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ABSTRACT. The paper is concerned with the integral
H = 2" 1FI"(Re F)* a8

in which f is a function regular and starlike in the unit disc, F = zf'/f, and the
parameters g, 7, Kk are real. A study of H is of interest since various well-
known integrals in the theory, such as the length of f{lzl = r), the area of
f(lz1 < r), and the integral means of f, are essentially obtained from it by suit-
ably choosing the parameters. An asymptotic formula, valid as r — 1, is
obtained for H when f is a starlike function of positive order «, and the param-
eters satisfy ao + 7+ x> 1,7+ k > 0,k 3 0, 0 > 0. Several easy applica-
tions of this result are made; some to obtaining old results, two others in prov-
ing conjectures of Holland and Thomas.

1. Introduction. Let a function f be regular in the open unit disc D, and
such that £(0) = 0, '(0) = 1. Suppose a function F exists, regular in D, and of
positive real part, for which

(1.1) F@=z'Yf(z) 0<lzI<1), F@O)=1.

Then f is called starlike. It is well known that a starlike function is univalent,
and maps D onto a set starshaped with respect to the origin.

Suppose now that f is starlike, and let (1.1) define F. We consider for 0 <
r <1 and real g, 7, and «, the integral

H@,0,7,K) = I:" If (e ) IF (re® )l (Re F(re'®))* df.

With various choices of g, 7, and «, this integral is well known in starlike (and
univalent) function theory. For example,

H(,1,1,0)= | :"v(re“’)F(rei")lda = z"rlf'(rew)l a8
is the length of f({z: lzl=r}), and
H(,2,0,1) = [ " ifGe®)Re Frel®) dp
(12) =2, [ 7olf (oe'®)2 dodp = 246 1,
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where A(r, f) is the area of f({z: lz| <r}). Also, for A >0,

(13) H@ ), 0,0)= | :"lf(re“’)l’\ d8 = 21, \, ),
and
HEAN0) = [T IGe®)Fee®) do

(14 2
n .
= fo r’\ lf"(re'o)‘A do = 21TI'7\J(", >\9 f)s

where (I(7, \, N))/* and (J(r, A, 1))}/ are integral means of f and f' respective-
ly. In the present paper we suppose f to have a certain minimal growth, and find,
for suitable o, 7, and k, as r tends to one, an asymptotic formula for H(r, o, 7, k).

A few remarks and definitions precede the statement of this result. From a
classical theorem on regular functions of positive real part, and the relationship
(1.1), we find for a starlike function f the well-known representation

49 @ =zen(-[ 0 - au) e

where p is nondecreasing on [0, 27] and |, g"du(t) = 2. Any such function u sat-
isfying (1.5) is continuous apart from jumps of height at most f g"du(t). Pom-
merenke has shown (implicitly) in [4] that
_ 1 loglf(re®®)
AN = I osl = 1)
is the jump of u at ¢ if 0 < ¢ < 27, and the sum of the jumps at 0 and 27 when
¢ =0 or 2m. For a(f) = sup,A(y, f) and M(r) = max), ., |f(2)] (0 <r<1)he

has shown
— 1., Jog M(r, f)

(1.6) ) E?} =log(1 -r)°
We call a(f) the order of £, and A(yp, f) the radial order of f on {re’}.

Starlike functions of positive order are the main concern of the present pa-
per. We shall, in the following, make implicit use of the fact that for such a
function f, {p: A(p, f) > 0} is countable; and for 0 <c¢ < a, {p: A(p, /) =c}is
finite nonempty.

Our result is as follows:

THEOREM 1. Let f be a starlike function of positive order a, and denote by
@15 -+« » Py the values of ¢ in [0, 2m) for which a is the radial order of f on
{re’*}. Thenif 0> 0,k 20,7+ k>0,and g +7+k > 1,

N
H@r, o, 7,k) ~a™ ¥ Clac + 7+ 2€)(1 —)!I77* 3 rre')le,
v=1
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as r — 1, where, for x > 1, C(x) = [ dt/(1 + £2)%* = I['(4x — B)T(%)/T(4x).
Theorem 1 has some interesting applications. Let f be starlike of order a.
Recalling (1.2) to (1.4), and using, with Theorem 1, the relationship
.7 M, f) ~ max(f eV, ... ., e @>0)
(proved at the end of §2) we obtain for a > 0:

lim inf AC 1) > lecRa+2), limsup AnS) o 1 NaC(2a +2),
~1 M, f) =1 M@, f)

fora>0,aA > 1:

timinf — L2805 0@y, limsup—LE2D) < N,
=1 (1 =M@, f) 1 (1 -rM, f)

and fora>0,(1 +a)A>1:

fim inf —2 &2 D) 5 2o + ),
U (1= )

lim sup J A1) < N Cla + ).
~U (=), £)

These are all results of Sheil-Small [S].
From (1.2), A(r, f) = %H(r, 2,0, 1) and 4'(, ) = H(r, 2, 2, 0)/r; so for
a > 0 Theorem 1 also yields

. (1=-n4'. H _
(1.8) lel A0, D 2a.

