
TRANSACTIONS of the
AMERICAN MATHEMATICAL SOCIETY
Volume 213,1975

EMBEDDINGS AND IMMERSIONS OF

MANIFOLDS IN EUCLIDEAN SPACE
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DAVID R. BAUSUM(')

ABSTRACT.  The problem of computing the number of embeddings or

immersions of a manifold in Euclidean space is treated from a different point

of view than is usually taken.  Also, a theorem dealing with the existence of an

embedding of Mm in ä ¡s given.

Introduction. This paper studies the existence and classification of differen-

tial immersions and embeddings of a differentiable manifold into Euclidean space

from a different point of view than is frequently taken. Most authors use Hirsch's

results [11] and study a Postnikov factorization of the map BO(k) —► BO and try

to lift the stable normal map of the manifold Mmv: M—+BO back to BO(k) for

various k. See Gitler's article [4] for references of this method.

There is another technique for obtaining embeddings and immersions which

is due to Haefliger and Hirsch and is described in §2. It involves studying a Postni-

kov factorization of the map F" —► P°° and (for embeddings) trying to lift a map

g:MxM- AfZ2 =M*^P°° back to P". See [3], [6], [23], and [24] for

authors who have used this approach. One difficulty with this method is in cal-

culating the cohomology of M* in terms of something known, namely the co-

homology of M.   Now, Haefliger proved in [7] that the inclusion map

/: M* —► S°° xz M x M induces an epimorphism for Z2-cohomology. In §7

I prove that if m is odd /* induces isomorphisms of the Zi^-terms of the Bock-

stein spectral sequences of the two spaces for r > 2.  §6 contains a calculation

of the Bockstein spectral sequence of 5°° xz  X x X for a finite C. W. complex

X.  Thus a good hold on H*(M*, Z) is obtained (when m is odd). Similar results

are obtained for the twisted integer cohomology of M* when m is even.

§3 describes a modified Postnikov factorization of the map p: P" —*■ P°°

obtained by killing the first four nonzero homotopy groups of the fiber of p. It

also describes the set of isotopy classes of differentiable embeddings ofMm in
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R2™-1 (Emb(Af, R2"1'1)) for / < 2 and the set of regular homotopy classes of

immersion of Mm in R2m-' {lmm{M, R2™-')) for /' < 2 in terms of the coho-

mology of M* and a space U*.

§4 reviews known results on the Z2-cohomology of M*, and §§5 and 8

describe the action of certain cohomology operations on H*{M*).

§9 contains a description of Imm(M, R2m~') {i < 2) for certain manifolds

M and a description of Emh{M, R2m) in terms of the cohomology of M.   The

embeddings and immersions of real projective space Pm in R2m~l (/ < 2) are

also determined.

The last section contains a theorem on the existence of an embedding of

Mm in R2m~2. For example, it shows that if wm_¡ = 0 for i < 4 and either

m = 0, 1  (4) and M is orientable or m = 2, 3  (4) and M is nonorientable then

there always exists such an embedding.

Note that M is always a compact, connected, differentiable manifold of

dimension m.

I. The purpose of this section is to establish notation that will be used in

the next few sections.  Let T he the category of topological spaces and continuous

functions. If B is a fixed space, there is a category TB which consists of "spaces

over 5". The objects of TB are maps in T, X —*■ B, and a morphism fromX—*B,

to Y —*■ B is just a commutative triangle

X— Y

V
B

in T.  A homotopy in TB is a family of maps gt : X-*- Y which makes the obvious

triangle commute for each t.  If g: X —♦ B and Y is an object in TB, [X, Y; g]

denotes the set of homotopy classes of maps in TB from X to Y.

A second category is 7(5) which consists of "spaces over and under B".

An object of T{B) consists of two maps, s: B — X and p: X —► B with ps = lB.

The morphisms and the notion of homotopy in 7(5) are the obvious ones.  If X

and Y are two objects in 7(5), {X, Y) denotes the set of homotopy classes of

maps in 7(5) from X to Y.  The important thing is that many of the techniques

of homotopy theory extend to the category 7(5). The results and definitions

needed in this paper are summarized below; the reader should refer to [12, §2]

or [17, Part 2] for the proofs of these results or for additional properties of the

category 7(5).

First there is the notion of fibration in 7(5). To an object X in 7(5) there

is associated a "path fibration" SlBX —► PBX —► X.   SlBX and PBX are spaces

in 7(5) (i.e. they come with maps s and p), and the maps £lBX —► PBX and

PBX —► X ate both maps in 7(5). The definition of PBX is given for the sake of
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completeness: PBX - {f. I-+ X\f(0) E s(B) and pf(t) - p/(0) VtEI}; recall

s: B —+ X and p: X —* B.   The reader should note two things about PBX. First,

PBX need not be contractible.  Second, if F is the fiber (in T) of the map p:

X —> B, then Ü.F is the fiber (in T) of the map PBX —► X.   An additional prop-

erty of this construction is that if /: X —> Y is a map in T{B), then there is a

fibration in T{B), EBf—► X —► Y.   Looping (in T(B)) the last sequence produces

a long sequence of fibrations m T(B), and if the function (Z, _> (Z is an object

in T(B)) is applied to it, a long exact sequence of groups and sets is obtained.

A final property of this path space construction that is needed is the fol-

lowing.  If X is a space (in T) then B x X becomes an object in T(B) by letting

B x X —► B be the projection map and B —> B x X be given by choosing a base

point in X.   In this case PB(B x X) = B x PX and SlB(B x X) = B x ÇÏX (PX

and QX are the usual path and loop spaces of X).

If X is an object in TB (or T(B)), H*(X; Z2) is a module not only over the

mod 2 Steenrod algebra A, but also over the ring A(B) = H*(B; Z2) O A (see

[16] for a discussion of O, the semitensor product). An element y ® a EA(B)

acts on x E H*(X: Z2)byy®a-x= g*(y) U a(x) (recall g: X —► B) and is

called a twisted primary cohomology operation. Relations in A(B) give rise to

twisted secondary operations; they are studied in [17].

What follows is a brief description of cohomology with local coefficients;

see [18, §3] or [15] for more details.  Suppose/: T—► Aut(ZZ) is a homomor-

phism of a group T into the automorphism group of an abelian group H. From

the principal T-bundle T —* E(T, 1) —* K(T, 1), construct the space K(H, n; f) =

EÇT, 1) xfK(H, n). There is a fibration K(H, ri) -^-* K(H, n;f) -2-* K(F, 1),

which has a natural section s, and if g: X —► K{T,f 1) is a map, the set

[X, K(H, n;f);g] turns out to be isomorphic to the n-dimensional local coho-

mology of X with coefficients{Hx} determined by nx(X) —► T —► Aut(ZZ) as de-

fined by Steenrod.  This cohomology group is written H"(X;Hg*(f)). The

"fundamental class" of K(H, n;f) is constructed in [18, p. 4]. It is the (unique)

class e in H"(K(H, n;f);Hn*(f)) with j*(e) the fundamental class in

H"(K(H, n);H) and s*(e') = 0 (s: K(T, l)-*K(H, «;/)). Note that if /acts

trivially on H, then K(H, n; f) - K(T, 1) x K{H, n) and [X, K(H, n; /); g] »

[X, K(H, n)] ~ H"(X; H), the usual cohomology group of X, as it should be.

The case of interest here is T = Z2, H = Z, and /: Z2 —► Aut(Z) an isomorphism,

in which case H"(X; Zg*(f)) will be abbreviated to H"(X; Zg) (g: X~+K{Z2,1)).

In this case the twisted (or local) fundamental class e E H"(K(Z, n; /); Zu)

(n: K(Z, n;f) —► K(Z2, 1)) is a class of infinite order which restricts to the

fundamental class of H"(K(Z, n); Z).

2.  If M is a manifold, let A = {(x, x)\x EM} be the diagonal, and set

M* = M x M - A/Z2. There is a Z2-covering Z2—>M x M- A—* M* which
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has a classifying map g: M* —* P°°. The following theorem is a consequence of

work of Haefliger [8].

Theorem 1. Let 2« > 3(m + 1).

(a) There exists an embedding of Mm in R" if and only if there exists a

lift of g: M* — P°° toPn~l.

(b) // there is one embedding ofM in Rn, then Emh{M,R") s [M*,P"-u,g].

A similar result is true for immersions.  First, let U C M x M he a Z2-equi-

variant tubular neighborhood of the diagonal A. Set U* = U- A/Z2. Note that

U* c M* and that the classifying map of the Z2-covering Z2 —► U - A —► U*

is just the composite U* —+ M* —*■ P°°. That composite is also called g. The

following theorem is a consequence of work of Haefliger and Hirsch [9].

Theorem 2. Let 2« > 3(m + 1).

(a) There exists an immersion of M in R" if and only if there exists a

lift ofg: U*-+P°° toP"-1.

(b) If there is one immersion of Min R", then lmm{M, R") = [U*,Pn~l; g\.

It should be mentioned that U* has the same homotopy type as the total

space of the projective bundle with fiber 5m_1 associated to the tangent bundle

of M

3. The first step in applying the two theorems of the previous section is

to compute the first few terms in a modified Postnikov factorization of the map

p: Pn —►5°°. Thomas [21] describes the procedure if the map p is simple, and

McClendon [18] extends the construction to the nonsimple case, i.e. when there

is a nontrivial action of tTj of the base on the fiber. Since the fiber of p is the

«-sphere, and the action of irx{P°°) = Z2 on 5" is the antipodal map, p will be

simple if n is odd, and nonsimple if « is even. In fact in the n even case the

only place (in the range of the factorization considered) that the nonsimple ac-

tion plays a role is at the first stage. That step is considered in some detail, and

the results in the other cases will be given without proof.

So let « be even, « > 8, and /: Z2 —► Aut(Z) be an isomorphism. Then

the first space Ex in the factorization of P" — P°° is obtained by "killing" the

transgression of a generator (a„) of H"{S"; Z). One would like to say that

r{an) EHn+1{P°°; Zg), use it to pull back the path fibration over K{Z, n + l;f),

and thus obtain Ex —*-P°°.   The problem is there are two fibrations over

K{Z, « + 1;/) which could be pulled back. The relationship between them needs

to be emphasized. The first, K{Z, n; f) — PK{Z, « + 1; /) -^* K{Z, n + l;f)

consists of maps and spaces over 5°° and is the path fibration in the category

T{P°°) over K{Z, « + 1;/) {P = Ppoo and üp„K{Z, « + l;f) = K{Z, «;/)). The

second, *: K{Z, n) — PK{Z, « + !,/) -— K{Z, n + 1; /), is obtained by making
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7T into a fibration in the category T and looking at the fiber. In fact the second

classifies fibrations (in T) with fiber K(Z, n) which have a nontrivial action of 7Tj

of the base on the fiber (see [19, Theorem 2.2]). Thus it should be used to

"kill" r(an). The question then becomes what is the total space (E') over P" ob-

tained by pulling * back by the composite P" -£+ Z>~ -^^ K(Z, n + 1;/)?

Note that r(an)p is not null homotopic (it induces an isomorphism of fundamental

groups); however, it does represent an element in Hn+1(P";Zp) (which is the

zero group). Thus r(an)p is homotopic (in Tp*>) to the "constant map" sp (s:

P°° —► K(Z, n + 1;/) is the canonical section), and so E ' has the same homotopy

type as the space E" obtained by pulling * back by sp.  But an inspection of the

definition of E " shows that it is just P" x     K{Z, n;f) (the fiber product of

P" —► P°° with K{Z, n;f) —► P°°). Thus the following diagrams (whose columns

are fibrations in T) are obtained.

