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MUNTZ-SZASZ THEOREM WITH INTEGRAL COEFFICIENTS. II

BY
LE BARON O. FERGUSON(!) AND MANFRED VON GOLITSCHEK

ABSTRACT. The classical.Miintz-Sza'sz theorem concerns uniform ap-
proximation on [0, 1] by polynomials whose exponents are taken from a
sequence of real numbers. Under mild restrictions on the exponents or the inter-
val, the theorem remains valid when the coefficients of the polynomials are taken
from the integers.

Let C[a, b] be the continuous real valued functions defined on a closed
bounded interval [, b] and I Il the supremum norm on Cla, b] (lfll =
sup{lf(x)l: a <x < b}). Let A={)\} be a sequence of real numbers satisfying
0<A, <A, <... . AA-polynomial is a function of the form

) p(x)=a, + i a,.xh’
=1

where the a;’s are any real numbers. One version of the classical Mintz-Szd sz
theorem reads as follows (cf. Miintz [7]).

THEOREM 1. The A-polynomials are dense in C[0, 1] if and only if
RN =

It is also well known that the ordinary polynomials with integer coefficients,
i.e. integral polynomials, are dense in the subspace.

G, 10, 1] ={f € C[0, 1]: £(0) and f(1) are integers}

of C[0, 1]. This seems to be due originally to Kakeya [6]. For generalizations
see Ferguson [2], [3], and Cantor [1].

Thus it is interesting to ask if Theorem 1 remains true for integral A-poly-
nomials, i.e. functions of the form (1) where the a,’s are restricted to the ring
of rational integers {0, + 1, +2,...}. The answer is yes under certain restrictions
on the functions to be approximated, the interval [0, 1], or the sequence of
exponents A.

For @ > 0 the map x — ax induces an isometry between C[0, 1] and
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C[0, a] under which A-polynomials correspond to A-polynomials. Thus for a
given a > 0 and sequence A the A-polynomials are dense in C[0, 1] iff they are
dense in C[0, a].

From Theorem 1 we have that 2.2, A ! = o0 j5 a necessary condition for
the density of the A-polynomials, and since the integral A-polynomials are a
subset of these, the condition is also necessary for the density of the integral
A-polynomials. This leads to obvious converses for the following theorems.

Clearly, every integral A-polynomial takes on integral values at x = 0 and
x = 1. Since the integers form a closed subset of the reals, it is not possible to

approximate functions outside of the set Cy [0, 1] by integral A-polynomials.

THEOREM 2. Let A = {\;} be a sequence of integers satisfying 0 < A; <
L<L... . If E;.’f_.l)\i'l = oo, then the integral A-polynomials are dense in
C,[0,1].

The proof will follow from a series of lemmas.
LeEMMA 1. For any two positive integers q and s, q < s, there exists a

polynomial Qq s of the form

S A,
QQs(x)= Z cx’qxx !

i=q+1
such that

(03] A,= llxhq —Q,I<2exp (—- 2, i 7\;1)

i=q+1
and Q, (1) = 1, where the first equality in (2) serves to define A qs

Proor. From von Golitschek [S, Lemma 2] there exist real numbers

¢p q +1<i<s, such that
< fI )\1-7\q< ﬁ —27\q
exp
z’=q+l)‘i+)\q i=q+1 A

A s A,
x9- 3 cx'!
i=q+1 i
where the latter inequality follows from the inequality (applied factorwise)
(1 —x)/(1 +x)<e~?*, x >0, which is proved by elementary methods. Now
set

s AL s A
Q™= 23 cex'+ (1— > ci)" ‘0
i=q+1 i=q+1
LEMMA 2. Let r and s be positive integers, r <s. Suppose that IE‘}=,-d,-I <
1, r+1<j<s and ZL,,,d,= 0. Then setting p,(x) = Zi_,, d;x"/ we
have lp, I < (A, — N)/A,.
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ProoF. Since p, (1) = ,+ 1d; = 0 by hypothesis, we have

and forallx, 0<x <1,

s A A A A
b, IS ¥ G *l-x* )=x"-x°
k=r+1
@) Y

< S r

r

The second inequality in (3) can be established by elementary means. O
Suppose that ZZ | X; = c. In the following we will use implicitly the fact
that there are infinitely many ¢ such that 7\ < q%/4. Indeed, if not, then 7\‘ <
g5/ for all but finitely many g which contradlcts the assumption 2, A7 i’ oo,

LEmMA 3. Let A = {\;} satisfy the hypotheses of Theorem 2, 0 < e < 1/25,
K > 0and let N be an integer with N > 1 + 1/€® and \yy,; < (N + 1)°/%, There
exist integers r and s such that N <r <s and