A proof of this result, and a simple proof of (1.8) in the case a = 0, are to be
found in [3]. We are also able to prove, using Theorem 1, that, for aA > 1,

QA=)
(1.9) lim SR ar-1,

a result conjectured in [2]. In fact, once we have noticed, from (1.3), that, for
any A>0,I(r,\, /) = H(r, A, 0, 0)/2m, and

' R S CLIPYRT N 0y 70 = N
r'en =5 I ey Re Fe'®) dp = SH 0, 1),
the proof via Theorem 1 follows simply on noting
alClal + 2) = (aX — 1)C(a)), for aA > 1.

Another conjecture in [2] is that, for (1 + @)A > 1,
. (A=DJ'r,N N _ _
(1.10) lrlTl R =1+aA-1.
A corollary of Theorem 1 yields a proof of (1.10) when (1 + @)A > 1,a >0, as
we shall see in §4.
Our proof of Theorem 1 begins in §2, where some preliminary results are
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obtained, and is completed in §3. In all that follows we assume that 0 <r <1,
and that @ is a real number. Also that the 0, 0, and ~ notations refer to beha-
viour as r tends to one. The term 7 near one means all values of 7 in (n, 1), for
some 7 in (0, 1).

2. Preliminaries. In this section we prove a number of results on what are es-
sentially powers of starlike functions. A function g will be called star-powered
whenever

@) g =zexp (— [2iog1 - etaan) @),

for some nondecreasing function v on [0, 27]. For such a g, we define as for a
starlike function g the terms order of g and radial order of g on {re’*}.

The results we now prove are directed towards finding for a star-powered
function g, and the function

(2.2) G:G@) =2'(2)e(z) ZED\{OD), GO)=1
information about behaviour on various subsets of D.

LEMMA 2.1. Let g be a star-powered function of positive order B, and in the
above notation, put K = [3"dw(t). Then

(i) for € > 0, and r near one, M(r, g) < (1 — ry P,
(i) with G defined by (2.2), M(r, G) <1 + Kr(1 —r)™L.

This is a well-known result when g is starlike [4], [3] and the extension to
star-powered functions is simple enough to omit.

LeEMMA 2.2. Let g be a star-powered function of positive order B, and
denote by ¥, ..., l,bp the values of Y in [0, 27) for which B is the radial order
of fon {re'*}. Put

T® = [0, 2m)\ 6 {6 mod 27: 16 - ¥, 1 < 1(r)},
k=1

where I(r) = (—log 1 = r)™1, and let 7y be the largest radial order of g less than .
Then for any positive €, and r near one,

lgCre™®)l = 0(1)(1 - ry 1=
o SR g(re™)l = 0(1)(1 - r)

Proor. The function A,
p _
hz) = g(z) [T (1 - 2e V¥,
k=1

is star-powered and has order v, so by Lemma 2.1, for € > 0, and » near one,
M(r, ) < (1 =r)™"%€. Also, for r near one, we have uniformly when 6 € T'(¢)

p .
[T 11 =708 < 11 = rellI-b0 < (412 ()~ %0P,
k=1
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Hence
sup lg(re®®)l = 0(1)(1 - )Y %€(=log(1 - r))PP,
6ET(r)

from which the stated result follows.

LEMMA 2.3. Let g be a star-powered function of positive radial order 8 on
{re'*} (0 < <2m). Suppose that \ is a positive number, and & a positive func-
tion on (0, 1) for which N(1 —r) < 8(r) = o(1). Then

lg(re®®)l < (1 + A2 + o(1)) "B lg(re'#)l
uniformly when N1 —r) < 10 — ol < 8(r).

