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GENERALIZED INVERSES AND SPECTRAL THEORY
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CONSTANTIN APOSTOL AND KEVIN CLANCEY

ABSTRACT. The concept of a generalized spectral projection associated

with a subset in the semi-Fredholm domain of a bounded operator on a Hilbert

space is introduced. These generalized spectral projections possess many of the

desirable properties of spectral projections associated with spectral sets. In parti-

cular, generalized spectral projections are used to separate finite sets of singular

points from the semi-Fredholm domain.

This note is concerned with some spectral theory questions in the semi-Fred-
holm domain of a bounded operator T acting on a Hilbert space. In the semi-
Fredholm domain of T there exist at most a countable collection of complex
numbers A where the projection onto the kernel of X — T is discontinuous. These
points, referred to as the singular points in the semi-Fredholm domain, do not ac-
cumulate inside the semi-Fredholm domain. The points A where the projection
onto the kernel of A — T is continuous are called regular points.

In the study of several questions connected with approximation in the alge-
bra of all bounded operators, it is often necessary to separate from the semi-Fred-
holm domain a finite number of these singular eigenvalues. This means one de-
composes T into a direct sum of two operators Ty @ T,, where T, contains the
singular behavior of T and this finite set of singular eigenvalues are regular points
for T,. A procedure for accomplishing this separation is described in [3]. In this
note an alternate procedure for the separation of a finite set of singular eigenval-
ues is given.

The method entails constructing spectral projections for singular eigenvalues
in the semi-Fredholm domain. It should be observed that these singular eigenval-
ues need not be isolated points in the spectrum and, therefore, one cannot con-
struct the spectral projections in the usual manner. Fortunately, there is a con-
venient 3 x 3 triangular representation of an operator which efficiently displays
the spectral properties of the operator in the semi-Fredholm domain [3]. This
leads to questions about generalized inverses and generalized spectral projections
for 3 x 3 triangular matrices of operators. The basic properties of these genera-
lized inverses and generalized spectral projections are developed in this note.
These properties should be of independent interest.
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Allan [1], [2] has shown how to construct an analytic right inverse for an
operator T on a domain where A — T is surjective. This result of Allan allows a
more canonical construction of the generalized spectral projections associated with
singular eigenvalues. The authors would like to thank Professor I. C. Gohberg for
drawing their attention to the work of Allan.

The note is organized as follows. §1 contains preliminaries and notations.
In §2 triangular generalized inverses are constructed for 3 x 3 triangular matrices
of operators. Also in this section the basic properties of these generalized inverses
and generalized spectral projections are described. In §3 the triangular matrix
model for an operator in the semi-Fredholm domain is described. The results of
§2 are then applied to construct a lattice homomorphism from the family of fi-
nite subsets of singular points in the semi-Fredholm domain to the lattice of all
projection operators. This construction allows one to easily separate a finite set
of these singular points.

1. Preliminaries. Let H be a complex Hilbert space and [(H) the algebra of
all bounded operators on H. For T € L(H) the notations o(T) and o,(T) will be
used for the spectrum and essential spectrum of T, respectively. The correspond-
ing resolvent sets will be denoted by p(T) and p,(T). It is convenient to also in-
troduce the notations p,(T) and p,(T) (p,.(T), p;(T)) for the right and left (es-
sential) resolvents of T, respectively.

An operator T € L(H) is called a Fredholm operator in case 0 € p(T). In
case 0 €p,(T) U p,.(T), the operator T is called a semi-Fredholm operator.
The semi-Fredholm domain of T is the set p,_(T) = p,.(T) U p,(T).

The kernel or null space of an operator T will be written ker T and Py, 1
will be employed for the orthogonal projection of H onto the kernel of T. The
initial space of the operator T is the range of the operator I — Py, 1 and the fi-
nal space is the closure of the range of T.

Let T be an operator with closed range. An operator F € L(H) will be
called a generalized inverse for T in case, TF is a projection onto the final space
of T and FT is a projection onto the initial space. Unless the operator T is inver-
tible, a generalized inverse of an operator with closed range is not unique.

