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GEOMETRY OF BANACH SPACES OF FUNCTIONS
ASSOCIATED WITH CONCAVE FUNCTIONS
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PAUL HLAVAC(!) AND K. SUNDARESAN(?)

ABSTRACT. Let (X, Z, u) be a positive measure space, and ¢ be a concave
nondecreasing function on RT — R with ¢(0) = 0. Let N¢(R) be the Lorentz
space associated with the function ¢. In this paper a complete characterization
of the extreme points of the unit ball of N¢(R) is provided. It is also shown
that the space N¢(R) is not reflexive in all nontrivial cases, thus generalizing a
result of Lorentz. Several analytical properties of spaces N¢(R), and their ab-
stract analogues N¢(E), are obtained when E is a Banach space.

1. Introduction. Banach spaces of measurable functions have been studied
extensively by various authors in different contexts. Most of these spaces are re-
lated to classical spaces L, (i), 1 <p <, or else they are generalizations of these
spaces. Examples of these spaces, other than Orlicz spaces, Krasnosel'skii and
Rutickil [10], are the Riesz spaces, Luxemburg and Zaanen [17]. While most as-
pects of Orlicz spaces have been studied, it is believed that there has as yet been
no systematic study of the geometric properties, or problems related to operator
theory of the more general class of Riesz spaces. Most of the study of Riesz
spaces is concerned with the analytical generalizations of the well-known properties
of their classical counterparts. The nonexistence of a complete study is under-
standable because of the general nature of the definition of a Riesz space, but
little is known in the directions mentioned above even concerning concrete ex-
amples of Riesz spaces. One such example is the class of Banach spaces which is
called in this paper, Lorentz spaces, and their abstract analogues introduced here.

Let (X, Z, i) be a positive measure space, and ¢ be a concave nondecreas-
ing function on R* — R* with ¢(0) = 0. Let N,(R) be the linear space of
equivalence classes of measurable real valued functions defined on X such that
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= :¢(/.t{x: Fo)l >y} dy < oe.

With this norm N,(R) is a Banach space, Lorentz [12], Steigerwalt and White
[24]. Lorentz [12] introduced a special class of these spaces with ¢(¢) = t*, 0 <
a <1. In [12], Lorentz studied the space Ny(R) and a generalization of this
space. Halperin [7] discussed a different generalization of these spaces. Sargent
[22] dealt with the spaces Ny(R) when u is a discrete measure. Later Steigerwalt
and White [24] extended Sargent’s work when p is a positive measure with the fi-
nite subset property.

The results in [12], [22], [24] are concerned with the definition of these
spaces, and few fundamental properties such as separability, and reflexivity of
these spaces. In [12] Lorentz has given an interesting application to Fourier ana-
lysis. Hunt [9] and O’Neil [18] have extensively applied these spaces in discussing
interpolation theorems and convolution operators. For further applications in
this direction, see a recent paper of Lorentz and Shimogaki [15]. Semenov [23]
obtained certain embedding theorems by using Lorentz space techniques, for sym-
metric Banach function spaces. In spite of such wide applications of these spaces
no attempt at a systematic investigation of the geometric and related properties
of these spaces has yet been made. The results in the paper summarize part of
the work accomplished in this direction.

The plan of the paper is as follows. After recapitulating basic definitions
and properties of some of the relevant fundamental concepts such as concave
functions and decreasing rearrangements in §§2, 3, 4 the main results are presented
in §§5, 6,7 and 8. In §5, the Banach spaces N(E) are introduced and their
duals are identified. It is also shown that the spaces Ny(R), more generally N,(E),
are nonreflexive in all nontrivial cases, thus generalizing a result in [12] dealt with for
the case ¢(t) = 1*,0 < a < 1. In [6] a complete characterization of the extreme
points of U(N4(R)) is provided. In [7] this result is generalized to obtain the ex-
treme points of U(Ny(E)) when E is separable.

2. Basic definitions and preliminary results. All vector spaces considered
here are over the real field. The real number system will be denoted by R, the
extended real number system by R, their positive parts by R*, R™ respectively.
If E is a normed linear space E* is the dual of E. The set U(E) is the unit cell
of E, and S(E) is the boundary of U(E). The norms of various Banach spaces
under discussion are denoted by the same symbol Il Il unless otherwise specified.
If Cis a convex set, the set of extreme points of C is denoted by Ext C.

Throughout the paper (X, Z, ) is a measure space, where u: Z —> Rtisa
countably additive measure. For measure theoretic terminology, not defined here,
see Dunford and Schwartz [5], and Halmos [6]. The set of measurable functions
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with values in R (R) will be denoted by My (Mg).

Let E be a Banach space. Then f: X — E is y-measurable if

(i) f~1(G) € Z for all open subsets G of E, and

(ii) for each 4 € T such that u(4) < oo, there exists a set N € T with u(N) =
0 such that the range of f restricted to A ~ N is in a separable sub-
space of E. The set of all u-measurable E-valued functions will be denoted by
Mg. If f € Mg, then f: X — R is defined by f(x) = If(x)ll for all x € X. It is
verified thatf~ € M. If A € Z, the characteristic function of A4 is denoted by
X4-

Let X be a set, S be a ring of subsets of X, and m: § — E be a function.
The variation of m, denoted by m is defined on all subsets of X, by the formula
m(A) = Sup Zlm(4)! where the supremum is taken over all finite families
{A;}i%, of pairwise disjoint sets {4,}}_; of S contained in 4.

For the basic concepts of vector valued measures, see Dinculeanu [4]. Here
another useful property of vector valued measures is recalled, as this has not been
dealt with in [4].

A Banach space E has the Radon-Nikodym property if, given any finite
measure space (X, Z, u), and an E-valued vector measure m such that

(i) m(X) < e, and

(ii) m < , i.e., m(A4) = 0 whenever u(4) = 0, then there exists an E-valued
Bochner integrable function f on X such that

m(A) = Lfdp forall4 € X.

For a characterization of a measure taking values in £ admitting a Radon-Nikodym
derivative with respect to a real valued measure, see Rieffel [20]. It is known that
if E is reflexive then E has the Radon-Nikodym property, Troyanski [29], Leo-
nard and Sundaresan [11]. For more about the R-N property, see Phelps [19].

If f € Mg, \;: RY — RY is defined by setting A () = uix € X: If ()l >
»}. This function will be used here extensively. Certain results concerning vector
valued functions are required, and there seems to be no convenient reference in
the literature. These results are stated here for completeness.

A sequence {f, },5, C Mg is said to be essentially uniformly Cauchy on a
set A € Z, if for € > O there is an integer N(e) such that If, (x) - f,, ()l < ¢ if
n, m > N(e) for x-a.e. in 4. It is almost uniformly Cauchy if for € > 0 there
exists a set F € X, u(F) < e such that the sequence {f,},, is essentially uni-
formly Cauchy on X ~ F.

LEMMA 1. Let {f,,},,5, C Mg be such that for all y > 0, Afn_fm(y) —0
as m, n — oo. Then there is a subsequence {f,, k}k>1 which is almost uniformly
Cauchy.
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LeMMA 2. Let {f,,},>, be as in Lemma 1. Then there is a function f €
My, such that hfn_f(y) —Qasn— o forally > 0.

The proof of Lemma 1 is very similar to Theorem D, p. 93 in [6].
Lemma 2 is a consequence of Lemma 1, and Egorov’s theorem for vector
valued measurable functions [4, p. 94, Theorem 1].

3. Concave functions, and related function spaces. Let C be the set of all
concave functions ¢: R* — R*, ¢ nondecreasing and satisfying ¢(0) = 0 = ¢(0+).
For a discussion of such functions see Hardy, Littlewood, and Pélya [8], Stein
and Weiss [25]. In particular such a function ¢ is locally absolutely continuous
so that the derivative ¢’ exists a.e. and ¢(r) = f§ ¢'(¢)d¢. In the following propo-
sition basic properties of ¢ are stated.

ProrosiITION 1. Let ¢ €C.

(1) If K € [0, 1], then (Kx) = K #(x).

(2) #(x)/x is nonincreasing as x increases.

(3) If for some K > O there exist x,,x,,0 <x; <Xx,, such that §(x,) =
Kx, and ¢(x,) = Kx,, then ¢(x) = Kx for x € [0, x,].