K{Z, n) =— K{Z, n) — K(Z, n) Fx Fx

P" xpoo K(Z, n;f)-^Ex -* PK(Z, n + 1;/)        S"-► P"

•U           p           *    T(an) * i       j     i
P"-► Z>"-► K(Z, n + 1; /)      K(Z, n) -¿-+EX

Since the first few homotopy groups of Fx are 2-primary, the Z2-cohomology of

Ex must be computed through a certain range. Now both the fibrations px and

p\ are simple for Z2-cohomology in dimensions < 2n + 1, so Thomas' paper [21]

is applicable.  In particular it is easy to see that the hypotheses of his Property 5

(pp. 15 and 16) are satisfied, so there is an exact sequence (Z2-coefficients every-

where until further notice) for n < t < 2n:

r*
(* 1) 0 -► H\EX ) -U H\P" xp„ K(Z, n\f))JL* Ht+1 (Z>~).

One way to get the Z2-cohomology of P" x _ K(Z, n;f) is to compute

the Z2-cohomology of K(Z, n;f) and then study the natural map P" x _

K(Z, n;f)—*P°° xpM K{Z, n;f). The Serre spectral sequence of the fibration

K(Z, n) —► K(Z, n;f)-+P°° (with Z2-coefficients) has

EP.o =HP(P~;IP(K(Z, n);Z2)l*(<?))

where <f> is the irx{P°°) action on H*{K{Z, n); Z2). But that action is trivial since

it fixes the Z2 fundamental class in (H"(K(Z, n); Z2) = Z2) and thus must fix

Sq^ and all products. Also, /„ = j*(en) (en E H"(K(Z, n; f); Z2) is the reduc-

tion of e' from §1) so r(/„) = 0. Thus the above spectral sequence collapses and

E2 = E^. This observation is the main fact needed to write down the following

basis (valid for any n > 7) of Hl(K(Z, n;f), Z2) in dimensions i < n + 6 (note
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that a'' = 7r*(M') where tt: K{Z, «;/) — 5°°, and u EHl{P°°, Z2) is a generator,

and that en is abbreviated to just e):

dimension relations

<«-l        a'

n e, a"

« + 1       ae, a" + 1 Sqle = ae

« + 2       Sq2e, a2e, an+2

« + 3       Sq3<?, aSq2e, a3e, a" + 3    Sq2,1e = aSq2e + a3

« + 4       Sq4e, aSq3e, a2Sq2e,       Sq3,1e = a2Sq2e + aSq3<?

a\, a"+4

« + 5       Sqs e, aSq4e, a2 Sq3e,       Sq4> « e = aSq4e + a2 Sq3e

a3Sq2e, ase, a" + s

« + 6       Sq6e, Sq4'2e, aSq5e,        Sqs>1e = aSq5e + a2Sq4<?

a2Sq4e, a3Sq3e, a6e,

a4Sq2e, an+6

The other fact needed to get this basis is that if Sqj is the composite of

the boundary (in cohomology) of the coefficient sequence 0 —► Zf —► Z¡ —*> Z2

—► 0 with reduction mod 2, then 0 = Sqa{e) — Sa}e + ae.  The first equality

follows because e is the reduction of the class e' E ^{/[{Z, « ; /); Zir*f); the last

equality is a consequence of [5] and gives the first relation in the table. It easily

follows that H*{P" xpao K{Z, n; /)) == H*{K{Z, n;f))l{ak\k > «} in dimensions

<« + 6.

Thomas shows that r is a map of A{P°°) modules, so T(7r*(«')Sq7c) =

H'Sq'Vfe). Since r{e) = u"+l, it is easy to compute r on the above set of

elements and thus obtain H'{EX ) = ker t if i < n + 6.

At this point it is straightforward to "kill" the next three nonzero homotopy

groups of 5". The Z8 which occurs in dimension « + 3 can be killed in three

steps by using the method described by Thomas in [21]. Thus if X is a C. W.

complex and g: X—*P°°, the resulting factorization can in fact be used to study

the existence of a lift of g to P" provided dim X < n + 5 (this uses 7TJ1+4(5") =

7rn+s(5") = 0). The following diagram illustrates the factorization that is ob-

tained. The /V-invariants (g¡j¡, i = 1, 2, 3) may be read off the table which oc-

curs later in this section and so are not included here.

The second step in applying the two theorems of §2 is to change Diagram

1, which is a factorization in the category 7 of the map p: P" —*P°°, into
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Diagram 2, which is a factorization in the category 7(5") of the map p: {P")2

—*■ Pn  {{Pn)2 is obtained by pulling p back along p).
pn

\P°° x K{Z, « + 1),   n odd,
Í2C,->E. -   — C4 C0 = {

3              ,4              4 0     lKrZ,n + l;f),       «even,

/a £3

2              ,3               3 Cj = K{Z2, n + 2)x K{Z2, « + 4),

oC     7'a    , r-     g2   ) c
2 C2 - tf(Z2, « + 3) x £(Z2, « + 4),

h     i    íi
0 j1 '      C3 = Ä-(Z2, n + 4) x £(Z3, « + 4; /').

Diagram 1

iP")2

Pn x nC3-► 5(4)

h     *     si
P" x nC2-► 5(3)-> 5" x C3

^2 * 82
P" x S2C, -»5(2)->Pn x C2

p" xpOOnc0—l—+ 5" xq

I
5"

Diagram 2

Note that the spaces Cf in Diagram 2 are the same as the ones in Diagram 1 and

that

J5~ x £(Z, «),   « odd,
¡.¿La    —    ̂

(K{Z,n;f),        «even.

This is a formal procedure, the details of which may be found in [17] in case p

is simple and in [18] in the nonsimple case. The idea behind this transformation

is the following.
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Let g: X —> P°°, and G: X —► P" be a lift of £ so that /= pG.  Then it is

easy to see that there is a set equivalence [X, P";g] a [X, (P")2; G]. The first

set uses the map p: P" —► P°° while the second uses p: (P")2 —* P". Now p

has a canonical section s given by six) = (x, x) for jc G P", so (Pn)2 is in fact an

object of the category T(P"). Also, there is a natural way to make X V P (V is

the wedge) into an object of 7/(Pn), and it is easy to check that (X VP", (P")2>

as [X, (P")2; G]. Thus if the functor <X\fP", _> is applied to Diagram 2, a

collection of exact sequences (which is actually part of an exact couple) is ob-

tained and may be used to describe (X VP", (P")2> provided that dim X<n

+ 5. The one thing needed for this is the description of the maps g"kjk. That is

provided by the following table which is a consequence of the factorization of

p: P" —► P°° described above. Note that the description depends on the con-

gruence class of n mod 8.

Theorem 3.

g\is(l® Sq2i„ + x2 ® /„, 1 ® Sq4/„) n s 1 iß)

(1 ® Sq2/„, 1 ® Sq4/„ + x4 ® i„) n s 3

(1 ® Sq2/„ 4- x2 ® /„, 1 ® Sq4/„ + x2 ® Sq2/„) n s 5

(l®Sq2í„,l®Sq4/„) n = 7

(l®Sq2/„,l®Sq4/„) n = 0

(1 ® Sq2/„ + x2 ® z„, 1 ® Sq4/„) n s 2

(1 ® Sq2/„, 1 ® Sq4f„ + je4 ® i„) n s 4

(1 ® Sq2/„ + X2 ® l„, 1 ® Sq4i„ + X4 ® /„) n s 6

¿T2/2 &(1 ®Sq2/„+1 +X2 ®in + x, 1 ®Sq2-1/n + 1 + 1 ®Sq1in+3)n = l (8)

(1 ®Sq2/„+1,1 ®Sq2'1/„+1 + 1 »Sq^ + a) »*3

U®Sq2in+x+x2®in+x,l®Sq2'lin + x n = S

+ l®Sq1in + 3+x2®Sqlin+x)

(1 ®Sq2/„+1,1 ®Sq2-1/„ + 1 + 1 ®Sq1/n+3) n = 7

{l®Sq2in+x+x®Sqlin + x+x2®in + x,l®Sq2>lin+i      n = 0

+ x2®Sq1/n + 1 + l®Sq1/„ + 3+*®/„ + ̂

(1 ®Sq2/„ + 1 + x®Sqlin + x,l ®Sq*lin + x + 1 ®Sqlin + 3      n = 2

+ X2®Sq1/„ + 1+*3®/„+1 +*®iB + 3)

(1 ®Sq2/„+1 +x®Sqlin + x +x2 ®in+x, 1 ®Sq2>lin+x n=4

+ 1 ®Sq1/„ + 3 +x2 ®Sqlin+x +x®in + 3)

(l®Sq\+x+x®Sq1in+x,l®Sq2-lin+x n = 6

+ x3®in + x + l®Sq1in + 3+x®in + 3+x2®Sqiin+l)
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g'3j;is{l®Sq2in+2 + l®Sqiin+3+x2®in+2,0) n = l (8)

(l®Sq2fn+2 + l®Sq1/„+3,0) n = 3

(1 ®Sq2.„ + 2 + 1 eSq1/,^ +x2 ®/n + 2,0) ««5

(lÄSqVa + ^Sq^+a.O) « = 7

(1 ®Sq2i„+2 + 1 ®Sq1/„ + 3 +x®in + 3 +x2 ®/„+2,0) « = 0

(1 ®Sq2/„ + 2 + 1 ®Sqlin+3 +x®/„ + 3,0) « = 2

(1 ®Sq2i„+2 + x2 ®/„+2 + 1 ®Sq1/ll+3 +JC®/„+3,0) «*4

(l®Sq2i„+2 + l®Sq1in+3-t-x®/n+3,0) « = 6

The final description of the set [X, P";g] is only given when X is either M*

or U*. These are the cases of interest in the embedding and immersion problems,

and the description for them is less involved than in the general case. Actually,

there are six cases of interest here; they correspond to the number of embeddings

(immersions) of Mm inR2m~l 0' = 0, 1, 2).  First the results for embeddings

are given. Then the changes needed for immersions are listed.

Proposition 4. Let M be a manifold of dimension m > 8. Assume there

is an embedding of M in R2m~2.  Then Emb(M, 52m-2) has an abelian group

structure on it, and there exist groups Fx and F2 with

(1) 0CF2CFxCFo = Etnh{M, 52m~2), and

{2)F2 - coker ^,FX/F2 = coker ,42m-4, FjFx = ketA2m~3.

The definition of the operations A' and \jj are given in the proof.

Proof. Define AL. H'{M*, Z) — Hi+2{M*, Z2) by

au ^   \Sc?y> m odd>
¿(7)H_ 2    ,   m, .2(Sq^-y + g*{uy • y,   m even.

There is a relation A2m~2A2m~4 = 0 (note A1 is defined on integral classes) and

the operation i// is the secondary operation corresponding to that relation. Thus

\p: ker¿2m-4 CH2m~*{M*,Z) — H2m~x{M*,Z2).

The reader should now either prove the proposition by applying the functor

(M* V p2m-3, _) to Diagram 2 with « = 2m - 3 as described above or refer to

[17, Theorem 3, p. 210]. In either case the fact that the cohomology of M*

vanishes in dimensions greater than 2m- I must be used.

The case of embedding M in R2m~l is covered by the next proposition.

It may be proved the same way Proposition 4 is, and so the proof is omitted.

Proposition 5. Let M be a manifold of dimension m > 6. Assume there

exists an embedding of M in R2m~x {this is always the case except for certain

nonorientable manifolds of dimension 2k). Then Emb(M, 52m_1) has an abelian

group structure on it and there exists a group Gx with
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(1) 0 C Gx C G0 = Emb(M, R2m~1),

(2) Gx at cokerA21"-3, and G0/Gx « H2r"-2{M*;Zg).

Note.  The operation A2m~3 which occurs in Proposition 5 is defined as

follows:
A2m-3:H2m-3(M*;Zg)^H2m-1(M*;Z2),

¡Sq27, m odd,

Sq27 + g*(u)2 ' y,   m even.

i2m-3
(7) =

The case of embedding M in R2m is covered by

Proposition 6. Let M be a manifold of dimension m > 4. Then

Emb(M, R2m) = H2m-l(M*; Z).

Each of the above propositions is valid for the study of immersions once

the following two changes are made. First, replace every occurrence of M* by

U*; second, in place of "embedding" read "immersion".

