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ABSTRACT. A description of the topology of a compact inverse Clifford
semigroup § is given in terms of the topologies of its subgroups and that of the
semilattice X of idempotents. It is further shown that the category of compact
inverse Clifford semigroups is equivalent to a full subcategory of the category
whose objects are inverse limit preserving functors F:X = G, where X is a com-
pact semilattice and G is the category of compact groups and continuous homo-
morphisms, and where a morphism from F:X = G to G:Y = G is a pair (¢, w)
such that € is a continuous homomorphism of X into Y and w is a natural trans-
formation from F to Ge. Simpler descriptions of the topology of S are given in
case the topology of X is first countable and in case the bonding maps between
the maximal subgroups of S are open mappings.

A popular topic of study in compact semigroups has been the question, for
a given compact Hausdorff space, how many nonisomorphic continuous, associa-
tive multiplications of a given type will it admit? There is an older companion
question, and that is, for a given algebraic structure, is there a compact Hausdorff
topology which is compatible with all the operations, and if so, how many such
topologies exist? It is known that the abelian groups which admit such a com-
pact Hausdorff topology are certain products of copies of the group of rational
numbers, p-adic groups, finite groups, and Z(p™) [4, Theorem 25.25]. But an
abelian group may admit several such topologies. For example, the additive group
of real numbers admits a compact n-dimensional topology for each positive integer
n. In the nonabelian case, there is the 1932 result by van der Waerden [9], in
which he described a system of “neighborhoods™ about the identity of any group,
which was finer than any compact group topology for which the identity was not
isolated in the set of noncentral elements. He further proved that if a group ad-
mitted a topology giving it the structure of a compact simple Lie group, then each
of these algebraically defined neighborhoods was a neighborhood of the identity
relative to the given topology. Thus he gave what amounted to an algebraic de-
scription of the topology of a compact simple Lie group, which had an immediate
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generalization to semisimple Lie groups. It followed that an algebraic group admit-
ting the structure of a compact semisimple Lie group must admit exactly one com-
pact topology.

A similar result was achieved by J. D. Lawson in [6], in which he described
a “convergence” for nets in an algebraic lattice, which enabled him to algebraically
describe the open subsets of a compact lattice; he then used that result to give an
algebraic method for determining the topology of a compact semilattice.

Given these results, one natural question to ask is, what may we say about
those semigroups S which are semilattices of groups in the strongest sense, i.e.,
inverse Clifford semigroups? The work of Bowman in [1] indicated that one
might hope to describe the topology of S in terms of those of the subgroups and
the semilattice of idempotents of S. Such a description is achieved by Theorem 1
of this paper. Thus, in view of Lawson’s result we can say that given an inverse
Clifford semigroup S with a preassigned compact topology on each of its sub-
groups, there exists at most one compact semigroup topology on S which induces
the preassigned topologies on the subgroups of S. We obtain this result as a corol-
lary to Theorem 4 and to Corollary 16 of [6]. In §3 we give a description of
the category C£ of compact inverse Clifford semigroups which follows closely the
outline of Bowman’s description of the full subcategory of C£ whose objects S
satisfy the property that £(S) (the semilattice of idempotents of S) is a perfect
semilattice. Theorems 6 and 7 give simpler topological constructions for certain
objects of the category CL.

1. Introduction.

DEFINITION. A semilattice is a commutative, idempotent semigroup. In
any semilattice X there is a natural ordering <, defined by x <y if and only if
xy =x. It should be noted that for any two elements x and y of a semilattice X,
the product xy is the infimum relative to < of the set {x, y}.

REMARK. We shall use the convention throughout this paper whereby a
semilattice X is considered a small category whose objects are the elements of X
and for which a morphism x —> y exists from a point x of X to a point y of X
if and only if y <x. If F: X — K is a functor from X into any category K,
then we denote F(x — y) by FJ.

NoTATION. Categories with which we shall be working in this paper are
the category C of compact Hausdorff spaces and continuous maps, the category
CS of compact semigroups and continuous homomorphisms, and the categories
€, G, and CL of compact semilattices, groups, and inverse Clifford semigroups,
respectively, of which the latter three are full subcategories of CS.

DEFINITION. A net {x,} cr in a semilattice X is said to be increasing if
whenever a < in I" we have x, <xg in X. We note here that if X is a com-
pact semilattice, then any increasing net {x,},er in X converges to its supremum
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relative to the semilattice ordering (see Lemma 1.2 of [1]).

DEFINITION. An inverse system {S,; <p§‘; I'} in a category K consists of a
directed set T, objects S, of K for each a € T, and morphisms ¢ : S, — Sy in
K for each pair @, § € T with 8 < a, such that if <@ <y in T, then wﬁowg =g
Note that if {x,},er is an increasing net in a semilattice X and if F is a functor
from X into any category K, then {x,; x, — xg; '} is an inverse system in X
and {F(x,); F:g, T'} is an inverse system in K.