(4) If for some K > O there exist x,, x,, 0 <x; <Xx,,such that ¢(x,) =
K = ¢(x,), then ¢(x) = K for x 2 x,.

(5) If for all x > K > 0, ¢ is a constant on some subinterval of [0, x], then
ox) = oK), forall x 2 K.

(6) If there exist x,, x5 > 0 such that ¢(x, + x,) = ¢(x,) + ¢(x,), then
&(x) = Kx for some K > 0, for all x € [0, x; + x,].

(7) ¢'(x) is nonnegative and nonincreasing as x increases.

®) d(xy +x;) < p(xy) + &(x,) forall x;,x, = 0.

The proposition is a direct consequence of concavity, and continuity of ¢.

Let (X, Z, u) be a o-finite measure space, and ¢ € C. For f € M, define
Il = Jg oA ())dy. IE Ny(R) = {f1 Ifl; <o} then, identifying functions
which agree p-ae., (V,(R), Il I;) is a Banach space under the usual pointwise lin-
ear operations [24].

Let My(R) be the set of all functions f € Mg such that

|
I, = o<¢(§(,4 ))<~{¢(#(A)) f 4 d“}

After identifying functions which agree u-a.e. (M,(R), Il ) is a Banach space,
and if either u(X) <o, or u is o-finite and ¢ is unbounded, then M, (R) is isomet-
rically isomorphic with N; R) [24].

The norms of Ny(R) (M,(R)) are denoted either by the symbols Iy o(R)
« ||M¢(R)) or simply by Il (Il 1,).
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The vector valued analogues of the Banach spaces N,(R) and M,(R) are in-
troduced in §5. These are certain vector subspaces of equivalence classes of E-
valued Z-measurable functions.

4. The decreasing rearrangement function. The following material concerning
the decreasing rearrangement function is required in the study of extreme points
of UM, (R)). For a complete discussion of this function and related results, see
Luxemburg [16].

Let (X, Z, p) be a finite measure space and f € My . The decreasing rear-
rangement function of f, &, is defined by

8 p(r) = inf{u: pix: fe)>ul <t}

for0<t<uX). Iff,g€ Mg, then f and g are equimeasurable, denoted f ~ g,
if 6, = &,.

The next proposition will be extensively used and is stated here for conveni-
ence of reference without proof. A proof may be found in [16, pp. 88, 93].

PROPOSITION 2. Let (X, Z, y) be a finite measure space and f,, f, € Mz,
then

Mfy~ 8f1‘

Q) Iffy ~fy, then If {1 ~ If, 1.

(3) If |8fl| =g then 6g =§ ify !

If f, g € L, (), then f < g will mean that [y fdu = [ygdu and [§8,(u)du <
f;Sg(u)du forall 0 <t < pu(X). Thus f~ g if and only if f < g and g < f, see
[16, p. 96].

A finite measure space p is adequate [16], if

k(X)
max{fxfg' du: g ~g} = fo 5,8, dt.

It is known that nonatomic measures are adequate [16].

The Banach spaces Ny(R), and M, (R) are examples of Banach Function
Spaces extensively studied by Luxemburg and Zaanen [17]. In particular these
spaces share the following properties of a Banach function space (B, Il II). (a) If
0 <f; <f,, pointwise, f,, f, € B, then If, I < If,I. (b) Iffy.fEMf 1 f
pointwise then lf, Il 1 Ifll.

A Banach Function Space (B, Il Il) is rearrangement invariant if f; € B,
fi ~f, implies f, € B. A Banach Function Space B with property (b) is univer-
sally rearrangement invariant if B C L,(u), and f, € B, f; <f, imply f; €B.
The spaces Ny(R) and M (R) are examples of universally rearrangement invariant
Banach Function Spaces.

The decreasing rearrangement function of If| is denoted by f*. Thus
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F¥(#) = 8((e) = inf {y: ANOY<Stl,  e=0.
For properties of f*, see [8] or [30]. In particular it is noted that
(X))
() fxifl du= | o ar.
For a proof of the preceding equation, see page 112 in [30]. For some useful
properties of f* required in subsequent discussion, refer to pages 190 and 201 in

[25]. The section is concluded with the following formulae. If f € Ny(R), then
llfllN¢(R) =[5 ¢'(O)f*(2)dt, and if f € M,(R), then

1 ct,,
(B) Ifl,, o(R) = f»;:op{&,(—t) Iof () du}-

For proofs of these formulae, see [24, Theorems 2.3 and 3.3].

5. Banach spaces Ny(E), and their duals. Let (X, Z, u) be a o-finite measure
space, E be a Banach space, and let ¢ € C. For f € Mg, define

) Iy ey = [, 60N dv.

From the definition of A, it is verified that A, is nonincreasing as y in-
creases. Thus Rf is Lebesgue measurable, and since ¢ is absolutely con-
tinuous, ¢ © A, is integrable. Let Ny(E) be the space of E-valued measurable
functions £, such that lIfll o(E) is finite. After identifying functions agreeing u-
a.e., and defining addition and scalar multiplication pointwise, Ny(E) with norm
Iy o(E) is verified to be a normed linear space after noting that for f, g € M,

~ N ~ ~
“ﬂ'N¢.(E) = ||f||N¢(R), ll(f+g)l|N¢(R) < ||f||N¢(R) + llgllN¢(R).

The proofs are direct consequences of definitions and are not supplied. For no-
tational convenience the norm [l Il o(E) IS sometimes denoted by ;.

THEOREM 1. Ny(E) is a Banach space.

The proof is very similar to that of Theorem 2.1 of [24]. The necessary
modifications are effected using Lemmas 1 and 2.
Before obtaining the dual of Ny(E), a few useful lemmas are established.

LEMMA 3. The norm in Ny(E) is absolutely continuous i.e. if f € Ny(E),
and {A,}, 5, is a sequence in T with u(4,) ¥ 0, then lfx, I} — 0.

ProOF. From equation (1), if f € Ny(E), then lim,,_, ., f;; #(A(»))dy = 0.
Let now {4,,},,5, be as in the statement of the lemma. Let € > 0. Choose K
such that [ ¢(A(»))dy < e/2. Choose N such that for n = N, ¢(u(4,)) < €/2K.
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Thus if n > N,
K
I,y < J oulx € 4, @I >y} dy + €2

< K¢(u(A,)) + e/2 <.

If (X, Z, p) is a measure space let S be the ring of sets in T of finite u-
measure. S is a §-ring.

LEMMA 4. If either u(X) < oo, or (X, Z, y) is a o-finite measure space, and
¢ is unbounded then the S-step functions are dense in Ny(E).

PROOF. Let f € Ny(E). Then as a consequence of Theorem 2, p. 99 in [4],
it follows that there is a sequence f,, of E-valued Z-step functions with If, (x)I <
IfGe)l for all n > 1, for all x € X, such that f,, — f pointwise u a.c.

Forn>1,let B, = {x € X1 If, ()l > 1/n}. Then if u is not finite by ap-
pealing to the inequality ¢(u(B,)y/n < Ifll,, it follows that u(B,) < e, since in
this case ¢ is unbounded. Let g, =f, XB," Then g, are S-step functions,
llg,, N < IfGo)ll for all x € X and forn > 1.

By Egorov’s theorem, p. 94 in [4], for m > 1 there exist C,,, € S such that
uB,, ~C,)<1/m and g,, — f uniformly on C,,. Forallm,n>1,

lg, -1, < (g, —f)xcm I, + I, —f)x3m~cm Iy
@
+ I, "f)XX~B,,,“1
Now given € > 0, since u(B,, ~ C,,) — 0as m — o, and Il I, is absolute-
ly continuous there exists an m, such that for m > m,, Il2fxB ~Cm I, <ef3.
Thus for m > m,, I(g, - Nxz,, ~Crm I, <ef3.
Since x € X ~ B,,, 1mplies llf(x)ll < 1/m,

1/m
<D2fxxep,ly <2J, 900Ny =0

as m — o, Hence there is an m, such that if m > m,, I(g, = xx.. Byl <
€/3. Let p = Max(m,, m,). Since &m — f uniformly on C,,, there exists N such
that if n > N then l(g, - /) ()l < €/3¢(u(C,)) for all x € Cp. Hence for all n >
N,
€/30(k(Cp))
1@, = Nxc,h < |,

Thus if n > N, li(g, — f)I; <e. Thus S-step functions are dense in Ny(E).

