,12 Y T 1 T2 275312
=—T12751%p—3,12 T 0Ty 175 273,12
=—T12(Yp_1,2 — :;p—l,2) + 0Ty 175 573,125
and
T1,1%-11 71,1(%—1,1) 1011 — 7p-1,1)
= aTl,l;p-—l,l - Tl,l(a;p-l,l) 71~ :;p—l,l)
= aTl,l;p—l,l + T 172,2%-3,12
=Ty 172,2%-3,102 T T 175 533,12

=0Ty 1Yp-1,0 13T 115 2% 3,12

where the third equality follows from Lemma 2.5 and the previous sequence of
equalities.
Hence, using the above two sets of equalities we have

1
a(_cp+l,l =TT 1,2)
- 1
=T11%-1,1 — T1,20p-1,2 = T1,272,1 Yp-3,12
= ~ 1 ~y
=0Ty 1%-1,1 — T1,20p-1,2 T 71,2(0p—1,2 = Tp—1,2)-

So, if we have 7y ,7,_; 2 =0¢y 41 forc, , CW—V, (or W—
(Vz v Ujel Vj))’ then

’ ~
T1,20p-1,2) = T12(Yp—1,2) T 7120512

= a(cp+l,2) = T1,2Mp1,2 — 7p-1,2) + 71,2P;-1,2

=3Cpt1,2) T OTy 1p 1,1 —0(Cpa1,1 — Tl,2r‘;-l,2)'
Also

~ 1
12t T 1Ym0 — ("p+1,1 Ty 1) CW-V,

(orW-(V,V Ul-e, Vi) if ¢p4q,1 and ¢,y , also are contained in W —
w,v U]-e, V). QED.

Note. We cannot say just because for all i €1, 1) (v,_, )~0in W —
(V; Y Ujg; V) that 7,(y,_,) ~ 0 in W — V because
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~ 1
(o112t Ty 1130 —Co+10 T T 010V,
-2 ~ =t
=Ty 11t Y10 =Y-11
where l";__l’l =Cp41,2 N V,. However, we do have
3.3 PROPOSITION. Let v, _y = Zig; V1, €H,_y(M)5. Then 1(v,_,)
~0in W~ Vifand only if
@) 11,1, )~0in W— ;U U V)
nv,= Yo-1,k forall k€L

PrOOF. = Suppose 7,(7,_;) = Zie; ‘rl,i(?p_l’,.) =0, CW-V.
Then for iy €I, say iy = 1,

C <Cp+1 -2 Tn.i“’p-l,i) = 2 TiYom10 — 2 T1i Yo
i>1 i21 i>1
+ 3 Ty Ty 1 Y31
i>1

~
=T Y10 T 2 T T, 30
=T1,1Y-1,1

and (cp4q — Zjny Tl’,?p_l,,) N VL=¢ forj & I'since v,_, ; N V; =& im-
plies T, ; can be chosen so that T),i-1,i NV, =42.
Also, notice that by the construction

Ppt1,i=—Cpir ¥+ 5:-1 TyiY-1,i ¥ T1,1%-1
1

so that
Pov1aNVi= T, Y Y30 = Yo—-1,i*

< Conversely, if Pp+l,l ny,= Yp—1,i for all i € I, then Yo-1=
L4y, NVsothat7(y,_;)~0in W - V. QED.

If we are given 7, ** ?;_l'rqyp__q ER,(V) with v,_, EH,_,(1,),,
then when can we guarantee Yo—q € Hp_q(Mq), e, Yp_q MMy, = 2? For
if we had Yp-q "My, =2, for all g, then this would considerably simplify
many other problems involving residues, e.g., local invariant cycle problem
(Griffiths [7, p. 249]).

There are facts which indicate this might be true i.e., ¥ ample in W implies
R,(V) s generated by v,_, €H,_,(M,) CH,_,(M,),.

For example, if V is ample and nonsingular, we have the commutative
diagram:
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Hyy (W) i»Hp_l(V) L H,W- V)

L,\ Ji*
H, (W)
where L, is dual to the Hodge map, i.e., Lo(y) =y N [V]* with [V']* the dual
two-dimensional cohomology class of [V'] € H,, _,(W) and “N” being cap
product. If V is ample, L, is surjective for p < n (see Weil [26]), and by the
Lefschetz theorem i, is an isomorphism for p < n and surjective for p = n.
Thus for p <n, I is surjective, hence R,(V) = 0. For p = n, since

H,_(W)=H,, (W) by Poincar¢ duality (recall we have coefficients in C), L,
is an isomorphism, hence 7(y,_,) # 0iff v,_, € image I iff iy, _, = 0.

3.4 PROPOSITION. iy7,_, = 0 implies
Yoy Eimage{H,_,(V-VNOV)Y—H,_ (V)}

for any V' which is a nonsingular hypersurface of W such that V' 0\ V is non-
singular in V.

Proor. Ify,_, €image {H, _(V-VNV')—H, _,(V)}, then 0 #
Vo1 NV'=9,_3€H,_;(VN V')since ¥ N V' is nonsingular. But ¥
ample in W = ¥V N V' obeys the Lefschetz theorem in V', ice., y,_5 #0in V'’
since n — 3 <dimg V' N V'. Butiyy,_; =0in W, hence (iy7,_,) N V' =0in
V', but Y. 3 Is a representative of their intersection, contradiction. Q.E.D.

3.5 COROLLARY. i,7,_, = 0 implies
Yn-1 €Im {Hp-—l (V - [iJ (Vi n V)) _»Hp—l(V)}
for V; nonsingular in W and {V; N V}, having normal crossings in V.

ProoF. If y,_; misses ¥V, and Vis then v, _, misses ¥; N Vj and hence
V;UV;. QED.

So if ¥ is ample in W, let (W', V', m) be a resolution to normal crossings
with V' =UZ, ¥;. Let ¥, be the proper transformation, i.e., n(V,) = ¥ and
m(V;) C S, singular locus ‘of ¥V, for i > 0.

So Corollary 3.5 gives indications it might be true if say ¥, were ample.
However, ¥, is in general not ample. If one has enough conditions on the inter-
section of V; N Vl » €.8., V; — V; NV, is Stein for all i, or if the injection of
Vo N ¥, into ¥; induces an injection on homology for dimensions up to n — 2,
then one can prove the result. The difficulty is that one cannot guarantee these
extra conditions in general for arbitrary resolutions.

Also, from purely topological techniques, we can show if ¥ has isolated
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singularities without any other conditions on V, then Rp(V) is generated by
Yo—q €EH,_ q(Mq) (see Corollary 4.15 below). There are also strong indications
that if singular locus of V is a curve, then one can prove the result for ample V.
Moreover, Corollary 5.12 (below) says that if w is a C*(p, 0) form with a pole
of order one on V, i.e., if f is a local defining equation of V, then fw is smooth,
then the dual cycle to w is of the desired type. As we have mentioned above,
W — V is generated by meromorphic p-forms with poles of order k on V. But in
general, we need k > 1, and when one reduces w, a pole of order k, to a form
with pole of order one (ie., w = E"I‘=, w, where w, isa p-q-1,9-1)
form with a pole of order one (see beginning of §5 for definitions), then the
technique of proof breaks down in the general case. So we have

3.6 QuEsTION. For ¥ ample in W and V' a resolution to normal crossings,
is Rp(V') generated by v,_, € H,_,(M,)?

4. Residues in the general case. In the previous section we have classified
the residues in case the hypersurface has normal crossings, which is the case when
one resolves singularities. However, one cannot in general resolve singularities for
arbitrary complex manifolds, and even if one could, for technical reasons it might
not be the best approach to the problem at hand. As a result, we now will look
at the residues of arbitrary hypersurfaces without resolving singularities. The
reason we did §2 is that, first of all, it will be necessary to consider the normal
crossings in great detail in [5], and secondly, it provides a good example to have
in mind in this section.

In this section W will be an arbitrary n-complex dim manifold and ¥V an
arbitrary subvariety.

4.1 DEFINITION. A stratification of V is the expression of V as the disjoint
union of a locally finite set of complex manifolds, call the strata, such that the
boundary of each stratum is the union of a set of lower-dimensional strata. (See
Whitney [27, esp. pp. 227-230], for a discussion of stratifications.)

From the definition it easily follows that the closure of each stratum is an
analytic variety of the same dimension of the stratum and the boundary of a
stratum is an analytic variety of lower dimension.

4.2 DeFINITION. The stratification {M,.'} of V is a refinement of the strati-
fication {M;} of V if for each stratum M, either M; is a stratum of {M,} or M; C
M; such that aM; ﬂ]l_'fi C M as subsets of the stratification.

Note. M r'\A_'I,. makes sense as a subset of {M;} since each stratum of 3M;
is either a stratum of {M;} or is contained in some stratum, which must either be a
stratum of the boundary of M; or M; itself.

4.3 LEMMA. Any two stratifications of V have a common refinement.
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PrOOF. Let {M;} and {M/} be two stratifications of V. Then M, N M is
a complex subvariety of V, since each M, is locally given by the zeros of analytic
functions. Thus we can stratify M; N Mj' by taking successive nonsingular points,
i.e., for any variety ¥ with singular locus §, dimg S < dimg V, so that this process
terminates in stratification. Then let {M,"} be the stratification given by the
stratification of M; N M.