L
@ A <4 A < (1 +H4en, iz_;v ATk
and
®) A, 2 At 4 whenever N<q <r.
i‘q+l

ProoF. Choose an integer M such that
M
©) M>N, N\, <M%, and 3 A7'>K+2.
i=N
Claim 1. There exists an integer 55, N <s, <M, satisfying the following
three conditions:

5/4
) )\‘o <s3le,
So
®) PNI=K+,
i=N
S
© A, Z AT+ 5 /s‘/4 >+/g whenever N<gq <s,.
i—q+l

ProoF OF CLAIM 1. Set

(10) Q= qlN<q<M7\ Z vyt
x—q+l
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If Q is empty take s, =M. Suppose Q is not empty. Define M* =min Q. Then
from (10)

M
(ll) Z Al <@<
Mg

=M*+1

1
/7L
Define 5, = max{g|lN < q <M*, A, <q°/*}. By hypothesis this set is not empty
and N <so < M* <M. Since A, >q°/* whenever 5, + 1 < q <M* we have

(12) 5 <f =4l

t-so+ 1

From (11) and (12) we have

1 5
7\' <—+—<-—<L
43 ..?:H 1/4 VT

This, together with (6), establishes (8). Inequality (7) follows from the definition
of 5. From the definition of M* and sy <M* it follows that A, ™ i=q+1 AT >
/g whenever N < q < 5o- Inequality (9) follows from this and (13) which com-
pletes the proof of Claim 1.

We next define, by induction, a finite sequence s,, s,,...,s, ., satis-
fying

(14) Sit1 + [es]._,_l] =s, or si—l, 0<j<k,

ands, ., SN<s,

Since 5; > N > 1 + 1/€? and € < 1/25 by hypothesis, the sequence {s; }""l
is strictly decreasmg It is also well defined since the left-hand side of (14), as
a function of s 410 decreases by at most 2 when s Sjt+1 is decreased by 1.

Claim 2. Let 1 <k<k. If

15) xsi>(1 +4€))‘S,-+;’ 0<j<k-1,
then
(16) x,j <sp%, 0<j<k
and
-1 <1 Sk
an HZ: At <3 )\—s;

PrOOF OF CLAIM 2. Inequality (16) holds for j = 0 by Claim 1. We pro-
ceed by induction. By the induction hypothesis and (15)
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)\‘i s}sﬂ
)\si+l<l+4€<1+4€.

Hence by (14)
(+e+ l/si+1)5/4
5/4 < 5/4
Sr T+ 4e Sir1 SSjky
where the second inequality can be verified by taking logarithms and noting that
x-D=2hx>x-1)/2for1 <x<2.
Inequality (17) is established as follows. Using (14) we see that

§
=t 1\ 5 .
-1 —em-! 1\
(18) >N <(si_l sl.))\s_ < et ol bt 1<j<k+ 1L
i=si+l ) i 8
Also from (14)

1 .
si< <l+e+r)sj+l, 0<j<k,

j+1
hence

1\k-j ,
(19) si<<l+e+};> S O0<j<k

Iterating on (15) gives
A, >+, 0<j<k
i k

This, together with (19) gives

i< l_w - i 0<i<k
A 1+4e ’ Is%
%
and by (18) we have

81 . 1\ [1+e+1s )\ 5,
> i< (e ) () 2 1<i<k

iZst1 i 1+ 4e Ask
Hernice
‘o Lo Si—1 .
2z Nt XN
I-—sk+ 1 =k i—s]+ 1
1 1+e+1/fs \¥-7
1 k k
<3 (4t <.___> S
i=2k< s") 1+ 4e )\’k
sk< l>k—1<l+e+llsk>1
<tle+ L)y (————%)
)\"k ) F=r 1+ 4e¢
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But 5, > N > 1/€* so

o k l+ete
1=§+1 ; 5\—(6+62)/( < 1 + 4e ))

2 Sk (1+4¢)
)\Sk el +e€ )e(3 )
s
K 1+ 4/25
)\s a+ 1/25) /25
Kk
1 Sk
< ——
2
Sk
which establishes (17), hence Claim 2.
We have, using (14),
Sk 2+es
-1 _ -1 K+1
i§\/)\‘ SA+s, =5 DAy < N

SQ+eNN=2IN+e< 2.

This, together with (8), shows that (17) does not hold with k = k. Thus, by
Claim 2, (15) does not hold for ¥ = k and we can define / to be the smallest
integer satisfying 0 </ <« and

A < (1+4eA
(20) s, ( L

Setting s =s; and r=s,, ,, we see that (4) and (5) are satisfied as follows.