PROOF. Let
2.3) 2(2) = zh(z)(1 - 27y F  (z€D)
then, by an elementary argument,
24 (e’ < (1 + o(1))rln(re®HI(1 —r)F (1 + (%}%)2 )-%'j

uniformly when 160 — ¢l < 8(r). For h we shall prove
N B-pl/2(1~

@5) (e < el exp (o(l)jo PRy p )-%dt)

uniformly when A(1 —7) < 10 — ¢l < §(r). The lemma then follows by combining

(2.3) and (2.4) to form

Ge®) < (1 + o(1))lg(re'*)] (1 + ((:%rp)z)—%ﬁ

0—pl/2(1-
- exp <0(l)fo v ')(1 + t’)"’*dt),

valid uniformly for A(1 —r) < 10 — ¢l < §(r), and by noting that for any suitably
small positive €

Vei ¥e(¥) = (1 + x2)%Pexp (ef:x(l + t’)‘”d:) x>N

is a decreasing function.
For the proof of (2.5), let  be a positive function on (0, 1) for which
() = o(1), yet 8(r) = o(1)I1 = re! )|, and put

E(r) = {6 mod 2m: 160 — ol < n(r)}, E'(H) = [0, 2n]\E().
Write

glz)=zexp (—f:"log(l - e""z)dv(t)) (z € D),
then from (2.3) we deduce

(2.6) h(z) = exp (-f:"log(l -e7itz) d‘r(t)) (z€D)
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where
B, v<t<2m,

@7 () = v(t) - {
0, 0<t<yp.

We have, for any real ¢,

] . -t 1
logl1 — rei(# =D - loglt = re’® =Dl = Rejrt 5% <log 1 i">du
~re

< max

It+l€—¢l du _ZJ‘V:IG'—an du
o<t<2nJ1?

li-reul 90 l1—rel
So with the aid of (2.7) we obtain

IE (r)(logll - reé?=0| - logll — re!®=D)dr(z)

238) <2 ( Je. )d‘r(t)> ( jre~ |_dl7|>

1-re

|
= o(1 )j'%lO ¢| duel . (I)Iw -pl2(1 r)(l + 2)"%du
1-r

uniformly when 1§ — ¢l < §(r). Now observe that, by the choice of 7,

- i(a—t) el(0—¥) —
1-re™"™" ‘ | 1 = o(1)
e 1 - refn()

uniformly for ¢ € E' and 10 — ¢l < §(r). Hence

29 _[ E,(r)(logll - rel@ 0 = logll - ref®=D)dr(r) < o(1) f :"df(r) =o(1)

uniformly when 10 — ¢l < §(r). Combining (2.8) and (2.9), and using (2.6) we ob-
tain (2.5) uniformly for A(1 —7) < 16 — ¢l < 8(7).

LEMMA 24. Let g be a star-powered function of positive radial order  on
{re"*} (0 <y < 2n), and define G by (2.2). Then for 0<c<C

@ 1G(re'®)l ~ (1 = )" (1 + (‘i—'_—‘f—)zy%,
and
1

Re G(re'®) ~ p(1 - r)? (1 + (%—:‘f)z)- ,
uniformly when 16 — ol < C(1 —r).
(ii) Im G(re'®) ~ (6 — ¥)(1 —r)2 (1 + ( "TE%)Z)-I
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uniformly when ¢(1 —r) <16 — ol < C(1 = r).
—'/zﬂ
(iii) le(re’®)l ~ lg(re’)l (1 + ( g — ¢> )

r
uniformly when 10 — ol < C(1 = r).

PROOF. Parts (i) and (ii) are easily proved if G(z) = z/(1 — z),¢ = 0, so in
deriving (i) and (ii) we shall prove no more than

— o)

1-r

(2.10) G(re®®) -

1 - rel®=¥)

uniformly when 18 — ¢l < §(r), where 8 is any positive o(1) function on (0, 1).
We have, from (2.1) and (2.2), for some nondecreasing function »,

-itz
G@-1+f @m (zE€D)
and this we rewrite in terms of
B, o<t<2m,
2.11) () = W) -
0, 0<t<y,
as

. i(6—-¢) (6-1)
(2.12) G(re'e) - _L =1+ J'zﬂi——d-r(t).
1 —ref0-9) 0 1 —relé-0
Let 1 and € be positive functions on (0, 1) for which e() = §(r) + n(r) = o(1),
and 1 —r = o(1)I1 — re/®®)|. Put