Finally, observe that the inclusion mapZ?" —>R"+1 induces a map

0: Emb(Afm, R") —> Emb(Mm, R"+1) and a similar map for immersions. For

n = 2m-i (i = 1,2) the map 9 preserves the filiations defined on each set in

the above propositions, and on the quotients of the nitrations is just multiplica-

tion by g*(û), where u E Hl(P°°, Zg) is the generator of the one dimensional

twisted integer cohomology of P°°.  This fact is not exploited in the remainder

of this paper and so is not proved.

4. This section contains facts and notation used in the remainder of this

paper. All cohomology groups are taken with Z2-coefficients unless other coef-

ficients are indicated. The first theorem concerns the Z2 -cohomology of M* and

is due to Haefliger [7] ; an improvement of it is due to Yo and appeared in [26].

Both papers deal with the following commutative diagram due to Haefliger.

H'(M) >H,+m(M xM)

0—>ZZ/(P00 xM)

i+m
(S°° xz MxM)-

>ZZ'+m(M*)

i+m (P~ x M)
/S ■+Hi+m(U*)

In the diagram the rows are exact, and the maps r*, rj, i*, and /* come from the

following diagram whose columns are fiber bundles.
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M-=->MxM

K   ■    1'
P°° xM = S°° x7  M-1—*5°° x7 MxM+-!—S°° xz MxM-A=M*¿2 2 2

! 1
f -5°°

Haefliger shows an element aEH*{S°° xz  M x M) is in the kernel of /'* = image

of 0 if and only if there is an element ß E H*~m{P°° x M) with i*{a) = <t>0{ß)

and r*{ot) = tyr*.{ß).

Steenrod has studied the cohomology of 5" xz  M x M and the maps i*

and r*. His result is the following:

(1) H*{S°° xZ2 MxM)^H*{Z2; H*{M x M)) a H*{P°°) ®D®N,

where D = {x2 = x ® x\x EH*{M)} and A^ = {x ® y + y ® x\x, y EH*{M)}

are subsets of H*{M x M).

(2) i* is a map of/ir*(500)-modules and i*\N = 0.

(3) If x E Hq{M), then i*(l ® x2) = S/=0",_/' ® Sq'x (where u G ̂ (5°°)

is the generator).

(4) r* is the natural projection H*{Z2 ; H*{M x M)) — //°(Z2 ; //*(M x AT))

= D®N.

An easy consequence of 3 is that the map /* restricted to H*{P°°) ® D is

a monomorphism.

The map r*. is the obvious projection, and Haefliger gave the following de-

scription of the maps i// and <p0. Let w = 1 + wx + w2 + • • • be the total

Steifel-Whitney class of M (unless stated otherwise w¡ always refers to the tangent

bundle of M).   Then <t>0 is a map of .fy*(5~)-modules, and if x E ^{M),

(p0{l ® x)= [u*® w x]q+m = Z^-« um-> ®Wj- x,md t{x) = {x® l)> 82

where 62 is the Poincaré-dual of M in M x M (i.e. S2 = P.D. A#([M]), where P.D.:

Hm{M x M) —■ Hm{M x 71/) is the Poincaré duality isomorphism, [M] E Hm{M)

is a generator, and A: M — Af x Af). Thus each of the maps in Haefliger's

theorem is described with the exception of 0.

While the theorem allows the computation of H*{M*) in theory, it is quickly

seen that it is hard to obtain specific results even for spaces with nice cohomology

like projective space. A more complete description of the image of <p is needed;

it is provided in [26]. In order to describe Yo's result, certain operations intro-

duced in [25] must be described.

Proposition 7   [25, p. 1481]. If M is a manifold, there exist operations

Q': Hq{M) — Hq+i{M) {i > 0) with the following properties:

(1) IfxE Hq{M), then Ql{x) = 0 for i > m - q/2.

(2) Q° = identity.
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(3) For anyzE H*(M) and x E H*(M), (Sq'x, z) = ix • Q1 PD. z, [M] >

((, > is the Kronecker pairing, and P.D.  and [M] are as above.)

The Q1 operations are given further meaning by the indentities in the next

proposition. Let Sq = 1 + Sq1 + Sq2^- • • • ardß = 1 + ß1 + ß2 + • • • ;

then it is possible to define operators Sq = 1 + Sq1 + Sq2 + • • • and ß = 1 +

ß1 + ß2 + • • • by the identities Sq Sq = Sq Sq = 1 and ßß = ßß = 1. Sim-

ilarly if v = 1 + vx + v2 + • • • is the total Wu class (of the tangent bundle of

M) and w the total Steifel-Whitney class, there exist classes v= 1 + vx + v2 + • • •

and w = 1 + ivj + w2 + • • • defined by w = w = 1 and ww = ww = I. Re-

call that Wu's formula says w = Sq u or u = Sq w.

Proposition 8 [25, §4.3]. LetxEH*(M); then

Q(x) = Ikix) • v   or   Q*{x) = ¿ sV(x) ■ vs_f,
7=0

Q{x) = Sq(x) • w,      SqQ{x) - x • w,      QSq(x) = x • v,

SqQ(x) = x-v,      QSq(x) « X • W,      Q{x-y) = Sq(x) • Q{y).

For example the first identity shows that the first few ß' are the following:

ß1^) = SqJ(x) + jc • wx    since vx =wx,

Q2{x) m Sq20) + wx • SqHjc) + x - w2

since Sq2 = Sq2 and v2 = w2 + w\ = w2.

Yo's improvement of Haefliger's theorem can now be described. There ex-

ist maps £: H^iS" xZi MxM)-* H«(S°° xz^ M x M) and \: H«(P°° x M)

-* Hq(P°° x M) defined by

,       (2^-,/2V-2/®(ß^)2,       a>0,

W=l,        ï(u°®x2)= J  ' '"
(1 ® xl, a = 0,

and

\(if ®x)=      Z       "a~'W ® ôW^ = Z u"~k ®wk-x
i=0,...,a k—Q

/=0.a-1

with two properties:

(1) each map is an isomorphism; in fact an inverse for £ is given by

rMZV=l    and    %-l(ua ® x2)

and one for % is given by

\^*TqVA ua~2i ® {Qx)2,      a>0,

¡I®*2, a = 0,
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rV ® X) = £       Ua-k~l ® Sq'ßfcX.

k=0,...,a
¡=0,...,a-k

F<¿0//r(5~ x M) = ¿ Hr+m-i{P'°) ® //'(A/), and
i=0

r-1

(2)    ¡&ffr(F" x M) = £ J/+M-2« (g) dH'{M) + Jr, where
f=o

u" ® ctfi"'(Af) = {ua ® x2|x G H\M)} and

7r= {wm-r®x2+(x®l)-52|A;G/7'(/^)}.

Thus the maps | and £ induce isomorphisms

m
fírn+rsTj*^   £    Hm + r-i{P°°) ® H*{M)

i=r+ 1

and

[m+r/2]
/T +r(A/*) a«      ¿        ur+m-2i g, d//i(M) + jym+r m0(j ^

i=r

The second isomorphism still requires identifications to be made, but, neverthe-

less, is more convenient to work with than the description given by Haefliger.

5. This section contains a number of formulas which are used in the

next few sections. The important ones are collected in a table at the end of this

section.  Note.  In this section and in the rest of the paper the symbol Xo will

denote the space 5°° xz  X x X.

Lemma 9.   Q2nQl = Q2n + l and Q2n + lQl = 0.

Proof. The second fact is a consequence of the first since an easy calcula-

tion shows Q1Q1 = 0. The first fact is a consequence of part 3 of Proposition 7

and the Adem relation Sq'Sq2" = Sq2"+1.

Let

[k/2] [k-l/2]

Lk=   £   Qk~2'Q2'   and   Dk=    £     ß*-2/-1ß2|+1.

/=0 y=0

Note that Lk + Dk = tf=0Qk~iQi = 0 by one of Yo's results.

Lemma 10. Ifk>3, then Lk = 0 and Dk = 0.

Proof.  By the remark preceding the lemma it suffices to show Lk = 0.

For k = 3 that is an easy calculation. The proof for k > 3 is by induction; so

assume 0 = Lk. Lemma 9 and the formula QQ - 1 show that
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Lk+i = ZQk+l-iQi + Lk>Q1=0.
i=0

Recall that Yo's description of H*(M*) shows that H*(M*) contains elements of

two types: first, elements x ® y + y ® x and second, elements u1 ® x2 with

deg x < m - j. If a stands for one of those elements, then Sq'a is gotten by

considering a G H*(M°) and looking at £Sq'£-1(a).  Since % is the identity on

the first set of elements, Sq' is given by the Cartan formula on them. On the

second set the definition is, in general, quite complicated. In Lemmas 12 and 13

a simple formula for Sql(ul ® x2) is obtained. First, Sq1 on H*(M°) needs to

be calculated.

Lemma 11. Let x E Hr(M) and consider u'' ® x2 E H*(M°).  Then

■»V»*")-}''"?"** ,      i>0'
(ru ® x2 + Sq1* ® x 4- x ® Sq1*,      i = 0.

Proof. This is contained in Yo's paper [26] ; a different proof appears

later in §6.

Lemma 12. Let x E Hr(M) and let 2a + Km- r, consider u2a+1 ®

x2 E H*(M*).  Then

, (r + l)u2a+2 ®x2+ u2a ® (ß1*)2,      a > 0,

\{r+ l)u2 ® x2, a = 0.

SqVa+1 ® x2) =

Proof.   Lemma 11 and the remark preceding it show that

Sq1^20"1-1 ® x2) = ?Sq1r1("2a+1 ® x2)

a
,2a+l-2i m /7-)tV\2= ?Sq1  Z  "2a+1_2/® {Q¡X)

i=0

= % Z (r +1 - 0"2a+2_2/ ® (ß'*)
1=0

= í'f(r+lr 0"2a+2"2'-2/ ® (ß W = Z c,.
i"=0 ;=0 /=0

where C¡ is the sum of all terms with i + j — I.   Now

C0 = (r+ l)«2a+2 ® x2

and

C, . ru2a ® (Qlx)2 +(r+ l)u2a ® (Qlx)2 = u2a ® (Qlx)2

(since ß1 =ß!).  If/> 1,
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C, = £ (r - * + l)u2a+2-2/ ® {Qx-kffx)2.
k=0

But

£ (r-k + l)Ql-kQk = ¿ {r-k+ l)Ql~kff + (r + 1) • ¿ ß'-fcö*

fc=0 fc=0 fc=0

/     _
~ Z kQl~kQk   i~k = usinée everything is in Z2)

fc = 0

= ''if2 ' ß'-2'- »ß2^ '=0  by Lemma 10.
í=0

ThusC, = 0,if/>l.

Lemma 13. Let x E Hr{M) and let 2a < m-r; consider u2a ® x2 in

H*{M*).  Then

,    -        ,      \ru2a+l®x + u2a-l®{Q1x)2+{r + a)u®{Qax)2,    a>0,
Sq1(«2a®x2)=^

(ru® x2 +Sq1x®x + x®Sqlx, a = 0.

Proof. The case a = 0 is just Lemma 11, since % and %~1 are the identity on

1 ® x2. For a > 0 the proof is similar to the proof of Lemma 12 and is omitted.

Lemma 14. InH*{M xM) Sq'S2 =wx ® 1 • S2.

Proof. In order to show Sq152 - {wx ® 1) • 52 = 0, it suffices to show

(*) <a ® b • {So}b2 - {wx ® 1) • 52), Ai x Af> = 0

for all a ® bEHm~l{M x M). Observe that a® b • Sq!S2 = Sq!(a® b • S2)

+ Sq'ia ® b) - 52; also a ® b • 52 EH2m-l{M x M). Since QxH2m-\MxM)

- 0, and Q\_) = Sq^J + vv,(_) {wx = wx{M x M) = w, ® 1 + 1 ® wx),

Sql{a ® b ' S2) = wx • a ® b • 52. Thus the left-hand side of (*) becomes

<(wj -a ® b + Sq'(a ® b)-wx® 1 • a ® b) • 52, Af x Af>

= <a ® wxb + Sqla ® b+a® Sq'è, A^Af))

= (a • wxb + Sq!a -b+a- Sq1^ Af>

= <a • Qlb + Sq'a • b, M) = (Ql{ab), M) = 0.