It is clear that 3(M; N M;) N M; C (M, N M;). QED.

For each stratum M;, say dimo M; = d, let To(M;, P), for P € M;, denote the
(2d — 1) direction of its tangent space, i.e., To(M;, P) € G2n — 1, 2d - 1),
where G(2n — 1, 2d — 1) is the Grassmannian of (2d — 1)-planes in (2n — 1)-
space. Then take all pairs (P, To(M;, P)) €EW x G(2n — 1, 2d — 1) and let
7(M;) be the closure of this set in W x G(2n — 1, 2d — 1). Then for P € M, we
define 7(M;, P) = {a |(P, &) € 7(M,)}. For P € M;, 7(M;, P) = T,(M,, P).

4.4 DEFINITION. We say {M;} is a Whitney stratification A of V if PEM;
CIT{,. and T(M;, P) is the tangent plane of P in M;, then T(M;, P) C T for all
TETM;, P),ie., if v € T(M;, P), then 3P, € M; and v,, € T(M;, P,,) such
that v, — v.

Whitney [27] has shown

4.5 THEOREM. Any stratification has a refinement to a Whitney stratifica-
tion A.

As a corollary we have

4.6 COROLLARY. V C W may be stratified so that the following is true:
If Py € M, a stratum of dimension d, and if M, is a neighborhood of Py in M such
that through each point P € M, there is a 2(n — d)-dimensional plane T(P) trans-
verse to M at P with the T(P) continuous in P and disjoint, then there exists a
neighborhood U of Py, in W such that for all P € U N M, T(P) is transverse to
M' 0\ U for all strata M'.

ProoF. Since this is a local result, we consider M, contained in some co-
ordinate chart in W and then a plane means a plane in C”.

Suppose there does not exist such a neighborhood U. Then there exists P,
€ M, such that T'(P, ) meets some stratum M’ nontransversely at Q,, and 0, —
Py asm —> oo,

Since the stratification is locally finite, we can assume all the Q,, belong to
the same strata M'. Then we have at 9, dim(T(P,,) + T(M', Q,,)) < 2n. But
asm — o, T(P,,) — T(P,) since T(P,,) are continuous in P,,; also Q,, — P,
which implies by passing to a subsequence if necessary, that we have T(M', Q,,))
—TETM', P,). By the choice of the stratification of Theorem 4.5, T(M, Py)
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C T. However, by continuity at P, dim(T'(P,) + T) < 2n, contradiction of the
fact that T(P,) meets M transversely at P,. Q.E.D.

Let M C M' where M and M' are strata. By using the corollary we construct
the tubular neighborhood of M in M":

Let M be a stratum of complex dimension d. Then let T'(M) be a tubular
neighborhoood of M in W and m: T(M) — M be the projection. For P € M,
7~ 1(P) is a 2(n — d)-dim ball transverse to M at P and 7~ !(P) depend continu-
ously on P and they are disjoint. Therefore there exists U, a neighborhood of P
in W, such that YQ € UN M, n~1(Q) meets U N M’ transversely. Then shrink
the fibres of T7(M) such that VQEUNM, n~Y(Q)C Uand n~1(Q) is a
2(n — d)-dim disk.

Cover M by a locally finite cover {U,} of such sets. Then patch together
the new fibres of T(M) via partition of unity to get a new tubular neighborhood
of M in W such that, if m: T(M) — M is the projection, then for Q €M, n~1(Q)
is a 2(n — d)-dim ball which intersects M' transversely, for all M.

We pick the fibres of each stratum such that they respect the fibres of the
previous strata in the following sense:

Suppose M, is one of the lowest-dimensional strata and its complex dimen-
sion isd. We form m: T(M;) — M, with all PEM,, 7~ (P)is a 2(n — d)-
dim ball and if My C M, ; (dimg My,; =d + ), then ~1P) N My, jisa
2j-dim chain. Furthermore o(w ~'(P)) N M, ; is a transverse intersection ofa
2(d + j)-dimension manifold with an arbitrary small 2(n — d) — 1-dimension
sphere, say 7(P), in a 2n-dimensional space, ie.,2d +2j+2n-2d -1 -2n=
2j — 1-dim cycle in M, ;. As P variesin a C® fashion in M, the 2n — 2d —
dimensional sphere varies C* with each sphere disjoint.

In fact 3( ~'(P)) N M, ; is a (2j — 1)-dimensional C* manifold, since the
intersection is transverse. Thus, 7 ~!(P) N M, ; is a cone over a (2j — 1)-di-
mensional manifold. So, for P € M,, a neighborhood U of P in M, can be chosen
so that 71 (U) N M, ; is the product of U x (cone over a manifold) and each
of the fibres will be homeomorphic. We have a 2(n — d — j) normal direction in
7(P) to My, ; N 7(P) and we pick this direction for the normal bundle of M,
in WatM,,; 0 7(P). Since 7(P) varies in a c” way with P, we can pick these
directions in a C* way. Then extend this to all of Md+] =My, —int T(My),
whge int T(M ) = interior in W of T(M;). Thus, we have constructed :
T(My4p) “’Maﬂ :

Forall PE ﬁdﬂ N 7(M,), where 7(M,) = 3(T'(M,)), we have that 7~ 1(P)

C T(Md) and since T'(M;) meets all the strata transversely, we can make sure that
T(Md +7) also has this property

Now, suppose all =: T(Mk) — ITI,‘ have been constructed for all dimensions
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less than d. Then for P GITId_k C M, we have n~1(P) = 2(n — d — k)j-dimen-
sional ball which meets M, transversely and [7(P) = @r-iP)] n M, is the
transverse intersection of a 2(n — d + k) — 1 sphere with a 2d-dim manifold. We
have chosen the smallest k possible. There is a 2(n — d) normal direction in 7(P)
to this intersection whlch varies in a C* fashion with P until P meets aMd x and
then we have P € 1(Md k)N Md x- We then move to 771(Q) =

2n—-d+ k + j)-dim ball for Q GM _k—j- Butsince PE T(Md k—j)» We choose the
fibre of T(Md x) toliein 7(Q) = an l(Q), a2(n —d+k +j)— 1-dim sphere; we
can continue in a C* fashion, i.e., 7(Q) intersects M, in a (2k + 2j — 1)-dim
submanifold and hence the intersection has a 2(n — d)-dim normal direction in
7(Q) and the point P € az'l?d x also lies in 7(Q) and we already chose a 2(n — d)-
dim normal direction near P, so we ]USt continue along M, N T(Q)

We then extend this to all of Ma U,‘>l int T(Md K)inaC”

fashion yielding a normal bundle =: T(Md) —>Md such that each fibre meets each
stratum transversely.

Thus we have constructed a normal bundle of eachM such that the fibres
respect those of Ma _jCM,.

Let us introduce some notation: If T(M ) is the normal disk bundle of M;
in W, let 7(M;) = @T)(M; ) denote the mduced normal sphere bundle, i.e., ﬁbres
will be 2n — 2j - 1)- dlmensmnal spheres. Then denote by T(Md) the “bundle”
we have just constructed over M, and let 7(M,) = 3(TM,).

Then we can perform the above construction in such a way that T(Md) isa
smooth (2n — 1)-dim submanifold of W and also that aMd is a smooth (2d — 1)-
dim submanifold of M.

First of all, 7(M,) is a PL-manifold (i.e., underlying space is a topological
manifold, but the induced differential structure has corners). To see this note
that T()l?d) has as boundary r(jl'}d) + T(bﬁd) and T(B)l?d) C T(A?d_ j)as a sub-
manifold. What we have done is glued T(1l~'1d) to T(]l?d_ i) along T(all?d) (this is
essentially what the topologist refer to as plumbing; see Figure 1 where the shaded
region is T(an?,,). This will have a corner along 1(8A~'Id). However by standard
arguments involving plumbing, see e.g. Milnor [16], we can smooth these corners
so that this is a differentiable manifold.

To see this smoothing intuitively, suppose we have P € M, i.e., a zero-dim
strata and then S2"~! N My is a (2d — 1)-dimensional submanifold. Since this
is purely a local problem (i.e., if we can smooth in a small neighborhood, then we
can patch together via a partition of unity to get a global smoothing), choose a
small neighborhood R29~1 of §3"~1 N M. Then we have that 0R3? = R24~1
where R29 (C M) is the half-plane of R??, i.e., S3"~1 N M, is the boundary of
A?d, submanifold of M. Let D?"—24 pe the normal plane to M (ie., Rid x
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D?"=24 s the normal bundle) such that R29~! x p?"~2d C §2"=1, Then
a(Rid x D2n—2d) = R2d-1  p2n-2d +R1d x §2n—2d-1

and

a(R2d—l x D2n-—2d) = _R2d—l x S2n—2d—l.

So on S3"~! we cut out R2"~! x D2"~24 and attach R3¢ x D2"~24 along its
boundary. This has a corner at R29—1 x §27-2d-1 je if Q € R2d-1 x
§2n-2d-1 then a neighborhood of Q in this (27 — 1)-dimensional PL-manifold is
of the form (R29~! x §27-2d-1y x (R, UR,)where R, UR, CR xR =
normal plane of R24-! x §27=2d-1 jn . Then we just smooth out this corner
in the normal plane.

