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GEOMETRY OF BANACH SPACES OF FUNCTIONS

ASSOCIATED WITH CONCAVE FUNCTIONS
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ABSTRACT. Let (X, 2, u) be a positive measure space, and 0 be a concave

nondecreasing function on R+ —► R+ with 0(0) = 0.   Let NA.R) be the Lorentz

space associated with the function <j>.   In this paper a complete characterization

of the extreme points of the unit ball of NAR) is provided.  It is also shown

that the space NAR) is not reflexive in all nontrivial cases, thus generalizing a

result of Lorentz.   Several analytical properties of spaces NAR), and their ab-

stract analogues NAß), are obtained when E is a Banach space.

I. Introduction. Banach spaces of measurable functions have been studied

extensively by various authors in different contexts. Most of these spaces are re-

lated to classical spaces Lp(p), 1 <p < °°, or else they are generalizations of these

spaces. Examples of these spaces, other than Orlicz spaces, Krasnosel'skiï and

Rutickii [10], are the Riesz spaces, Luxemburg and Zaanen [17]. While most as-

pects of Orlicz spaces have been studied, it is believed that there has as yet been

no systematic study of the geometric properties, or problems related to operator

theory of the more general class of Riesz spaces. Most of the study of Riesz

spaces is concerned with the analytical generalizations of the weU-known properties

of their classical counterparts.  The nonexistence of a complete study is under-

standable because of the general nature of the definition of a Riesz space, but

little is known in the directions mentioned above even concerning concrete ex-

amples of Riesz spaces.  One such example is the class of Banach spaces which is

caUed in this paper, Lorentz spaces, and their abstract analogues introduced here.

Let (X, 2, p) be a positive measure space, and 0 be a concave nondecreas-

ing function on R+ —> R+ with 0(0) = 0. Let Nq(R) be the Unear space of

equivalence classes of measurable real valued functions defined on X such that
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11/11 =J J>(ji{x:\f(x)\>y))dy<~
J o

With this norm Nq(R) is a Banach space, Lorentz [12], Steigerwalt and White

[24].  Lorentz [12] introduced a special class of these spaces with 0(r) = ta, 0 <

a < 1.  In [12], Lorentz studied the space NJR) and a generalization of this

space. Halperin [7] discussed a different generalization of these spaces. Sargent

[22] dealt with the spaces N^R) when p is a discrete measure.  Later Steigerwalt

and White [24] extended Sargent's work when p is a positive measure with the fi-

nite subset property.

The results in [12], [22], [24] are concerned with the definition of these

spaces, and few fundamental properties such as separabüity, and reflexivity of

these spaces.  In [12] Lorentz has given an interesting application to Fourier ana-

lysis. Hunt [9] and O'Neü [18] have extensively applied these spaces in discussing

interpolation theorems and convolution operators.  For further applications in

this direction, see a recent paper of Lorentz and Shimogaki [15].  Semenov [23]

obtained certain embedding theorems by using Lorentz space techniques, for sym-

metric Banach function spaces.  In spite of such wide applications of these spaces

no attempt at a systematic investigation of the geometric and related properties

of these spaces has yet been made. The results in the paper summarize part of

the work accomplished in this direction.

The plan of the paper is as follows.  After recapitulating basic definitions

and properties of some of the relevant fundamental concepts such as concave

functions and decreasing rearrangements in §§2,3,4 the main results are presented

in §§5, 6, 7 and 8.  In §5, the Banach spaces NA[E) are introduced and their

duals are identified.  It is also shown that the spaces NJR), more generally N^(E),

are nonreflexive in all nontrivial cases, thus generalizing a result in [12] dealt with for

the case <p(t) = ta, 0 < a < 1. In [6] a complete characterization of the extreme

points of U(NJR)) is provided.  In [7] this result is generalized to obtain the ex-

treme points of U(N(p(E)) when E is separable.

2. Basic definitions and preliminary results. All vector spaces considered

here are over the real field. The real number system wül be denoted by /?, the

extended real number system by /?, their positive parts by R+ ,R+ respectively.

If if is a normed linear space E* is the dual of E. The set U(E) is the unit ceU

of E, and S(E) is the boundary of U(E). The norms of various Banach spaces

under discussion are denoted by the same symbol II II unless otherwise specified.

If C is a convex set, the set of extreme points of C is denoted by Ext C.

Throughout the paper (X, 2, p) is a measure space, where p: 2 —► R+ is a

countably additive measure.  For measure theoretic terminology, not defined here,

see Dunford and Schwartz [5], and Halmos [6]. The set of measurable functions
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with values in F (F) will be denoted by MR (MR).

Let F be a Banach space.  Then f:X —► F is p-measurable if

(i)f~x(G) E 2 for all open subsets G of F, and

(ii) for each A E 2 such that p(A) < °°, there exists a set A E 2 with p(N) =

0 such that the range of / restricted to A ~ A is in a separable sub-

space of F. The set of all p-measurable F-valued functions will be denoted by

ME. UfEME, then / : X —► F is defined by f(x) = ll/(x)ll for all xEX. It is

verified that/ EMR. If A EH, the characteristic function of/I is denoted by

XA-

Let .Y be a set, 5 be a ring of subsets of X, and m: 5 —► F be a function.

The variation of m, denoted by m is defined on all subsets of X, by the formula

in (A) = Sup 2IIm(i4f)II where the supremum is taken over all finite families

{Ai}"=x of pairwise disjoint sets {A¡}"-x of 5 contained in A.

For the basic concepts of vector valued measures, see Dinculeanu [4]. Here

another useful property of vector valued measures is recalled, as this has not been

dealt with in [4].

A Banach space F has the Radon-Nikodym property if, given any finite

measure space (X, 2, p), and an F-valued vector measure m such that

(i) m(X) < «>, and

(ii) m <p, i.e., m(A) = 0 whenever p(A) = 0, then there exists an F-valued

Bochner integrable function f on X such that

m(A) = f fdp.   for all A EX.

For a characterization of a measure taking values in E admitting a Radon-Nikodym

derivative with respect to a real valued measure, see Rieffel [20].  It is known that

if F is reflexive then F has the Radon-Nikodym property, Troyanski [29], Leo-

nard and Sundaresan [11].  For more about the R-N property, see Phelps [19].

IffEME, Xf: R+ -*■ F+ is defined by setting X/0) = p{x E X: ll/(x)ll >

y}. This function will be used here extensively.  Certain results concerning vector

valued functions are required, and there seems to be no convenient reference in

the literature.  These results are stated here for completeness.

A sequence {f„}n>l C ME is said to be essentially uniformly Cauchy on a

set A E 2, if for e > 0 there is an integer A(e) such that ll/„(x) -/m(x)ll < e if

n, m> N(e) for x-a.e. in A. It is almost uniformly Cauchy if for e > 0 there

exists a set F G 2, p(F) < e such that the sequence {fn}n>x is essentially uni-

formly Cauchy on X ~ F.

Lemma 1. Let {fn}n>, C ME be such that for all y>0,Xf_f (y) —■*■ 0

as m,n —> °°. Then there is a subsequence {/„ }fc>1 which is almost uniformly

Cauchy.
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Lemma 2. Let {/„}„>i be as in Lemma 1.  Then there is a function fG

ME such that Xf _f(y) —*■ 0 as n —* °° for all y > 0.

The proof of Lemma 1 is very similar to Theorem D, p. 93 in [6].

Lemma 2 is a consequence of Lemma 1, and Egorov's theorem for vector

valued measurable functions [4, p. 94, Theorem 1].

3. Concave functions, and related function spaces. Let C be the set of aU

concave functions 0: R+ —*■ R+, 0 nondecreasing and satisfying 0(0) = 0 = 0(0+).

For a discussion of such functions see Hardy, Littlewood, and Pólya [8], Stein

and Weiss [25]. In particular such a function 0 is locally absolutely continuous

so that the derivative <p' exists a.e. and 0(r) = Jo0'(£)^£. In the following propo-

sition basic properties of 0 are stated.

Proposition 1. ¿er 0 G C.

(1) IfK G [0, 1], then <¡>(Kx) > K<Üx).

(2) 0(x)/x is nonincreasing as x increases.

(3) If for some K>0 there exist xx,x2,0<xx < x2, such that <Mxx) =

Kxx and 0(x2) = Kx2, then 0(x) = Kx for x G [0, x2].

(4) If for some K>0 there exist xx, x2, 0 < xx < x2, such that <K.xf) =

K = <p(xf), then <p(x) = K for x>x2.

(5) If for all x> K>0,(/> is a constant on some subinterval of [0, x], then

(¡>(x) = <p(K),forallx>K.