Next the dual of N,(E) will be identified with a space M of vector valued
measures. Let M be the space of all £*-valued measures on Z, such that

Hu(C,)) dy = €/3.
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lmll = Sup{m(4)/¢(u(A4)): 0 < ¢(u(A4)) < 0} < oo

where m, the variation of m is absolutely continuous with respect to pu, i.e.
u(A) = 0 implies m(4) = 0. From Remark 10, p. 36 in [4] it is verified that
M, I ) is a Banach space.
It will now be shown that M can be identified with the dual space of Ny(E).

THEOREM 2. If either u(X) < o or (X, 2, u) is o-finite and ¢ is unbounded,
then M is isometrically isomorphic to Nd,(E)"' under the mapping a: M — Nd,(E)"
where a(m)f = [xfdm for all f € N(E).

ProoF. It will first be shown that for any m € M and f € Ny(E) [ is m-in-
tegrable. It is claimed first that

m(A)< Iml¢(u(4)) foral 4 €S.
If 9(1(4)) = 0, then (4) = 0 so that 7(4) = 0 since m € M. If = > ¢(u(4)) >
0, then llmll = m(4)/¢(u(A4)) so that for all 4 € S the given inequality holds. If
FE N(E),

fxllf(x)lldﬁ(x) = fxden' = fo m{x € X: 7G> y}dy
where the last equality follows from equation 4.8, p. 112 of vol. II [30]. Thus

fx £ Ce)ldim (x) < f : Imll¢(u{x € X: F(x) > y}) dy

= Ik [ "6\ 0N dy = Il F Uy gy = bl U1,

so that lIf(-)ll is m-integrable.

By Theorem 2, p. 99 of [4], there exists a sequence {g },,5; of E-valued Z-
step functions such that g, — f pointwise p-a.e. Choose {4,},5,; C S with
A, CA,,, and such that U, 5,4, = X. Defining h, =g, X4, it follows that
h,, — f pointwise p-a.e. and the h, are S-step functions. Since u(4) = 0 implies
that m(4) = 0 it follows that h,, — f pointwise m-a.e. Thus the function f is
m-measurable.

Therefore by Proposition 4, p. 122 [4], f is m-integrable and

|fram| < fram< ma .

For m € M and f € Ny(E) it is thus possible to define a(m)f = [xfdm and
la(m)f! < Imll Ifl,. Since a(m) is clearly linear, a(m) € Ny(E)* and la(m)l <
lml.

It will now be shown that IS(m)l = lIml. Let A € = with 0 < ¢(u(4)) <
o and choose € > 0. By the definition of m, there exist {4,}\L,, {4,} pairwise
disjoint subsets of 4, 4; in Z such that
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) < 3 Im(a 1 + 24D,
i=1

For each 4; there exists x; € E with lx;l = 1 such that
Im(4,)) < m(4))x; + ep(u(4))/2n.

Let f =TI, x,X, /#u(A)). Then Ifl; = o(u(Zl; A)V9(u(A4)) < 1. Thus

la(m)l = la(m)fl = UX fdml

>2?=1("m(-4:)" = ep(u(A))/2n)

Hu(A))
> (n(4) — ed(uA)/2) _e _ m(4) _
#u(A)) 27 oua) &

Therefore la(m)l = m(4)/¢(u(A)) if 0 < ¢p(u(4)) < oo, so that la(m)l = Iml.
It therefore follows that IS(m)l = Imll. It is seen from the definition that S is
linear and thus « is a linear isometry from M into N¢(E)*. It remains to be
shown that a is onto Ny(E)*.

Let I € Ny(E)*. Define m: « — E* by m(4)x =1(xx,) if A€ Sand x €
E. Then for x, y € E and scalars a, f3,

m(A)(ex + fy) = I(lax + Bylx,) =tlaxx, + ByX4) = am(A)x + pm(A)y.
Also
Im( )l = sup UGxx,)l < Sup W0 by ) = 11 9(u(A)) < .

Thus m(4) € E* if A €.

It will next be shown that m is a measure. It is seen that m(@) = 0 and
m(A U B) = m(4) + m(B) if A N B =g so that m is a finitely additive set func-
tion. Let {4,};5, be a pairwise disjoint family of elements of S such that 4 =
U514, €S. If u(X) < oo, then also p(4) < oo. If u(X) = oo, then ¢ is un-
bounded and therefore 4 € S implies u(4) < e. Thus in either case u(4) < oo
so that u(\J;=,, 4;) — 0 as m —> oo, since u is countably additive. Thus

m(A - L"JA,)

i=1

E.

"m(A) - Z”:m(Ai) lm(A) -m ( L"JA,->
i=1 =1

E.

(Bl <ol 9, 4) -0

asn—> o

E*
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since u(U;2,, 4 14;) — 0 as n — oo, Hence m({J;54,) = Z;5,m(4,) and m
is therefore a measure on the §-ring S into E™*.

Next it will be shown that m € M. Let A € S with u(4) > 0. Choose
{4;}i=, C S pairwise disjoint subsets of 4 and let € > 0 be given. For each i,
1 <i < n, there exists x; € E with llx;l = 1 such that

Hence Z1, Im(4)I < ZiL,m(4;)x; + e. However
n
- ﬂlﬂd)(p( UA,>).
1 i=1
Consequently

f lmA ) < Iilg (u( U A,-)) +e< Mlg(uA)) +e.
i=1 i=1

n n n
Zlm(Ai)x,- = Zl 10t x4,) < M1 le,-xAi
i= i= =

Hence ZL, lm(4,)I < Wl¢(u(4)). Therefore m(4) < lllig(u(4)) so that lmll <
Il < oo, It is verified appealing to definitions that m <€ u. Thus m € M.

It will now be shown that a(m) = I thus proving that « is onto N¢(E)*.
Assume first that f € Ny(E) is an S-step function. Therefore f = Zi_, x;x,, with
x; € E and 4; €S. Then by direct computation

atmf = 3 [, xdm =3 m)x, = (( z ¥Xay) =10

Thus a(m)(f) = I(f) for all E-valued S-step functions f. Next let g € Ny(E) be
arbitrary. By Lemma 4 there exists a sequence {f,},5, of E-valued S-step func-
tions such that f, — g in Ny(E). Then, since both a(m) and I are elements of
Ny(E)*,

am)g) = Se) ( im £,) = lim 1(£,) = 1)

Thus a(m) = I so that S is onto N, (E )* and « is therefore an isometric isomor-
phism from M onto Ny(E)*.

REMARK. It should be noted that the conclusion of Theorem 2 may be
false, even for V,(R), in the case when (X, Z, p) is a o-finite measure space but
¢ is a bounded function. For example, let X = R* and u be the Lebesgue mea-
sure. If 4 € 2, then lx, I, = #(u(4)) < oo since ¢ is bounded, so that x, €
N,R). IfL € N¢(R)*, then m: £ — R is to be a measure such that L(f) =
Sxfdm for all f € Ny(R). Thus, in particular, L(x,) = [xX 4dm = m(4) for all
A€EZ. Let4, =[n,n+1)forn>0. Then U,; 4, =R" and the 4, are
pairwise disjoint. Hence, since m is countably additive,

Lx,+) = mR*)=m( U A,) = Z m(d,) = Z L(X[n,n-l-l))‘
R n>0 n>0

n20
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It will be shown, however, that there exists an L € N¢(R)* such that
L # 2. L )
(XR +) ngo [n,n+1)

so that this L cannot be represented by a measure m in the above manner.

For f€ Nd,(R), esslim,_, .. f(f) = a will mean that there exists N € Z with
M) = 0 such that lim_, o,y f(f) = a. Let U= {f € Ny(R): esslim,_, ., f(£)
exists}. Then U+# @ and U is a subspace of Ny(R). For f € U, define

1(f) = ess lim f(¢)
t—>oo

so that / is a linear functional on U. It will be shown that [ is continuous. Sup-
pose f € U is such that I(f) = a > 0. Thus there exists N € T with u(N) = 0 so
that lim,_, o, ;en f(8) = 0.
Choose € > 0 and such that € < a. Then there exists T> 0 so that t > T
and t € N implies that |f(f) — al <e. Thus
{teER: IO >a-€eD{tERY ~N:t>T}

Therefore \o(ax — €) > u{t € R* ~N: > T} = oo Hence

Wy ) = [ 90,00y > [ 60, 0D dy

> | :_e(b(?\f(a - &) dy = (@ — €) ).