R* UR*
My,

FIGURE 1

4.7 LEMMA. T (M) is the cone over T(M,) with vertex M, i.e, M is a
strong deformation retract of T(My) and if {f,} gives the deformation (with f,
the identity), then f,|7(M,) is a diffeomorphism for t < 1 and f,(r(M,)) N
fo(r(My)) = & for t # '. Furthermore for any stratum M., j With My C My,
f\My,; N T(My)C My, forallt. ForQ EM,, f71(Q)is a 2(n — 2j)dimen-
sional chain.

Proor. The deformation is given by shrinking along the fibres of the nor-
mal bundles of M, ,. The plumbing causes no difficulty because we are glueing
together along normal bundles.
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To see that f;-1(Q) is a (2n — 2j)-dim chain Q € M;, let M, be the lowest-
dimensional stratum of Md Then it is clear that for Q € Mk that f~ 1Q)isa
2(n — k)-dim ball since T(Md)IM = T(M,), M, being a complex k-dim manifold
without boundary.

Suppose QEM, . ; ;N T(M,). Choose a Riemann metric in T(M,) so that
the fibres are balls of radius one. Then suppose Q € n~1(P), P EMk, and Q is
of dlstance t,0<tr <1, from P. Choose a collared neighborhood E)Mk+ jx1of
aM,‘,,j ka_” Let Q' € 7(M,) NM,; C aM“, be that unique point which
passes through the given Q when we shrmk T(Mk) along its fibres via the Rieman-
nian metric. Then the collapsing of T(MH Pl (aMk +j x I) will send the fibre
over (Q',2) € aMk +j X1 onto Q and will send the ﬁbre over (Q', t) for ¥ <
t <1 onto (Q', 2t — 1). The collapsing of T(MH,)I(MH] - (aMH, x I)) will
be along the fibres via a Riemannanian metric in T(M, ;- QED.

Of course the construction of T(M,) and the deformation retract depend on
the choice of various normal bundles of the Ml However, we have

4.8 LEMMA T(Md) is isotopic to T (Md) for any other choice of normal
bundles T (M ). Furthermore, if {g,} is the isotopy, then g lfy o=
CHR(Y) where f1, £} are from Lemma 4.7 and g,(M,)) = M.

Note. Recall two submanifolds M;, M, C W are isotopic if there is a smooth
map-G: M; x I — W such that g, = G(- , 1) is a diffeomorphism for all ¢ and
8 is the identity map, g, (M,) = M,.

ProoF. The isotopy follows from the uniqueness (up to isotopy) of normal
bundles, e.g. if M, is the smallest dimensional stratum in M, then T'(M,.) is isotopic
via {g,} to T'(M,). LetM,, ; be the smallest stratum M, which has M, as part of
its boundary and set

Myyj =Mypj = TM),  Mpy; =My, — T'(M).

If we take T(aMk +1) in 7'(M,), then & IT(BMHI) is a normal bundle to aMHi
in 7'(M,), hence is isotopic via {h,} to T'(3M, , 1) int (Mk)

But {g,} extends to an isotopy between Mk +j and Mk + because we have
an isotopy between two boundaries of two manifolds which are diffeomorphic,
so by taking a collared nelghborhood (aMk +j) x I of the boundaries we can
extend the isotopies such that gtlaMH, x {1} = gola ke X {1} = aMH,
{1} and extend to the rest of the mamfold by the dlffeomorphxsm 8- Hence we
can extend {gt} to an 1sotopy of T(Mk + ]) such that g, | T(Mk + 1) is a normal
bundle to Mk_,, j- Theng, IT(Mk " ]) is 1sotopxc via {h,} to T(Mk+1} in such a
way that it extends the above &,|g, T(aMk +j)» because if two normal bundles
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have the same fibre, then the isotopy can be chosen so that on this fibre it is the
identity map at each ¢.

Then we continue in this fashion to get the isotopy between T'(M,) and
T'(M,). Butg, Iil_{d is not the identity, only a diffeomorphism for all £. Actually,
it is more: g,ll_flk +j isan isotopy on each stratum. Furthermore, from the above
construction it is clear that g, | f;7(Q) = (f,)~'(Q) for all . Q.E.D.

Let ¥ be any variety in a complex manifold W, and {M;} a Whitney stratifi-
cation 4 of V. Then we can construct the tubular neighborhoods of M; in W
and denote it by T(V; M,), which we call the tubular neighborhood of V in W
relative to {M;}. If w: T(V; M;) — V is the retraction of Lemma 4.7, then
7 ~1(Q) is the fibre over Q.

4.9 THEOREM. Let V be a subvariety of W and {M;} and {M;} Whitney
stratifications A of V. Then T(V; M,) is isotopic via {g,} to T(V; M D and
g&(V)=1V forallt.

ProoF. It suffices to prove 4.9 for {M,'} a refinement of {M,} because of
Lemma 4.3 and Theorem 4.5. But once we have a refinement, the result will
follow from the tubular neighborhood theorem for manifolds with boundary: if
N is a submanifold of W such that 9N N M C dM with N transverse to 0M or if
ON C M — 9M, then N has a tubular neighborhood in M which is unique up to
isotopy (see Milnor [15, p. 57]). So the same construction of the isotopy in
Lemma 4.8 will go through with the obvious modifications, because any stratum
M; C M;, then either 9M; C M; or if dM; contains a stratum M,' which is not a
stratum of M, then M, meets dM, transversely at Ml' . QED.

Let S be any subvariety of a variety V' in some manifold W. Then let {M,}
be a Whitney stratification 4 of V in W relative to S, i.e., M; N S #@ implies
M; C S. Such a stratification clearly exists and will also be a Whitney stratification
A of Sin W. Then we can form T(S; M;) and put T(S; M) NV =T(S, V; M)
which will be called the tubular neighborhood of S in V relative to M;. Thus we
have shown

4.10 CoROLLARY. Let {M;} and {M,.' } be Whitney stratifications A of V
in W relative to S. Then T(S, V; M,) is homotopic to T(S, V; M;) via a family
of homeomorphisms which will come from the restrictions of diffeomorphisms.

If both 1(S, V; M) are contained in the singular part of V, then they will be isotopic.

4.11 DEFINITION. Let S be a subvariety of a variety ¥ C W, a manifold.
Then T(S, V') will be called the tubular neighborhood of S in V (relative to W),
where T(S, V') is constructed for any stratification of V relative to S. If 7 €
H, (7 (S, V), where 7(S, V) =3T(S, V)= @T(S) NV =1(S) N V, then Y
will be called a tube over a cycle in S.
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4.12 THEOREM. Let W be an n-complex dimensional manifold and V a sub-
variety of codimension q, i.e. dimg V =n — q. Then ker {Hp(W -P) -—>Hp(W)}
= geometric p-residues of V=R p(V) is generated by tubes over cycles in V.

ProoF. Lety, €EH,(W - V)and vy, = 3¢, 41 Choose a Whitney stratifi-
cation 4 of ¥ in W and construct T(V, W). Then since M; are manifolds and we
are working in a manifold W, we can choose ¢, , , such that it intersects each
stratum of V transversely. That is Cp4y TESPECtS the fibres of V, i.e., if Yo-2q+1 =
Cper N V (i.e. V is a codimension g, hence has a dual cohomology class of dimen-
sion 2q and the cap product of ¢, ; with V' will then define a p — 2q + 1-dim
chain on ¥, but dc,,; NV = g, so that this p — 2q + 1-dim chain, 7, _,44,1s
actually a cycle on V), then Ty, 5541 CCpyq, Where Ty, 5041 =Cpyy N
TW).

Thus 8(cps1 — TYp_2q41) =¥ — T(Mp—2q+1)> Where 7(Y,_5441) =
¢p41 N7(V). QED.

Note that a stratification of ¥ can be chosen so that the M, _ strata
(dlmc M, i) are the connected components of the nonsingular part of V. Also
if ¥, Y= =M,Nnc pti whereMi =M, - Z >1T(M_]) and 7,€EH +1+2i-—2n( aM),
then 7, = ZiZ{lan—p-1)/2) G-

Note. The essential criterion to construct the tubular neighborhood in Theo-
rem 4.12 was Theorem 4.5. Thus, if V is any simplicial complex contained in a
real smooth manifold W such that ¥ has a Whitney stratification 4, then Theorem
4.12 is also true for V with respect to W. In particular, any locally finite polyhe-
dron in W will have a regular neighborhood which will satisfy the Whitney stratifi-
cation 4. Also any real subanalytic set V will satisfy the Whitney stratification A.
We say V is subanalytic at P if there exists an open set U S P and proper real
analytic maps f;: X; — WIU, g;: Y; — W|U for X;, Y; and W real analytic
spaces such that ¥ N U = U, {Im(£;) — Im(g,)}. Any real semianalytic set is
subanalytic (Hironaka [10]).

Given Theorem 4.12, the obvious question is: What happens if Yo—2q+1 ~
0in V? Le., Corollary 2.8 says that if Yp—1 ~ 0, then 0 # [’Yp_2q+1] €
Hp_l('r(S, V)) where S is the singular locus of V. So if Yp—1~0inV,
does this imply 0 # [v,_5441] €Hp_544,1((S, V))? Instead of this, we
have

4.13 COROLLARY. ['yp] GRP(V) with ¥, = 7(Yp_3 q41) Such that
Yp—2q+1 ~0in V, then 0# [y, , 11 €EH, 5,,,((S', V) for S’ some
subvariety of S, the singular locus of V.