(6) // there exist xx, x2 > 0 such that 0(xt + x2) = <Mxx) + 0(x2), then

0(x) = Kx for some K > 0, for all x G [0, X! + x2].

(7) 0'(x) is nonnegative and nonincreasing as x increases.

(8) 0(Xj + x2) < 0(x, ) + <p(xf) for all x,, x2 > 0.

The proposition is a direct consequence of concavity, and continuity of 0.

Let (X, 2, ju) be a a-finite measure space, and <¡>GC. For /G MR, define

H/lli = io<ti^f(y))dy. HN^R) = {/I II/Ü! <«»} then, identifying functions

which agree p-a.e., (Nq(R), II llj) is a Banach space under the usual pointwise lin-

ear operations [24].

Let MA[R) be the set of all functions / G MR such that

l|/«2=      SuP     iitih^L[fldll\<'
2     o<i(n(^))<-lW)) Ja        )

After identifying functions which agree y-a.e. (M^(R.), II ll2) is a Banach space,

and if either p(X) <°°,orp is a-finite and 0 is unbounded, then M^(R) is isomet-

rically isomorphic with n£(R)  [24].

The norms of N^R) (M^R)) are denoted either by the symbols II 'W^a)

(» ■**(*)) or simply by II II,   (II ll2).
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The vector valued analogues of the Banach spaces N^R) and M^(R) are in-

troduced in §5. These are certain vector subspaces of equivalence classes of F-

valued 2-measurable functions.

4. The decreasing rearrangement function. The following material concerning

the decreasing rearrangement function is required in the study of extreme points

of U(MA[R)). For a complete discussion of this function and related results, see

Luxemburg [16].

Let (X, 2, p) he a finite measure space and fEMR. The decreasing rear-

rangement function of /, cy, is defined by

df(t) = inf{u: p{x: f(x) >u}<t}

for 0 < t < p(X). IffigE MR, then / and g are equimeasurable, denoted / ~g,

if 5, = 8,.

The next proposition will be extensively used and is stated here for conveni-

ence of reference without proof. A proof may be found in [16, pp. 88, 93].

Proposition 2. Let (X, 2, p) be a finite measure space and fx,f2 E MR,

then

O)/,-«/,-
(2)Iffx~f2,then\fx\~\f2\.

Í3)If\8fl\ = g,then8g = olfl\.

Iff, gELx(p), then f<g will mean that fxfdp = fxgdp and ¡l8f(u)du <

¡I 8g(u) du for all 0 < t < p(X). Thus / ~ g if and only if / < g and g < /, see

[16, p. 96].
A finite measure space p is adequate [16], if

m3X{J*fS' *: 8' ~ 4 = Jo     S/5* dt*

It is known that nonatomic measures are adequate [16].

The Banach spaces N^(R), and MA[R) are examples of Banach Function

Spaces extensively studied by Luxemburg and Zaanen [17]. In particular these

spaces share the following properties of a Banach function space (F, II II). (a) If

0 </, </2, pointwise,/,,/., EB, then ll/J < ll/2ll. (b) Ufn,fEMR,fn t/
pointwise then ll/„ll t 11/11.

A Banach Function Space (F," II II) is rearrangement invariant if fx EB,

/j ~/2 implies f2 EB. A Banach Function Space B with property (b) is univer-

sally rearrangement invariant if F CLx(p), and/2 EB,fx </2 imply/( 6x7.

The spaces A^(F) and M^R) axe examples of universally rearrangement invariant

Banach Function Spaces.

The decreasing rearrangement function of l/l is denoted by /*. Thus
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/*(/) = 8 ifl(t) = inf{y: \f(y) <t),      t> 0.

For properties of/*, see [8] or [30].  In particular it is noted that

(A) $x\f\dp = j"oiX)f*(t)dt.

For a proof of the preceding equation, see page 112 in [30].  For some useful

properties of/* required in subsequent discussion, refer to pages 190 and 201 in

[25]. The section is concluded with the following formulae.  If fGN^R), then

H/\0w - SZ<t>'(t)f*(t)dt, and iffGM^R), then

(B) W^j-gj^JJ/V)^.

For proofs of these formulae, see [24, Theorems 2.3 and 3.3].

5. Banach spaces Nq(E), and their duals. Let (X, 2, p) be a a-finite measure

space, E be a Banach space, and let 0 G C.  For /G ME, define

0) </%(*> = Jo"«VO0)*'-
From the definition of Xy, it is verified that Xy is nonincreasing as y in-

creases.    Thus Xy is Lebesgue measurable, and since 0 is absolutely con-

tinuous, 0 ° \f is integrable.    Let NÂE) be the space of ¿-valued measurable

functions/, such that \\fiN.(E) is finite.  After identifying functions agreeing p-

a.e., and defining addition and scalar multiplication pointwise, N^iE) with norm

Il Wfi[é(E) 's verified to be a normed linear space after noting that for/,g GME,

m^(E) = ii/ii^s),   irf+7)^) < mN4t,R) + Gv#(Ä).

The proofs are direct consequences of definitions and are not supplied. For no-

tational convenience the norm II 11^ (£.^ is sometimes denoted by II \\x.

Theorem 1. N^E) is a Banach space.

The proof is very similar to that of Theorem 2.1 of [24]. The necessary

modifications are effected using Lemmas 1 and 2.

Before obtaining the dual of N^E), a few useful lemmas are established.

Lemma 3. The norm in N^E) is absolutely continuous i.e. iffGN^E),

and {An)n>x is a sequence in 2 with p(An) -1 0, then ll/x^  II, —* 0.

Proof. From equation (1), iîfGNA\E), then lim„_>oo/~0(X/O))û[y = 0.

Let now {An)n>1 be as in the statement of the lemma.  Let e > 0. Choose K

such that ff? <p(Xf(y))dy < e/2. Choose N such that for n > N, <KÁAn)) < e/2K.
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Thus if « > A,

Vjaji < il^xeAn- vw1 ̂ ^+ e/2

<F0(p(^„)) + e/2<e.

If (AT, 2, p) is a measure space let 5 be the ring of sets in 2 of finite p-

measure. 5 is a 8-ring.

Lemma 4. If either p(X) < °°, or (X, 2, p) is a a-finite measure space, and

(j> is unbounded then the S-step functions are dense in NA[E).

Proof. Let fE A^(F). Then as a consequence of Theorem 2, p. 99 in [4],

it follows that there is a sequence /„ of F-valued 2-step functions with ll/„(x)ll <

ll/(x)ll for all n > 1, for all x G X, such that /„ —► / pointwise p a.e.

For « > 1, let F„ = {x G XI ll/„(x)ll > 1/«}. Then if p is not finite by ap-

pealing to the inequality 0(p(F„))/« < ll/llj, it follows that p(Bn) < °°, since in

this case <j> is unbounded. Letgn = fnXB • Thengn are 5-step functions,

\gn(x)\ < ll/(x)ll for all x G X and for n > 1.

By Egorov's theorem, p. 94 in [4], fox m> I there exist Cm ES such that

p(Fm ~ Cm) < 1/m and gm—+f uniformly on Cm. For all m, « > 1,

lí« -/«i < «Gr„ -flxcji + KfH -/)x5m~cm«i

(2)

+ «frn-/)XAr~3ji-

Now given e > 0, since p(Fm ~ Cm) —*■ 0 as m —► °°, and II II, is absolute-

ly continuous there exists an mx such that for m > m,, Il2/xß   _c   II, < e/3.

Thus for m>mx, \\(gn -f)xBm~cmK < e/3-

Since x G X ~ Fm implies ll/(x)ll < 1/m,

«R, -/)^BMI, < *ShXx~bJi + fc-B    «1

N2/Xx~B/n"i <2 JJ^VWXK — O

as m —* oo. Hence there is an m2 such that if m > m2, \\(gn -f)Xx~B   "i <-

e/3. Let p = Max(«ij, m2). Since gm —*■ f uniformly on Cp, there exists A such

that if n > N then i(g„ -/)(x)ll < e/30(p(Cp)) for all x G Cp. Hence for all n >

A,

/- e/30(u(C„))
«fe„ -f)Xcph < J0 P'W(Cp))o> = e/3.

Thus if n > A, ll(£„ — Z)!^ < e. Thus 5-step functions are dense in A^(F).

Next the dual of NA[E) will be identified with a space M of vector valued

measures. Let M he the space of all F*-valued measures on 2, such that



168 PAUL HLAVAC AND K. SUNDARESAN

Iml = Sux>{m(A)/<t>(ß(A)): 0 < <p(p(A)) < ~} < °°

where m, the variation of m is absolutely continuous with respect to p, i.e.

p(A) = 0 implies m(A) = 0. From Remark 10, p. 36 in [4] it is verified that

(M, II II) is a Banach space.