Since this is true for all € such that 0 < e <a, it follows that lIfll, = ag(e).

Thus I(f) < lIfll;/¢(=°) whenever I(f) > 0. Therefore lI(f)l < IIfIIN (R y/#(=) for all
fE U. Hence l € U*. Now the Hahn-Banach theorem assures the ex1stence of an
extension L of / to all of Ny(R) with ILIl = lIl. Then L € N¢(R) . However

L(x, ,) = ess lim x +®=1 and L(x[,,’,,,H]) = ess lim Xinn+1)t = 0
R t—>oo R t—> o0
so that
L # 2L ).
Xz +) nZ}:o Xin,n+1)

Thus L cannot be represented by a measure m in the above manner.

Let F be a Banach space. The vector analogue of the space M,y(R) is de-
fined as follows. For f € M let Ifl,, o()> denoted some times by Ifl, when F
is understood, be defined by

= _1_
", = AEE;0<S<;181(A))<°°; Hu(A)) L el d (x)i'

Let My(F) = {f: f € Mg, Ifl, <eo}. After identifying functions agreeing u a.e.
(M4(F), Il 1) is a Banach space. The verification of this is very similar to that
of Theorem 3.1 in [24].
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If E* has the Radon-Nikodym property then Ny(E )* could be identified
with M¢(E*), and this is the content of the next theorem. It might be recalled
that E* has the Radon-Nikodym property if E is isomorphic to a Banach space
with a Fréchet differentiable norm [11], in particular if E is reflexive [29]. More
general results are known, and for this see a recent paper of Phelps [19], and the
list of references therein.

THEOREM 2A. Let E be a Banach space such that E* has the Radon-Niko-
dym property. If either W(X) <o or (X, Z, ) is o-finite and ¢ is unbounded,
then N4 (E)* is isometrically isomorphic with My(E*) under the mapping L:
Ny(E)* — My (E™) where L(l) = g and g is such that

1) = [ ) C)dutx) for all £ € N,(E).

ProOF. It will first be shown that M and My(E *) are isometrically isomor-
phic under the mapping T: M — M, (E *) where T(m) = g and g is such that
m(A) = [,gduforall A €S.

Choose m € M and {4,},,5; C S such that X = |J,,5,4,, and the sets 4,
are pairwise disjoint. Then, for each n, (4,,, Z| A ul A”) is a finite measure
space. As is shown in the proof of Theorem 2, m(4) < Imli¢p(u(4)) for all 4 €
S. Thus, since u(4,,) <, it follows that m(4,,) < . Also, if u(4) = 0, then
m(A) = 0 so that m(4) = 0 and therefore mlAn < ul 4,,- Consequently, since
E™ has the Radon-Nikodym property, there exists a unique E *-valued Bochner in-
tegrable function g, on A, such that m(4) = f,g,du forall 4 € S with 4 C
A,. It may be assumed that g, is defined on all of X and that glX ~ 4,, = 0.

Define g: X — E* by g(x) = Z,,5,,8,(x) for all x € X. Then lg(x)l =
2,51 g, Gl for all x € X since the functions g,, have disjoint support. The
function g will be measurable since each g, is measurable. Further, if 4 € S, then
it is verified that m(4) = [, lg(x)ldu(x). Thus lg(-)ll is p-integrable on A4, and
therefore g is p-integrable on A. Hence, for all 4 € S,

m(4) = f ,gdu and m(d) = IA lgGOl du(x).
Next, it will be shown that g € M,(E *).

_ 1
el e) = Aesftg‘i»ogﬂﬂ(@) J tecor "“(")f

- A (| _ ) < oo
acsiuls )>o;¢(#(A)) '

Consequently g € M, (E *),and if T: M — MyE *) is defined as above, then T is
well defined and
IIT(m)IIM¢(E.) = IlgllM¢(E.) = lml.
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Further by Corollary 1, p. 187 in [4] it follows that T is a linear isometry. To
show that T is onto, let g € My(E™). Then since gl (z+) < oo, it follows that
L4 lg(x) du(x) < oo for all 4 €S so that g is locally p-integrable. Thus if m:

S — E* is defined by

m(4) = IAgdu forall4 €8,

then m is a measure and,

it B

Aes;u&»o B(u(A))

- . -
= AGS;SEFA)>03¢(M(A)) _[4 ||g(x)l| dﬂ(x)$ |Ig||M¢(E.).

Thus m € M and, since T(m) = g, it follows that T is onto, and therefore T'is an
isometric isomorphism.

It follows from what has just been proven together with Theorem 2 that
L=To 8" NyE)* — M,(E™) is an isometric isomorphism. Here, if | €
Ny(E)*, then L(I) = g € My(E™) where I(f) = [yfdm for all f € N,(E). Since
m(A) = [, gdu it is verified that I(f) = [, &(x)f(x)du(x) for all f € Ny4(E), using
Proposition 4, p. 122, and Proposition 13, p. 136 in [4], completing the proof
of the theorem.

It will be proven next that if (X, 2, u) is a nonatomic measure space and
E is a Banach space, then Ny(E) is not reflexive. This generalizes a theorem of
Lorentz [12], stating that N,(R) is not reflexive if ¢(x) = x* for some @, 0 <
a <1, and the underlying measure space is (0, 1) with the Lebesgue measure.
The proof presented below uses altogether different techniques.

THEOREM 3. If (X, Z, ) is @ nonatomic measure space and u(X) < o or
(X, Z, p) is o-finite and ¢ is unbounded and E is a Banach space, then Ny(E) is
not reflexive.

Since N4 (R) is canonically imbedded in Ny(E), it is enough to show that
N4 (R) is not reflexive.

In the remainder of this proof, » will be used to denote Lebesgue measure
on the real line R.

Let g(f) = (1 = 1)¢'(¢) — ¢(¢) for t € [0, ). Then, since ¢(f) | 0 as t —
0% and (1 — £)¢'(¢) increases as ¢t — 0%, there exists an @, 0 < a < 1, such that
g(®) = 0 for t € [0, @] v-a.e. Choose a so that a < u(X). Also, g(¢) is a nonin-
creasing function for ¢ € [0, a] v-a.e. Define

g(?), t€[0,al,
h(@) = {
0, t€(a,).
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Then A(7) = 0 and nonincreasing for ¢ € [0, ©) p-a.e. Let
(1 - t)¢(t), t€ [O’ a]’
o= {
(1 —a)¥a), tE (@, ).

Since ¢ is locally absolutely continuous, it follows that f is locally absolutely con-
tinuous. But f'(f) = h(¢) for ¢ v-a.e., so that

10y = [ h0)ay +10) = [ o) dy,
for ¢t v-ae. Since h: Rt — R¥ is Lebesgue measurable, there exists {s,},5; an
increasing sequence of nonnegative step functions such that s, — & pointwise »-
a.e. (see Theorem 8, p. 85 in [6]).

It is next claimed that there exists {P,},5, with P;: X — R, a sequence
of increasing Z-step functions such that P = s} foralln > 1. Ifs, = 16XE,
with ¢; > 0, E; pairwise disjoint Lebesgue measurable sets, and, since support
h C [0, @), Uiz, E;) <a < u(X), then, since (X, Z, y) is nonatomic, it is possi-
ble to choose D; € Z, D; pairwise disjoint and such that u(D,) = »(E;) for 1 <
i<n IfP, =3, CiXp, then P, is a nonnegative Z-step function and clearly
P} =5}, s, is defined by subdividing the sets E; and giving s, new values on
these subdivisions and, if necessary, adding other sets E; which can be assumed
to be disjoint from {JiL, £;. Again since (X, Z, u) is nonatomic, it is possible to
subdivide the sets D; in the same fashion as the E; are subdivided and add addi-
tional sets D}, disjoint from U/, D;, and with u(D}) = »(E/). If P, is given the
same values as s, (on these sets of equal measure), then P; = s¥ and P, > P,
since s, = s,. All the functions P, may be constructed in a similar fashion.

Let P(x) = lim,,_, P, (x) for all x € X. This limit exists since the P, are
increasing functions. Then P is a u-measurable function, Theorem A, p. 84 in [6].