Proor. If Yp—2q+1 NS=¢g,ie.,

Vp—2q+1 Eimage{H, , . (V- 171(S, V) —H,_3q41(V)}
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and ¥, 3441 = 0Cp_5q+2, then
’
Cpo2qt2 VTS VI =7 2041 €Hp_yq41(T(S, V)
and T(yp—2q+l) ~ 7(7;_2q+1) inW-".
Suppose v, 3441 NS # 2, ie., To-2q+1 "M =Ypi2i41-2, €
Hyypiv1-2nM), then v, 0i0 15, ~ 0 in M, with homology taken with closed

p
support, i.e.,

To+2it1—2n = (0C, _2042) O M; = (Cp_2q+2 N M) e, _3q+2 NOM,.

Let M be the lowest-dimensional stratum with which To—2q+1 has nonzero inter-
section. Then if Cp_2q+2 N oM, = @, we can construct 'r(cp_zq+ DCEW-V

such that 3(7(c,_z442)) = “T(Vp—2q+1)-

Thus suppose Cp_2q+1 NOM,; # . Set s = 0My, a subvariety of S, i.e.
S'=M; — M, and Tp—2q+1 N My will be a(p + 1 + 2d — 2n)-cycle of
7(S', M,). If we set Yp-2q+1,T = Yp_2q41 OV TS), theny, 5,4, pisa
(p — 2q + 1)-dimensional chain of 7(S’, V) because Tp—2q+1 "My C1(S", My)
and Yp—2q+1,T has transverse intersection with each stratum; hence in the construc-
tion of 7(S’, V), the fibres can be chosen to respect the transverse intersection of

7p—2q+l,T’
Let v, _2q =Yp—2q41,r N 7(S, V). Then

Tp—2q =€, _2q+2) NT(E V) =3(cp_3042 N7, V).
Also

Cp2q+2 NTE V) =€) 3041, C 7S V)

because ¢, _,. 4, N M, is the cone over Yp—29+1 N My in M, relative to 3M,,.
Thus

' _ '
Tp—2q9+1 = Yp—2q+1,T ~ Sp—2q+1,s EHp_2441( (S, V).

Also note that T('y;_m,,_l) CW-V,since ¥, 2041, =Vp41 NTES V)
by transverse intersection and Cp_2q+1,r © V = S. Furthermore 1(7;_2 q+1) ~
r('yp_zqﬂ) in W — V because

a("'17—2q+2 ~ *p-2q+2 NT(S, Wy = 7p-2q+l —7p—2q+l,T +cp—2q+l,'r’

Furthermore, 0 # 7, 54,1 €H,_,,4,(7(S", V)). This is because if
’ U ’ ’ ’
To—2q+1 = acp_2q+2 for Cp_2q+2 C7(S, V), then T(Cp_2q+2) CW-V,
i.e., the only obstruction to constructing the tube over ct',__2 q+2 lies in S', as

' — —
Tp-2q+1 "My =y _5042) "My =3(cp_sq42 N M) £ Cp2q+2 NIM,,
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but ¢, _sq42 NOMy =c,_ 5,4, NS' =2 Thus we have 3(T(c,_5442)) =
=T(Yp_zq+1) in W— V. QED.

4.14 CorROLLARY. If dim § =0, then v, = 7(Y,_q+) implies either
0 # [71’-211"'1] € Hp—2q+l(V -7, V)) or 0 # [7p._2q+1] €
Hy_24+1((S, V).

4.15 COROLLARY. If the dimension of the singular locus of V is zero and
W', V', m) is a resolution of V to normal crossings with V,, being the proper
transform, then RP(V') is generated by cycles of the form T,(Y,_, o) for ¥,_, o
CVy-M,.

ProOF. Let U; be small neighborhoods in W of the isolated points P; and
set U= U, U;. Put U' = 7~ }(U). Then a|W'~U'— W — U is a biholo-
morphic homeomorphism because when we resolve singularities, we never change
anything outside U. .

But 0 — RP(V') = Rp(V) and Rp(V) is generated by T(Yp_2q+ y) for
0# [Yp_2q41] €Hpzq01 (V= VO U)o [¥,_2041] €H,_344,(0U) and
aU is unchanged. Q.E.D. for Corollary 4.15.

Note. Recall by Proposition 3.1, R, (V') > R,(V'"), so that if ¥ C W can
be blown down to a hypersurface with isolated singularities, we have the results
discussed in §3.

Note. Just because y,_; ~ 0 in ¥ does not imply Tp—1 ~0in ¥,
eg,let V= {x3+y3+:3=0}in CP; with homogeneous coordinates [x, y,
z, w]. Vis the cone over the elliptic curve C C CP,. Let v be the normal bundle
of Cin CP,, and v * the projectification of v, i.e., replace each fibre C’ by CpP,
by adding a point at infinity. If C, is the curve we obtain at infinity in con-
structing » *, then by collapsing C,, to a point P_ we get V. If we blow up V at
P.,weget V'="V, UV, where Vy ~ v*and Vi, =CP,with VNV, =C,.
(In ¥y, C., = C — 3F, F being the fibre.) Also TP, V)= 7(C,, v*)and
H@C.,v*)=202 ®©Z; (Z3because C,, * C, = —3 in v*). But the
free generators of H,(r(C,,, »*)) do not bound in Vo =v*.

4.16 COROLLARY. R,, (V)=0andify,,_, = T(Yan—29-1) With
Y2n-2q-1~ 0 then [v,, ,, 1 € Hyp_2q-1((S, V) where S is the singular
locus.

PROOF. R,,_,(V) can have at most one cycle, 7(V) = 3(W — T(V)).

9302 =T(n_2q_1) A 0# [15,_sq_1] €H,,_5,_,((S', V),
but dimg 7(S’, V) = 2n — 2q — 1, hence if b2n_2q'_l(7(S', V))=1,b;, =ith
Betti number, then 7v,,_,,_, = k7(S’, V) for k # 0 and Ty(Van—2g-1) =
kT(S") = kT, (r(S", V))).
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If by, _24-1(7(S", ¥V))> 1 and S’ is a proper subvariety of S, then let
Vis. ..,V be the components of ¥ near S'. If Y2n-2q-1 misses one of the
components, say ¥V, then we are in the situation discussed in the proof of Cor-
ollary 2.8, ie., Yan—2q—1 NS CV -V, will be the cone over part of s'cC Vs
so that instead of taking the tube so that we get v,,_, q+1> We first take the
tube in the ¥, direction to get a v,, 5441 C V; - S, e, 7;n—2q+l €
Hypi2q4+10 (S, ). Ify,,_, q—1 intersects each component, then Yan—2q-1 =
ZE | k;7(S', V;) and k; # O for all i; hence T(Y2n—2¢-1) ~ 0. QED.

Note. 1f dimg § =1, we have thatif v, _,,,, ~0in V, theny,,, N M,
=p+1+2-2n=0,ie.,p=>2n - 3. But for p =2n — 3, we can have
Yan-3-2q—-1 SHyn_3_24_1(7(S’, V) for S" a proper subvariety of S, ie.. S’
= {My}. Eg, if n =3, this says we have a y; E Hy(W — V), v; = 7(y,) with
Y, C 7(P, V') where P is a singular point of S and 7(P, V') N S will be a real one-
dimensional submanifold such that y, « (7(P, V)N S)=m>0in 7P, V), a
real three-dimensional algebraic variety. By v, * (r(P, V) N S)=m >0, we
mean 7, intersects these circles transversely in isolated points. Further we can
also assume V is locally irreducible at P, i.e., 7(P, V') has its third Betti number
equal to one, since if V= U, ¥V, then 7, V) = Z;7(P, V))/Z7(P, V; N V)
with 7(P, V; N V;) C S, singular curve. But 7, having transverse intersection with
7(P, V) N S implies that v, C 7(P, ¥;) for some i. I do not know of an example
where this occurs. The obvious choices, z2 = x®y¢ with gc.d. (g, b, ¢) = 1
(iff V is locally irreducible at (0, 0, 0) = P) have as singular locus C, U C, if b,
¢ > 1. But in all these cases H,(r(P, V)) = 0. One shows this by mapping f:
D? x D* — V N B where B is the ball in C3 of radius oneby,if | =l.cm. (g, b, c),
fu, v) = @""%, v/¢, (uv)’®) which is onto if gcd (@, b, ¢) = 1. Then
set (u, v) ~ (p, Q) iff f(u, v) = f(p, q) and 7(P, V) = V N 3B = 3(D? x D?/~).