It will now be shown that M can be identified with the dual space of NA[E).

Theorem 2. If either p(X) <°°or (X, 2, p) is a-finite and <p is unbounded,

then M is isometrically isomorphic to NA[E)* under the mapping a: M —► NA[E)*

where a(m)f = fxfdm for all f E N^E).

Proof. It will first be shown that for any m EM and f EN A[E) fis m-in-

tegrable.  It is claimed first that

m (A) < im II ÜP(A))   for alM G 5.

If <p(p.(A)) = 0, then p(A) = 0 so that m(A) = 0 since m EM. If ~ > 0(p(/Q) >

0, then llmll > m(A)l<¡>(p(A)) so that for all .4 G 5 the given inequality holds. If

/SA0(F),

fx ll/(x) Il dm(x) = fjdm = J"~m{x G X: f(x) > y} dy

where the last equality follows from equation 4.8, p. 112 of vol. II [30]. Thus

fxll/(x)\\dm(x) < J~ImII<KP{x G X: f(x) >y})dy

= im\\^<p(Xf(y))dy = llmll \\fWN<piR) = »mil U/H,,

so that ll/(-)H is m-integrable.

By Theorem 2, p. 99 of [4], there exists a sequence [g }n>l of F-valued 2-

step functions such that gn —*■ f pointwise p-a.e. Choose {An}n>x C S with

An C An + X and such that \Jn>lAn = X. Defining «„ = gnxA  , it follows that

hn —»■/pointwise p-a.e. and the hn axe 5-step functions. Since p(A) = 0 implies

that m(A) = 0 it follows that hn —*f pointwise m-a.e. Thus the function/is

m-measurable.

Therefore by Proposition 4, p. 122 [4],/is m-integrable and

\j*xfdm\<j*xfdm<im\\\\ßx.

For m EM and f ENA\p) it is thus possible to define o¡(m)/= fxfdm and

la(m)/l < llmll 11/11,. Since <x(m) is clearly linear, a(m) G NA^E)* and lla(m)ll <

llmll.
It will now be shown that Il5(m)ll = llmll. Let A G 2 with 0 < <ft/iG4)) <

<*> and choose e > 0. By the definition of m, there exist {^4,-}"=,, {4,.} pairwise

disjoint subsets of A,A( in 2 such that
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m(,4)<¿Im(4f)|4-^A.
i=i L

For each A¡ there exists x¡ G E with Hx,-!! = 1 such that

HmG4,.)ll < m(A¡)x¡ + e(K}x(A))/2n.

Let/= Z1=xxiXA/MA)). Then 1/1, = </>(pCL%xA¡))/<Kp(A)) < 1. Thus

lla(m)ll > \a.(m)f\ = |¿/<fo

^2?=1(llmU/)ll-e0O(y4))/2»)

0(M(^))

> (m(4) - e<Kp(A))l2)     e_  miAf)_
<Kp(A)) 2     ipQiLA))    e"

Therefore lla(m)ll > m(A)/<p(p(A)) if 0 < <Hp(A)) < °°, so that Ia(m)l > limll.

It therefore follows that HS(m)ll = Il m II. It is seen from the definition that S is

linear and thus o; is a linear isometry from M into N^E)*. It remains to be

shown that a is onto N^E)*.

Let / G NA[E)*. Define m: a —► E* by m(A)x = l(xxA) if A G S and x G

/?. Then for x,yGE and scalars a, ß,

m(A)(ax + ßy) = /([ax + ßy]xA) = l(axxA + ßyXA) = <*m(A)x + ßm(A)y.

Also

lm(4)l=   sup  l/(xXyi)l<   sup  11/11 WxxJN(j>(E) = M <Kß(A)) < °°.

Thus m(A) G E*iî A G S.

It wUl next be shown that m is a measure. It is seen that m(0) = 0 and

m(A Ufi) = m(A) + m(B) iîAC\B=0 so that m is a finitely additive set func-

tion. Let {A¡)i>x be a pairwise disjoint famüy of elements of S such that A =

U,> tA¡ G S. If p(X) < <*>, then also p(A) < °°. If p(X) = °°, then 0 is un-

bounded and therefore AGS implies p(A)< °°. Thus in either case p(A) <°°

so that p(\Jf=mA¡) —► 0 as m —*■ <», since p is countably additive. Thus

m(A)-£m(A¡)
i=i

/ n    \\\ /       n    \
= MA)-ml [JAM     =\\m[A-\jA¡)

r*    II \/=i   'We*     II    \      ¿=i   /

as n —>°°
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since p(\JT=n + iAi) —> 0 as « Hence m((Ji;>XA¡) = 2¡>xm(A{) and m

is therefore a measure on the 8-ring 5 into F .

Next it will be shown that m EM. Let A E S with p(A) > 0. Choose

{Aj}"=x C S pairwise disjoint subsets of A and let e > 0 be given.  For each i,

1 < i < «, there exists x¡EE with llxtll = 1 such that

m(At)Xi > im(Ai)\\ - ein.

Hence 2?=1 \\m(A¡)\\ < 2?=1mG4I)xí + e. However

T.m(A^xi=Y.l^ixA)<\\
¿=i í=i '

Consequently

¿llm(^.)ll< 11/110 UÛ4

iX-Ai = 11/110«04
+ e< \\l\\<j)(p(A)) + e.

í=i

Hence 2?=1 llmfyl,.)!! < \\l\\<p(p.(A)). Therefore m(A) < H/ll0(p(/4)) so that llmll <

11/11 < °°. It is verified appealing to definitions that m-^p. Thus m EM.

It will now be shown that a(m) = I thus proving that a is onto NA[E)*.

Assume first that /G NA\E) is an 5-step function. Therefore /= 2"_1x/xj4  with

x,- G F and A¡ G 5. Then by direct computation

*(m)f = ¿   f X¡dm =tm(Ai)xl = l(t XixA)¡ = 1(f).
i=i ^f í=i \f=i        '/

Thus a(m)(f) = /(/) for all F-valued 5-step functions /. Next let g G A0(F) be

arbitrary.  By Lemma 4 there exists a sequence {/„}„>, of F-valued 5-step func-

tions such that /„ —► g in A0(F). Then, since both a(m) and / are elements of

^(E)*,
0L(m)(g) = S(m) ( lim fn) = lim /(/„) = /(?).

\n->-oo    I       n-+<*>

Thus a(m) = / so that 5 is onto N^E)* and a is therefore an isometric isomor-

phism from M onto NA[E)*.

Remark. It should be noted that the conclusion of Theorem 2 may be

false, even for NA[R), in the case when (X, 2, p) is a o-finite measure space but

0 is a bounded function. For example, let X = F+ and p be the Lebesgue mea-

sure. If A E 2, then llx^ II, = <Kß(A)) < °° since 0 is bounded, so that xA G

N0(R). If LE A0(F)*, then m: 2 —► F is to be a measure such that L(f) =

fxfdm for all /G A0(F). Thus, in particular, L(xA) = fxXAdm = m(A) for all

A EX.  LetAn = [«, « + 1) for « > 0. Then \Jn>0An = R+ and the An are

pairwise disjoint.  Hence, since m is countably additive,

L(XR+) = m(R+) = m(\jAn) = ¿Z m(An) = £ ¿(xlM,n + 1)).
* \n>0     /        n>0 n>0
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It wül be shown, however, that there exists an ¿ G iV^Í/?)* such that

¿(X„+)* TL(Xln,n + l))
R n>0

so that this ¿ cannot be represented by a measure m in the above manner.

For / G N^R), ess limf_>«,/(/) = a will mean that there exists N G 2 with

p(N) = 0 such that lim^-;t€Ar/(i) = a. Let U= {fGN^R): esslim^f(t)

exists}. Then U + 0 and Uis a subspace of N^R). For /G U, define

1(f) = ess lim f(t)

so that / is a linear functional on U. It wül be shown that / is continuous. Sup-

pose / G U is such that 1(f) = a > 0. Thus there exists TV G 2 with p(N) = 0 so

that limt_+„.tlîNf(t) - a.

Choose e > 0 and such that e < a. Then there exists 77 > 0 so that t > T

and t G N implies that l/(r) - al< e. Thus

{tGR+: \f(t)\>a-e)D {tGR+ ~N: t>T).