The next to last equality is a consequence of Yo's formula Q{ab) = Sq(a) • Q{b).

The next lemma is a consequence of a careful reading of formula 11 in

[26, p. 1787]. It is used in §7.

Lemma 15. Let x E Hm-k{M). Ifk = 2a, then x ® 1 • S2 is a sum of

elements of the form y ® z + z ® y with y + z plus the element 1 ® {(fx)2.

{Note: It is 1 ® (ßax)2 that is of interest.)
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In general, products in H*(M*) take a complicated form. If a and ß are

two elements in H*(M*), their product a • ß is £(£-1(a) * %~liß))- For certain

elements a nice description of the product may be obtained. This is dealt with in

Lemma 16. Let x E Hr{M), and let i<m-r.  Consider u ® l2 and

«'' ® x2 E H*{M*). Then

u® l2 • u' Q9 x-
¿+i 0JC2

ui+l ®x2 + u® (Q"x)2   ifi = 2a>0.

2_j«'+1®jc2 if i is odd or i = 0,

Proof. (Note: %~i{u ® l2) = u® l2.) By the remark preceding the

lemma,

l2 • «' ® x2
/ I/—1/2] \

= Üu® l2 •   z    "     ® (ß7*)2)

/['■-1/21 \
= {(    Z    ul+1~2'® {Q'x)2J

[1-1/21 [Í-2//2]     „,„,.- _t    .    „
■ ¿      £   "'+1_2;~2*®(ßfcß/*)2.

/=0 fc=0

When the last expression is examined, it is seen that all of the terms cancel ex-

cept «/+1 ® x, if i is odd or / = 0, and ui+1 ®x2 +u®{Qax)2,ifi = 2a>0

(remember, ßß = 1).

Next recall the map g: M* —*■ P°° (which classifies the Z2-covering Z2 —*

M x M - A —*■ M*). It is easy to see, using the diagram

P°° xM—>M° -¿-M*

poo

that g*{u) = j*(u ® l2). In the basis of H*(M*) that is being used,/*(u ® l2)

= ¿(M ® l2) = u ® l2 G H*(M*). The map g introduces twisted cohomology

for M*. The next lemma computes the first twisted Bockstein, Sq1^, on H*{M*\

Lemma 17. LetxEHr{M).  Tlien

SqV(ii2/+1 ® x2) = ru2i+2 ® x2 + u2i ® (ß1*)2,

and

SqV(w2/® jc2) = (/+ l)w2/+1 ® x2 + u2''-1 ® (ß1*)2 + (r+/+l)«® {Qix)2.

Proof.   This is an immediate consequence of Lemmas 16, 12 and 13, and

the result in [5] which shows that SqV(a) = Sq^a) + g*(u) • a for a GH*(M*).

This completes the results needed for the study of H*(M*) done in §7.
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The rest of this section deals with similar results for the space U*. First, a de-

scription of Sq1 on H*{U*) is obtained.

Lemma 18. Let x E Hr{M) and let a <m- 1. Then in H*{U*),

SqH«" ® x) = aua+1 ® x + ua ® Qlx.

Proof. If 7 G H*{U*), then the squaring operations on 7 are defined by

Sq/7 = ÍSqír1(7). Thus

Sq1 {ua ®x) = ¡Sq1 r' ("" ® x) =1 (Sq1 ¿ M0-' ® XW,]

= î(è (a-0"a+1"/®^vl + Z «"-''»Sq^xw,.))
V=o /=o /

a    a+l-i

= Z    Z   (a-0«a+1~'"*®wfcjcwf
/=0    k=0

+ Z   Z  """'"* «WfcSq1 (**,).
/=0   fc=0

Now let Cj be the sum of all elements in the last expression of the form ua+l~s

® y. Then C0 = aua+1 ® x and

C, = ua ® Sq1* + {a - l)u° ® xvvj + au" ® WjX = u" ® g1*.

Ifs>2,

CS=Z (fl-0«"+W®iV/wlx + '¿ «a+'-s®vvkSq1(xws_1_k)
i=0 fc=0

fO      = Z (a - 0"a+1_S ® W,_/W/X + £ Ma+ >-' ® wkws_, ̂ Sq1*
V   ' i=0 *=0

+ Z (s-*y+1-'®wfcw,_Jtx+ Z «a+1"s®wfcwJ_1_fc(w1x).
fc=0 fc=0

(Note: Tliis uses Sq'w^ = WjWy + (/ + l)w/+1.) The second and fourth sums

in the last expression are zero because ww = 1; the third sum is the same as

2*_1/ua + 1_î ® ws_jWjX. When the last expression is substituted in (*), you

get Cs = S1L0aua+1_s ® ws_¡w¡x which is zero (again because ww = 1).

The composite U* —*■ M* &+ P°° is also called^. The final thing studied in this

section is multiplication in H*{U*) by g*{u) and the resulting formula for Sq1*?.

Lemma 19. Let x E Hr{M) and let u" ® x represent an element in H*{U*)

with m- l>a>m - r.  Then ${g*u) • u" ® x = ua+ ' ® x.
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Proof. Products in H*(U*) are defined the same way as in H*(M*); thus

the lemma follows by expanding the definition, collecting terms and using ww = 1

as in the above lemmas.

Lemma 20. Let x EHr(M) and consider u" ® xEH*(U*)witha + r>m.

Then Sqlg{ua ® x) = (a + l)ua + 1 ® x + ua ® ß1*.

Proof. This is a consequence of Lemmas 18 and 19 and [5].

The following is a summary of the important formulas obtained in this sec-

tion (x E Hr(M)):

(in H*(M*))

SqVa+1 ®*2) =

SqVfl®jc2) =

(r+l)u2a+2® jc2+w2a® (ß1*)2, a>0,

(r+l)u2®x2, a = 0,

rií2a+1®*2+u2a-1 ® (ß1*)2

+ (r + ä)u® (Qax)2, a>0,

ru® x2 + Sq1* ® x + x ® Sq1*,       a = 0,

u®l2.u2a+1®jc2 = u2a+2®jc2,

u2a+1 ®x2 +u® (Qax)2,     a>0,

m® l2-u2a ® x2 =

Sq^(u2a+1 ®x2) =

Sq1^2" ® JC2) =

u® x2, a = 0,

ru2a+2®x2 +u2a® (Qlx)2,     a>0,

ru2®x2, a = 0,

(r + l)u2a+1 ® x2 + u2"-1 ® (Qlx)2

+ (r + a + l)u'®{Qax)2,     a > 0,

(r + 1)« ® x2 + Sq1* ® x + x ® Sq1*, a = 0,

(in H*{U*))

Sql{u" ®x) = au"+1 ® x + u* ® ß1*,

|(m® 1) • m" ® x = ua+1 ® je ifa + r>m,

SqVua ® *) = (a + l)ua+ x ® x + ua ® ß1*   if a + r > m.

6.   This section contains a calculation of the Bockstein spectral sequences

associated to the exact sequences 0 —*■ Z —*■ Z —*■ Z2 —>0 and 0 —»■ Zf —>Zf —*■

Z2 —> 0 (/: Z2 —> Aut Z is an isomorphism) for the space Xo = S°° xz   X x X,

with X a finite C.W. complex. The spectral sequence corresponding to the second
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exact sequence will be referred to as the twisted Bockstein spectral sequence

(tBSS) (the twisting arises from the natural projection #: Xo —* P°°) while the

one corresponding to the first exact sequence will be called the untwisted or usual

Bockstein spectral sequence (BSS). The 5r-term of the tBSS for Xo is denoted

Er{X°, g) while the 5r-term of the BSS for Xo is denoted Er{X°). In both cases

the first term {Ex) is H*{X°; Z2).

Observe that both Er{X°) and Er{X°,g) are (graded) Z2 vector spaces. The

idea is to give a basis for each of those vector spaces in terms of a basis for the

Bockstein spectral sequence (BSS) of the space X (associated with 0 —► Z —► Z -*■

Z2 — 0). The 5r-term of the last spectral sequence is denoted Er{X) {Ek{X)

means elements of degree k), and the rth boundary is denoted Br. The rth bound-

ary of Er{X°) isBr and of Er{X°, g) is Bgr.  A nonzero element a G Ek{X) is

thought of as an element in H\X) which has B a = 0 for ;' < r, and which is

not in the image of 5;- for / < r.  Use of the reduction map H*{X; Z) —

H*{X; Z2) allows a basis (consisting of homogeneous elements) of H*{X; Z2)

to be chosen with the property that if a is a basis element then one of the fol-

lowing cases holds: ♦

(a) Bsa is also a basis element for a unique s > 1.

(b) a = Bsd for a unique s > 1 and a unique basis element a'.

(c) a is the reduction of a class of infinite order.

Theorem 21. Forr>3,

Er{X°) = {1 ® a2/|0 * a2i E E2LX{X) andBr_xa2i = 0}

e {a ® ß + ß ® ala * ß E Ef{X)}

®iBr-la2i+l ®Û2M-1 + a2/+l ®fir-la2/-ll

Br-1 a2i+1 * 0 and 0*a2i+1G Er_,{X)}.

Moreover,

ëril ® «i) = Bra2i + a2/ ® Bra2i,

Br{a ® ß + ß ® a) = Bra ® ß + ß ® Bß + a ® Bß + Brß ® a,

and

êr(Br-l<*2i+l ® û2/+l + a2/+l ® Br-la2i+l) = 1 ® (Br-l<*2i+l)2■

(If r = 2, the description of Er is slightly different; see step 2 of the proof.)

Remark.   This theorem should be interpreted as saying that the elements

1 ® a¡¡, et ® ß + ß ® a, and 5,_xa2i+ x ® a2i+ x + a2i+, ® 5r_,a2,.+, in

H*{X°) (with the restrictions given) are cycles under 5- for j <r and are not

boundaries under 5;- for / < r, and that Br has the description given in the theorem.

Thus a Z2-basis for Er{X°) is obtained by restricting a2/, a, ß, and a2l+ j to a

basis for Er{X) as described in the paragraph preceding the statement of the theorem.



282 D. R. BAUSUM

Theorem 22. Forr>3,

Ef(X°, g)={l® a2i+x \Br_xa2i+x = 0 and 0 * a2i+x EEr_x(X)}

®{a® ß + ß® a\ai= ßEEr(X)}

® &r-la2i • «21 + «2/ • Vl«2il

0 *= a2i E Er_ x (X) and Br_ xa2¡ ± 0}.

Moreover,

&r0 ® <*l,+ l) = *r*2,+ l ® Û2/+! + ««+, ® 5r«2/+1,

&,.(« ® j3 + 0 ® a) = Bra ® j3 + 0 ® 5ra + a ® Bß + 5,0 ® a,

and

Bgr(Br_xa2i ®a2i + a,,- ® B,^^ = 1 ® (5r_,a2i)2.

(Theorem 22 is interpreted in the same way as Theorem 21.)

Proof of Theorem 21. Step 1. Recall CJX0; Z) = Wm ®z(7r)

CAJi x X; Z) where n = Z2 = {1,T} and W+ is the Z(7r)-free resolution of the

trivial 7T-module, Z, with Wn = en • Z(7r) and d(en) = (1 + (- l)"T)en_x. Thus

C*(X*°; Z) = homz(IV, ®z(7r) C„(Z x X; Z); Z)

= homztir)(W^C*(XxX;Z))

- homz(7r)(W«, C*(X; Z) ® C*!*; Z)).

Next recall that if /G hom(A^,; P*) ((/v^, cf) is a chain complex and (P*, d) is

a cochain complex) is an element of degree n, then /= 2/j. with/): N¡ —* pn-/

and S/ = 2 8f¡ where 5/) = /fri + (- l)'dfr Thus an element

fiEhom"zin){W^,C*{X)®C*{X))

can be written f¡ = 2fe ef ® ajk ® cn_j_¡ k with the convention that

/fo) = Z %k ® Cn-l-iM* e C/'(^ 2) *»d cn-.-/.fce C-'^Z)).
k

Using that notation the calculation of 8f¡ is the following:

5//= Zei+1®a-tk®c„_i_/k
k "

+ (-iy+1Ç(-l>/(B-'-')e,+1 ® *„_,_,,* ® ̂

+ {-l)iZei®8aik®cn_i_J.k

+ (-D/Ç(-l)/e/®«/>fc®oc„_/_/.fc.