Now let us return to constructing the Gysin sequence for an arbitrary
variety of codimension g in W. Locally, V = U Vq.,i where Vqr" is an irreduc-
ible component of codim q' > q. Then let Vg = U; V', Which is a subvariety
of ¥V, of codimq — q. Then ¥ = Uq' Vg - Note that if y, C W — ¥ and
Yo =0 4qsthenc, NV =7, 504, SoweletZ, , . ,(V), be those
(p — 2q' + D-cycles of v, for q' = q over which the tube can be constructed in
W - V,ie., we take a (p — 2q" + 1)-cycle of V,r and (perhaps) plumb it together
with a (p — 2q + 1)-<cycle of V, to get a pcycle of W — V.

f7,9'€Z,_,441(V),, then we shall say that vy is equivalent to 7', de-
noted ¥ ~ 7', if y — v' = dc where ¢ = 2y Cpgq'ez A, sori,isa(p—
2q’ + 2)-chain of V, and we have 7(y) — 7(y") = —37(c) in W — V. Then
define

Hp-2q+l(V)A = (Zp-2q+ 1(V)A)/~ .
We call H, 5, ,(V), the tubular cycles.
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4.17 CorOLLARY. The following sequence is exact
I T i
= Hy (W)= Hy i (Vg = H, W= V) H (W) — ..

Proor. The exactness at HP(W — V) follows from Theorem 4.12 and the
others are exact by the same proof in Corollary 2.12. Q.E.D. for Corollary 4.17.

In Corollary 4.17, we do not say that if 1(7p+1) =0in Hp_qu(V), then
Yp+1 has a representative disjoint from V, i.e., we might have I(vp4,)#0in
Hp_2 a+ 1(V)a. Eg.,let W=Q,, the nonsingular quadratic in CP;, ie., W =
{x2+y?+22+w?=0}C [x y 2z w] =CP, and W is topologically equiva-
lent to §? x S2 where S? is the two sphere. Let H, be a generic family of hyper-
planesand V, = WN H,,ie., H,,t € CP, is a pencil of hyperplanes in CP; such
that all but two of the V, are nonsingular, in fact quadratic Riemann surfaces,
i.e., topologically a two-sphere, and two of them (because degree of W is 2), say
V, and V|, have the equator collapsed to a point, i.e., having a quadratic singular-
ity. Such a family always exists, see. e.g., Molsezon [18]. Let V = ¥, be the
hypersurface of W. We define a two cycle ¥ € H,(W) by taking a real line L in
the z-plane from ¢t =0tot=1and let y = Uze L € Where ¢, is the equator of
V,fort#0, 1 and ¢, = ¢, = pinch point (topologically v = 52).

Let § = U, S, where S, is the upper hemisphere of V,, t € L. If we
choose a, b as generators of H,(W) such that ¥V, =a + b, then 9S =7 — (@ - b).
We have (¢ — b) because if we start at ¥, with a, the upper sphere, then as we
move towards ¥, along L we twist toward the lower sphere b of V|, because W
is quadratic.

Therefore y ~ (@ — b)anda+a=0=b+banda*b=1=b"+a But
(@-b):(@+b)=0,ie.,v* Vy=0,and a — b has no representative disjoint
from ¥, because if it did, then it would have a representative disjoint from b,
but(@-b)b=-1. Also(@—-b)* (@-b)=-2,hencea - b+0.

In Corollary 4.17 in this case we have

0 — H,(W) -5 Hy(Vy)a — H,(W = V) — 0

where the injection on the left-hand side follows because @ and b generate H,(W)
and neither has a representative disjoint from V,. We choose as stratum M, | =
a — {pinch point}, M, , = b — {pinch point}, M, = {pinch point} and since a, b
~ % CP, in W the M, ; are strata and it is clear they satisfy Theorem 3.2.

Then a + (@ + b) = +1 implies a representative of a can be chosen so that
it intersects M, , in one point with +1 algebraic intersection. Then for PEM, ,,
this implies 7,(P) ~ 0.

Similarly Q € M, | implies 7,(Q) ~ 0. Thus H,;(W — V;,) = 0. Then
Hy(V)s = Z © Z where the generators are PEM, ,, Q € M, , because where
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we can join P to Q by a line ¢, in ¥, we cannot construct 7(c;) C W — ¥V, such
that 37(c,) = 7(P) — 7(Q). We also have I(y) = (1, =1) # 0 in Hy(V;)),,
although I(y) = 0 in Hy(V,). (See Proposition 4.18(a) below.) .

We also note that even if I is onto Hp_l(V), ie., Hp,,,l(W) — Hp__l(V)
— 0, this does not imply that 7 is the zero map. E.g., let C be the elliptic curve
{x3+y3+23=0}in CP,. Thenlet ¥ be the cone over Cin CP,, ie., V =
{x +y +z =0} in W= CP, with [x, y, z, w] as homogene?us coordinates.
Then V is ample in CP;, hence H, (V') = 0. Thus H4(CP;) — H, (V) — 0 but
if a;, i =1, 2, are the generators of H(C), then7(a) £ 0,i = 1, 2 in
H,(CP; — V) since H3(CP;) = 0. In fact, Hy(CP; - V)=Z ® Z.

Finally, just as we noted at the end of §2, these geometric results can be
obtained by looking at the Leray spectral sequence induced from the inclusion
map W-VCW.

Again in this spectral sequence we will have E?-? = HP(W, R9(V)) where
RA(V') is the sheaf obtained from the presheaf U — HI(U — U N V) for U an
open set. Then the stalk of R(V') at P, denoted by RY(V)p, is given by
proj lim HY(U — U N V') where U is a neighborhood of P in W and we take the
inverse limit over all such U. We note that a cofinal family of U can be chosen
such that 9U — U N V is a strong deformation retract of U — U N V. This
follows from Milnor [17, Lemma 5.9], where he actually shows that U = U N V
is the cone over 0U — dU N V.

Then EP9 = HP*(W - V).

If ¥ is a hypersurface, let f be a local defining equation of ¥ in U. Then
Milnor [17] proves that 9U — 9U N ¥V = E is a locally trivial fibre bundle over a
circle with the fibre F being diffeomorphic to f~1(c) N U for ¢ a sufficiently
small complex number. The fibration is given by z +— f(z)/1 f(z)|. We have the
Wang sequence of the fibration

— Hy(F) = Hy(F) = Hg(E) — Hy_ (F)—> + +~

where T is the map induced by the action of m,(S') = Z. (Note: Tis called
the Picard-Lefschetz transform by algebraic geometers) and I denotes the map in-
duced from the identity.

Thus to compute R*(V')p, we need only know the action of 7. This T has
been well studied. In case V is a Brieskorn variety at P, i.e., f(z PrevesZy)=
z‘:l Foeee 4 zf," for a; > 0, then Pham [21] has computed the action of T.
What he does is let w;: C” — C" be multiplying the ith coordinate by a primi-
tive a;th root of unity. Then w;: F— F (F=f"1(1)). If we let e =
{,,...,2,) € Flz are real and nonnegative} (e is homeomorphic to an
(n — 1)-cell) then L, (1 — w,)e =h is an (n — 1)-cycle in F and F is a free
group of rank II}L, (a; — 1) with a set of generators given by {wil RN wf{'hl
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0 < i; < a} where the product w;w; means composition of maps. Further-
more T can be chosen as action II;., w, where we have the relations wi‘ =
—(+w+ e+ T,

Another way to compute T is to resolve the singularities of ¥ to normal
crossings. V'=U V;, ie., when we resolve V we do not change W — V and
E CW - V, so that now V' is given by N1, z; = 0 where g; > 0, g; being the
mulhphcxty of ¥V, in W' and 2; a local defining equation of ¥;. Then F is given
by 2, zi =1and T: F — Fis given by II'L; w; where w,;: C* — C" is
multiplying the ith coordinate by a primitive a;th root of unity. Clemens [2]
has computed the minimal polynomial of T, which is I, (T = 1), and given a
formula to compute 7%, where ¢ = l.cm.(a,, . . ., an) if one knows H_(F).

Another way to compute E follows from Alexander duality, viz, E C §27—1
= 9U, so that

HS(E') QHS(Szn-l —§2n-1n V)
~Hyp_y 8" O V)= Hy (@B, V).

So if one knows 7(P, V) one is done. If P is an isolated singular point of ¥V, then
when one resolves singularities to V' = J ¥}, then 7(P, V) is diffeomorphic to
7(S, V,) where § is the singular locus of V, and ¥, is the proper transform of V,
ie,S= U,.>o V; N V,. In many instances this is very easy to compute. The
difficulty lies in computing the “multiplicity” of ¥; N V,, in V}, i.e., the Euler
class of the induced normal bundle. In the case when V is a surface, Orlik and
Wagreich [20] have computed 7(P, V) by this method if ¥ admits a C *-action.
(These include the Brieskorn varieties.) Wagreich [25] has computed 7(P, V) in
case V is what he calls an elliptic singularity.

Let us return to the case of a variety ¥ of codimension q in a complex
manifold W of dimension n. Then

Z, s=0foralP,ifn>2,
0, s>0,PEW-V,
R(V)p=\2, s=2q-1,PEV-S,
0, 0<s<2q-1,P€V,
0, s=>n+1,PESand Vis ahypersurface.
For n = 2, R%(V')p will equal the free group on the number of components of ¥’
at P. By Alexander duality, HS(E) =~ H,,_,_.(r(P, V)) and 7(P, V) is of dimen-
sion 2n — 2q — 1. If V is a hypersurface, Milnor [17] has shown that 7(P, V)
is (n — 3)-connected. He has also shown that F has the homotopy type of a fi-
nite CW-complex of real dimension n — 1.
Suppose V has only isolated singularities {P;} and n > 2. Then Rs(V)p, =
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H*=2a*1(z(P,, V)) by Alexander and Poincaré duality. Then R24~!(V)=~Z,,
i.e., the constant sheaf whose stalk over each point of ¥ is Z and whose stalk off
of V is zero, so that E§*® = HP(W), EZ-24~1 >~ HP(V) and E}** = 0 for p > 1
ands #0,2q - 1.