P(r) = {§ mod 27: 10 — ol < e(r)}, Q@) = [0, 27]\P(r),
and consider now only values of r for which Q(r) is nonempty. Then from (2.11)

we see that
i(0—1)
[ ——an| <
P(r) | — gi(6-1)

dr(r) = 210

(2.13) oo

B(r)

uniformly for real 8. Moreover, for 16 — ¢l < §(r) and ¢t € Q(r),
n(r) < 16 - 1l <27 - n(r), so we also have, uniformly for 16 — ¢l < §(7),
rei(0=1)

1 _o(
@.14) IIQ( ) 1 — rei6-10 dr)| < |l —rein® I o) drlt 1-r’

by the choice of 7. Now combining (2.12), (2.13) and (2.14), the required esti-
mate (2.10) is easily obtained.
We next derive (iii). Using the identity

(2.15) a% loglg(re’®)l = — Im G(re'®)
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and (ii) of this lemma, we have, uniformly for ¢(1 - <6 —9 < C(1 -r),
g(re'®) I _( t—y dt

lo
g g(rei(cpﬂ'(l—r))) p+e(1-r) (1 - r)z + (t - ¢)2

0—yp u b-9)/1-r ¢
—_—  du=- I _t
A=D1 -r? +u? ¢ 1+

—Siog (1 + (O -9V - r))’)
1+¢2
From this, and a similar argument, we deduce

I g(re'®) - < 1+¢2 )'Aﬁ

lstreiorea=-my |~ \1 + @ -yt -2/

dr

and

I g(re®) - < 1+¢? )”ﬁ

lereitee= ~ \1 + (6 - g1 - 1)?

valid uniformly forc(1 - <0 -9 <C(l -r),and -1 -N <0 -9 <
—c(1 = r) respectively. When 16 — ¢l < ¢(1 = r) we have, using (2 15) again and
Lemma 2.1(ii),

gre)|_

log
g(re'?)

|j: Im G(re'?) dtl <c(l-7) (1 + —’5’—)

r

from which

ﬂrem)

g(re'?)

e—c(l—r+Kr) < < ec(l—r+Kr),

and this modifies trivially to

P ( 1 )"” < LLI
1+ (6 -9/Q -n)? g(re')
< ec(l—r+Kr)( 1+¢2 )%ﬁ‘
14 (6 - /(1 -n)?

Since ¢ is an arbitrary positive number, the last two results imply (iii).
To conclude this sequence of lemmas we shall prove a result assumed in §1.

LEMMA 2.5. Let g be a star-powered function of positive order §, and de-
noteby ¥,..., 'IJp the values of Y in [0, 27) for which § is the radial order of
fon {re’}. Then
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M, &) ~ max(lg@re™ V), . . ., lg(re’* P)l.
PROOF. Let
p
T() = [0, 271\ U {0 mod 27: 16 — ¢, | <)},
k=1
then from Lemma 2.2, and the inequalities

@)l = r(1 + r)P@m—2(0)]] - ze VB (zl=r,k=1,...,D),

which follows easily from (2.1), we have

(2.16) sup lg(re’®)l = o(1)M(, ).
0ET(r)
Now using Lemma 2.3, we see via (2.16) that if e > 0 and
p
W(r, €) = [0, 27\ |J {0 mod 27: 16 — Y, | < e(1 — 1)},
k=1

then, for r near one,

sup lg(re®®) < (1 + %e2) %M, ).
6EW (r,¢€)

So lg(re™™)| = M(r, g) where, for the same € and r, In(r) — ¥, | < &(1 — r) and
k=k() € {1,...,N}. Since € is an arbitrary positive number we deduce from
Lemma 2.4(iii) that
MG, 2) < (1 +o(1)lg(re ¥l
where k = k(r). Hence
M(, g) < + o(1)max(lgtre™ M, . . ., le(re™ PY)),

and obviously this completes the proof.

3. Proof of Theorem 1. Let f be a starlike function of positive order a, and
denote by ¢,, . . ., ¢y the values of ¢ in [0, 2m) for which « is the radial order
of fon {re’?}. Let I(r) = (-log(l —r))"!, and put

U =1{0:10 -9, 1<I(r)} (k=1toN),

N
T(r) = [0, 271\ U {0 mod 27: 6 € U, (r)}.
k=1
Then, for real g, 7 and «, and 7 near one, H(r, 0, 7, k) = Eﬁ;l){k + Y, where

= o|rIT K = oIRIT K
X = J, o CIFT@e a0, Y IFI°IFI7(Re F)*do.