Therefore X^a - e) > p{t G R+ ~ A^: t > T) = °°. Hence

> J^~e0( V(o - e)) <*> = (a - e) 0(°°).

Since this is true for all e such that 0 < e < a, it follows that 11/111 > a0(°°).

Thus 1(f) < ll/llj/0(°°) whenever /(/) > 0. Therefore \l(f)\ < Wf^^R^00) for all

fGU. Hence l G U*. Now the Hahn-Banach theorem assures the existence of an

extension I of / to all of N^R) with ll¿ll = ill. Then ¿ G /V0(R)*. However

¿(xp+) = ess Um X-+(0 = 1     and   L(xln¡n+l]) = ess lim X[„,„ + i]í - 0

so that

¿(XR+)^ Z ¿(X[„,„+i))-
K n>0 '

Thus ¿ cannot be represented by a measure m in the above manner.

Let F be a Banach space. The vector analogue of the space MAR) is de-

fined as follows.  For/G MF let ll/llM (F), denoted some times by ll/ll2 when F

is understood, be defined by

ll/ll2 = sup Ittttâ f Wf(x)\\dp(x)\.
2       A^;0<Hn(A))«At>(P-(A))JA J     W 'j

Let M^ÍF) = {f:fGMF, ll/ll2 < ■»}. After identifying functions agreeing u a.e.

(MA[F), II ll2) is a Banach space. The verification of this is very simüar to that

of Theorem 3.1 in [24].
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If E* has the Radon-Nikodym property then A0(F)* could be identified

with MA[E*), and this is the content of the next theorem. It might be recalled

that E* has the Radon-Nikodym property if F is isomorphic to a Banach space

with aFréchet differentiable norm [11], in particular if F is reflexive [29]. More

general results are known, and for this see a recent paper of Phelps [19], and the

list of references therein.

Theorem 2A. Let E be a Banach space such that E* has the Radon-Niko-

dym property. If either p(X) <°°or (X, 2, p) is a-finite and 0 is unbounded,

then NA[E)* is isometrically isomorphic with MA[E*) under the mapping L:

A0(F)* —► MA^E*) where L(I) = g and g is such that

1(f) = ixg{x)f(x) dp(x)   for all f E NA\E).

Proof. It will first be shown that M and M0(E*) axe isometrically isomor-

phic under the mapping T: M —► MA[E*) where T(m) = g and g is such that

m(A) = fAgdp for all A E 5.

Choose m EM and {An}n>x C S such that X = \Jn^xAn and the sets An

axe pairwise disjoint.  Then, for each «, (An, 21^  , pl^ ) is a finite measure

space. As is shown in the proof of Theorem 2, m(A) < Ilmll0(p(.4)) for all A E

S. Thus, since p(An) < °°, it follows that m(An) < °°. Also, if p(A) = 0, then

m(A) = 0 so that m(A) = 0 and therefore m\A   < p\A  . Consequently, since

F* has the Radon-Nikodym property, there exists a unique F*-valued Bochner in-

tegrable function gn on An such that m(4) = fAg„dp for all A E S with A C

An. It may be assumed that gn is defined on all of X and that g\X ~ An =0.

Define g: X -* E* by g(x) = \>xgn(x) for all x G X. Then ll#(x)ll =

2n>1 llg„(x)ll for all x G X since the functions gn have disjoint support. The

function g will be measurable since each gn is measurable.  Further, if A ES, then

it is verified that m(A) = fA \\g(x)\\dp(x). Thus \\g(-)\\ is p-integrable on A, and

therefore g is p-integrable on A. Hence, for all A E 5,

m04)=   [gdp   and   m(A) =   f \\g(x)\\dp(x).
J A A

Next, it will be shown that g G MA[E*).

Wm+íf*\ =        SUP       W íaw \. Wg(x)\\dp(x)\
M4>(E >     AeS;u(A)>ol<P(M(A)) JA *w      wl

SUP W rJ-wt - llml1 <0°-
¿es;uM)>o|0O(X))j

Consequently g E M0(F*), and if T: M —*■ MA[E*) is defined as above, then T is

well defined and

11WU^.) = Mm^.) = 1*1.
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Further by Corollary 1, p. 187 in [4] it follows that T is a linear isometry.  To

show that T is onto, let g G MAE*). Then since llgllM ,E*^ < °°, it follows that

SA h(x)W dp(x) < °° for all A G S so that g is locally /¿-integrable. Thus if m:

S —*■ E* is defined by

m(A) = f gdp   for all A G S,
A

then m is a measure and,

Aes-MA)>o\<Kp-(A))\

=A^?A)>o\mT) W''^¡ ■ Wmw

Thus mGM and, since T(m) = g, it follows that T is onto, and therefore Tis an

isometric isomorphism.

It follows from what has just been proven together with Theorem 2 that

L — T° S~x : NAß)* —*■ MAß*) is an isometric isomorphism. Here, if / G

N0(E)*, then L(l) = gG MAß*) where /(/) = fxfdm for all f G N^E). Since

m(A) = fAgdp it is verified that 1(f) = fxg(x)f(x)dp(x) for all f G N0(E), using

Proposition 4, p. 122, and Proposition 13, p. 136 in [4], completing the proof

of the theorem.

It wül be proven next that if (X, 2, p) is a nonatomic measure space and

E is a Banach space, then NAß) is not reflexive. This generalizes a theorem of

Lorentz [12], stating that NAR) is not reflexive if 0(x) = Xa for some a, 0 <

a < 1, and the underlying measure space is (0, 1) with the Lebesgue measure.

The proof presented below uses altogether different techniques.

Theorem 3. // (X, 2, p) is a nonatomic measure space and p(X) <°°or

(X, 2, p) is o-finite and 0 is unbounded and E is a Banach space, then N^E) is

not reflexive.

Since NAR) is canonically imbedded in Nq(E), it is enough to show that

Nq(R) is not reflexive.

In the remainder of this proof, v wül be used to denote Lebesgue measure

on the real line /?.

Let g(i) = (1 - i)0'(r) - 0(0 for t G [0, °°). Then, since 0(r) I 0 as r —*■

0+ and (1 - t)<p'(t) increases as r —* 0+, there exists an a, 0 < a < 1, such that

g(t) > 0 for t G [0, a] v-a.e. Choose a so that a < ju(^)- Also, g(t) is a nonin-

creasing function for t G [0, a] v-a.e. Define

h(t) =
(g(f),  tG[0,a],

(O,      r G (a, «>).
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Then h(t) > 0 and nonincreasing for t E [0, °°) v-a.e. Let

(1-1)0(1),  /G[0,a],

(l-a)0(a),  fG(a,°°).

Since 0 is locally absolutely continuous, it follows that / is locally absolutely con-

tinuous.  But f'(t) = h(t) for t v-a.e., so that

f(t) = ¡[h(y)dy +/(0) = ¡fady,
for t v-a.e. Since «: F+ —>-F+ is Lebesgue measurable, there exists [sn}n>x an

increasing sequence of nonnegative step functions such that s„ —► « pointwise v-

a.e. (see Theorem 8, p. 85 in [6]).

It is next claimed that there exists {P„}n> x, with Pn: X —*■ F+, a sequence

of increasing 2-step functions such that P* = s* for all « > 1.  If s, = 2"=1c,X£.

with c¡ > 0, E¡ pairwise disjoint Lebesgue measurable sets, and, since support

« C [0, a), KU?=i^í) ^ a ^ ^W» tnen> s*nce C^-» 2» M) is nonatomic, it is possi-

ble to choose D¡ E 2, D¡ pairwise disjoint and such that p(D-) = v(E¡) for 1 <

i < n.  If F, = 2"_1ciX£>. then Px is a nonnegative 2-step function and clearly

F* = s*. s2 is defined by subdividing the sets E¡ and giving s2 new values on

these subdivisions and, if necessary, adding other sets E\ which can be assumed

to be disjoint from {Jn=xE¡. Again since (X, 2, p) is nonatomic, it is possible to

subdivide the sets D¡ in the same fashion as the E¡ axe subdivided and add addi-

tional sets D'¡, disjoint from (J"_,/),., and with p(D'¡) = v(E¡). If F2 is given the

same values as s2 (on these sets of equal measure), then F* = s* and F2 > F,

since s2 > s,. All the functions Pn may be constructed in a similar fashion.

Let F(x) = lim„_>00F„(x) for all x G X. This limit exists since the Pn axe

increasing functions. Then F is a p-measurable function, Theorem A, p. 84 in [6].