EJS =@ H®, R(V)p)~ @H 2 (@, V)

where the last isomorphism follows from Alexander-Poincare duality.

4.18 ProPOSITION. If V only has isolated singularities and is of codimension
q, then

(@) L = image {H,(W - V) — H,(W)};

(b) EP~24*L20~ s image (H,_5,41(V)a = H,_yq41(V)}, e, those
Yo—2q+1 Of Hy_54.41(V), which do not bound in V;

© EJP = ket {H, 5,41(V)g = Hy_504,(V)}

PrOOF. (a) ker d?*® = E"® = HP(W). The first nonzero term in the
spectral sequence to map onto E rp,o is

Ezpq—2q,2q—l =HP-29(y) — HP(W) = E;’f

and d;’q‘zq’z"" is adjoint to intersection H,(W) ER H,_,,(V) so that
coker dzp‘z"’zq‘l =ker I, ie., E,f(;?'_l = {v, EH,(W)lv, * V =0}

We know from the above examples that a cycle having a zero intersection
with ¥ does not guarantee that it has a representative disjoint from ¥, but this is
a first approximation.

The next nonzero term to map onto EP-0 is

d2P=1: EQP=t =@ HP2( (P, V) — EL:Y, CHP(W)
i

and this is also adjoint to the map H,(W) — {B; H, ,,c@, V) C
H,,_,,(V) given by intersection in V. The kemel of this intersecting map are
those p-cycles of W which have zero intersection with 7(P;, V'), which means
precisely that if vy, NV =17, _,, =0¢,_ 5441 forc, 5544 CV, then
Cp_2q+1 can be chosen to miss the P;; for if not, then 7,_,, is a cone over P;,
e, 0F 7, _5q €EH, (0@ V)
i 0.p-1 _ V= —

Thus we get image d)P~! = (G EH,W) T, * V=", 34 =0 2441

but Cp_24+1 cannot be pulled off some P;}, ie.,

E2’° = image {H,(W - V) — H,(W)}.

(b) Ep~2a+1,24-1 = gp-2a+1(y) — EP-24+2:24-2 yj]| be the zero
map until

qu—2q+l,2q—l =Hp—2q+l(V)_,Hp+l(w) - Ezpq-l-_ll,o
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which is adjoint to intersection, so

p-2q+1,2q—-1 _
ker.qu - {7p—2q+l er—2q+l(V)l 7p-—2q+l

F Y NViory,,, €H,, (W)}
There will not be terms which map onto EP~29+1:24-1 ypj|

ESp=1 = @HP-2((p, V) — EPT20 121 c gr-2at1(y)
i

which is adjoint to the intersection map. Thus

Ep—:q:;,:q—l =E£-—2q+l,2q-l
p—2q

= {Tp-2q+1 € Hp_ 20461V Yp_2q41 €Hp_3441(V)a}
since we can construct the tube over v,_,, ., if and only if v,_,,,, misses all
the P; if and only if 7, 5444 N 7.(P;, V) is zero in 7(P;, V).

(c) dY»P: E3? — E2P~1 will be the zero map until we reach
-2q+2,2q-1 ;
EP—%a7 2,241 je ,

Eovp =E20’p

p—2q+2 dotpz +2
= p-2q+1 p-‘a p-2q+2,2q-1
O H @@, V) L= pp-2at2,

~ Hp—2q+2(V)

which is adjoint to the intersection map /,, ,. Also

do:p
-2q+1 0, = g0,p —B*L, pp+1
G‘BHP @@ VDD EYP, 3 =EP HPT(W)
is adjoint to the intersection map with ¥, so that dg_’_”z q+2 3nd d;’ 1P, together

give those cycles Z; v,_j5q41,i € @,- Hp_2q+1(T(Pi, V)) such that
ZiT(Vp_2q+1,)# 0in W=V, ie, 2, v, 5441, € image I, , implies
2 Ypo2q41,i = Zi T V)N Yp_gq42 Tor Y _pq42 €Hp_5q4,(V) s0 that

in W — V while d)°P*1(Z;7,_5441,) = 0if and only if Z; 7(¥, _44,,) = 0.
Therefore

EyP, = EQP =ker{H, _,,41(V)a = Hy_5q41(V)}
because H, 50, (TP V) = H, 0, 1 (V) has zero image. Q.E.D.

In general, if ¥ does not have isolated singularities, we have that
Hyp_ 291G @ V)) =~ qu—l(V)p, == free group on the number of components
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V has at P;. Thus Ef*29~1 =~ HP(V') where the “=" over H means we count
the multiplicity of the number of components of ¥ at each point, i.e. HP(V) =
Z; HP(V;) where V; are the (local) irreducible components of V. Also R(V) = 0
for 0 <s <2q — 1. Also support R*(V) C S, singular locus of V fors>2q —1,
so that E5 =%~ H *(r(S', V) for some subvariety S’ of S.

4.19 CorOLLARY. Let V be an arbitrary subvariety of codimension q,
then:

(a) E5° = image (H,(W - V) — H,(W)};

(b) E2P—2q+ 1.2¢-1 = image {Hp—2q+ I(V)A-—-) Hp—2q+ l(V)};

(c)fors>2q -1,

EP=SS s ket{H,_y04,(V)a = Hy_y04,(V)).

Thus Theorem 4.12 is a study of (b) and (c) while Corollary 4.17 studies (c).

Furthermore, Corollary 4.17 gives us an intersection pairing on V, a variety
of dim q, i.e., there is a natural mapping H?(V) — H, a- p(V)A which is an
isomorphism, and also a group HP(V'), can be defined which corresponds to a
cohomology theory to the homology theory such that H,(V) — H 2a-P(y), is
also an isomorphism. This gives us an intersection pairing on V just as Poincaré
duality does for nonsingular V. Also HP(V)A can be shown to be an intrinsic
property of V, i.e., independent of the embedding of V into W, ambient manifold.
In fact, if V is any polyhedra embedded as a subcomplex of some C*-manifold
W, then H (V), (resp. H(V'),) can be constructed such that Corollary 4.17 is
true and we have the duality theorem. For details, see Gordon [6].

5. The residue operator. If V is a hypersurface of a complex manifold W, then
we have shown that we have an exact sequence in Corollaries 2.12 or 4.17 which re-
duces to the Thom-Gysin sequence in case V is nonsingular. We can dualize the se-
quence, i.e., take Hom, and since our coefficients are over a field C, we get the long
exact sequence in cohomology,

L% *
(3) -+ —HP(W) -l—>HP(W _ V)_&HP-I(V)AU_[K].)HP‘H(W)_.) ces
where HP~1(V), is by definition equal to Homg H,_ (N5, O =H,_,(V);.
The map J[V']* is essentially cup product with the cohomology class of V, i.e.,
V defines a homology class [V'] € H,, _,(W) and hence by Poincaré duality,
has a dual two-dimensional cohomology class [V']*.

The map R is the Poincare residue operator in case ¥ is nonsingular. We
know that if w € HP(W — V), then by de Rham’s theorem we can represent w
by a closed differential form which is at least C* in W — V. Furthermore the
representation is unique up to exact such forms.
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Leray [14] has shown that if V is nonsingular, then w has a representation
of the form 8 A X\ + n where 0 and 7 are smooth forms of W, i.e., they are C*
with no singularities. If j: ¥ — W is the inclusion map, then j*0 = 0| Vis a
closed form of ¥V and X has a pole of order one on V, i.e.,

5.1 DEFINITION. A differential form X has a pole of order k on V if
( fU)" * X is smooth in U, where U is any coordinate chart of W and fy; is a local
defining equation of ¥ in W.

In fact Leray shows that if {U} is a locally finite cover of W by coordinate
charts and {ey, } is a partition of unity subordinate to {U}, then X can be chosen
to have the form Z;; e, dfy/ fy; . Since the f; are analytic, this implies A is a
(1, 0) form and dAX is essentially the Poincaré dual of [V], i.e., if & is a funda-
mental (n — 1, n — 1)-form of ¥, then f,, @A d\> 0. Then Leray proves R(w)
=j*0/2m/—1.

Hence to analyze R in (3), we will first consider the case of normal crossings.

5.2 THEOREM (ROBIN). If V has normal crossings, then H*(W — V') can be
represented by differential forms having a pole of order one on V. In fact, if
{U} is a locally finite cover of W by coordinate charts, {e; }a partition of unity
subordinate to the cover {U} and fy; a local defining equation of V in U, then
a € H¥(W — V) has a representation w, a closed form, of the type w =
@ A Zyeydfyl fy) + nwhere 8 A eydfy and fy; + 1 are smooth.