The signs in this expression arise as follows: (— 1)'+1 comes from de¡+x = e¡ +

{- l)í+1Tei, (- l)'Ä»-'-/> comes from 7V,. ® a ® c = e, ® Pía ® c) =

(- l)^"-'-^. ® c ® a, (- 1)' in the last two terms comes from of¡ = f¡d +
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(- l)'df¡, and (- 1)'' comes from 6(a ® c) = da ® c + (- l)lala ® 5c (|a| is the

degree of a).

If a is a homogeneous element in H*{X; Z), let a denote an integral cochain

whose mod 2 reduction, a', is a representative for a. Also let Sa = 2sa" where

s > 1 (s = °° means 5a = 0) and a" is an integral cochain whose mod 2 reduction

is a representative for Bsa{c, c', and c" have similar meanings for a homogeneous

element y in /ir*(Ar; Z2)). With this notation it is clear that e¡ ® a ® a and c0 ®

fl®c + e0®c®a are integral cochains representing u' ® a2 and a ® y + y

®a. Let a G Hr{X; Z2), then

5(e,- ® a ® a) = ef+1 ® a ® a + {-l)i+l + r2ei+x ® a® a

+ {- l)'e¡ ® 2sa" ® a + (- l)'+r<?/ ® a ® 2V.

The sum of the first two terms in the last expression is 0 if /' + 1 + r2 = i + 1 4- r

is odd, and is 2 if i + I + r is even. In either event 5(e(. ® a ® a) is divisible by

2, and

Iei+ x®a'®a+ei® 2S~ V ® a
+ e¡ ®a® 2S~ la" if /' + 1 + r is even;

e¡ ® 2s'1 a" ®a' + et ® a ® 2s'1 a"

if / + 1 + r is odd.

If s > 1, the last two terms are zero, while if s = 1 and i > 0, a calculation shows

8(«/_i ® a" ® a') = e, ® a" ® a' 4- e¡ ® a' ® a" (remember this takes place in

Z2, and 5a' = 0 mod 2). Thus

,    .      ,       \{i + r)ui+1®a2    iîaEHr{X;Z2)zndi>0,
(1) Sq1(«'®a2)= j 2

(ru®a2 + Sq!a® a + a® Sq1 a, i = 0.

(Note: this is the proof of Lemma 11 of §5.)

Next consider the element 5sa®a + a®5sa where deg a = 2/ - 1. b =

e0 ® a" ® a + e0 ® a ® a" is an integral cochain representing it (note deg a" =

2/), and

S{b) = ex ® a" ® a + (- IX" l)2/(2/+ l)ex ® a ® a"

+ {- l)2'e0 ®a"®5a + ex®a® a"

+ {- IX- l)(2/-1)(2>'>e, ® a" ® a + eQ ® 5a ® a"

= <?0 ® a" ® 5a 4- e0 ® 5a ® a"

= e0 ® a" ® 2sa" + e0 ® 2sa" ® a"

= 2s+le0®a"®a".
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Thus

(2) äs+ i(ßsa ® a + a ® 5ia) " 1 ® (5ia)2    if deS a is odd-

Similar calculations show that if 0 =£ a E ES(X), and 0 i= y E Et(X), and

s < r, then 0#a®7 + y®ae ES(X°) and that

(5,a® 7 + 7® B,a + B,y®a + a®B,y  ifs = t,
(3) Bs(a®y-ry®a)= \  s

(Bsa ® 7 + 7 ® 5sa,      s < í,

also,

(4) Bs(l ® a2)=Bsa® a + a® Bsa   if deg a is even.

Step 2. Equation (1) shows that the elements «' ® a2 with i > 1 pair off

under Bx = Sq1 with the exception of the elements u ® a2 with degree of a odd.

Moreover,

Z?j(l ® a2i+x) = u® a\i+x + Sqla ® a + a® Sq1«,

and

Bx(l ® a22i) = Sq1«,,. ® a2i + a2i® Sq1«,,..

Equation (3) shows that the elements a ® y + y ® a with a: =£ 7 G E2{X) are all

nonzero and distinct in E2(X°). Each of the remaining elements, a ® 7 + 7 ® a,

falls into one of the following five sets:

(1) SqWO,      7 = Sq17,

(2) Sq^^O, 7*SqV,    but Sq!7 = 0,

(3) SqWO, Sq^O,

(4) a = Sqla', 7 = SqV.

(5) a = Sq1a', 7 ± SqV,   but Sq^ = 0.

Now the elements in sets (2) and (5) pair off under Bx. Also, each element

in set (4) is hit (by Bx) by two elements from set (1), and the sum of those ele-

ments is hit (by Bx) by one element in set (3). Thus all the elements in those sets

are "killed" in passing from Ex to E2. The conclusion is that E2 has the follow-

ing form:

E2(X°) = {u® a2 = Sq^ ® a + a ® Sq'alSq'a # 0, and deg a is odd}

©{1 ® a^lSq1^,- = 0} © {a ® 7 + 7 ® a|a=É7;a,7GZi2(X)}.

(This is the description promised in the statement of Theorem 21.)

Step 3.  Induction is now used to establish the theorem for arbitrary r. The

things needed are equations (2) and (4), and a decomposition similar to that in

Step 2. The details are easy and so are omitted.
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The proof of Theorem 22 uses a result due to Eilenberg [2, p. 412] which

shows that H*{X°, Zg) is the homology of the chain complex

horn,,{C*{S°° xXxX;Z),Z)

where Z has the nontrivial 7r-action given by 7(1) = — 1. Use of this fact makes

it an easy matter to translate the proof of Theorem 21 into a proof of Theorem 22,

so the details are omitted.

7. This section contains some general results on the structure of Er{Y)

and Er{Y, g) for Y = Ai* or U* and certain manifolds Af. For M* the idea is to

study 52(Af *) (52(Af*, g)) and see when the map /*: H*{M°) — H*{M*) induces

an isomorphism E2{M°) — 52(Af*) (52(Af°, g) — 52(Af*, g)). Thus the first

step is to compute 52(Af*) and E2{M*, g). The untwisted situation will be treated

here. The twisted case is treated the same way; the only difference being the

definition of Sq1^ on H*{M*). Similar results for the space U* ate obtained.

Note. In what follows,5r(Af, Ql) denotes the Bockstein spectral sequence

of the manifold Af associated to the exact sequence 0 —* Z/— Zf—*■ Z2 —► 0,

where /: Z2 —► Aut Z is an isomorphism, and the twisting of Af is given by

w, : M — K{Z2; 1). Since Ql{x) = Sq1 (x) + x • wx for x EH*{M), [5] shows

that Q1 is the first Bockstein in the spectral sequence. The spectral sequence is

"related" to the twisted (by wx) integer cohomology of Af, H*{M; Zwx).

First, consider the following three subgroups of H*{M°) {x, y E H*{M) are

homogeneous elements and |x| is the degree of x).

Sx in degree 2m - j is generated by

{«'' ® x2 \j > i > 0, or i = 0 and |x| is odd}

U {Sq1* ® x + x ® Sq1*! |x| is odd} U {1 ® (Sq1*)2! \x\ is odd}.

52 is generated by {* ® y + y ® *|* =£ y and * ¥= Sqly with \y\ odd} U

{1 ® x2||*| is even and * ¥= Sqly}.

5 is generated by {uk ® x2 + x ® 1 • 52|* EHm-k{M)}.

Clearly 5 is a subgroup of Sx © 52, and there is an exact sequence

(i) o — 5 -U 5, e 52 -£* sx ® s2/s — o.

Moreover, Yo's results show that Sx ® S2/S « H*{M*).

Next, define an operator Sq1 on Sx ® 52 as follows (* G Hr{M)):

1{r + l)ui+ x ® x2 + «'"l ® (Ö1*)2, / odd > 1,

mi+ i®x2+ u'~! ® (Ö1*)2 + (r + a)u ® {Qfxj1, i = 2a > 0,

(r+1)M2 ® x2, i=l,

ru ® x2 + Sq1* ® * 4- * ® Sq1*, I = 0.
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SqV* ® y + y ® x) is given by the Cartan formula. Sx and S2 were chosen so

that Sq1 (Sx) C Sx and Sq1 (S2) C S2. The following lemma shows that Sq1 (S) C S.

Lemma 23. SqV«* ® x2 + x ® 1 • S2) = uk~1 ® (ß1*)2 + ß1* ® 1 •

52 where xEHm-k(M).

Proof. This is a calculation.

Case 1 (k odd). Note 2m - k is odd, so x ® 1 • 52 contains no elements

of the form 1 ® y2. The above definition of Sq1 shows Sq!(u* ® x2) = uk~l

®(Q1x)2,and

Sq*(* ® 1 • S2) = Sq1* ® 1 • <52 + x ® 1 • Sq1ô2

= Sq1* ® 1 • 62 + x ® 1 • wx ® 1 • S2

(by Lemma 14, §5)

= (Sq!*-r-* • w,)® 1 • 52 = ß!jc® 1 • S2.

Case 2 (k = 2d). This time 2m - & is even, so x ® 1 • S2 is the sum of

elements^ ® z + z ® y plus the elements 1 ® (ßa*)2 (by Lemma 15, §5). Now

SqV«2' ® x2) - uk~l ® (ß1*)2 + (m - k + a)u ® (Qax)2.

Also,

Sq1!* ® 1 • 62) - Sq1* ® 1 • 52 + *® 1 • Sq152 + (m-k+a)u®(Qax)2

= ß1* ® 1 • 52 + (m - k + a)u ® iß3*)2.

A consequence of Lemma 23 is that there is a map Sx © S2/S —* Sx ©

S2/S which is induced by Sq1 on Sx © S2 and which agrees with the topological

Sq1 defined on H*(M*). Moreover, since (1) is a short exact sequence of Sq1-

modules, there is the following long exact sequence of homologies (i.e. E2(SX) «

^♦(S,;Sqj),etc):

(2)      -> E2(S) — E2(SX) © E2(S2) —* E2(SX © S2/S) ->••-.

E2(S) and E2(SX) are computed for certain manifolds in

Lemma 24. Zi2(S) = {uk ® y2 +y ® 1 • 82\\y\ = m - k, Qly = 0 and

y*Qlz,i.e.0*yEE2(M;Q1)}.

If m is odd, then

E\m-4c{Sx) = {u4c ®y2 + 1 ®(ß2^)2! Lvi =m-4cand0¥=yEE2(M;ß1)},

E2m-4c-1(Sx) = {u4c+i®y2\\y\=m-4c-landQ*yEE2(M;Q1)},

E2m-4c-2(Sx) = {u4c+2 ®y2\\y\ = m-4c-2and0*yEE2(M;ß1)}

©{1 ® (Sq1*)2! W = m - 2c -2},
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E2m-4c-3{Sx)= {u*c+3 ®y2\\y\ = m-4c-3andO*yEE2(M;Q1)}

e{«®*2=Sq1*®* + *®Sq1*||*| = «i-2c-2}.

If m is even {m = 2a) then

52m~4c(5,) = {1 ® (Sq1*)2! 1*1 = m - 2c - 1},

52m-4c"1(51) = {Sq1* ® * + * ® Sq1* = « ® *2| |*| = m - 2c - 1},

E2m-4c-2{Sx) = 0,

52m-4c-3(51) = 0.

Proof. The statement concerning 5 is obvious from the definition of Sq1

given above. The other two statements involve writing down a basis for Sx in

each dimension and observing that the Sq1 operator is periodic with period 4.

Thus induction can be used. The process is long,not illuminating, and omitted.

(Note:  for the description with m odd, the following lemma must be used!)

Lemma 25. If m is odd, y G Hm-4a{M), and Qly = 0, then Sq1 Q2ay = 0.