Since sn(t) < sn + x(t) for all t > 0 and h(t) = lim^^s^t), it follows from

Lemma 3.5 in [2S] that, for each t > 0, s*(t) increases monotonically to h*(t) as

« —*■ °°. Similarly, since F„(x) <Pn + x(x) for all x G X and F(x) = lim^^^ix),

it follows from the same proposition that P*(t) increases monotonically to P*(t)

for each t > 0.  But F* = s* so that P*(t) = «*(/) for all t > 0. Since h(t) > 0

and « is nonincreasing it follows that h*(t) = «(/) and consequently P*(t) = «(/)

for all t > 0.

Since (X, 2, p) is a-finite, by (B) in §4,

/(0 =



GEOMETRY OF BANACH SPACES 175

Thus P G MAR) and WP^m^r) = 1 ■ By Theorem 4.3  [24], MAR.) is isometri-

cally isomorphic to NA\R)* and P may be identified with / G NAR)* by

1(3) = SxP(x)j(x) dptx)    for all / G NAR).

Assume now that NAR) is reflexive. Then U(N(¡)(R)) is weakly compact,

and / must attain its supremum at some fQ in £/(/V^(/?)).  It might be assumed

that /0 G Ext Ufö^R)). From the Proposition 3 in the next section the proof

of which is self-contained, it follows that there exist A, B G 2, /0 = cxA - cxB

and c4tp(A UB))=1.

l(fo) = SxP(x)fo(x) dp(x) = c Sa vb \P(x)\ dp(x) < c JoMU VB)P*(t) dt,

the last inequality following from Lemma 3.17 in [25]. Thus

i     ir*-,*-   f'^^D*«^ l rn(AVB)^ f(p_(A u B))
1=/(/0)<cJo r«)* = mAUB))h h^dy = Z(AUB))

\l-p(AUB)   ifp(A UB)<a,

!P-gMg)      ifu(AUB)>aMAUB))     ti^AKJti)>a,

<1,

and this is a contradiction.  Thus N^R) is not reflexive and therefore N^E) is

not reflexive.

In concluding this section we wish to thank the referee for bringing to our

notice a paper by DeJonge [92] which appeared subsequent to our communication.

The Theorem 3.4 in [92] is essentially the same as Theorems 2A and 3 of this

section applied to the special case when E is the real line. The technique adopted

by DeJonge is different from the more geometric approach provided here.

6. Extreme points of the unit cell of N^(R). In this section the extreme

points of U(N(¡)(R)) are completely characterized.  For these results it is assumed

that either p(X) < °° or (X, 2, p) is a-finite and 0 is unbounded. Proposition 3

provides a necessary condition for a function/GN^R) to be an extreme point.

Proposition 3. Let f G Ext U(N(()(R)), then l/l assumes exactly one value

different from 0.

Proof. Define g(H) = /| #,\2/0))rfy. Then s(~) = 112/11 = 2 and ¿(0) =

0.  Since g is continuous on [0, «>), there exists c, 0 < c < °°, such that g(c) = 1,

i.e.

S¡<K*2f(y))dy = l   and   j~<PCi2f(y))dy = 1.
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Let

Í2/(x) if 0 < l2/(x)l < c,

csign/(x)   ifl2/(x)l>c,

and

(0 ifO<l2/(x)Kc,
/2W=<

( 2/(x) - c sign f(x)   if l2/(x)l > c.

Then /,, f2 E MR and /=(/,+ /2)/2. Let A = {x EX: l2/(x)l > c) and B =

{x G X: l2/(x)l < c}.

H/iUxv^) = il*0»lixGB: l2/(x)l>>-}U {xG*: \2f(x)\ > c}]dy

= joC0(X2/O))<x>=l.

^n0(r) = J7* ° f K* e ̂ ./w >0:2/w -c >y)

U {xG>i,/(x)<0:-2/(x)-c>^}]cx>

= Jo°°0 ° M[{x G A, f{x) > 0: 2/(x) >.y + c)

U {x G,4, fix) < 0: - 2/(x) >^ + c}]dy

= f ~0 » p{x G ,4: l2/(x)l >7 + c}dy
J 0

= J~0 ° p{x G ,4: l2/(x)l >y}dy

= J"<f>(X2/0))c2> = 1.

Therefore /,,/2 G 5(A0(F)). Since/is an extreme point of ¿V(A0(F)),/, =

/2 = /. Thus 2/(x) = 0 for x G B, so that /= 0 on B = A" ~ A. Since

c sign fix) = 2/(x) - c sign /(x) for x G A, l/l = c on A. Thus l/l assumes exact-

ly one value different from 0.

Considering the positive and negative parts off, and using the preceding prop-

osition, the following corollary obtains:

Corollary. Let f E A0(F). 77z<?« / G Ext (7(A0(F)) if and only if l/l G

Ext Í/(A0(F)).

Because of this corollary, it is only necessary, in determining Ext C/(A0(F)),



geometry of banach spaces 177

to consider functions of the form / = cxA with 0 < c.

The simplest case to consider is that in which p(A) = °°. For / = cxA to

be an element of A^f/?), it is necessary that 0 be a bounded function. The next

proposition determines when such a function/is an extreme point.

Proposition 4. Let f G S(NI¡)(R)) be of the form f = cxA with c>0 and

p(A) = °°. Then f G Ext U^R)) if and only if p(X ~A) = 0.

Proof. Suppose first that / G Ext U(NAR)) but p(X ~A)>0. Let /, =

cKa +cX-x-a and/2 ■ CXA -cXx-a- Then/= (fx +/2)/2 and/x =É/2 since

pIX ~ A) > 0. By direct computation it is verified that ll/2 II = II l/21II = \\fx II =

1. Thus fx, f2 G S(NAR)) and this is a contradiction.

Next suppose that p(X - A) = 0 so that /= cxx> but /G Ext U(N^(R)).

Thus there exist /,, /2 G S(N„)(R)), fx+f2, and f=(fx+ /2)/2.

Assume first that p{x G X: fx(x) ¥=f2(x)) = °° and let

Ax = {x G X: \fx(x)\ < \f2(x)\)   and   A2 = {x G X: \fx(x)\ > l/2(x)l}.

Then either p(Af) = °° or p(Af) = °°. It may be assumed that p(Af) = °° so

that l/2(x)l > c for x G Ax. Thus there exists n > 1 and B G Ax, 0 < p(B), such

that l/2(x)l>c + l/n forxGB. Then

ll/2ll = $~<K*f2(y))dy > jComAx))dy + $Cc + 1/"<Kp(B))dy

= cmAfj) + <Kp(B))/n = 1 + <Kp(B))/n > 1,

thus contradicting /2 G S(N(t>(R)).

Next assume that 0 < p{x G X: fx(x) ¥= f2(x)) < «>. Then, if D = {x G X:

f\(x) = f2(x) = c}» it follows that p(D) = °°.  If Ax and A2 are defined as above,

then either 0 < pLAf) or 0 < p(A2). Assuming that p(Af) > 0, as before there

exists B' GAx,0< p(B'), such that l/2(x)l > c + 1/n for x G B'. Then

ll/2ll = Sfaf2(y))dy > $C0<KtiD))dy + jCc + 1/"'<Kp(B'))dy

= c<mP)) + <KtiB'))/n' = 1 + <KM(B'))/n > 1,

again contradicting f2 G S(N(t>(R)). Thus p(X ~A) = 0 implies that / G

Ext UQTJJI))-

The remaining propositions in this section are concerned with functions of

the form / = cxA with 0 < c and p(A) < °°.

If A G 2, then p(A) satisfies condition (*) if there exists an a > p(A) such

that 0 is not constant in any subinterval of the interval [0, a].

Proposition 5. /// G Ext U(NAR)) is of the form f=cxA with 0<c

and p(A) < °°, then either p(X -A) = 0or p(A) satisfies condition (*).



178 PAUL HLAVAC AND K. SUNDARESAN

The proof of this proposition makes use of the property in Proposition 1,

and arguments similar to the preceding proposition. Hence the proof is omitted.

The rest of this section is concerned with the converse of Propositions 3

and 5.  These results are heavily dependent on the nature of the graph of 0.  In

particular, it is possible that any or all of the following conditions may hold:

(i) limx_>oo0(x) < °°, (ii) there exist x0 and a with 0 < x0, 0 < a such that

0(x) = a for x > x0, (iii) there exist k and x0 with 0 < k, 0 < x0 such that

0(x) = kx for x G [0, x0].  For convenience, the converse is stated in two propo-

sitions, 6 and 7, and the extreme point characterization is summarized in Theorem

4.