Let T€ L(H) and G an open subset in the complex plane such that the op-
erator A — T has closed range for every A € G. An operator valued function F:

G — L(H) will be called a generalized inverse function for T in G, in case for

A E G, F(N) is a generalized inverse for A — T. If, in addition, the operator val-
ued function F is continuous and, for each pair A, u in a component of G, the re-
solvent identity

@ FQ) - F@)Y(\ —w) = -F(NF)
holds, then F will be called a generalized resolvent for T in G.
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It is clear that if F is a generalized resolvent for an operator T in an open
set G, then F is analytic on G. On the other hand, not every generalized inverse
function, which is analytic on a component of an open set verifies the resolvent
equation (1) on this component.

In case G C p,(T), then a generalized inverse (resolvent) is called a right-in-
verse (resolvent) for T in G. Similar definitions are made for left inverses and
left resolvents. Allan [1], [2] has shown that there exists an analytic right inverse
function in all of p,(T) (of course, a similar result is true for left inverses in
p((T)). It is apparently not known if there exists a right resolvent in all of p (7).
It is easy to see, however, that locally right resolvents exist in p,(T).

Let T € [(H). A point A at which the mapping u — Py er(u—r) Is continu-
ous is called a regular point for the operator T. Otherwise, \ is called a singular
point. The set of singular points in the semi-Fredholm domain is denoted by
Ap(T). It is known [3] that pi_r(T) coincides with the discontinuities of the
function

m(}) = minimum dimension{ker(X — T), ker(A — 7)*}.

This is an at most countable set which does not accumulate in p,_(T) (see, e g.
[3], Gohberg and Krein [4], and Kato [5]). It is easy to see that p$_(T) N
p(T) = &.

Suppose A is an isolated point in the spectrum of the operator T. Let
P({A}) be the spectral projection of T corresponding to the spectral set {A}. The
dimension of the spectral space P({A})H will be denoted by sp dim(; 7). The
collection of all isolated eigenvalues A of T for which sp dim(X; T) is finite will
be denoted by op(T). Clearly, o(T) C p§_g(T).

2. Generalized inverses for triangular matrices of operators. In this section
we assume that the Hilbert space H has the direct sum decomposition H = H, +
Hy + Hj, where H,, H,, H, are closed subspaces. It is further assumed that rela-
tive to this decomposition of H, the operator T has the triangular form

T, A B
@) T=|0 T, C
0 0 T

Let G be an open set. Assume that T, has a right inverse function R, and
T, has a left inverse function L in G. Further assume that A — T, is invertible for
A in G with resolvent R(X: T;). For X in G, set

R() RMNAR(\: Ty) R(MIAR(X: T,)C + BIL(N)
@ FMN=| 0 R(\: Ty) RO\ T)CL(N)
0 0 L)
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The operator valued function F can easily be seen to have the following
properties:

(i) F is a generalized inverse function for T in G.

(ii) If R, L are analytic in G, then F is an analytic generalized inverse func-
tion for T in G.

(ii) If R, L are right and left resolvents, of T,, T} respectively, then F is a
generalized resolvent of T in G.

Next suppose that G is an open subset of the complex plane and that R, L
are analytic right and left inverse functions in G of T,, T, respectively. Let o
be a compact subset of G, such that ¢ C o(T,) and G, = G\o is a subset of p(T).
Let T" be a closed rectifiable Jordan curve in G, which surrounds o and has posi-
tive orientation with respect to that component of the plane determined by I'
containing the set 0. Let F be the analytic generalized inverse function for T in
G, defined by (3). Form the generalized spectral projection of T associated with
0 by P(6) = (2m) 1 fp F(\) d\. The operator P(0) has the form:

1
0 -z—ﬂ_"PR(A)AR()\: T,)d\ E:T—i-_"PR(A)AR()\: To)CL(N) dX
@ P@)=| o0 Py (0) 2—;1.—IPR(>\: TOCLYAN  |;
0 0 0

\

here, Py(0) = (2mi) "' fpR(\: T,) d is the usual spectral projection of H,, onto
the spectral subspace for T, corresponding to the spectral set g.