PrOOF OF THEOREM 5.2. Robin [23] has shown that each class is represent-
ed by a form having a pole of order one, and Leray [14] has shown that if a
closed form w of degree p in W — V has a pole of order one on ¥V, then w has a
representation in U of the type

p-1 df; df; v
9, + q;l {;l;,iq}eil"'iq /\m AoeoA 7 TU
where the 0’s are smooth and f, = I, f; ;. But
& o
= G fo

hence the representation as stated in the theorem. Q.E.D for Theorem 5.2.
Note. The choice of 8 is not unique, e.g., if f(x, ¥) = xy defines Vin W =
C2 = (x, »), then H2(W — V) can be represented by dx/x A df/f as well as by
0, A df/f where 0, = (xdx — ydy/(xx +yy).
Note. Suppose we let
df; v df; v

¥ = 0. ceei A Aeer A < s
1 il-;i 17" fil,U fi v

q’
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using the notatlon of the proof of Theorem 5.2. Let Yp-q € H q(M )asie.,
we have "1 oo 7q Yo-q €H, (W V) We would like to say that the homology
class which has period one on 71 cee T 2 Yp-q and zero periods on the other
classes can be represented by a form whlch is locally of the type ¥, + 1 where

n is smooth, i.e., we do not need ¥, for r # q.

But consider, for example, ¥V =V, U V, and Yo—2 EHp_z(V, nv,).
Suppose 0, , is a closed form on V,, which represents the dual cohomology class
of 7, _, via integration. Then let 8, be a smooth form on W which vanishes off
T,,T,,V,, and equals 8, near V,,; and let f; be a local defining equation of
V;. Then we would like to say that 6}, A df,/f, A df,/f, should (modulo a
smooth form on W) represent the dual cohomology class of 7,7, Yp—2-

One can show that d (6, /A df,/f; A df,/f,) has no periods on W, but it
is not necessarily smooth, i.e., d61, is closed near ¥, ,, but d8},|V, is not zero,
hence d(){2 A df,/fy A\ df,/f, need not be smooth on V,. Hence, we might
need a correction term, 6, A df) /f,, to make it smooth on ¥, and another
correction term, 8, A df,/f,, to make it smooth on V,, where the 0, are smooth
forms.

However, we would have that R(6; A df;/f;) = 0. This is because in the
spectral sequence of the map j: W — ¥ C W, we showed that EP~1:! =
7. H l(M ) While E” 22 LELPY: A 2(M2)A But we are workmg over a
ﬁeld hence there are no relatxons among EP L1 and EB~%2 But if
R(6; Ndf;/f) # 0and 0; Adf,/f, is part of the dual cohomology class of
T172Yp—2, these would give nontrivial relations.

Hence, to analyze R in (3) when V has normal crossmgs we have that if
Yo-q €H, q(M )a and « is the dual homology class of 71 cee T aVp—q» then

R@=QUV=1" T [;..q) Vi N =220V, | €HP7U(H,),.

iysecig

Thus R is a mapping on differential forms of degree p to differential forms

of degree less than or equal to p — 1. If we represent w by
w=0'A Z eU—{g +1
fu

then R(w) = (2my/=1)8"| V where 8' is a closed (p — 1)-form on V with singu-
larities (in fact logarithm singularities) on the singular locus of V, i.e., R maps
closed p-forms with poles on ¥ to closed (p — 1)-forms with (perhaps) poles on
the singular locus of V.

Furthermore R commutes with d, i.e. R(dw) = dR(w), because if \ =
Zy ey dfy/fy then d\ is smooth, in fact d is a (1, 1) form which is the Poin-
car¢€ dual of ¥ in W. We also remark that this description of R is independent of
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the representation of w, i.e., if w = 8" A T, e, dfy/fy +n, then 8’|V =0"|V,
and if fl', is another defining equation, i.e., f{, = gyfy where g;; is nonvanishing
in U, then w =0’ A T ey, df,/f{; + n will have R(w) = 6’|V as well since
df{,/fu =dfy/fy + dgy/gy and gy is nonvanishing.

Let us state this explicitly.

5.3 COROLLARY. Let V have normal crossings and X = Z ey dfy/fy
and w € HP(W — V). Then in (3), R(w) = 01|V, a closed form on V — S with
(perhaps) a pole of order one on S, and \J[V']* is essentially the wedge product
with d\, a smooth form.

Note. We say essentially because we actually have

HP-Q(Mq)A M HP“(W)
! T Adp,
HP=9(W)

where
dfl,U /\' b Adfq'u

fiueeofu

where M(1, . . ., q) is given by ni"=l (f, y =0)in U. d)  will be a (q, 1)-form
and j* is the restriction map, i.e.,j: ]T!q cw.

We would like to say that if ¥ is any hypersurface and A = Zy e, dfy/fy
where the {U} are suitably chosen coordinate charts, then « € H*(W — V) has
a representative of the form w = 6 A A + 1 where fu*0AXNand fy * nare
smooth with R(«) = [6]V]. Unfortunately, proving it for the normal crossings
case does not suffice.

Suppose, then, we have given ¥ C W and we take a resolution (W', V', m)
where V' = 7~ 1(V), n: W' — W and V' has local normal crossings. Then if
U is a local coordinate chart in W with f;; a local defining equation of V and
7~} (U) = U’, then we set fyy © 7= fy and fyyr = K (f, )™ with @y > 1
and I, f; ;- is a local defining equation of V' in U’

Let A = Z, ey dy/fy for {U} a suitably chosen locally finite cover of W.
Thenn~}(U) =U' is a locally finite cover of W' and one can choose a refinement
{U"} of {U'} with fy»lyn y» =Ffy'ly'ay~ such that U" are coordinate charts
which satisfy the representation of w in Theorem 5.2. Then dfy»/fy» =
E, o df; y»/f;y» - But in the proof of Theorem 5.2, one can replace all of
the df; y»/f, y by & df; y~/f; y~ and the conclusions will still be valid, i.e.,
since- the @, are invariant of the coordinate chart representation, one has only
multiplied the representative by a nonzero constant. Hence one will have by The-

A, =ZeU
U
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orem 5.2 that « € H*(W' — V') has a representative w’' = 6' A X' + 1’ where
N' = Zyreyrdfy»/fyr. Butifly = {U"IU" Ca~'(U)}, then Uy 7~'(U")
= U’ and EIU ey fyn =eyfy = (ey ° M) (fy © m) so that a*A = A",

Hence (7*)~!w = (1*)~10' A X' + (#*)~ 9. If S denotes the singular
locus of ¥, and S’ = #~1(S), then 7| W' — §" is a bianalytic isomorphism so that
(*)~1(8") is a form on ¥ — S which is smooth as 6'IW’ — S’ is smooth and 8’
is closed near V' implies (n*)~ 16’ is closed near ¥ — S.

Hence, we have shown

5.4 PROPOSITION. If V is a hypersurface in W and « € H*(W — V), then
has a representative of the form 8 A X + n where X = Z; e, df,/fy. Moreover,
R(a) = [01 V'], which will be a closed form with (perhaps) singularities on S, the
singular locus of V.

However, we cannot say that f; (n*)"n' is smooth, i.e., if P € S, then
we can have P,, P; € W — § with P,, P{ — P but lim 1'(P,) # lim 7'(P}). Also,
we cannot say that fi; » (n*)~10" A A is smooth as (*)~ '’ may acquire singu-
larities, even if 6 is smooth, as in the example after Corollary 4.15 we have
7, # 0in V' hence 6’| V' is smooth, but 7, ~ 0 in ¥ so that (w*)~16'| ¥ will
have a singularity at the singular point of ¥. But in this example, f,(7*)~ 16’ A
A is smooth as A has a zero at the singular point of sufficiently high order to make
the form smooth.

However, we can say if ®?(U) denotes the closed, smooth p-forms in U,
§YU) are smooth forms in U, and d2(U) are exact ones, then

5.5 PROPOSITION. Let 0 € DP(W — V)and (W', V', ) a resolution of
(W, V') whose centers are nonsingular. Then if n*0 is smooth, either

(i) 0 — dn € PP (W) for some n € QP~Y(W - V) or

(i) & €dQW - V).

ProoF. By Proposition 3.1, since Ker i, = R,(V)=R,(V') =Ker iy
where i: V.C W, i': V' C W', we-have that (as coefficients are in C) 7*: Coker i*
=~ Coker(i')*, i.e., 7*: Ker R >Ker R’ where

' (i')* ' ' R, iy
HP(W')y =5 HP(W' - V') — HP=Y(V"),
m* T*
i* R
HP(W) — HP(W = V) —— HP=1(V),.

Hence 6 closed implies [0] € HP(W — V') and n*[§] being smooth implies
R'n*[6] = 0 which implies R[§] = 0, i.e., either 6 — dn € (W) or § €
dSYW - V). Q.E.D. for Proposition 5.5.
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5.6 LEMMA. d(fy * (7*)~'(n")) has no periods on W.

PROOF OF LEMMA 56. Let [7p+1] €H,, (W), then Yo+t1 NV =7%_,
with [7‘,_,] €H,_,(V),. Hence,

fvm d(fy (x*) @)= ff},f d(fy * (7*) '@

Tp+1~TeVp—-1

=1 - (7*)7'@)
= 21_1:% TeYp_1 fU ()
by Stokes’ theorem where T, 7, _, are all the fibres of length less than or equal
to eand 7, 7,_, are all the fibres of length equal to €.