Proposition 6. Let f E 5(A0(F)) be of the form f = cx^ with c > 0 and

PÍA) < °°. If there does not exist any k>0 such that 0(x) = kx for x E [0,

PÍA)], then the requirement that either piX - A) = 0 or p(A) satisfies (*) is suf-

ficient as well as necessary for f to be an element of Ext f/(A0(F)).

Proposition 7. Let f E 5(A0(F)) be of the form f = cxA with c>0 and

assume that 0(x) = kx for x E [0, p(A)]. Then f E Ext (7(A0(F)) if and only if

A is an atom of (X, 2, p) which meets the requirement that either p(X ~ A) = 0

or p(A) satisfies (*).

The following lemmas are required in the proofs of the above propositions.

The proofs of the lemmas are very similar, and use the same techniques. As a

typical case, proof of Lemma 6 is provided. The proofs of others are omitted.

Lemma 6. Iff E A0(F) and there exists k>0 such that, for all y > 0,

A/00 = 0 or Xf(y) = k, thenf= axA t - ax,42 for some a > 0. If Ax n A2 =

0,then p(Ax U A2) = k.

Proof. Let a = sup{y > 0: X^(y) = k}. Then, since /G A0(F), it follows

that 0 < a < °°. Let F = {x G X: l/(x)l > a} and suppose p(B) > 0. Since B =

U„>i {x G X: l/(x)l > a + 1/«}, there exists «0 such that p{x E X: \f(x)\ > a +

l/«0} = XJa + l/«0) > 0. This implies that X^-fa + l/«0) = k, thus contradict-

ing the definition of a.

Let B' = {x G X: 0 < \f(x)\ < a} and suppose p(B') > 0. Then, arguing as

above, there exists «, such that p{x G X: 0 < l/(x)l < a - 1/«,} > 0. Further

{x G X: l/(x)l > 0} 2 {x G X: 0 < l/(x)l < a - 1/«,}

U {xEX: l/(x)l>a- 1/«,}.

Therefore

k = X/0) > p{x G X: 0 < l/(x)l < a - l/nx} + Xf(a - 1/«,)

= p{x G X: 0 < l/(x)l < a - l/nx) + k > k,
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a contradiction. Hence /= axA   - &XA2 and A/(0) = UiAi u A2) = k-

Lemma 7. IffE A0(F)i's such that there exist yx,y2, 0<yx <y2, with

oo > Xf(0) > Xf(yx) > Xf(y2) > 0 and if A C [0, °°) is a set of Lebesgue measure

0, then there exist y\, y'2, 0 <y'x <y2, such that y\ E [0, °°) - A and Xf(y\) >

Xf(y'2) > 0.

Lemma S.LetfE 5(A0(F)) be of the form f = cxA with c > 0. If there

exist fx,f2E 5(A0(F)),/, * f2 with support (f{) CA,f=(fx+ f2)l2,and if

\f¡(x)\ = kjXcix), i" = 1,2, then there exists k > 0 such that 0(x) = kx for x E

[0,p(A)].

Proof of Proposition 6. By Proposition 5, it is enough to show that if

either p(X ~A) = 0 or p(A) satisfies (*), then/G Ext ¿7(A0(F)).  Assume that

/ E Ext U(N0(R)) so that there exist /,, f2 E S(N0(R)) with /, * f2 and / =

(fx +/2)/2. For F G 2, define

m(E) = (Kp(A))p(A n E)/p(A).

It is verified that m EM and therefore m represents a continuous linear function-

al on A0(F).  Further by direct computation, llmll = 1.  Also, since Jxfdm = 1,

m represents a support functional for /. Define 1(g) = fxgdm for g E A0(F).

Then/GA0(F)*and 11/11= 1.

1 = Sxfdm = \ (4 fxdm + \x f2dm) ,

and since l/(/\)l < 11/11 ll/;.|| = 1, i.e., \fxf¡dm\ < 1, it follows that (xftdm = 1.

Further, \l(\f¡\)\ < 11/11 ll/;ll = 1, which combined with l(\f¡\) = Sx\ft\dm >

fxf¡dm = 1, yields that fx \f¡\ dm = 1.

It is now claimed that it might be assumed that the set {x G X: \f¡(x)l >

0} C A. If p(X ~A) = 0, then this is clear. Otherwise, ll/.xjl < lftl =1. But

l(fiXA) = fJidm = Sxfidm = 1, so that 1 = \l(f¡xA)\ < Wf¡XA « < 1 which im-

plies that WftxA II = 1.  Since fxxA +/2X4 = 2/, it need only be shown that

fiXA*f2XA-

Assume that fxxA = /2x¿ • Then /, = f2 = c on A, and there exists B E

2, ^ n B = 0, p(F) > 0, such that /, 9t f2 on F. Thus /, = -/2 on F. Choose

B' C B, pLB') > 0, such that l/(x)l > e > 0 for x G F', and for convenience as-

sume that e < c. Then

H/,41 = J^X^.O))^ > $1<KÁA) + KB'))dy + SCemA))dy

= ecKuiA) + piB')) + ic- e)MA)).

But since there exists a > p(A) such that 0 is not constant in any subinterval of

[0, a], it follows that ^p(A) + piB')) > 0(p(^4)). Therefore
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ll/.ll > ecKp(A)) + (c- eMp(A)) = 1,

contradicting/- G S(N(¡)(R)). ThusfxxA ^f2XA, and it may thus be assumed

that {xG*: \f¡(x)\>0)GA.

Now

1 = If¡l = jo «kffy))dy = Jo <t>\f^T^(A)) dy.

But {x G X: \f¡(x)\ > 0} C A implies that X^.ÍO) < p(A) so X, (y) < ju(^) for aU

y > 0. Thus \f.(y)/pJ(A) < 1 and therefore

= J"~ m{xa: l/.(x)l > v} dy = J^ldm = 1.

Therefore

and since the integrand is > 0, this implies that

«W-^lffiW   Í0Ty«-e-
Next it is shown that at least one of the functions X^, \¡2 has a range con-

sisting of more than one positive value. That is, there exist .yj, y2 with yx <y2

such that either X^ (yf) > \f (yf) > 0 or Xf(y,) > \2(y2) > 0- Iftms is not

true, then, for some otj, a2 > 0, X^.O) = 0 or Xf.(y) = a¡ for aU y > 0. Thus,

by Lemma 6,fx = kxxA, - kxxAl and f2 = k2xBx ~ K2Xb2- But Lemma 8

then implies that 0(x) = kx for x G [0, p(A)], and this is a contradiction.  There-

fore there exists such a pair^j, v2 for fx or f2, and it may be assumed that

ViOi)>ViCv2)>o-
Now let B = {y > 0: <K\x(y)) * <KKA))Xfl(y)/p(A)) so that B has Le-

besgue measure 0. Since Xy (0) < p(A) < °°, Lemma 7 may be applied to con-

clude that there exist y\, y2 G [0, °°) ~ B such that X^Cyi) > \f (y'f) > 0.

Thus

0CV.OÎ)) = <Kß(A))Xfl(y'MA)-

Now by Proposition 1, 0(x) = <p(p(A))x/p(A) for x G [0, p(A)] and this is a con-

tradiction. Therefore/G Ext U(NJfl)).

The proof of the Proposition 7 is simÜar in content to the preceding proof,

and detaüs are omitted.

The next theorem summarizes the results characterizing Ext C/ÍA^Í/?)).

Theorem 4. Let f G S(N(j)(R)). For f to be an element of Ext UQfAJR))
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it is necessary that f = cxA ~cXb with 0 <c and 0 <p(A U B). Let f be of

this form and assume that A OB = 0.

(i) Ifp(A U B) = °°, then fE Ext £/(A0(F)) if and only if p(X -(AD B))
= 0.

(ii) If p(A UB)<°°,then

(a) // there exists k>0 such that 0(x) = kx for x E [0, p(A U F)],

fE Ext <7(A0(F)) i/ana* on/y ifAUB is an atom of (X, 2, p) ancf ei/«er

pl(X - (A U F)) = 0 or p04 U F) saiis/ïes (♦).

(b) If there does not exist such a k, then fE Ext U(NA[R)) if and only

if either p(X - (A U B)) = 0 or p(4 U F) sa/is/ies (*).

Corollary. Let 0(x) = Xs /or some s G (0, 1). Then fE 5(A0(F)) is a«

extreme point of i/(A0(F)) i/a«a* only iff= cxA - cxB.

7. Extreme points of the unit cell of A0(F). In this section the set of ex-

treme points of the unit cell of A0(F) are discussed. When F is a separable Ba-

nach space a complete characterization is obtained. The techniques are similar to

Sundaresan [28], and Johnson [9, ]. Throughout this section F is a Banach space

unless otherwise specified, and pJ(X) < °° or p is a-finite, and 0 is unbounded.