The generalized spectral projection P(g) has many of the usual properties of
a spectral projection:

(a) P2(0) = P(o0).

() P(0)T = TP(0).

(c) Let T, be the restriction of T to the invariant subspace P(0)H. Then
oT,) = o.

(d) Let P'(0) = I — P(0) and T, be the restriction of T to the invariant sub-
space P/(6)H. Then every point in G is a regular point for T,',.

(¢) Suppose that 0 = 0, U 0,, where 0, and o, are disjoint compact sets.
Form P(0,), P(0,) by integrating F(X) around closed curves T'; C G,, T, C Go
which surround only the part of o labelled o,, o,, respectively. Then
P(0,)P(a,) = P(0,)P(0,) = 0 and P(0) = P(0,) + P(0,).

(f) Assume that o= {\}1, C og(To) where the A; are distinct. Then

n
dimension(P(0)H) = 3~ sp dim(¥; T,)
i=1

and
sp dim(\; T,) = spdim(N\; Tp), i=1,...,n.
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In the remainder of this section we give brief indications of the proofs of

properties (a)—(f).
PROOF OF (a). This is a matrix computation. In the 1, 3 position in the
matrix of P2(0) there appears the operator

E = (2mi)™? IPR(A)AR(A: T,)dA f Rz To)CL() dp.

Enlarge I to a contour I’ C G, which contains I in its interior. Then

E=(2ni)™? Jrr IP,R()\)AR(A: To)R(u: To)CL(u) dpd\
= (2mi) "2 fr IP,R()\)AR()\: To)( = N CL(u) dud\
- (2m)? fr IF,R()\)AR(p: To)( = N7 CL() dud
= 2mi)~! er(x)AR(A: T)CL(N) d\
- (2mi)~? f - [IPR(x)(u -N! d)\]AR(?\: T)CL(k) dp

= @m)™! f CROVAR(N: To)CL(N) d.

This last operator is the 1, 3 entry in P(¢). It is important to note that only the
analyticity of R, L was used in the above computation. The verification of
P?(0) = P(0) for the other entries in the matrices proceeds similarly.

PROOF OF (b). This is another matrix computation. Again we will com-
pare only the 1, 3 entries in P(0)T and TP(¢). The check of the equality of the
other entries in the matrices P(¢)T and TP(0) is left to the reader.

The 1, 3 entry in P(0)T is the operator

E = Qi)™ _IPR(A)AR()\: To)Cd\ + (2mi)~! f SROVAR(N: To)CL(NT, dA

= (2mi)~! I r AR(NAR(A: Ty)CL(N) d\.
The 1, 3 entry in TP(0) is the operator

E'= (2ni)™! f ST,ROVAR(N: To)CL(N) + (2ni) ™! f AR To)CL(N) dX

= Qi) fer(x)AR(x: To)CL(N) dA.

Obviously, the 1, 3 entries in P(0) T and TP(0) are equal.

PROOF OF (c). Let u € 0. Choose a closed contour I'' in G, containing ¢
such that u is not inside I''. Set S(u) = 2mi)™!fpF(N)(w = N)~! d\. Then
S — T)P(0) = P(0) and P(0)(u = T)S() = P(0). It follows that u & o(T,).
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The inclusion o C o(T,) is not difficult to obtain.

ProOF OF (d). A computation shows that ker(A — T) = ker(A — T,), for
A € G. This establishes (d).

PrROOF OF (¢). The identity P(0) = P(0,) + P(0,) follows from the analy-
ticity of F in Gy. To complete the proof of (e) it suffices to establish that
P(0,)P(0,) = 0. Consider the 1, 3 entry in P(0,)P(0,). It is the operator

E = (Qmi)™? J'FIR()\)AR()\: Ty) dA frzk(u: To) CL(k) du

= (2mi)™? J-PIR(A)AR()\: To)Po(0,) dX J‘FzPo(oz)R(u: T,) CL(u) d.

It follows from the fact that Py(a,)Py(0,) = 0, that £ = 0. The verification of
P(0,)P(0,) = 0 for the other entries in P(0,)P(0,) proceeds similarly.