If I = 0 then A, <s5/% by (7), A, < (1 + 4€)\, by (20), and by (8) we
have (4). Otherwise / =1 and (15) is valid for 0 <j<!-1. From (16), it
follows that \g, =\, <s7/* =55/%. Also, A, < (1 + 4e)\, follows from (20).
Finally, from (8) and (17) there follows

s So So 1
PIRVEED IS WD IED W >K+l-§7\—>K
i=N i=N i=s+1 5
which establishes (4).

To establish (5) we note first that from (14) and the fact that 7 > N > ¢~2
we have s — r > es/2. Hence, for N<q <,

S s -
> Nls Y gt Is
=q+1 =r+1 s s

From (9) and (17)
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S

Va <A, 2 NS st

z—q+l
o a1 2 -1
<xq( AT S +5s/7\s)
i=q+1 v1=s+lv

s s
<A Nl+sZ s
"(::%u R 7\,>

<>\(f“ oy (1442
q\Fqu 2 €

Thus, for N<qg <,

A, T A >\/'(1+”) > Vgel12

i=q+1
which establishes (5). 0O

[\ )

LEMMA 4. Let r and s be positive integers, r <s, f € Cy [0, 1], and
f(0) = 0. Define

= inf
E"(f) a:.lék

&) - ‘: a’xx" .
=1

Then there exist integers bi’ 1 <j<s, such that

@1 f&x) - Zb]x ”<2E(f)+ ZA + 7\

where A qs I8 defined in (2).

ProOF. By a standard compactness argument there exists a polynomial
P of degree s or less such that If - P I = E(f). Setting P, P P(l)x"l =
E‘ i=1850% Aj it is easy to see that

22) F-PI<2E() and PU)=3a,=0.
=1

We define coefficients b; and g by induction on q. By (21) we have (23)
and (24) below when g = 0:

23) ||f&) - be’- E a x’ <2E(f)+z:l|xi 0,0l =
j=q+1

and

4 So+ ¥ a, =0,



122 L. B. O. FERGUSON AND M. VON GOLITSCHEK

where the equality in (23) serves to define A4 @

To describe the induction step we assume (23) and (24) hold. Define
bg+1= [0g41,0) and a0y =05 + @4y 4 —qu)chH’s @+2<j<ys)
where ¢;  , , , are the coefficients of the polynomial @, , ; in Lemma 1. Then

qt+1 Al. s A,
- - J
) Z: bl.x _ a4 1%
=1 j=q+2

="f(x)—ib.xxf— i a x
& ia

j=q+1

A
" @s1,q " 0g41 Qg4 &) — X )

A
<A, +1Q ) =x a1,

and
q+1 s
;gb’+;-§za""+2 zb + %2( t@gi1q 04100418

S

=bgt1 %419 T @u1q” bq+l)i=§_201,q+l,s =0
since Q@ 4 (1) = 2_q+2 iq+1,s = 1. Thus (23) and (24) hold forg + 1 in
place of q for this definition of b, and q; ;. , (@ +2<j <9).

We stop the above induction at g =r and proceed differently to define

b,4ys-..,bs. Thus we have

@25 ||re) - be’— Za X <2E(f)+2llx’—Q )l=4,
=1 j=r+1 =1
and
(26) ibj+ fs‘_’ al.’=0.
=1 j=r+1

Define, recursively, forj=s,s-1,...,r +1, d,=a,, - [a,] and

- [z, ] if 3 d<0
en  d G-12j>r+1).

al.r—[al.r] -1 if Z d,>0
i=j+1

1

Then the d;’s satisfy the inequality in the hypotheses of Lemma 2. Also, from
(27),d;=a;, (mod 1) * + 1 <i<s)so Zf,, d; = ZL,,,4;, (mod 1). But,
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by (26), ZL, 14;, = 0 (mod 1) and since |Z}.,, d;| <1 we have Z_ . ,d,=0.
Define b; =a;, —d; (r + 1 <j <s)and p,(x) = 2};’ + ldi.xkl. The polynomial
P, satisfies the hypotheses of Lemma 2. Hence lip, I <A, —A,)/A,. Thus

s A,
) -jz;bix Y

A VIR A
fx) - Xb;x - a,x I +p, )
=1 j=r¥1

<4,+lp <4 +Q,-\). O

PrOOF OF THEOREM 2. Let f€ C,[0, 1]. Since it suffices to approximate
= £ay - f0X1 — x™1), we can assume that £(0) = 0 = f(1). Let 0 < e <
1/25. By theclassical Muntz theorem E,(f) — 0 as i — oo, Also ), <
i*/% for infinitely many i or else we would have Z2 A;"! <o, Thus there
exists an integer N such that Ey(f) < e, N > 4!(6/€)’, and Ay <N3/4. Choose
K > 0 such that exp(—2K) < e. By Lemma 3 there exist integers 7 and s, N <
r <s, such that (4) and (5) hold. Applying Lemma 4 to these integers r and s
we see that there exist integers b; (1 <j <) such that (21) holds. We estimate
the right-hand side of (21) as follows:

2E (f) < 2, (f) < 2,
Ay~ WA, <4e (using (4)),
N—-
Z
=

1

1 N-1 s
A S2Y exp (—27\q > )‘1-1> (using Lemma 1)
q=1 i=q+1

< 2Nz-lexp(- 2\ qK) (using (4))
q=1

N—-1 )
<23 €9<3e

q=1
r r s
EAq:<2E exp (—-27\q > )q‘) (using Lemma 1)
q=N q9=N =q+1

<2 zr: eeVals (using (5))

q=N
r 6\4 1
<2 4! (—) -
qZI:V € q2

6\4 1
4(2) 2
<4 4.<e)N<e.

Thus (21) gives
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<2+ @Bete)+4d4e=10c. O

f&x) - ibixkf
=1

Results similar to the above can be established more simply under certain
conditions as follows. A preliminary version of these results appeared in Ferg-
uson [4].

Let A be any subset of the positive real numbers.

THEOREM 3. If the set A has a limit point x, with 0 <x, < o then the
integral A-polynomials are dense in C,,[0, 1].

PrOOF. Let f€ C,[0, 1], € >0,and AE A. Since f{0) and /(1) are integers,
it suffices to approximate f — £(0) — (f(1) — f(0))x*, and we assume without
loss of generality that f(0) = f(1) = 0. Since x,, is a positive limit point of A,
it is easy to see that we can extract from A a sequence {);} satisfying

0)) A, x,,

(03] A, is monotone,

€) A, > 1, alli,

or

4 A, <1, alj

and

®) M, - NI <e alj k

Since x, > 0 we have T2 A/(1 + \}) = oo} hence (cf. Paley-Weiner [8, The-
orem XV]) there is a A-polynomial p, where p,(x) =a + E;;lblx"i with

©® If-pyl<e

and a constant. By (1), since f(0) = 0, la| < €, hence

™) Ip, -p,1<e

where p, =p, —a. It is easy to see that we can write p, in the form p, (x) =
o™+ E;’=2al-(x’\i —x"i—l). From (6), (7) and f(1) = 0, |c| < 2€, and we have
®) Ip, = p,ll <2

where p, =p, — cx™1. Define an integral A-polynomial [p,] by [p,]1(x) =
Zi,le) (™ = x™i-1) where [4;] denotes the greatest integer less than or equal
to g;. Then
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lp,®) - [p,] ()=

n A, A
> (aj x I —xi-1)
=2

< NN
Igz(a,)lx x =1

6))
n A A, n A A
<lej—xl_ll= E(x]—xi_l),
=2 =2
A A
=lx"-x1

where the second equality follows from the monotonicity of the numbers xMi
as i increases. This monotonicity in turn follows from the properties (2), (3)
and (4) of the sequence {\;} and well-known results concerning exponentiation.

An elementary analysis shows that rn —xM| < Ay = A, l/min{A, A}
hence by (9) and (5)

(10) Ip, - [p,] I<e.

From (6), (7), (8) and (10), If - [p,]11<Se. O

Another direction in which the above results can be extended is the fol-
lowing. Let C,[0, @], @ <1, denote the real valued continuous functions on
the interval [0, a] which take on integer values at 0, and - | the supremum
norm on C, [0, a] .

THEOREM 4. Let A be a subset of the positive real numbers with no
finite limit point and Z,c \\~ 1 =0, Then the integral A-polynomials are
dense in C,[0, &] forany a <1.

Proor. Let f€ Cy[0, @] and € > 0. Since A has no finite limit points,
there are only finitely many X’s in any bounded interval and we can assume
without loss of generality that o™ <, all A € A. Next extract from A a se-
quence {A;} which is monotone increasing and satisfies 2,)\1‘1 = oo, hence
A/ + )\,2) = oo, Proceeding as in the proof of Theorem 3 above we con-
struct a A-polynomial p, satisfying

an If - p, I < 2e.
Then
A A A
Ip, = [p, 11 < Ix Halxn-x1
A A
<2al+a”
< 3e.
This and (11) gives lIf - [p,]1 < Se by the triangle inequality. [J
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