Also if m isodd,yEHm-4"-2{M),and Qly = 0,then Sq1ß2a+V = 0.

Proof. The second statement is obvious, since Q2a+1y = Q2aQ1y = 0.

The proof of the first statement is more difficult. It suffices to show that 0 =

<z • Sq1 Q2ay, Af> for all z E H2a~i{M). Now

<z • Sq1 Q2ay, Ai> = <Sq!z • Q2ay, Af> + {Sq^z • Q2ay), M)

= <Sq2a(Sq1z) • y, M) + (wxz • Q2ay, M)

= <{Sqlz)2 • y,M) + <Sq2a{wxz) • y, M).

But

(Sq^)2 • y = Sq^zSq1*) • y = Sq^zSq^ • y) + zSq^SqV

= wxzSq!z • y + zSqJz • wxy = 0.

This uses ß1 = Sq1 + wx,Ql{zSqiz • y) = 0 (since ß1/z""_1(M) = 0), and

Qly = 0. Also,

Sq2a(WjZ) • y = w\z2 • y = wxz2wx • y = wxz2Sa}y = Sq1(z2Sq1^) = 0.

The last equality is a consequence of the Cartan formula (since Sq^z2) = 0) and

the next to last equality follows because Ql = Sq1 + w..

Theorem 26. Let M be an odd dimensional manifold.  Then

E2{M*) * E2{S2) ® {1 ® (Sq1*)2! |*| = m - 2c - 2}

8 {« ® *2 = Sq1* ® * + x ® Sq!*| |*| = m - 2c - 2},

and the map /*: H*{M°) — .f7*(Af *) induces isomorphisms Er{M°) — 5r(Af *)

for r>2.
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Proof. The hypotheses imply that the map i0 (in sequence (2)) is a mono-

morphism whose cokernel is the set of elements listed in the theorem. But that

set of elements is precisely the set E2(M°) calculated in Theorem 21, §6. Also

the map r (in sequence (1)) is just /*|iS'1 © S2, so rt corresponds to the map

E2(M°) —*■ E2(M*) induced by /*. Since this is an isomorphism for r = 2, it will

be for all r > 2 as well.

For even dimensional manifolds (2) does not break into short exact sequences

unless E2n~c(M; ß1) = 0, all c > 1. Thus in general there is not much that can

be said about Er(M*) (at least if the above method is used).

The study of Er(M*, g) is in "some sense dual" to the study of Er(M*).

Results true for Er(M*) and odd (even) dimensional manifolds are true for

Er(M*, g) and even (odd) dimensional manifolds. In what follows I have indicated

the changes necessary in the above discussion to obtain Theorem 26 for Er(M*, g).

First, let Sxg and S2g be the subgroups of H*(M°) generated by the follow-

ing sets:

Sxg (in degree 2m -f) = {«' ® *2 \j > i > 0} U {1 ® *211*| is even}

u {1 ® (Sq1*)21 1*1 is even} U {Sq1* ® * + * ® Sq1*! 1*1 is even}.

S2g= {x ® y + y ® x\ x ¥^y, and * =£ Sq1y with |^| even}

U {1 ® *2 | |*| is odd and * * SqV}.

The subset S remains the same.  If * G Hr(M), the Sq1^ is defined by

'rui+1 ® *2 + «'" " ® (ß1*)2, i odd > 1,

(r+ l)ui+1 ®x2+ vf~x ® (ß1*)2

Sqlg{ul ® x2) = \ + (r + a + l)u ® (ß3*)2,        i = 2a > 0,

ru2®x2, i-I,

(r + l)u ® x2 + Sq1* ® * + * ® Sq1*,     i = 0,

The ̂ -versions of Lemmas 1 and 2 are the following:

Lemma 23*. Sq^(«fc ® *2 + * ® 1 • 62) = uk~l ® (ß1*)2 + ß1* ®

1 • 82,forxEHm-k(M).

Lemma 24*. E2(S, g) = {uk ® y2 +y ® 1 • 82\\y\ = m-kandO¥^yE

E2(M; ß1)}.

If m is even, then

E2m-4c(Sx, g) = {u4c ® y2 + 1 ® Q2cy2\ \y\ = m-4c

andO*yEE2(M;Q1)},

E2m-4c-1(S1,g)= {u4c+1 ®y2\\y\ = m-4c-land0±yEE2(M;Q1)},
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E2m-4c-2(Si>g)= {u4c+2®y2\\y\ = m-4c-2and0¥:yEE2{M;Q1)}

®{l®{Sqlx)2\\x\ = m-2c-2},

E2m-4c-3{S1, g) = {u4c+3 ®y2\ \y\ = m-4c-3and0*y EE2{M;ß1)}

®{u®x2 = Sq1*®* + *®Sq1x| |*| = m - 2c - 2}.

If m is odd, then

E2m-4c{Sx,g)={l®{Sqlx)2\\x\ = m-2c-l},

E2m-4c-i{Sx,g)={Sqix®x + x®Sq1x = u®x2\\x\ = m-2c-l},

E2m-4c-2{Sx,g) = 0,     E2m-4c-3{Sx, g) = 0.

Finally, the following is the ^-version of Theorem 1.

Theorem 26-g. Let M be an even dimensional manifold.   Then

E2{M*,g) - E2{S2, g) ® {1 ® (Sq1*)2! bel = m - 2c - 2}

® {Sq1* ® * + * ® Sq1* = u ® x21 |*| = m - 2c - 2},

a«ci the map j*: H*{M°) —*■ H*{M*) induces an isomorphism Er{M°; g) —►

Er{M*;g)forallr>2.

The next two theorems contain general results about E'r{U*) and E'r{U*, g)

(in dimensions i > m) for a manifold Af. The results are not as hard to obtain as

those dealing with Af *, partly because I have been unable to give a general descrip-

tion of the 53-term when the 52-term is nonzero. Fortunately, the 52-term is

zero half of the time.

Theorem 27. Let M be an odd dimensional manifold, and let i < m.   Then
E2m-'{U*) = 0.

Let M be an even dimensional manifold, and let i < m.   Then 5|m-,(£/*) »

{u m -x ® y |0 =£ y E E? ~i+1 {M; ßl )}. {Since Q > is the first Bockstein of the

twisted {by w,) integer cohomology of M, E^{M; ß1) = 0 if all the 2-torsion of

H'{M; Zwx) is of order 2.)

Proof. This is proved by writing down Yo's basis for H*{U*) and using

the description of Sq1 given in §5. The details are tedious, but straightforward.

The next result deals with the twisted (by the map g: U* —5) cohomology

of U* and is "dual" to Theorem 27.

Theorem 27-g. Let M be an even dimensional manifold, and let i < m.

ThenE2m~i{U*,g) = 0.

Let M be an odd dimensional manifold, and let i < m.   Then E2m~'{U*, g)

= {um-1 ®y\0^yEE^-i+l{M;Q1)}.

It is possible to obtain Theorem 27 for m odd and Theorem 27-g for m even
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by studying the Serre spectral sequence of the fibration pm_1 —*■ U* —* M [27].

The advantage of the approach here is that the map on cohomology induced by

the inclusion {/* -+M* is readily computed and can be used to study the map

Emb(M,R") — lmm(M, E").

8. The final thing needed to study the various embedding-immersion sets

is a description of the ^'-operations. This section contains a summary of the

appropriate formulas. Note: [26, §6] contains formulas for Sq' acting on

H*(M*); something is wrong though, because, for example, if you use them to

compute Sq1 • Sq1, you do not get zero.

The first lemma concerns Sq2 on H*(M*). A simple form for Sq2 has not

been found. Fortunately, it is not necessary to compute Sq2 on very many ele-

ments of H*(M*).

Lemma 28. Let x E Hr(M) and let ua ® * G H*(M*). Then

a-2i,r+iua+2-2i-2i ® ©W

[a-1/2]  [a-l-2//2]

[a-1/2]   [a+l-2//2]

SqV®*2)=    Z Z
i=0 ;'=0

z
i=0

z
;=o

ua-2i-2j ® (ß'SqW.

where

*-=(>)+^(2) GZ,

{Note: if a = 0, Sq2* ® * + Sq2* must be added to the above element.)

Proof. This is a consequence of the definition

Sq2(wa ® *2) = ?Sq2rV«a ® x2)

and

Lemma 29. Let * G Hr{M). In H*(M°)

Rarua+2®x2+ua®(Sqxx)2,
Sq2(ua®*2) =

1 Ra y+2 ® *2 + Ua ® (Sq1*)2 + Sq2* ® * + * ® Sq2*,

a>0,

a = 0.

Proof. This lemma uses the diagram:

Hq{M xM)

Hq(M°)

Sq2

Sq2

Hq(P~ x M)
Sq2

>Hq + 2(MxM)

r*

-+Hq + 2{M°)

Í*

-+Hq + 2(P°° xM).
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When a = 0, it is straightforward to check that the above definition of Sq2 makes

both squares commute. Since i* is 1-1 on H*(P°°) ® D and r* is 1-1 on N,

Sq2(l ® *2) must be as described. Sq2(wa ® *2) (for a > 0) is obtained by

applying the Cartan formula to«a ® l2 • 1 ®*2 = ua ®*2 and using the value

of Sq!(l ® *2) obtained in §5. (It takes a little work to obtain the coefficient

Ra r in the lemma.)

Corollary 30. In H*(M*) Sq2 has the following description:

2 lu®(Sq1xm_2)2,      m =1,2  (4),

" * Xm~2 ^\u® {wxxm_2)2,       m = 0, 3  (4),

u3®x2m_3 \-+u®(w2xm_3)2t

1 • 4-2 I- (m¡2)«2®^-2+ 1 ®(Sq^m-2)2

+ Sq2*m_2®xm_2 +*m_2 ® Sq2*m_2)

J«2®(Sq1*m_3)2,     »»1,2(4),

Xm~3V    \u2®(wxxm_3)2,      m = 0,3(4),
"2®4-3|-*

4       2 j«2 ® (w2*m_4)2, m»0,1(4),

U     ^m-4l-ju20(Sq2^_4+WiSqlJfn_4 + W2Xm_4)2j    WS2,3(4).

In H*(M°) % and %~l are each the identity on u2 ® l2. That means that

multiplication by g*(u)2 = u2 ® l2 = u ® l2 • u ® l2 may be computed from

the formula obtained in §5 for multiplication by u ® l2. That fact gives

Lemma 31. Let x E Hr(M). In H*(M*) the following formulas hold:

u2 ® l2 • u2/+1 ® *2 = u2i+3 ®x2+u® (Qi+lx)2

and

2^,2      2/ o   i      í "2/+3 ®x2 +u2® (Q'x)2,      i > 0,
u2 ® I2 • u2' ® x2 = {

(u2®*, i = 0.

Corollary 32. In H*(M*) multiplication by g*(u)2 takes the following

»®*m-2' g*(U)   '->u®(Qtxm_2)2,     u3®x2m_3\-+0,

1 ® Xm-2  \-+ "2 ® 4-2 .        "2 ® 4-3  I"* "2 ® (ß^m-3)2.

"4®4-4»->"2® (ô2jCm-4)2-

Yo computed Sq2 on H*(U*) in [26, p. 1790]; his result is

values
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Lemma 33. Let x G Hr{M) and let m - 1 > a. Then in H*{U*)

Sq2(Ma ® *) =          Z (I _!) u"+ ' "t~,~k ® wfcSq'(x • w,).
i=0,...,a;/=0,l,2 \2    1/
k=0.a+2-i-j

Corollary 34. Sq2 on H2m ~1{U*) {for i = 3,4) has the following

description:

,m—3
Sq2

C";3)"-1
_1 ®X

** Am'

m-2fflv i_1.,»l-lfflcnlv J./'^i _ -J".«"1-!«'"       09 X,m-l I— um~l ®Sqlxm_x +{m-3)um-1®Q1xm_x,

um~l ®xm_2 Y-+um-x ®w\xm_2,

um-4®xmï^(m*)um-2®xm

(m¡3)U'"-1®*,„_1+U'"-2®Sq1*m_1,

um~2 ® xm_2 I— um~l ® Sqxxm_2 +{m- l)«"2"1 ® Qlxm_2

um-3

+ um-2®w\xm_2,

«m"1®*nI_3^"m"1®M'2*m_3.