Since s,,(f) <s,,, (9 for all £ = 0 and A(f) = lim,,_, .s,,(¢), it follows from
Lemma 3.5 in [25] that, for each ¢ > 0, s;k(f) increases monotonically to h*(f) as
n —> oo, Similarly, since P,(x) <P, . (x) for all x € X and P(x) = lim, _, P,(x),
it follows from the same proposition that P:(t) increases monotonically to P*(¢)
for each £ > 0. But P} = s* so that P*(¢) = h*(t) for all + > 0. Since h(r) >0
and A is nonincreasing it follows that A*(f) = A(t) and consequently P*(¢) = h(r)
for all ¢t > 0.

Since (X, Z, y) is o-finite, by (B) in §4,

t>0

-0 s B < 001

"P“M¢(R) = fl_{%ga(%f(:l’*(u) dus = ili%{a(l—t;f;h(u) du‘ = sup 3%
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Thus P € My(R) and IIPIIM o(R) = 1. By Theorem 4.3 [24], M¢(R) is isometri-
cally isomorphic to N¢(R) and P may be identified with I € N¢(R) by

1j) = IXP(X)](JC) du(x) for all j € Ny(R).

Assume now that Ny(R) is reflexive. Then U(V,(R)) is weakly compact,
and I must attain its supremum at some f;, in U(V,(R)). It might be assumed
that f, € Ext U(N4(R)). From the Proposition 3 in the next section the proof
of which is self-contained, it follows that there exist 4,B € Z, f, = ¢x, —cXp
and cp(u(4 YU B)) = 1.

u(4UB)
1(f,) = fxp(x)fo(x) du(x) = ¢ Lua 1P du(x) < c | ST Py ar,
the last inequality following from Lemma 3.17 in [25]. Thus

_ r(AUB) k(4UB) f(u(A VB
1-1(fo)<cfo P*(t)dt = mf h(y)dy = ﬁm)z))

1 -u(AYB) if u4 Y B)<a,

1 —a)ia

(4 Y B))
<1,

and this is a contradiction. Thus N,(R) is not reflexive and therefore Ny(E) is
not reflexive.

In concluding this section we wish to thank the referee for bringing to our
notice a paper by DeJonge [9,] which appeared subsequent to our communication.
The Theorem 3.4 in [9,] is essentially the same as Theorems 2A and 3 of this
section applied to the special case when E is the real line. The technique adopted
by DeJonge is different from the more geometric approach provided here.

if (A UB)>a,

6. Extreme points of the unit cell of N4(R). In this section the extreme
points of U(Ny(R)) are completely characterized. For these results it is assumed
that either u(X) <o or (X, Z, y) is o-finite and ¢ is unbounded. Proposition 3
provides a necessary condition for a function f € N,4(R) to be an extreme point.

PROPOSITION 3. Let f € Ext UN,(R)), then If| assumes exactly one value
different from 0.

PROOF. Define g(§) = f§ ¢(), 7(”))dy. Then g(=) = 12l = 2 and g(0) =
0. Since g is continuous on [0, ), there exists ¢, 0 < ¢ < o, such that glo)=1,
ie.

Joo00a 00y =1 and [To00, 0ay = 1.
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Let
2f(x) if 0 < 2f(x)l < e,
1, 1 x) =

¢ sign f(x) if 2f(x)l > ¢,
and

0 ifo<Rf)I<e,
L) =

2f(x) - ¢ sign f(x) if 12f(x)| > .

Thenf,,f, EMg and f= (f; +,)/2. Let A= {x €EX: 12f(x)| >c} and B =
xeXx: f(x)N<c}.

AT j:¢ o u[{x € B: RF() >y} U {x € X: 2fx)| > c}]dy

= [ o0 0Ny = 1.

Iyl giry = [ 8 ° 1lx € 4, £() > 0: 20(x) = ¢ >3}
U {x €4, (x) <0: -2f(x) -~ ¢ >y} dy

= [, oo ulx€ A, f()>0: 2>y + )
U {x €4, f(x) <0: - 2f(x) >y + c}]dy

= f:'qs o ufx € A: Rf(x)| >y + c}dy
= j :"’ o ulx € A: 2f()I > y}dy

= [ o000y = 1.

Therefore £, f, € S(V4(R)). Since f is an extreme point of UW4R)), f; =
f, =f. Thus 2f(x) = 0 for x €B, so that f=0o0on B = X ~ 4. Since
¢ sign f(x) = 2f(x) — ¢ sign f(x) for x € 4, Ifl=c on A. Thus Ifl assumes exact-
ly one value different from O.

Considering the positive and negative parts of f, and using the preceding prop-
osition, the following corollary obtains:

COROLLARY. Let f € Ny(R). Then f € Ext UNy(R)) if and only if Ifl €
Ext UWNV,(R)).

Because of this corollary, it is only necessary, in determining Ext U(Ny(R)),
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to consider functions of the form f = cx, with 0 <ec.

The simplest case to consider is that in which u(4) = e. For f=cx, to
be an element of N,(R), it is necessary that ¢ be a bounded function. The next
proposition determines when such a function f is an extreme point.

PROPOSITION 4. Let f € S(Ny(R)) be of the form f = cx, with ¢ > 0 and
M(A) = . Then f € Ext UNy(R)) if and only if u(X ~ A) = 0.

PROOF. Suppose first that f € Ext UWV,(R)) but u(X ~ 4) > 0. Let f; =
cxXy4 tcXx-4 and f; = cxy —CXx—4- Thenf=(f; +£,)/2 and f, # f, since
WX ~ A) > 0. By direct computation it is verified that If,Il = IIf,11 = If,l =
1. Thus f}, f, € S(Ny(R)) and this is a contradiction.

Next suppose that u(X — 4) = 0 so that f = cxy, but f € Ext UN,(R)).
Thus there exist i, f, € SWV,(R)), f; # f,, and f= (f} +f,)/2.

Assume first that u{x € X: f|(x) # f,(x)} = o and let

A, = xeX: If,@)I<IL®N and 4, = {x € X: If;() > If,(x)N}.

Then either u(4,) = o or u(4,) = . It may be assumed that u(4,) = * so
that |f,(x)| > ¢ for x € A;. Thus there exists n > 1 and B C 4,, 0 < u(B), such
that If,(x)| > ¢ + 1/n for x € B. Then

I51= 00,00y > [ outa Ny + [ ouee) dy

= cp((A4,)) + duB))/n =1 + ¢uB))/n> 1,
thus contradicting f, € S(WVy(R)).

Next assume that 0 < u{x € X: f,(x) # f,(x)} <. Then, if D = {x € X:
[1(x) = f,(x) = c}, it follows that u(D) = o. If A, and A4, are defined as above,
then either 0 < u(A4,) or 0 < u(A,). Assuming that u(4,) > 0, as before there
exists B' C 4,, 0 < u(B"), such that If,(x)| > ¢ + 1/n’ for x €B'. Then

L c c+1/n’ ,
If,1 = [ 40,00y > [ ow@)ay + [ ou@ ay

= cp(uD)) + ¢(uB")/n' =1 + ¢uBY)/n' > 1,

again contradicting f, € S(Vy4(R)). Thus u(X ~ A) = 0 implies that f €
Ext UWV,(R)).

The remaining propositions in this section are concerned with functions of
the form f = cx, with 0 <¢ and p(4) < oo.

If A € Z, then u(A) satisfies condition (*) if there exists an a > u(4) such
that ¢ is not constant in any subinterval of the interval [0, a].

ProrosiITION 5. If f € Ext UWNy(R)) is of the form f = cx, with 0 <c¢
and u(A) < oo, then either u(X — A) = 0 or u(A) satisfies condition (*).
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The proof of this proposition makes use of the property in Proposition 1,
and arguments similar to the preceding proposition. Hence the proof is omitted.
The rest of this section is concerned with the converse of Propositions 3
and 5. These results are heavily dependent on the nature of the graph of ¢. In
particular, it is possible that any or all of the following conditions may hold:
(@) lim,_, . &(x) <o, (ii) there exist x, and & with 0 <x,, 0 <a such that
#(x) = o for x > x,, (iii) there exist k and x, with 0 <k, 0 <x, such that
#(x) = kx for x € [0, x,]. For convenience, the converse is stated in two propo-
sitions, 6 and 7, and the extreme point characterization is summarized in Theorem
4,

PROPOSITION 6. Let f € S(N,(R)) be of the form f = cx, with ¢ > 0 and
u(A) < oo, If there does not exist any k > 0 such that ¢(x) = kx for x € [0,
w(A)], then the requirement that either u(X — A) = 0 or u(A) satisfies (*) is suf-
ficient as well as necessary for f to be an element of Ext U(Ny(R)).