The first proposition is a direct generalization of Proposition 3.

Proposition 8. IffE Ext <7(A0(F)), x«<?« 11/(^)11 = cxAix)for some A E
2,and c>0.

The proof is the same as in the case of Proposition 3 except l/(x)l is re-

placed by ll/(x)ll, and sign/(x) is replaced by/(x)/ll/(x)ll.

The next proposition determines the functions / G 5(A0(F)), ll/(x)ll =

cXAix) with p(A) = °°, which are in Ext f7(A0(F)).

In this section the following notation is adopted. ¿7(F) is the unit cell of

F and C = {/I fE A0(F), f(x) E U(E), for all x G X}. C is a convex subset of

A0(F).  If fE NA[E), let F/be the function in A0(F) such that F/(x) =

/(x)/ll/(x)ll, if f(x) + 0, and F/(x) = 0 if f(x) = 0. Note that PfE C. The same

symbol IIII is used for various norms entering the discussion as there is no possibi-

lity of confusion.

Proposition 9. LetfE Sfî^E)) be such that \\f(x)\\ - cxA(x) with c >

0 and piA) = ~. 77ie« fE Ext i/(A0(F)) i/a«d only if p(X - A) = 0 and, Pfis
an extreme point of C.

Proof. Suppose /G Ext f/(A0(F)). Replacing in the proof of Proposition

4, cxA(x), cxx„A(x) respectively by f(x)xA(x) and xQxx„A(x) where x0EE

such that IIxqII = c, it is verified that p(X ~ A) = 0.
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Next it must be shown that if p(X ~ A) = 0 and PfG Ext C, then / G

Ext UW^E)).

Suppose that the above property holds so that ll/(x)ll = c for x G X, but

/€ Ext U(NJß)). Thus there exist /,, f2 G SQVJß)), fx*f2, and / =

ifx +ff)l2. Define

Ax = {xGX: Wfx(x)\\=\\f2(x)\\,fx(x)±f2(x)),

A2 = {xGX: |r,(x)l<I/2(x)l},

and

A3 = {x G X: ll/2(x)ll < ll/j(x)ll}.

Then \\fx(x)\\ >cforxGAx, ll/2(x)ll >cforxGA2, and \\fx(x)\\ > c for

xGv43. Also, ju(v4t U^2 U,43) > 0 since/j =£/2.

If /i04j U v42 U >13) = o«, then ju(/42) < °° and p(A3) < °°. For suppose

pIAf) = °°. Choose A'2GA2, p(A'f) > 0 such that ll/2(x)ll > c + 1/n for x G

A2. Then

l/2» - \™<t>(*f2(y))dy > S¡<Kp(A2))dy + jCc + 1/n4>(p(A2))dy

= c<Kp(X)) + (KKA'2))/n>l,

contradicting f2 G S(N^(E)). A simüar argument shows that p(Af) < °°. Thus

pIAf) = o«, and, arguing as above, it then follows that ll/(x)ll = c for x GAX.

Define

f(x)    îorxGX-Ax,

f¡(x) =
f¡(x)   forxGi4j.

Then/= (f[ + f'f)l2,f'x =£ /2, and II//(x)ll = cxx(x), and this is a contradiction.

Next, if p(Ax U yl2 U ^3) < 00 so that p(X- (Ax U A2 U ¿3)) = «>, then

/i(yl2) = p(Af) = 0. For suppose p(Af) > 0. Choose A"2 C A2, p(A2) > 0 such

that ll/2(x)ll > c + 1/n for x G A2. Then

ii/2ii = J"o~0(V2OO)4y

> JOC0(/J(X-(Ax UA2U A3)))dy + ¡l+iln<KM(A'f))dy

= fo<p(p(X))dy + MAWn = c<Kp(X)) + <P0x(A'f))/n > 1,

contradicting f2 G S(Nq(E)). The same argument applied to A3 shows that

p(A3) = 0 as well.  A simüar argument shows that ll/)(x)ll = c for x G Ax, and

it therefore follows that ll/(x)ll = c for x G X, and PfG Ext C, a contradiction.

The remaining propositions of this part of the section are concerned with
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functions/G 5(A0(F)) such that ll/(x)ll = cxA(x) with p(,4) < °°.

It is recalled that if A E 2, then p(A) satisfies condition (*) if there exists

an û > p(A) such that 0 is not constant in any subinterval of the interval [0, a].

Proposition 10. IffE Ext U(NA[E)) and ll/(x)ll = cxA(x) with p(A) <

°°, then either p(X ~A) = 0 or p(A) satisfies (*).

Proof. Assume that p(X ~ A) > 0 and, for all a > p(A), 0 is constant in

some subinterval of the interval [0, a]. Therefore, by Proposition 1, 0(x) =

0(pO4)) for all x > p(A).  Let

fX (*) = ftx)XÄ (X) + X0 Xx~A (*)     and    hW = fto*A W - *0 XX~,4 (*)

where llx0ll = c. Then/= (/, +/2)/2 and/, */2.

11/, II = ll/2ll = \l^\tp))dy = J0V^))^

= c#öi(>i) + p(* ~ ¿)) = c<MA)) = i.

Thus/,,/2 G 5(A0(F)), contradicting/G Ext f7(A0(F)).

The following two propositions complete the chracterization of

Ext f/(A0(F)). This characterization is summarized in Theorem 5.

Proposition 11. Let fE 5(A0(F)) be such that ll/(x)ll = cxA (x) with

pLA) < °° and assume that there does not exist any k > 0 such that 0(x) = kx

for x E [0, p04)].  ThenfE Ext U(NA\E)) if and only if

(i)F/GExtC,

(ii) either p(X ~ A) = 0 or p(A) satisfies (*).

Proposition 12. Let /G 5(A0(F)) be such that ll/(x)ll = cxA(x) and as-

sume that 0(x) = xcx for x E [0, p(A)]. Then f E Ext t/(A0(F)) if and only if

(i) fix) = x0X4(x) with x0/llx0ll G Ext t7(F),

(ii) A is an atom of iX, 2, p), a«c/

(iii) ei'r«er p(AT ~ A) = 0 or p(A) satisfies (*).

The next three lemmas are required in the proofs of these two propositions.

Lemma 9. IffE NA[E), f # 0, and there exists k>0 such that for all y >

0, X/0) = 0 or Xfiy) = k, then ll/(x)ll = cx^(x) for some A EX.

Proof. The proof of this lemma is the same as the proof of Lemma 6.

Lemma 10. IffE A0(F) is such that there exist yx,y2, 0<yx <y2, with

0 < Xf(y2) < Xf(yx) < Xf(0) < °° and if A C [0, ») is a set of Lebesgue measure

zero, then there exist y\, y'2, 0 < y\ <y'2, such that y\ E [0, °°) ~ A and 0 <

ty>2)<ty>'i).
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Proof. The proof of this lemma is the same as the proof of Lemma 8.

Lemma 11. Let f G S(N(¡>(E)) be such that ll/(x)ll = cxA (x). If there exist

fx,f2 GS(N<¡>(E)),fx ±f2,f= (/, +f2)/2,and \\f¡(x)\\ - k¡xA¡(x) with A¡GA,

then either there exists k > 0 such that <p(x) = kx for x G [0, p(A)] or kx =

k2 = c and Ax = A2 = A.

Proof. If p(Ax ~ Af) > 0, then kx = 2c. If also p(A2 ~ Af) = 0, then

Ax = A so that 11/, II = 2, contradicting fx GS(N(¡)(E)). Therefore p(A2 ~AX) >

0, so that also k2 = 2c. Thus

ll/.ll = k¡<p(p(A¡)) = cmA)),

and it follows that <Kp(A¡)) = <p(p(A))/2 for i = 1,2.

0(mG4)) = <Kp(Ax u a2)) < MAf) + PiA2)) < mA)),

the last inequality following from Proposition 1. Therefore <t>(jx(Af) + p(A2)) =

4>(p(Ax)) + <p(p(Af)) so that by Proposition 1, there exists k > 0 such that

0(x) = kx for x G [0, p(A)].

If p(Ax ~ Af) = 0, then, by the above argument, p(A2 ~Af) = 0, so that

AX=A2= A. Therefore \\f¡\\ = £,.004/1)) = c<p(p(A)) so that kx= k2= c.

Proof of Proposition 11. By Proposition 10 it is enough to show that

(i) and (ii) are sufficient to imply that / G Ext U(NAß)). Assume that / Ö

Ext UW^E)), so that there are /,, /2 G S(N(¡)(E)) with fx + f2 and / =

(A + /2)/2-  For 5 G 2, define

m(B) = ^p(AnB).