T(r)
Whenao+7+k>1,7+k =0,k >0, 0> 0, we shall find for each X, the asymp-
totic formula

G X, ~ a5 Cao + 7+ 2)(1 - NI X e VK)o,
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and for Y the estimate
(32) Y =o(1)(1 —r)l—20- 7K,
Since, by the representation (1.5), lf(re’*%)| = r(1 + r)"2(1 - )", we then have
Y = o(1)Z¥_, X,; and consequently H(r, 0, 7, k) ~ ZN_, X,.. Our proof of
(3.1) is in §3.1, and that of (3.2) in §3.2.

3.1. Denote by ¢ any one of the ¢, , and by U(r) the corresponding Uj(r).
We have to prove

oy N ) Re Fire )y o

33
@3 ~a™t*C(ao + 7 + 2k)(1 = NITRIf(E )0
foracg+r+k>1,7+k=20,k>0,0>0. Let

Ve, x)=1{0: 10 —pl<x(1-1r)} (x>0)

and write

= = +1,,
€X)) I vy~ Ivem T I v - T h

say, where the missing integrand is that in (3.3). For I, we have, by Lemma
2.4, for real o, 7, and &, and for x > 0,

6 — —Y(ao+7+2K)
I, ~a™ (1 =) If(re?)lo IV(r x) (l +( = f) ) do

(3.5)
= a”'"(l ..r)l—'r—x lf(re"‘p)laj‘x (l + tz)_%(°'°+7+2")dt.
-x

For I, consider first the case 7 + k # 0. Let p and q be chosen so that aop > 1,
(r+K)g>1,p7' +471 =1,p > 1;it is easy to verify that this is possible.
Then, using the inequality k > 0, and Holder’s inequality, we obtain

1/p [ (27 1/q
L< | o IFIT 4l < (fmylflop) <fo IFI(“"‘)‘I) ,

where U= U(@r), V= V(r, x). With I(\) = [ U\Vlfl", and use of Hayman’s well-
known estimate [1], applicable here since (7 + k)q > 1, this becomes
36) I, = 0()(1 = a1 gy,
To deal with I we put
£() = z(1 — 27 ) AR+ ()2} (z € D\{0})

where aX > 1, and write
M) = I - Vlg(re"")nl - rel(0-9)[~¥%(ar+1) 49

- I«p—x(l-—r) j‘¢+l(r) =J, +1J,.

v=I(r) v+x(1-r)
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On {re’?} g has radial order %(aX — 1) > 0, so the lemmas of §2 apply. From
Lemma 2.4(ii) and (2.15), we see that, for r near one, lg(re®®)| increases through-
out the interval (p —x'(1 = 7), ¢ = x(1 = 7)). So on applying Lemma 2.3 to
le(re™®)! for 6 in (¢ — I(r), ¢ — x'(1 — r)) we have for r > ro(x) that in (¢ - 1(),
¢ = x(1 =), lg(re”®)l < lg(re’»=>(1=rM)|. This result applied to J,, and a simi-
lar one applied to J,, give for r > ry(x)

1-A i(ptx(1-7)) — »ol(0—9)|—%2(ar+1)
r'~M(N) < maxlg(re )l IU\VII re I de.

Now using Lemma 2 .4(iii) we obtain, for r > r (),
ip — pol(0—9)|-¥2(ar+1)
I < lg(re') J‘UWII re I do.

For € > 0, x suitably large, and 7 near one, it is easy to prove that
— pol(0—9) |~ Y(ar+1) — ol (0—p)[~Ya(eA+1)
Ju 1 - @@ a0 <e [ 11 =rel®=0) do

by making the substitution 8 — ¢ = #(1 —r) and using aX > 1. Moreover, for any
given positive x, and r near one,

f 11 = ref@—9)|7h@A+1)gg < f P — rel(0-9)|-H(ar+ 1)
| 4 0

<A(1 = ryHer-n
where A denotes an absolute constant. So when x > x(€) and r > ry(€) we have

3.7 IV < Aelg(re™)l(1 = )71 < g ¢(1 - P)If(re')*

for ad > 1, and since agp > 1 we may substitute (3.7) into (3.6) with A = ap
and obtain, for any € > 0,

(38) I, <Ae(l —nN'"*If(re)lo. (x> xq(€), r > ry(€)).

To prove (3.8) when 7 + k = 0 we first deduce I, < (o) using k > 0, and then

note that (3.7) applies with X\ = o since @0 = a0 + 7+ k > 1. Now using (3.4),
(3.5) and (3.8) we easily obtain (3.3).