PROPOSITION 7. Let f € S(N¢(R)) be of the form f = cx, with ¢ > 0 and
assume that ¢(x) = kx for x € [0, u(4)]. Then f € Ext UW4(R)) if and only if
A is an atom of (X, Z, u) which meets the requirement that either u(X ~ A) =0
or u(A) satisfies (*).

The following lemmas are required in the proofs of the above propositions.
The proofs of the lemmas are very similar, and use the same techniques. As a
typical case, proof of Lemma 6 is provided. The proofs of others are omitted.

LEMMA 6. IffE N¢(R) and there exists k > 0 such that, for all y 2 0,
A() =00r \(y) =k, then f = axXq, T Xy, for some a>0. IfA, N4, =
&, then WA, U A,) = k.

ProOF. Let a = sup{y = 0: )\f(y) = k}. Then, since f € Ny(R), it follows
that 0 < a <o, Let B = {x € X: If(x)| > a} and suppose u(B) > 0. Since B =
U,.>1{x € X: If(x)I > a + 1/n}, there exists ny such that u{x € X: If(x)I > a +
Ung} = A(a + 1/ny) > 0. This implies that Ao(a + 1/ny) = k, thus contradict-
ing the definition of «.

Let B' = {x € X: 0 < If(x)| < a} and suppose u(B") > 0. Then, arguing as
above, there exists n, such that u{x € X: 0 < If(x)| <a — 1/n;} > 0. Further

xeX: If(x) >0} D x€ X: 0 <If(x)l <a—1/n;}

U {x EX: Ifx)I >a—1/n}.
Therefore
k=%0)>p{x €X: 0<If(x)I <a-1/n}+ Al = 1/ny)

=ux€X: 0<lf@) <a-1/n} +k>k,
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a contradiction. Hence f = ay, L T4, and A,(0) = p(4, U 4,) = k.

LEMMA 7. If f € Ny(R) is such that there exist y,,y,,0 <y, <y,, with
> 2A(0) > )\f(y,) >N (r,) > 0and if A C [0, =) is a set of Lebesgue measure
0, then there exist ¥}, 3, 0 <yy <y}, such that y; € [0, ) — 4 and \(¥}) >
)\f(y'z) >0.

LEMMA 8. Let fE€ S(N¢(R)) be of the form f = cx, with ¢ > 0. If there
exist fy, f, € S(Ny(R)), fy # f, with support (f) C A, f=(fy +f,)/2, and if
If,(0)l = kixc',(x), i = 1,2, then there exists k > 0 such that ¢(x) = kx for x €
[0, u(4)].

PrROOF OF PROPOSITION 6. By Proposition §, it is enough to show that if
either u(X ~ A) = 0 or p(A) satisfies (*), then f € Ext UN4(R)). Assume that
€ Ext U(Ny(R)) so that there exist £}, f, € S(V,(R)) with f; # f, and =
(fy +1£,)2. For E € Z, define

m(E) = ¢(uA) A N EYu(4).

It is verified that m € M and therefore m represents a continuous linear function-
al on Ny(R). Further by direct computation, llmll = 1. Also, since [xfdm =1,
m represents a support functional for f. Define I(g) = fygdm for g € Ny(R).
Then I € N,(R)* and Il = 1.

1= fxfdm = %(IX fodm + fxfzdm),

and since U(AI< NIIfN=1,ie., Ifyf;dml <1, it follows that fyf,dm = 1.
Further, lI(If,)I < W71 Ifl = 1, which combined with I(If,]) = [y If,!|dm >
Sxfidm = 1, yields that [y If;ldm = 1.

It is now claimed that it might be assumed that the set {x € X: If;(x)I >
0} C A. If u(X ~ A) = 0, then this is clear. Otherwise, If;x, Il < If;l = 1. But
I(fix4) = [ofidm = [xfidm = 1,50 that 1 = lI(f;x, ) < If;x, I <1 which im-
plies that lIf;x, Il = 1. Since fyx, + f,x4 = 2f, it need only be shown that
fixa FhHhxy-

Assume that fix, =f,x,. Then f; =f, = con A4, and there exists B €
Z,ANB =@, uB)> 0, such that f, #f, on B. Thus f; = —f, on B. Choose
B' CB, u(B") > 0, such that If;(x)l > € > 0 for x € B', and for convenience as-
sume that € <c¢. Then

= [T o0 ONdy > [ suta) + uEVy + [ oAy
= p(u(A) + u(B") + (¢ ~ NHUCA)).

But since there exists a > u(4) such that ¢ is not constant in any subinterval of
[0, a], it follows that ¢(u(4) + u(B")) > ¢(u(A4)). Therefore
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IFl > ep(u(a)) + (c - )duA) = 1,

contradicting f; € S(V4(R)). Thus fix4 # f,X4,and it may thus be assumed
that {x € X: If;(x)| > 0} C 4.
Now

o w (Af0)
=11 = [ o0, 00dy = f0¢<;(f'A_)u(A)> dy.

But {x € X: If;(x)l > 0} C 4 implies that A (0) < u(A) s0 A (¥) < u(4) for all
y = 0. Thus )\fi(y)/u(A) <1 and therefore

- (A0 = A () o(u(A) (=
Jo (ﬁﬂ"‘”) B> f gy sy = SR (000

=J:° mix € X: If,(x)| > y}dy = lef,-ldm =1.

Therefore
= _ Hu(4)) =
f; [onsion - 2Py o)ar =0
and since the integrand is = 0, this implies that
= HuA4)
¢()\fi(y)) = ") A fi(y) for y-a.e.

Next it is shown that at least one of the functions Ars )‘fz has a range con-
sisting of more than one positive value. That is, there exist y,, y, with y, <y,
such that either >‘f10"1) > 7\f1()’2) >0 or lfz(yl) > )\fz(yz) > 0. If this is not
true, then, for some a;, @, >0, 7\fi(y) =0or )\f,,(y) = qa; for all y = 0. Thus,
by Lemma 6,f, = kyXx,, — kX4, and f = kXg, —k3Xg,- But Lemma 8
then implies that ¢(x) = kx for x € [0, u(4)], and this is a contradiction. There-
fore there exists such a pair y,, y, for f; or f,, and it may be assumed that
)\fl(yl) > )\fl(yz) >0.

Now let B= {y = 0: ¢()\fl O) # ¢i(1.t(A))7\fl (»)/u(A)} so that B has Le-
besgue measure 0. Since )\fl (0) < u(A4) < o0, Lemma 7 may be applied to con-
clude that there exist y}, ¥ € [0, =) ~ B such that X, (#}) > A, (#3) > 0.

Thus
o0y, (V1) = SUANA,, (V) i(A).

Now by Proposition 1, ¢(x) = ¢(u(4))x/u(4) for x € [0, u(A)] and this is a con-
tradiction. Therefore f € Ext UWV4(R)).

The proof of the Proposition 7 is similar in content to the preceding proof,
and details are omitted.

The next theorem summarizes the results characterizing Ext UW4(R)).

THEOREM 4. Let f € S(Ny(R)). For f to be an element of Ext UWV4(R))
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it is necessary that f = cx, — cxg with 0 <c and 0 < u(4A U B). Let f be of
this form and assume that ANB=g@.
(i) If (4 U B) = o, then f € Ext UN,(R)) if and only if u(X - (A U B))
=0.
(ii) If w(A Y B) < oo, then
(a) If there exists k > O such that ¢(x) = kx for x € [0, u(4 U B)],
f € Ext UWNy(R)) if and only if A U B is an atom of (X, Z, ) and either
M(X — (4 VU B)) = 0 or u(A Y B) satisfies (*).
(b) If there does not exist such a k, then f € Ext U WV4(R)) if and only
if either (X — (A U B)) = 0 or u(A U B) satisfies (*).

COROLLARY. Let ¢(x) = x° for some s € (0, 1). Then f € S(N4(R)) is an
extreme point of UWNy(R)) if and only if f = cx4 — cxg-

7. Extreme points of the unit cell of Ny(E). In this section the set of ex-
treme points of the unit cell of Ny(E) are discussed. When E is a separable Ba-
nach space a complete characterization is obtained. The techniques are similar to
Sundaresan [28], and Johnson [9,]. Throughout this section E is a Banach space
unless otherwise specified, and u(X) < oo or u is o-finite, and ¢ is unbounded.
The first proposition is a direct generalization of Proposition 3.