REMARK. The assumption that F was analytic in G, was not actually neces-
sary in the last argument. If one knows that an analytic generalized inverse exists
separately in open sets G,, G, which surround gy, 0,, respectively, then still one
has P(0,)P(0,) = P(0,)P(d,) = 0.

ProOF OF (f). In virtue of property (e) it suffices to establish this result
only in the case where 0 = {\} C og(To). In fact it suffices to establish that

dimension(P({A})H) = dimension(P,({A})H,).

It is clear that dimension(P,({A})H,) < dimension(P({A\})H). Further, P({A\}))H C
H, + Hy, P({\})H, = (0), and, therefore,

dimension(P({A\})H) < dimension(Py({A})H,).

Also, P({ADH, = P({ ADPy({A})H,, and we obtain dimension(P({A\})H) <
dimension(Po({A})H,). This completes the proof.

3. The lattice of generalized spectral projections. This section begins with a
description of a triangular form for an operator T € L(H) when H is decomposed
in a natural way relative to the semi-Fredholm domain. This triangular form plus
its basic spectral properties appear in [3].

For T € L(H) the collection of regular points in the semi-Fredholm domain
will be denoted by p}_(T). Following [3] we define

H(T) = clm.{ker(A - T)}Aepg_p(r)’

H(T) = clm.{ker(A — T)*},\e,,s_ (T

Hy(T)= H O (H,T) + H(T));
here, cl.m. is an abbreviation for “closed linear manifold”. The subspaces H/(T)
and Hy(T) are orthogonal so that H,(T) + H/(T) is closed.

The restriction of T to the invariant subspace H,(T) is denoted by T,, and
the compressions of T to the subspaces H(T) and H,(T) will be denoted by T,
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and T}, respectively. Relative to the decomposition H = H,(T) © Hy(T) ®
H(T), the operator T has the form

T, B
c

) T= 0

© N

0
0 T,

The following result appears in [3]:

THEOREM 1. For T € L(H) we have
() ps-p(T) C p(T,) N p(T),
(i) Pep(T) C p(Ty),
(iii) pi_g(T) C 02(7'0),
(V) 0p(T) C o(T,) N p(T)) N 0%(T,), and for A € 09(T), sp dim(X; T) =
spdim(X; T,).

Using the results of Allan [1], [2] and property (i) in Theorem 1, it is possi-
ble to find an analytic right inverse function R for T, on p;_p(T) and an analy-
tic left inverse function L for T, on p,_p(T). Set Go = ps—p(T)\05_p(T) and
define the analytic generalized inverse function F for T in Gy by (3).

Let T denote the lattice of finite subsets of pS_(T) ordered by inclusion.
For each 0 € T one can form the generalized spectral projection P(o) from the
analytic generalized inverse function F as described in §2. It is clear from prop-
erty () that the map ¢ — P(0) is a lattice homorphism from T into the lattice
of projections on H.

The following theorem is a summary of many of the basic properties of the
generalized spectral projections P(0) for 0 € T . It also yields Theorem 3.3 of
[3] as a corollary.

THEOREM 2. Let T € L(H) and let (5) denote the triangular matrix repre-
sentation of T relative to the decomposition H = H(T) & Hy(T) © H(T).
Choose an analytic right inverse function R for T, and an analytic left inverse
function L for T in p,_p(T). Form the analytic generalized inverse function F
for Tin Gy = py_p(T)\pS_p(T) determined by (3), and let 0 —> P(0) be the
mapping which associates with ¢ € T the generalized spectral projection P(0).
Then:

() The map 0 — P(0) is a lattice homomorphism of T into the lattice of
projections on H.

(i) If H, = P(0)H, then the collection {H,: 0 € T} is a lattice of invariant
subspaces for the operator T; moreover, dim Hy = Z)¢g,sp dim(X; Ty), for o € T.

(iii) If T, denotes the restriction of T to H,, then o(T,) = o.

(iv) If T4 denotes the restriction of T to H,, = (I - P(c))H, then Gy U
0 C p}_p(T,).
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