3.2. We have to prove that forao +7+k > 1,7+k >0,k =0,0>0,
(3.9) fT (r)lf(reio)l°IF (re’®)I"(Re F(re'®))*do = o(1)(1 — r)t=ao-7-x,

Assume 7 + k > 0 so that p and q exist satisfying aop > 1, (r + k)g > 1,
p ! +q71 =1,p> 1. Then,since k > 0, we have by Holder’s inequality

Up/cr2n 1/q
o|R|T K op (t+K)q
Sy P Re Y < (fr(,)lfl > ( [l )

3.10
(19 lfl‘“’)”p,

=0(1)(1 -nt/a—Tx (fT(r)
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where we have used Hayman’s result [1], applicable since (7 + k)g > 1.

We now let X = gp, so that @A > 1, and consider [r,, If*d8. Denote by
@15+ s9y, - . . the sequence of ¢ for which on {re’#} the radial order of f is
positive, and by o, the radial order of f on {re 'p"} Then, since aX > 1, we de-
fine a star-powered function g by

g2 = z(f (z)) I -z%y *  (zeD\{o))
2/ o<yi<t
where v, = oA —aX + 1, £ = min(eA - 1, 1 — 7).
Any radial order of g less than the order is also less than aX — 1. Thus, by
Lemma 2.2, for some positive 8§,
sup lg(re’®)l = 0(1)(1 = r)l—er+8,
6ET(r)
Hence

J N0 = 0131 - ryi=er+3 2 11 — o O9 Tkt g
0 o<7k<1

2
= 0(1)( - r)~er+8 X711 - ref® -1,

since , + & <1, and the points ¢, for which 0 <1, <1 are distinct and finite
in number. The last integral is O(log 1/(1 — 1)), so

@3.11) J'T(r)mxdg = o(1)(1 - )t—or

and (3.9) follows easily from this (with A = op) and (3.10). To prove (3.9) when
7+ k = 0, we first use k = 0 to deduce

(4 T K [
fm)lfl FI"@Re FYa0 < J_ o178,
and then note that (3.11) applies with A = g, sinceaoc=ao +7+k > 1.

4. Proof of a conjecture by Holland and Thomas. With the aid of a corol-
lary to Theorem 1, we can outline a proof of the conjecture (1.10) in the case
a > 0, that is (in the notation of (1.10))

@41)  lim LJ?JJ)\)’——"} (1 +ar-1, fora>0,(1 +a)A>1
r—1

where

L (e
“2) TN =— § ey Fe®yP do.

In proving a similar result for I (also conjectured by Holland and Thomas), we
used Theorem 1 to represent both 7 and I'. The same approach will suffice for J
but not for J' since we have
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(43) 700 = A [ e PG Re Fe?) + Re Foe) =

where
Fz) =zF'(z2)/F(z) (zE€D).

However, when (1 + a)\ > 1, a representation of J' can be squeezed out from the
proof of Theorem 1.

The following results on F are needed:

(i) If f has positive radial order on {re’f}

Re F(re'®) ~ (1 + (‘i—:f)z)'%(l "
uniformly when 18 — o[ <O(1)(1 - 7).
(ii) F@l<2r/(1 -r%), (zd=0).
(i) follows from an argument similar to that in Lemma 2 4(i); for (ii) see [3]. Next

we have the

COROLLARY TO THEOREM 1. Let fand ¢,, . . . , ¢y be given as in Theorem
1, and suppose that 0 > 0,720, a0 + 7> 1. If ® is any real function on D
for which

0 - -
6) O(re'’) ~ (1 + (1 _f")z) %(1 -t
uniformly when 160 — ¢, | < 0(1)(1 —r), and
(ii) o) =01)(1 -t (zl=0r),
then

N
j:"If(re‘o)l"lF(re“’)l’@(reia)do ~a"Claoc+ 7+ 1)1 - r)”kz Ifret¥¥yle.
=1

Clearly we may take ® = Re F in the corollary. In this way we find a rep-
resentation for

f:" If(re’®) F(re!®)*Re F(re®)do
when a > 0, (1 + @)X > 1. Theorem 1 supplies representations for
I:" If(re®) F(re'®)I* Re F(re'®)do

when a > 0, A > 0, and for J(r, A) when a > 0, (1 + a)A > 1. With these re-
sults it is not difficult to obtain (4.1) via (4.2) and (4.3).
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