ProrosiTION 8. If f € Ext UW4(E)), then If ()l = cx 4 (x) for some A €
Z,and ¢> 0.

The proof is the same as in the case of Proposition 3 except IF(x)l is re-
placed by If(x)l, and sign f(x) is replaced by f(x)/If(x)l.

The next proposition determines the functions f € SWVH(ED), IfGll =
cX 4 (x) with p(A4) = oo, which are in Ext U (V4(E)).

In this section the following notation is adopted. U(E) is the unit cell of
E and C = {fl f € Ny(E), f(x) € U(E), for all x € X}. C is a convex subset of
Ny(E). If f € Ny(E), let Pf be the function in N4(E) such that Pf(x) =
SO/ UFEON, if f(x) # 0, and Pf(x) = 0 if f(x) = 0. Note that PfE€ C. The same
symbol lIll is used for various norms entering the discussion as there is no possibi-
lity of confusion.

PROPOSITION 9. Let f € S(Ny(E)) be such that If(x)l = ex , (x) with ¢ >
0 and p(A) = . Then f € Ext UW4(E)) if and only if (X — A) = 0 and, Pf is
an extreme point of C.

PROOF. Suppose f € Ext U(N,(E)). Replacing in the proof of Proposition
4, cx4 (%), cXx .. 4 (x) respectively by f(x)x,(x) and xoXx .. 4(x) where Xy €EE
such that llx,ll = ¢, it is verified that u(X ~ 4) = 0.



182 PAUL HLAVAC AND K. SUNDARESAN

Next it must be shown that if u(X ~ 4) = 0 and Pf € Ext C, then f €
Ext UW4(E)).

Suppose that the above property holds so that If(x)l = ¢ for x € X, but
f & Ext UN,(E)). Thus there exist f,, f, € S(N(E)), f; # f,,and f=
(f; +£,)2. Define

A = xEX: I ()l = 15,00, £,(x) #f,(x)},

A, = xeX: I, < If,(x),
and
Az = {x € X: I, < If, )}

Then lf; ()l > ¢ for x € 4,, lIf(x)l > ¢ for x € A,, and If;(x)I > ¢ for
X € A,. Also, u(d, U A, U A3) > 0 since f, # f,.

If w(A; U 4, U A;) = oo, then u(4,) <o and u(4;) <eo. For suppose
M(A,) = . Choose A3 C A,, u(43) > 0 such that If,(x)I >c + 1/n for x €
A;. Then

10 = [ 00, 00dy > [ oy + [ sueaz)ay

= c p(u(X)) + $u(43))/n > 1,

contradicting f, € S(VN4(E). A similar argument shows that u(4;) <eo. Thus
(A,) = =, and, arguing as above, it then follows that If;(x)l = ¢ for x € 4,.
Define

f(x) forx€X-A4,,

fix) =

fix) forx€A,.

Then f = (f, +£,)/2, f| # f;,and Ifj(x)l = cxx(x), and this is a contradiction.
Next, if u(4, U 4, U 4;) <eeso that u(X — (4, U 4, U 4,)) = oo, then

u(A4,) = u(43) = 0. For suppose u(4,) > 0. Choose A; C A,, u(A3) > 0 such
that If,(x)I > ¢ + 1/n for x € A;. Then

If,1 = [ 60, 0y

> [Cowx -, vy Uy + [T ouapyay

=[S oWQO)dy + $u(AZn = cBuX)) + uAp)/n > 1,

contradicting f, € S(V,(E)). The same argument applied to 43 shows that

w(A;) = 0 as well. A similar argument shows that lIf;(x)l = ¢ for x € 4,, and

it therefore follows that lIf;(x)l = ¢ for x € X, and Pf € Ext C, a contradiction.
The remaining propositions of this part of the section are concerned with
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functions f € S(V,(E)) such that If(x)l = cx 4 (x) with u(4) < ee.
It is recalled that if A € Z, then u(A4) satisfies condition () if there exists
an a > u(A4) such that ¢ is not constant in any subinterval of the interval [0, a].

ProrosiTION 10. If f € Ext UWN,(E)) and If ()l = cx 4 (x) with w(A) <
oo, then either W(X ~ A) = 0 or u(A) satisfies (*).

PROOF. Assume that u(X ~ 4) > 0 and, for all @ > u(4), ¢ is constant in
some subinterval of the interval [0, a]. Therefore, by Proposition 1, ¢(x) =
&(u(A)) for all x > u(A4). Let

fix) = f(x)XA(x) + x4 Xx...A(x) and f,(x) = f(x)XA (X) = XoXx~n )

where llxoll = ¢. Then f= (f; +f,)/2 and f, # f5.
I, 0= 150 = [ o0, 0Ndy = [ o) dy

= cp(u(A4) + wX ~ A)) = cp(u(4)) = 1.

Thus f,, f, € S(N(E)), contradicting f € Ext UW,(E)).
The following two propositions complete the chracterization of
Ext UW,(E)). This characterization is summarized in Theorem 5.

PROPOSITION 11. Let f € S(Ny(E)) be such that If()l = cx 4 (x) with
W(A) < o0 and assume that there does not exist any k > 0 such that ¢(x) = kx
for x € [0, w(A)]. Then f € Ext UWN,(E)) if and only if

(i) Pf€ Ext C,

(ii) either w(X ~ A) = 0 or u(A) satisfies (*).

PROPOSITION 12. Let f € S(N4(E)) be such that If(x)I = cx 4 (x) and as-
sume that ¢(x) = kx for x € [0, u(4)]. Then f € Ext U(N¢(E ) if and only if
() f(x) = xox4 (x) with xo/lx,ll € Ext U(E),
(ii) A is an atom of (X, Z, y), and
(iii) either (X ~ A) = 0 or u(A) satisfies (*).

The next three lemmas are required in the proofs of these two propositions.

LEMMA 9.If fE NG(E), f # 0, and there exists k > O such that for all y >
0, \s(») = 0 or As(») = k, then If(x)l = cx (x) for some A € Z.

ProoF. The proof of this lemma is the same as the proof of Lemma 6.

LEMMA 10. If f € Ny(E) is such that there exist y,y,,0 <y, <y,, with
0< Af(yz) < )\f(yl) < )\f(O) <ooand if A C [0, ) is a set of Lebesgue measure
zero, then there exist y|, y,, 0 <y <y, such that yj € [0, ©) ~ A and 0 <
M) <A0).



184 PAUL HLAVAC AND K. SUNDARESAN

PROOF. The proof of this lemma is the same as the proof of Lemma 8.

LEMMA 11. Let f € S(Ny(E)) be such that If()l = cx 4 (x). If there exist
f1:f3 ESWNYEN, fL # fo, [ = (fy + )2, and If;, (o)l = kix4 (x) with A; C 4,
then either there exists k > O such that ¢(x) = kx for x € [0, u(4)] or k;, =
ky=cand A, =A,=A.

PROOF. If (4, ~ A,) >0, then k, = 2¢. If also u(d, ~ A,) = 0, then
A, = A so that If; | = 2, contradicting f; € S(V4(E)). Therefore p(d, ~A4,) >
0, so that also kK, = 2¢. Thus

Il = k;¢(u(A)) = cp(u(A)),
and it follows that ¢(u(4,)) = Hu(A))/2 fori =1, 2.

$u(A)) = (A, U 4)) < d(u(4,) + u(4,)) < du(4)),

the last inequality following from Proposition 1. Therefore ¢(u(4,) + u(4,)) =
#((A,)) + ¢(u(A4,)) so that by Proposition 1, there exists k > 0 such that
&(x) = kx for x € [0, u(4)].

If u(A; ~ A,) =0, then, by the above argument, u(4, ~ 4,) = 0, so that
A, = A, = A. Therefore Ifjl = k;¢(u(A4)) = cp(u(A4)) so that k; =k, =c.

PrROOF OF PROPOSITION 11. By Proposition 10 it is enough to show that
(i) and (ii) are sufficient to imply that f € Ext UWV,(E)). Assume that f =3
Ext UWN,(E)), so that there are f,, f, € SWVy(E) with f; # f, and f =
(fy +f3)2. For B € Z, define

m(B) = %ﬁ (A N B).