{Note: the second line is understood to mean that for m even, Sq2{um 2 ® xm_x)

= um~1 ®wxxm_x.)

Lemma 35. Let x E Hr{M) and m-l>a>m-r.   Then multiplication

by g*{u)2 in H*{U*) is given by g*{u)2 • ua ® x = ua+2 ® *.

Proof.  This is similar to Lemma 19 of §5 which describes multiplication

by £*(«).

9. This section contains a description of the sets Imm(Afm, R2m~') {i < 2)

and Emh{Mm, R2m) for certain manifolds Ai. The results are a consequence of

the filtration defined on the above sets in §3, and the calculations of the integral

(and twisted integral) cohomology of Af* and U* made in §7. The reader should

note several things. First, the immersion results only use the 2-torsion of Af; thus

the presence of odd torsion (in Af) might effect calculations involving the integral

cohomology of U* (for example of

keiA2m-3: #2m-3(i/*,Z) — H2m~l{U*,Z2)).

Second, more is known about the set Imm(M, 52m_1) than I am able to obtain

using this method [13, pp. 406-407]. It should be pointed out that my results

agree with those of [13], and that the results of [13] are obtained by using the
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fibration 0/0(n) -* BO(ri) -* BO.  Finally, the material in this paper may be used

to describe the sets Emb(M, R2m~l) for i = 1,2 and certain manifolds M. The

descriptions are, in general, quite complicated, and so only results for real projec-

tive space are given.

The material in this section is arranged as follows: first, all the results for

immersions are listed, and then their proofs are discussed. Next, the set

EmbfAf, R2m) is described. Finally, the results for real projective space P" are

given. Recall that M is always a compact, connected, differentiable manifold of

dimension m, {*¿,},e/. is a Z2-basis for H'(M; Z2), and if wx ¥:Q,xm_x is the

(unique) basis element with Sq1*m_1 = vvj*m_j ¥= 0. Also, the reader should

recall that Hm~\M;Zwx) <* Ht(M; Z) by Poincaré duality.

Theorem 36. Let m > 2, then

[Z,        m even,
lmm(M, R2m) = j

(Z2,     m odd.

(See the remark after Theorem 43 later in this section.)

Theorem 37. Let m>4, then Imm(M,P2m_1) = G0 D Gx. If m is

even, no additional hypotheses are required; if m is odd, assume Hm~1(M; Zwx)

has no elements of order 4 (elements of'»■order are allowed). Then the following

table describes Gx and G0/Gx.

M-orientable (wx = 0) M-nonorientable (wx =£0)

m = 0 (4)   G0/Gx     ur"-1®Hm-1(M;Z2) um-1®Hm-l(M;Z2)

0

)Z« • um - 2 ® *
2 ""

,m — l /r-VMiZw,)
\Z2:um-2®xm,

)um-l Qtfn-llMlZwJ

Z2:um~l ®xm 0

m = 2 (4)    G0/Gx     u
m-l fín-^MlZJ ,m-l fín-^MlZJ

Z,:u m-l Z2:um-l®xm

m = 3 (4)    G0/Gx
\Z2:u
| „m-l

m-2

ZP^-VMíZwj)

,4m-2

,,m — l fis um—1¡[um-1®Hr"-\M;Zwx)

Z2:um~l ®xm
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Remark 38. For Theorems 37 and 39 the reader should recall the descrip-

tions of G0/Gj,GX, F0/Fx, Fx/F2, and F2 obtained in §3. For example,

Theorem 37 says (provided the hypotheses are satisfied) that if Af is orientable and

m = 0 (4), then Imm(Ai, 52m_1) is (up to extension which is treated later in

this section) in 1-1 correspondence with Z2 ® Z2 ® {Hm~1{M; Zwx) =

Hm~l{M; Z)). The other cases have similar interpretations.

Theorem 39. Let m > 6 and assume there is an immersion of M inR2m~2;

then there exist groups F2 and Fx with F2CFXCF0 = Imm(Af, 52m_2). //

«1 = 2,3 (4) and wx = 0, the secondary operation V is not determined; in each

of those cases it does have O-indeterminacy. If m is even, assume Hm~2{M\ Zwx)

contains no elements of order 4 {elements of °°-order are allowed). Also if m = 2

(4) and wx + 0, assume

w\ • {j|0^jG52"-3(Af,ß1)}CSq17r"-2(Af;Z2)©iv2ß1^m-4(Af;Z2).

Then the following table describes F2, Fx/F2, and F0/Fx. {Note that for m = 2,3

and wx — 0, F2 is either 0 or Z2.)

Remark 40. The remark after Theorem 37 applies to Theorem 39. Thus

in the above table if Af is orientable and m = 1 (4), Imm(Af, R2m ~2) is (up to

extension) in 1-1 correspondence with Hm~2{M; Z2) ® Z2. The elements

{um~l ® xm_2 i + um~2 ® Qlxm_2 ¡} listed in this case are in the kernel of

A2"1'3 and "sit" in H2m~3{U*, Z). The form of the elements (i.e. the fact

that F0/Fx is not just {um~l ® *m_2i}) is important in determining the first

extension of the sets.

Proofs.  For Theorem 36, recall that U* has the homotopy type of a

2«i — 1 dimensional compact manifold. So H2m~i{U*, Z) is either Z or Z2.

Theorem 27 shows that for «j odd H2m-l{U*, Z) = Z2 and for «i even

E2m~\u*) = Z2. Thus for m even H2m~l{U*, Z)±Z2 and the desired result

follows.

One case of Theorems 37 and 39 is worked out. The others are similar.

First, consider Imm(Af, 52m_1) = G0D Gx with m = 2 (4) and w, + 0. The

results of §3 show that Gx ss coker.42m-3: H2m-3{U*\ Zg) -*H2r"-\U*, Z2)

(note m is even, so A2"1'3 = Sq2 +g*{u)2), and G0/Gx a H2m~2{U*, Zg).

The proof of Theorem 27-f may be used to show that H2m~2{U*\ Zg)2 consists

of Z2-generators which reduce to the elements um~x ® xm_x ¡ EH2m~2{U*, Z2)

and that the image of the reduction map p#: H2m~3{U*; Zg) -*■ H2m-3{U*;Z2)

consists of the elements um~3 ® xm and um_1 ® xm   , , + um~2 ® 0}x     , „

The calculations of Corollary 34 and Lemma 35 show that yl2m_3(imp¡(t) = 0,

and thus Gx sn coker A2m~3 = Z2 with generator um~l ®xm.

Next, consider Imm(Af, 52m~2) = F0 D Fx => F2 for m = 2 (4) and wx ¥= 0.
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M-orientable (wx = 0) M-nonorientable (w, # 0)

m = 0 (4)     FqJF
ium-2®Hr"-\M;Z2),

1      \ur"-l®Hm-2(M;Zwx)

/¿#Z,: u
m-2

®x. m-l ,i'*m-l,i ^ *m-l*

Fl/F2      "m-1 ® rf'AM; Z2)

i*V

m-^ym-2

+ ^\ym-2,[M))um-2®xm_x,

[where ym_2 erf"   2(M;Zwx)

um-l ^ f/n-ltM-z^i^ffi-^.z^

»  «     F0IFX       Z¡Z2:u' m-l ,
*m-2,i same as m = 1, wx = 0

+ «m-2®ô%„_2,i

FX/F2       Z2:um-2®xm e • Z2;u

where e

m-l
®i m-l

,.m-2
®x, m

*0,
=CiifwWir-3(M¿2)l0o

ium~2(&Hm-\M;Z.),

Fl/F2

m-2
z2:"'"   '®*m-

um-1®«"'-1(Ai;Z2),

Sq1//"~2(Jli;Z2)

Mme aj m = 0, Wj =é 0

m-2 ,Z2: U ®*m
m-l a. „m-lU">-1 9l/n-l,M. Zj)/r w/lere

T = w\oll/n~4tM;Z2)

+ Sq1ifm~2(Ar;Z2)

»» = 3 (4)     F0jFx

FxjF2

tZ2:um-*®xm,

<siz2:«M_1«*m-2.l

(       -rU^Äß1^^,,

IZ2: um-2

\um-l<èH

®*„

1-1®rf"~\M;Z2)

same as m = 3, w, =0

um-l8flm-l (Af; 2^^ sq1//""^^)

Table

The results of §3 show that P0/P, s ker/l2m-3, zyp2 s coker/l2m-4 and

F2 °* coker * is

Sq2H2m-3(U*;Z2),
m odd,

¡(Sq2 + g*(u)2)H2m-3(U*; Z2),      m even.
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The results of §8 show that for m even that subset is {{m21)um-1 ® xm, um_1

® wixm-lJ>which is a11 ofH2m~l{U*, Z2) if either wx ¥= 0 or wx = 0 and

m = 0 (4). Thus * is onto (in the case being treated) and cokerty = 0.

Theorem 27 may be used to show that

imp.: H2m-4{U*;Z)-+H2m-4{U*;Z2)

is partially generated by the elements um~4 ® xm, um~x ® ß1*m_4 ,-, and

um~2 ® xm_2 ¡ + um~3 ® Qlxm_2 ¡. Also, imp^ might contain elements of

the form um_1 ®ym_3 where 0 ^ym_iEE2n~3{M, ß1). Corollary 34 and

Lemma 35 show that on the known elements in impJt.,A2m~4 does the following:

A2"1"4
,m-4^v.    ^-).q)

um-1®Q1xm_4ii ^um-l®w2xQxxm_4ti,

um-2®xm_2>i + um-3 ® Qlxm_2>¡ ^um~x ®{wxxm_2)i+Qlxm_2t¡)

= um-1®Sq1xm_2ti.

So imy42m_4|known elements = {um~l ® w2ß1*m_4>/ + Sq1*m_2/}. Since

^2m-4(um-i ® ym_3) = um~i ® w\ym_3, the assumption that

w2Em-3{M, ß1) C SqlHm~2{M; Z2) © w2xQ1Hr"-4{M; Z2)

insures that E2n~3{M, ß1) plays no role in coker/l2"1-4. Thus coker,42m-4 is

isomorphic to the set of elements listed in the theorem.

Finally, Theorem 27 may also be used to show that imp,,,: H2m~3{U*; Z)

-*H2m~3{U*;Z2) consists of the elements um~2 ®xm_xi;um-x ®Qxxm_3i;

u"> -1 ® ym _2 . where ym _2 ¡ is the reduction of a Z-summand in Hm~2{M; Zwx).

The same lemmas used for A2m~4 above show that .42m-3 takes the following

values on imp^:

A2m~3
um~2 ® *m_u I-y um~l ® wxxm_XJ,

u"1-1 ® Qlxm_3ii l—u"1"1 ® w2Qlxm_3yi,

"m_1 ® ym-2,i r->«m_1 ® ">2ym-2,^

ThusA2m~3 is onto, and

jUm-2®*m_1(/ wherexm_u±xm_x,

ker^2m-3-50/F1- U"1-1 ®7m_2+<H'2zm_2,[Af]>wm-2®*m_1

I where zm_2Gflw-2(Af;Zw1).

In order to deal with the extension problem in Theorems 37 and 39 recall

that an exact sequence of abelian groups 0 -*■ V-^*E -* W —» 0 with Va Z2-

vector space is completely determined by a map 5: W n {elements of order 2}
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-*■ V.   IfxEW and 2* = 0, then B(x) = i_12/_1(*). In particular the exact

sequence

0 -» coker A2m~4 -> (U* V p2"»"3, p^p _, ker A2m-3 _+ Q

(from §3) is determined by a map B2m~4: ker A2m~3 n {elements of order 2}

—»• coker.42m-4. An application of Theorem 4.1 of [13] shows that B2m~4

may be described as follows: let a EH2m'3(U*\ Z) mth A2m~3(a) = 0 and

2a = 0, then

Sq25-1a, m odd,

(Sq2 + g*{u)2)8~1a,    m even,

where 6: H2r"-4(U*; Z2) -> H2m-3(U*; Z) is the coboundary (thus B2m~4 =

A2m~48~1). The same description is also valid for Emb(M,Pv2m~2) but it is of

more interest in the case of immersions since P2 = 0 and thus <Î7* V p2"»-3,

P(2)> = Imm(M, Z?2m_1) in six cases out of eight.