By Proposition 3.1, "*Te‘yp-l = ‘re'y",_l for some 'y;,_l € Hp_l(V')A,
i.e., in the proof of that proposition, it was shown that w“(yp_l) €
Z, \(V)aifv,_y €EH,_y(V)s. Hence

- liIn . "‘ -1 ' —_ - lim s "* . ’ = 0

lmf, S @M@y =lm [ a(f)

since #*f;; = f+ f; and fy; « ' is smooth, while lim_, 7.7, _; isa (p — 1)
dimensional chain. Q.E.D. for Lemma 5.6.

5.7 ProposITION. If d(fy * (n*)~1(n")) is smooth, then a € H*(W - V)
has a representative of the form 6 A \ + n where f; « 1 is smooth.

PROOF OF PROPOSITION 5.7. If d(fy * (w*)~'(n')) is smooth, then by
Lemma 5.6 and de Rham’s theorem, we have a £ € Q(W) such that
d(fy » @*)~'(n")) =d&. Hence f, * (w*)~'(n") — ¢ is a closed form on W —
V such that 7*(fy « (@*)~!(n') - £) is smooth, so that by Proposition 5.5
either

fu+ @)@ -§—dp =Y EQW)
or
fu* @)™ '@)-¢=dp forpeQW - V).

Then let w = (n*)~ 1w’ —dp = (#*)~19' A A + 1 where 7 is now smooth.
If we set § = (7 *)~10’, then 0 is a smooth form on W — S with 8|V being
closed. Q.E.D. for Proposition 5.7.

5.8 COoNJECTURE. If V is a hypersurface in W, a complex manifold and
a € H¥(W — V), then a has a representative of the form w =8 A X\ + n where
f* n is smooth if f is a local defining equation of V. ThenR(a) = [0] V], a
closed form on V — § with perhaps singularities on S, the singular locus of V.

Given any variety V in a complex manifold W, we can asssociate to it a dif-
ferential form A, called its kernel, where A is locally summable on W, has singular
support in ¥ and such that dA = 1, + ¢ where ¥ is a smooth form on W and
1, is the current of integration over V,i.e., 1, [w] = [},_gw (cf. Poly [22] for
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the existence of A). For V a hypersurface, A = Z; e, d f;/ f; is the kernel
associated to V.

5.9 CoNJECTURE. If « € H*(W — V) where V is a variety of codim q and
A is the kernel of V, then « has a representative of the form w =0 A X+ 1
where 7 is smooth and R(a) = |V which will be a closed form on ¥V — S with
(perhaps) singularities on S, the singular locus of V.

Note. In general, Res(a) = R(«) is considered as a current with support in
V, but what Conjecture 5.11 says is that Res(a) can be represented by a closed
differential form on V but perhaps with singularities on the singular locus of V.

5.10 THEOREM (POLY). A necessary and sufficient condition that a €
HP(W — V) has a representative of the form w = 0 A\ \ + n where 0 is smooth
and 0|V is closed is that if a* is the dual homology class of « via integration,
then a* has a representative of the form Y = 'r('yp_2 q+ 1) where 0 #

[Vp-2q+1] €H,_504,(V).

Proo¥. This is proven in [22] where it is stated slightly differently.

In Gordon [6], it is shown that O\[V']: H2* P~} (V) =~H,_, . (V)
where n = dimg W and ([V] is cap product with the homology class carried by
V. Butif B0 [V] = [V,_2g41) €Hp_sgs1(V)a N Hy_pq4,(V), then 0 #
8*BE H2"~P(W, V), i.e., we have the commutative diagram

*
H2n—p(W, V) <£_H2n-—p—l(V)

l (nm

T
HW=-V) «—H, 3,:1(V),

where the left-hand isomorphism is Lefschetz duality. Hence Theorem 5.12 is

equivalent to:

@ € HP(W — V) has a representative of the form 8§ A X\ +  where 0, 7 are
smooth and A is kernel associated to V if and only if we let a*€ H 2an—pW, V)
be the Lefschetz dual to , then §,a* = [V'] N B for some § € HP~29+1(y)
and §*a* €H,, ,_,(V). This is the form of the theorem that Poly proves.
Q.E.D. for Theorem 5.10.

We note that a direct proof of Theorem 5.12 can be proved without use of
currents in the theory of Bloom-Herrara and Herrera-Liberman [12]. The basic
idea is that given Yp—2q+1> We can find a (p — 2q + 1)-form 6 on W which is
closed near ¥ such that 6 is dual to ¥ to ,_,, ., via integration. Then one
shows that d(8 A \) = d for £ € Q(W) by the fundamental identity

fm;,_zqm 6 A x=1<f7})_2q+l 81V for¥y_sqe1 EHp_2q+1(V)a
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and K is some constant depending only on q. Then § A X\ —i*£ — i*p € a for
some p € Q(W).

We note that Robin [23] has shown that any a € H*(W — V) can be
represented by a form with a pole of order k for some k, but has no bounds on k.
We can state

5.11 COROLLARY. Any class o« € H*(W — V') has a representative w such
that f%w is continuous, where f is a local defining equation.

PROOF. Choose a resolution with normal crossings (W', V', 7) such that
fom=f"locally. But we can choose w € a € H*(W — V) with f'n*w =
T*w smooth Hence for P € S, n~(P) is a compact set since 7 is proper, so that
T w| -1 P) %, Thus, limy_, p.oew-s £2(Q) w(Q) = 0, so that f2w is con-
tmuous Q.E.D. for Corollary 5.11. ‘

The question of semimeromorphic forms will be discussed in a subsequent paper.

I would like to conclude this paper by returning to Theorem 5.2 and con-
sider the case when w is a (p, 0)-form. This will tie up with the question asked
in §3.

5.12 CoROLLARY. If V has normal crossings and w is a (p, 0)-form with a
pole of order one and R(w) €EH ”‘q(ﬁ—{ )a» then there is a sufﬁciently small
neighborhood U, of M g1 in W such that forally, ,€H,_ q(Viln oo V,q),

Jrp-q R = el RO = Yo-anin K&

Note. In general for w a (p, 0)-form with a pole of order one, R(w) €
2";=1 H”’q(ﬂq)A, ie., R(w) = Z, R (w) and the corollary will be true for each
R, (w) and some U,.

Proor. It suffices to assume w is of the type

fl U Aee A dfq,U
0/\ Z eU fio fq ,
Since 7 is smooth and df; y, is a (l 0) form, this implies 9 isa (p - q, 0)-form.
Then let § = R(w) (21:\/"' 19§ \M,.

Let v, _q € Hy_q@(1 . - ., @) and suppose v, _q N Fl, ., # O for all
representatives of 'yp_ @ Then we have Yo—q N Va+1 =Yp_q-2 #0in
M1,...,q,q+ 1)

Also,

+1

f 0= e+ 0+ > f ey 0
- U nu-U
Tp-q UNMg 4 1=271p_q"U UM, # D Tp-q

where {U}.is a cover of W by coordinate charts.
To prove the corollary it suffices to show if UN M, ., = &, then
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f., _.nuv€ " 0 = 0. But this is so because in U, we have that

P-q
Yo-qgNU=0 x> x0x Czq X Yp_q-2)NU
(g—1)-times
since v, _, intersects V| transversely. But 0 is a (p — q, 0)-form, hence does
not have adz term which implies the integral must be zero. Q.E.D.

Note. The corollary does not say that if Yp-—q is the dual cycle to R(w) in
MQ,...,q) that Yp-q has a representative disjoint from M, .. We can have
ZP—q N Vq+1 =Yp-q-2* 0 inM(l, ...,qt+1)but Tp-q-2 ~(1in
M(1, ..., q). What this says is that the restriction of Rw to Uq N M, is exact.
However we have

5.13 COROLLARY. Let V have normal crossings and let w be a (p, 0)-form
with a pole of order one and R(w) € HP~9 (Il_fq)A. Ifin

]
HyoQ, ..., @) Hy_g oL, ... g+ 1) = Hy_g_,@H(L, ..., 0))

where 1 is intersection and i, is induced from the inclusion, we have (image I) N
Ker i, = 0, then R(w) € H”'q(Mq), Le., dual cycle to R(w) lies in H,_ ,(M,).

PrOOF. In the notation of Corollary 5.11, we have Yp-q—2 % 0in
H,_ q_z(ﬂ(l, ...,q *+1)). But from the commutative diagram

HP=9=2(M(1,...,q + 1)) = HP~I(M(L, . . ., q))

"*f AWV, 0"
HP=92(M(1, . . ., q))

this implies that 6 = 6" A Vg1l * where [Vg+1l * is the Poincaré dual cycle to
ViN<eNV, OV, inM(1,...,q). But [V 1" isa (1, I)form which
implies 6 cannot be a (p — g, 0)-form contradiction. Q.E.D.

Note. If V comes from a resolution, then the hypothesis that image I N
Ker i, = 0 may always be true.

We know that if ¥V is ample, then HP(W — V') is generated by meromorphic
(p, 0)-forms with poles of order kK <n = dim W. Griffiths [8, §8] has given an
algorithm for representing w = E:‘;ol w; where w; has a pole of order one and
w; is a (p — i, i)-form. Using the fact that w is meromorphic, one might be able
to generalize Corollary 5.12 without too restrictive topological conditions on V
which are satisfied if V' is a resolution.
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