It is verified that m € M, and Imll = 1. Also, since [y fdm = 1, m represents a
support functional for f. Define

@ = J-ngm forge N¢(R).
Then I € Ny(R)* and Il = 1.

2=2 fx?dm = fx If, () + £,00)ldm(x)
- ~ ~
< _[X(f, ¥1,)dm < fx(f, +7,)dm

= 1) + 10 <If I+ Ifl =2.

It therefore follows that [ X?}dm =1.
It is now claimed that {x € X: If;(x)I > 0} C 4 can be assumed. If
M(X ~ A) = 0, then this is clear. Otherwise, since 2f = f,x, + f,Xx, it is veri-
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fied that 2 = 2Ifl = lIf,x, + fox 0 <Ifyx I + Ifyx, 1 <2. Thus If;x,0=1,
and it need only be shown that fix, # f,X,.

Assume that fx, = f,x,. Then there exists BE Z,4A N B = @, u(B) > 0,
such that f; # f, on B. Thus f; = —f, on B. Choose B’ C B, u(B") > 0, such
that lIf;(x)l > e > 0 for x € B', and for convenience assume that € <¢. Then

1= {, 800N dy > [ st + uBNay + [ o(uar)dy

= ep(u(4) + u(B") + (c — e)P(u(4)).
But since there exists a > u(A4) so that ¢ is not constant in any subinterval of the
interval [0, a], it follows that ¢(u(4) + u(B")) > ¢(u(A4)). Therefore

11> eg(u(d)) + (c — e)d(u(4)) = 1,
contradicting f,, f, € S(V4(E)). Thus fix,4 # f,X4,and it can be assumed that

{x €X: If;(x)I> 0} C 4. Now
w w [N O)
1=Ifll= _fo AN dy = Jo ¢<ﬁ)—u(A)> dy.

But {x € X: lf;(x)1 > 0} C A implies that 7\fi(0) < u(4) so )\fi(y) < u(A) for all
y = 0. Thus xfi(y)/u(A) <1 and therefore

\

- (A0) A 0)
Jool g mayar> [ s swanay =242 [, )
= % [0y = [ mix € X: T > yhay

= IX?;.(x)dm(x) =1.

Therefore
® HuA)
fo [¢(?\f,.(,v)) - ‘Z ) : >\f,.(y)] dy =0,

and since the integrand is 2 0, this implies that

A0 = %th (&) foryae.

Next it is shown that either }\fl or )‘fz has a range of at least two positive
values. That is, there exist y,,y,,y; <y,, such that either )\fl(yl) >N, 02) >
0or Ar, (1) > Ap, () > 0. If this is not true, then, for some &y, @, >0,
?\fi(y) =0or xfi(y) = o, for all y > 0. Thus, by Lemma 9 If,(x)l = k;x, ‘.(x)
with 4; C A. But Lemma 11 implies that either ¢(x) = kx for x € [0, u(4)] or
ky =k, =cand A; = A, = A. In both cases this is a contradiction, and there-
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fore there exists such a pair y,, y, for f; or f,. Thus it may be assumed that
Afl(yl) > Afl(yz) > 0.
Let

B = {y>0: 00, ) = A, 0)i(A)}

so that B has Lebesgue measure zero. Since )\f (0) <u(A4) <o, Lemma 10 may be
applied to conclude that there exist y}, ¥; € [0, %) ~ B such that )\fl(y )> 7\110’2)
>0. Thus

o0y, ) = ey ().

By Proposition 1,
¢(x) = ¢(u(A))x/u(A)
for x € [0, u(A4)] and this is a contradiction. Therefore f € Ext U 4(E)).
PROOF OF PROPOSITION 12. It is first shown that if f € Ext UWV,(E)),
then A4 is an atom of (X, Z, u). Suppose 4 is not an atom. Then 4 = 4, U 4,,
uA)>0and 4, N 4, = &g. Choose €, €, > 0 such that

€,/e; = u(A,)u(4,) and max(e,, €;) <ec.

Define

fi = +e/o)fxy, + (e /)fxy,
and

fr = =e/fxy, + A —€/O)fxy,.
Then f= (f; + ;)2 and f, # f,.

If,1 = (c - €)0uA)) + (1 + €3)8(1(4,)) = kep(A) = 1.

Similarly it is verified that lIf,l = 1. Thus a contradiction obtains. Thus 4 is an
atom so that f(x) = xx, (x) with lxyll = ¢. From this it follows easily that
xo/lxoll € Ext U(E).

By Proposition 9, it is enough to show that if f(x) = xx, (x) with 4 an
atom and xy/llx,ll € Ext U(E) and either u(X ~ A) = 0 or u(A) satisfies (%),
then f € Ext UWN,(E)). If u(X ~ A) = 0, then X is an atom and f(x) = x, is
easily seen to be an extreme point. Assume that u(X ~ 4) > 0, and f =
(fy + Y2 with f; #f, and f, f, € S(V4(E)). Then

f1() = x;x,4(x) +g(x) and fo(x) = x,x,4(x) - g(x)
with
A(0) Sp(X - A), x, +x,=2x,, and lgl>0.

Choose y, > 0 such that kg(yo) > 0. For convenience, assume that y, <
min(llx, 1, lx, I). Then
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oo Yo
L=1f0= 60,00y = [ 7o) + o)y

"XI" oo
+,, oW +NOND + [ 00Ny

Yo lIx
> [ o) + 3,00ay + | sady

1
Yo
Yo
> [ 00A) + 2,000 dy + (x, 1= yo)u4))

= y0(¢(/1(A) + )\g(yo))) + (“xl I _yo)‘f’(ﬂ(A))
> yo®w(A4)) + (Ix I = yo)o(u(A)) = lx, lg(u(4)),

the last inequality following from the assumption that there exists a > u(4) such
that ¢ is not constant in any subinterval of the interval [0, «]. Similarly 1 =
If,l=s5 ¢(7\f2(y))dy > lx, l ¢(u(A4)). It follows that

2= If 1+ 15,1 > lx, + x, l¢Gud)) = 2,

a contradiction, completing the proof of the proposition.

The following theorem summarizes the preceding propositions, and provides
a characterization of extreme points of Ny(E). If f € Ny(E), f: X — Ris the
function F(x) = If)I.

THEOREM 5. Let f € S(N,(E)). Let A = Support of f.
@) If u(A) = =, f € Ext UN,(E)), if and only if (X ~A4) =0,f €
Ext UNy(R)), and Pf € Ext C.
(ii) If u(Ad) < =, then
(a) if there is a k > O such that ¢(x) = kx for x € [0, u(A)], then
F € Ext UN,(E)) if and only if f(x) = xox, (x), with x4/ lIxoll € Ext U(E),
and f € Ext UN,(R)),
N (b) if there does not exist such a k, f € Ext UW4(E)) if and only if
f € Ext UN4(R)), and Pf € Ext C.

The characterization provided in the preceding theorem is not complete
since in order to check whether a given function f is an extreme point of
U(N4(E)), among others, one has to check whether it is of the form (f; + f,)/2
where If;(x)I = ex,(x), f; # f,. However if E is a separable Banach space a
complete characterization of extreme points of U(N,(E)) could be deduced from
the preceding theorem. The technique is to use a measurable selection theorem
for set valued functions, and is similar to the proofs of Theorem 2, in Sundaresan
[28], and Proposition 1 in Johnson [9, ].



188 PAUL HLAVAC AND K. SUNDARESAN

THEOREM 6. Let E be a separable Banach space, and (X, Z, u) be as in the
preceding theorem. Let u be a complete measure. Then a function f €
Ext UW,(E)) if and only if (1) f € Ext UN,(R)), and (2) fGxV If(x)ll €
Ext U(E) for x, u-a.e. in the support of f.

Proor. If f satisfies (1) and (2) applying Theorem 4, §6, and definition
of Pf, it is at once verified that If(x)l = cx,(x) where A = Support of f, and ¢
is a positive number, and Pf € Ext C. Hence f € Ext(N,(E)) as a consequence
of Theorem 5.

Conversely if f € Ext UW4(E)) then from Theorem 5, f € Ext(Ny(R)),
and Pf € Ext C. Now from Corollary 2, [9,], it is at once verified that
FG)/IfEll € Ext U(E), for x, p-a.e. in the support of f.
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