The description of B is slightly more complicated for Emb(M, R2m~l) and

Imm(M, Z?2m_1). For embeddings the same Theorem 4.1 shows that the sequence

0-♦ coker^2m-3 -*Emb(M,R2""1)^H2m-2{M*;Zg)-+ 0

is determined by

B2m~3 =(A2m-3 +g*(u)2 +g*(u)Sql)8-1.

The same formula also holds for the set Imm(Af, R2m~l).

The next two propositions describe the nontrivial extensions in Theorems

37 and 39.

Proposition 41. All the extensions in Imm(M, R2m~l)are trivial with

the exception of the following two cases:

Casel. m = 2 (4), wx * 0: Imm(¿í Z?2m-!)sZ4 ©ker Sq1: Hm-\M;Z2)

-*■ Hm(M; Z2). (Note that Sq1 is onto in this case.)

Case 2. m = 3 (4), wx = 0: Imm(M, Z?2m_1) == Z4 © H™ ~1 (M; Z).

Proposition 42. The first extension in lmm(M,R2m~2) has the following

description.

Case 1. m = 0 (4), wx = 0: 77je extension is trivial.

Wj = 0: There is an exact sequence

0 -* H1" -1 (M; ZJfw^ - 3(M; Z2) -> E

-* {flw-1(if;Z2)-Äw_1} © tfn-^MiZw,) -* 0

with B(xm_x ¡) = xm_Xi and B\Hm~2(M; Zwx) = 0.

Case 2. m=l (4), w, = 0: The extension is trivial.

B2m-4(a) =



298 D. R. BAUSUM

wx ¥= 0: The extension is trivial if either w\ = 0 or w\Sql Hm ~3{M; Z2)

* 0. Ifw2 ± 0 but w2Sq1Hm-3{M;Z2) = 0, then

Imm(Af; 52m"2) = Z4 ® ker w]: Hm-2{M; Z2) — //""(M; Z2).

Note that in the latter case w\ is onto, so dim ker w\ = dim Hm~2{M, Z2) — 1.

Case 3. m = 2 (4), Wj = 0: 77ie extension is trivial. {Note:F2 need not be zero.)

wx¥z0: There is an exact sequence

0 — Z2 ® Hm~ 1{M; Z2)/r — Imm(Af; 52m"2)

— {Hm-l{M; Z2)-xm_x}@Hm-2{M; Zwx) — 0.

{See Theorem 39 for the definition ofV.) Also 5|i/m_1(Af, Z2) = 0, and

5(ß1*OT_3) = w2*m_3.

Gzse 4. «j = 3 (4), wx = 0: 7«ere is an exact sequence {note: F2 need not

be zero):

0—Z2 • um~2 ®xm ®Hm~1{M;Z2)^(U* V52m"3,5(2)>

—Z2 -*m ©/fm-2(Af;Z2) — 0

a«rf5(*m) = um"2 ® *m,5(*m_2) - Sq!*m_2.

Wj # 0: 77iere is an exact sequence

0 —Än,-1(Af;Z2)/w,Sq1/r,-3(Af;Z2) —Imm(Af,52m-2)

— Z2 • *„, ©fl"1 "2(Af; Z2) — 0

with B{xm) = 0,5(*m_2) = Sq1*m_2.

I would like to remark that the description of the first extension given here

differs from the one I gave in [1]. After [1] was completed I discovered that in

computing Sq!(£*(«)) in H*{P) O ^42 {A2 is the Steenrod algebra), I had forgot-

ten the term g*{u) ® Sq1 ; thus the description of the extensions in [1] is incor-

rect and must be modified by using the formulas given above.

The next result deals with Emb(Af, 52m).

Theorem 43.{?) Ifm>4, then

H"1 - \M; Z),      moddwx= 0,

W-^M; Z2),    m odd wx + 0,

FT -x (Af ; Z2),    m even wx = 0,

Z © ker Sq1: 7T - ^Af; Z2) — Hm{M; Z2),

«i even wx ¥= 0.

Emb(Af, 52m) * H2m-1{M*;Z) * <

( ) This description of H (Af*; Z) was obtained by Professor W. S. Massey by

other methods and proved helpful to the present author in coming to some understanding of

the integral cohomology of M *.
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(Note: ifwx ± 0, Sq1 : Hm-l(M; Z2) -> Hm(M; Z2) is onto, so dim ker Sq1 =

dimHm-l(M;Z2)- I.)

Remark 44. Two comments are in order about Theorems 36 and 43.

First, Hirsch [11 ] showed that for m even, two immersions of M in R2m are

regularly homotopic if and only if they had the same normal class (inZZm(Af;ZvVj)

= Z). Moreover, he showed every even class in Hm(M; Zwx) is the normal class

of some immersion.  Second, Malyi [14] showed that for m even (m > 2),wx =£ 0,

and any integer x with x = 2am (4) (om = 0 if wxwn_x = 0, om = 1 if iVjW„_i

¥= 0), there exists an embedding /: M —► R2m with normal number X/ = X (X/

= {Vf, [M]) where Vf is the normal class of /and [M] is the twisted fundamental

class). Thus the presence of the Z in both Theorems 1 and 4 is known and may

be "detected" by geometric means.

Proof of Theorem 43. The statements involving the 2-torsion of

H2m~1(M*; Z) are easy consequences of the general results about the Bockstein

spectral sequence of M*. An application of the Serre spectral sequence to the

fibration M x M - A —* M* —> P°° shows that the odd torsion in H*(M*; Z) is

just the group of elements of H*(M x M-A;Z) invariant under the action induced by

the twist map T. M x M'-* M x M.   In dimension 2m - 1 that group is easily

determined by studying the exact sequence of the pair (M x M, M x M - A) and

using (when M is orientable) the Thorn Isomorphism

Hm-l(M; Z) s H2m-l(M x M, M x M - A; Z).

The following table describes the set of embeddings and immersions of real

projective space Pm in R2m-' for i < 2. The results for immersions agree with

those of Robinson [20] who studies the Postnikov factorization of 0/0(n) —*■

BO(ri)-^BO.

Emb(P",Z?2"-') lmm(P",R2"-i)

i = 0

i=l

i = 2

Z,

£,2,

z2,

¿4>

n even,       n > 4

n odd

n even,      n>6

n = l (4),   n*2r

n=3 (4),

0, n = 0 (4), n>8

Z2+Z2+Z2, n = l, n¥=2r

0, n = 2, 2r+l

Z4+Z4?Z2, n = 3,

Z,

¿2.

Z2'

n even,     n>2

n odd

n = 0(4), n>4

Z2+Z~+Z2,     n = l,

¿4.

z4+z2,

o,

z2+z2,

¿2>

ZA+Z41Z. 2'

n = 2,

n = 3,

n = 0(4), n>6

n = l,      n^2r

ns2,

n = 3,
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10.  This section deals with the existence of an embedding of Mm in

p2m-2   It is we]i known that every manifold Afm embeds in R2m, and that if

m>5, Mm embeds in R2m~l if and only if wm_x =0 [10]. The following result

is not best possible, but it does give the existence of embeddings of Af™ in R2m~2

in many cases.  All cohomology groups in this section have Z2 coefficients unless

other coefficients are indicated.

Theorem 45. Let M be a manifold of dimension m>8 with w 0

for.i < 4. // Sq2 Hm-2{M) i= 0, then there exists an embedding of M in 52m_2.

If Sq2 Hm~2{M) = 0, then there exists an embedding of M in R2m~2 fa the fol-

lowing cases:

(1) wx = 0; m = 0,1 (4) always,

m=2     (4)  //Sq1iVm-2(Af) = 0,

(4)  ifSq3Hm~4{M) = 0;

(4) //w1//m-2(M)Çw2//-m-3(Af),

(4) //{w1Sq1^m-3(Af) + (Sq1 + wx)Hm-2{M)}

Ç{Sq2Hm-\M) + SqlHm-2{M) + w2Hm-3{M)},

m = 2, 3 (4) always.

Remark 46. A result of Massey's [15] shows that if a{m) > 5 (a(»i) is

the number of ones in the dyadic expansion of m) then wm_¡ = 0 for i < 4.

Proof of Theorem 45. Since m > 8, it suffices (in view of Haefliger's

theorem) to produce a lift of g: M* — P°° to p2m~3. The following Postnikov

factorization of p: p2m-3 —>5°° is used to do this:

«i = 3

(2) wx * 0, m = 0

w^l

E¡-► K{Z2,2m-2)

ax x kx

,2m-2

+K{Z2,2m-2)

■+K{Z2,2m - 2) x K{Z2,2m-I)

-K{Z2,2m-2)

It differs from the one considered in §3 in that the Z occuring in

7r2m_3(52m~3) is not killed all at once but rather "a Z2 at a time ". Tht

X -*P°° and g*{u2m~2) = 0, the a-invariants correspond to looking at
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Z?,(g*(«)2m_3) where Bt is the z'th Bockstein. The lemma at the end of the proof

shows that the assumption wm_¡ = 0 for i < 4 implies that 0 = g*(u)2m~4 E

H*(M*) so the a¡ (i > 0) obstructions (for M*) present no problem. The method

of Thomas [12] is used to evaluate the k x -obstruction.

So consider the commutative diagram:

Z-► K{Z2,2m~l)

+ L' f
Y---► K(Z2,2m-2)

->/^>^>P" xir(Z2,2m-4)   1 ® Sql > *(Z2,2m-3)

*1S

In the diagram L is the following operation in A(P°°):

jl ® Sq2 +u2 ® 1,      m even,

/l®Sq2, m odd.

Also the space Y(Z) is obtained by pulling back the path fibration via 1 ®

Sql{L •/). Clearly (1 ® Sq1)^ x u2m~4) = 0, so a lift n exists. Moreover, an

easy calculation shows that L,f-h = u2m~2,soh exists making the square

commute. Now, when the cohomology of El and Z is commuted (in dimension

< 2m — 1) it is seen that a class k'x E H2m~1(Z) may be chosen with two

properties:

(1) h*{k\) is a representative for the first obstruction (i.e. for kx).

(2) k\ is a representative for the secondary operation 4> corresponding to

the relation L- L+ (Sq1!) • Sq1 = 0 in A(P°°).

If g*(u)2m~2 = 0, there exists a lift gx and it is easily checked (using the

above calculation of H2m~l(Ex)) that the obstruction set kx(g) = \Jg gx(kx)

is a coset of L • H2m~3(X). The same condition implies that $(£*(u2m-4)) is

defined and is a coset of LH2m~3(X) + Sq1LH2m*4(X). Properties (1) and (2)

of the class k\ show that when

(**) Sq1¿ZZ2m-4(Z)CZZZ2'"-3(Ar),

the two sets kx(g) and $(g*(u2m~4)) coincide.

For the space M* easy calculations show that (**) occurs precisely under

the conditions of the theorem. Finally, the assumption wm_¡ = 0 for / < 4 and

the following lemma show that £*(t/)2m-4 = 0. Thus 0 G q>(^*(u)2m_4) and

so a lift of g to Zj2 and hence to p2m~3 exists.

Lemma 47. Let k < m.   Then

[2m-fc-l/2]
g*(ufrn-k = (M<S  l2)2m-fc „ £ y2m-fc-2/ g ^2

i=k

inH2m~k(M*).
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Proof.

[2m-fc-l/2]
{u ® i2)2m~k = ï{u2m-k ® l2) =        Z u2m~k-2i ® (ß'(l))2

1=0

[2m-fc-l/2]
£ u2m-k-2i®w2

i=k

since ß'(l) = w, and S^1 u2m-k-2i ® dW{M) = 0 in H2m-k{M*) by the

result of Yo.
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