It is verified that mGM, and ll/ttll = 1. Also, since fxfdm = 1, m represents a

support functional for /. Define

Kg) = $xgdm     for g G N^R).

Then / G NJß.)* and 11/11= 1.

2 = 2 ¡Jam = $x\\fx(x) +f2(x)\\dm(x)

< ijjyi2)dm< jx(fx +f2)dm

= /(71) + /(72)<«7i«+ ii72« = 2.

It therefore foUows that fxf ¡dm = 1.

It is now claimed that {x G X: Wf¡(x)\\ > 0} C A can be assumed. If

p(X ~ A) = 0, then this is clear. Otherwise, since 2/ = fxxA + f2XA it is veri"
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fied that 2 = 211/11 = 11/,xA + f2XA I < H/, XA I + Wf2XA I < 2. Thus 1ftXA 1-1,

and it need only be shown that /jX^ ^ f2XA-

Assume that fxxA = f2XA ■ Then tnere exists BE"L,AC\B = 0, p(B) > 0,

such that /, =£ f2 on B. Thus /, = -/2 on F. Choose F' C F, p(F') > 0, such

that ll/)(x)ll > e > 0 for x G B', and for convenience assume that e < c. Then

H/,11 = S~<KKftiy))dy > ¡¡«KA) + KB'))dy + ¡fa*))®

= ed>(p(A) + piB')) + ic- e)<KßiA)).

But since there exists a > p(A) so that 0 is not constant in any subinterval of the

interval [0, a], it follows that 0(p(/l) + p(B')) > <¡¡i}i(A)). Therefore

ll/.ll > e<Kp(A)) + (c- eMp(A)) = 1,

contradicting/,,/2 G 5(A0(F)). Thus fxxA ^f2XA » and it can be assumed that

[xEX: \\fi(x)\\>Q}CA. Now

i = W = J0 «x,lùO)*' = J0 ̂ 7j4TM(j4)j ^

But {x G X: ll/;.(x)!l > 0} C A implies that X/¿(0) < p(A) so Xf.(y) < p(A) for all

y > 0. Thus Xf.(y)/p(A) < 1 and therefore

= *^ JoV**' = J>* G *: ?<<*> >y}dy

= {^(x)xim(x)==l.

Therefore

and since the integrand is > 0, this implies that

^.OO^^^^.Cv)   for ye*.

Next it is shown that either X^.  or X^-  has a range of at least two positive

values. That is, there exist yx,y2,yx <y2, such that either Xf (yx) > X^ (y2) >

0 or X¡ (yx) > Xf (y2) > 0.  If this is not true, then, for some a,, a2 > 0,

V/OO = ° or \-(y) - a¡ for all >- > 0. Thus, by Lemma 9 ll/^x)!! = k,xA .(x)

with A¡ C A. But Lemma 11 implies that either 0(x) = kx for x G [0, p(A)] or

kx = k2 = c and Ax = A2 = A. In both cases this is a contradiction, and there-
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fore there exists such a pair.Vj.j'j for/j or/2. Thus it may be assumed that

X/iO1)>X/l(y2)>0.
Let

B = {y > 0: 0(XAO)) = <Kp(A))Xfl(y)/p(A))

so that B has Lebesgue measure zero. Since Xfi (0) < p(A) < °°, Lemma 10 may be

applied to conclude that there existy'x,y'2 G [0,») ~B such that Xf (y'x) >Xfi(y'f)

>0. Thus

By Proposition 1,

<Kx) = <KKA))x/p(A)

for x G [0, p(A)] and this is a contradiction. Therefore/G Ext U(NAE)).

Proof of Proposition 12. It is first shown that if/G Ext U(N,Aß)),

then A is an atom of (X, 2, p). Suppose A is not an atom. Then A = Ax U A2,

pIA¡) > 0 and Ax C\ A2 = 0. Choose ex, e2 > 0 such that

e,/e2 = p(Af)lp(Af)   and   max(e,, e2) < c.

Define

and

fx=(l+ex/c)fxAl+d-ex/c)fxA.

f2 = (1 - e^/x^j + (1 - ex/c)fxA2.

Then/= (/! +/2)/2 and/t ¥=/2.

11/, II = (c - e2)0OO4)) + (e, + e2)<Kp(Ax)) = fe^) = 1-

Similarly it is verified that ll/2 II = 1. Thus a contradiction obtains. Thus A is an

atom so that f(x) = x0xA(x) with llx0ll = c. From this it foUows easüy that

x0/llx0ll G Ext U(E).

By Proposition 9, it is enough to show that if/(x) = x0xA(x) with A an

atom and x0/llx0ll G Ext U(E) and either p(X ~ A) = 0 or /i(/i) satisfies (*),

then / G Ext U^^E)). If /i(X ~ /4) = 0, then X is an atom and f(x) = x0 is

easüy seen to be an extreme point. Assume that p(X ~ A) > 0, and / =

(/, +ff)/2 with/, */2 and/!,/, G5(7V0(¿)). Then

A (*) - *i X^ (x) + g(x)   and   /2 (x) = x2 xA (x) - g(x)

with

\(0) <p(X-A),       xx+x2 = 2x0,   and    Igl > 0.

Choose yQ > 0 such that Xg(yQ) > 0. For convenience, assume that.y0 <

minClljc1ll, IIjc^II). Then
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Joo ryo
0 Hj\niy))dy = j0 MA) + Xg(y))dy

+ \Xl ct,(p(A) + X(y))dy + f~ M\iy))dy

cy0 r\\xx\\

>\n <K(iiA) + Xiy))dy + J       mA))dy

>Jo  0(p(^)  + X/yo))c/;> + (llx1ll-;>o)0(pG4))

=^o(*w^)+ ^o») + ("V -y0)MA))

>y0<P(piA)) + (Ix,I -jo)0(p(>I)) = Hx,ll0(pO4)),

the last inequality following from the assumption that there exists a > p(A) such

that 0 is not constant in any subinterval of the interval [0, a].  Similarly 1 =

Va I = iô<K^f2iy))dy > Hx2II0(pO4)). It follows that

2 = 11/,II + ll/2ll > llx, + x2\\<pÍpiA)) = 2,

a contradiction, completing the proof of the proposition.

The following theorem summarizes the preceding propositions, and provides

a characterization of extreme points of A0(F). If/G A0(F),/: X —* R is the

function/(x) = ll/(x)ll.

Theorem 5. LetfE 5(A0(F)). Let A = Support off,

ii) If piA) = »o, / G Ext <7(A0(F)), i/and only if p(J ~ A) = 0, / G

Ext C/(A0(F)), a«c/ F/G Ext C.

(ii)//p04)<<*>, I«en

(a) i/ /«ere is a k>0 such that 0(x) = kx for x E [0, p(A)], then

fE Ext £/(A0(F)) i/a«c/ o«/y i//(x) = x^fx), with x0/llx0ll G Ext C/(F),

a«x//GExti7(A0(F)),

(b) if there does not exist such a k, fE Ext C/(A0(F)) if and only if

f E Ext £/(A0(F)), and F/G Ext C.

The characterization provided in the preceding theorem is not complete

since in order to check whether a given function / is an extreme point of

17(A0(F)), among others, one has to check whether it is of the form (/, + /2)/2

where \\f¡(x)\\ = cxA(x),fx =£/2. However if F is a separable Banach space a

complete characterization of extreme points of U(NA[E)) could be deduced from

the preceding theorem.  The technique is to use a measurable selection theorem

for set valued functions, and is similar to the proofs of Theorem 2, in Sundaresan

[28], and Proposition 1 in Johnson [9,].
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Theorem 6. Let E be a separable Banach space, and (X, 2, /i) be as in the

preceding theorem. Let pbe a complete measure.  Then a function fG

Ext U(NAß)) if and only if (1)7 e Ext U(Nt(R)), and (2)/(x)/ll/(x)ll G

Ext U(E) for x, p-a.e. in the support of f.

Proof. If/satisfies (1) and (2) applying Theorem 4, §6, and definition

of P/, it is at once verified that ll/(x)ll = cxA(x) where A = Support of/, and c

is a positive number, and PfG Ext C. Hence fG ExtQV^E)) as a consequence

of Theorem 5.

Conversely if Je Ext U(NAß)) then from Theorem 5,/G Ext(NAR)),

and PfG Ext C. Now from Corollary 2, [9X], it is at once verified that

/(x)/ll/(x)ll G Ext U(E), for x, p-a.e. in the support of/.
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