DEFINITION. Let {S,; cp;’;; I'} be an inverse system in a category K. An in-
verse limit {S; ,; '} of the system {S; (pg; I'} consists of an object S of K and
morphisms ¢, : S — S, for each e in T', such that ¢, = wg:,oﬁ whenever a < in
T', and such that if {T; gbB; I'} is any other such system, then there exists a unique
morphism ¢ : T —> S such that Yz = ggy for each BET.

/i

[T,
Tt

ExaMmpLE. If {x,},cr is an increasing net in a semilattice X with supremum
x, then {x; x — x,; I'} is an inverse limit of the system {x; x, — xg; I'}.

NoTATION. Let {S,; ¢f,‘; I'} be an inverse system in the category of sets
and functions. Let I, S, denote the Cartesian product of the sets S,. We de-
note the subset {(s,),er :wf,‘(sa) = sg whenever § < a} of Il,erp S, by
lir_r_1 {Sys cpg‘; I'}. For the sake of brevity, we shall use the notation Eg S, when
the directed set and morphisms can be easily inferred. If for each § € I' we de-
note by ¢ the restriction to lim S, of the fth projection mg : e S —> Sp,
then {lig Sy 0o T'} is an inverse limit of the system {S; «,og; I'} provided the
set lim S, is nonempty. Observe that if {S,; 3; '} is an inverse system in the
category C or the category CS, then ng S, still makes sense and {lim S; ¢,; I}
is an inverse limit of {S; «p“’;; I'} in that category.

DEFINITION. Let F be a functor from a category K to a category L. Then
we say that F is inverse limit preservirg if whenever {S; ¢,; I'} is an inverse limit
of the system {S,; go;}‘; I'} in K then {F(S); F(¢,); I'} is an inverse limit of the
system {F(S,); F («pg); I} in L. Thus a functor F from a compact semilattice X
into a category K is inverse limit preserving if and only if for each increasing net
{*aaer in X the system {F(x); F"‘" I'} (where x is the supremum of {x,:aE€T'})
is an inverse limit in K of the system {F(xy); Fx%; x> ; T}

We omit the proof of the following lemma, which is rather straightforward
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and depends on the uniqueness (up to homeomorphism or isomorphism) of in-
verse limits in the categories concerned.

LeMMA 1. Let F be a functor from a compact semilattice X into the category
C (CS). Then F is inverse limit preserving if and only if for each increasing net
{xo}aer in X and supremum x of that net the map o, : F(x) — <1i_m_F(xa) de-
fined as ¢, (s) = (F ;‘a(s))aer, is @ homeomorphism (continuous isomorphism) on-
to li_r_nF (xg)-

2. The construction theorems.

DEFINITION. Let F be a functor from a semilattice X into the category CS.
We define the algebraic semigroup S(F) to be the set {J,cx{x} x F(x) with mul-
tiplication given by (x, 5)(, 1) = (xy, F%,, (s)Fi’y(t)). That S(F) is indeed a semi-
group is an easy exercise. For more general algebraic constructions of this nature,
see [8].

Consider now an inverse limit preserving functor F from a compact semilat-
tice X into the category G of compact groups. A. H. Clifford [3] showed that
the algebraic semigroup S(F) is an inverse semigroup which is the union of its
subgroups, i.e., an inverse Clifford semigroup, and that any such semigroup could
be thus constructed. In 1970, Bowman [1] described a topology on S(F) for the
case where the semilattice X had a neighborhood basis of subsemilattices at each
point. Relative to this topology S(F) was a compact semigroup, and any com-
pact inverse Clifford semigroup whose semilattice of idempotents had a Lawson
basis for its topology could be thus constructed. Theorem 1 below gives a com-
pact topology on S(F) for the general case which is the “right” topology when-
ever that makes sense. That is, whenever S(F) admits a compact semigroup topol-
ogy relative to which the groups {x} x F(x) inherit their own topologies, then
that topology is the topology given below. Before we proceed with our descrip-
tion of that topology, we shall need the following technique, which was used by

J. D. Lawson in [6].

LEMMA 2. Let X be a compact semilattice, and x an element of X. Let A
be the collection of all sequences {U,},=, of open sets in X such that for each n,
x€U,,, CU%,, CU, Then Aisdirected by {U,}y=y < {Uptn=, if and only
ifu, 2 U,', for each n. Moreover, for each X = {U,},=; in A the intersection
=y U, is a compact subsemilattice of X with zero y,, and {y\}re, is an in-
creasing net in X with supremum x.

DEFINITION. Let F:X — C be an inverse limit preserving functor from the
compact semilattice X into the category C. For each open subset U of X, each
element u € U, and each open subset V of F(u), we define
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WeU, @, V)= U  {x}x FEH'W).
xEU;x2u

When no confusion can result from our doing so we shall drop the subscript F.

THEOREM 1. Let X be a compact semilattice, and let F: X — C be an
inverse limit preserving functor from X into C. Let S = cexx} x F(x), and
let T be the collection of subsets of S defined as follows. A subset Q of Sisin T
if and only if for each element (x, s) of ( there exists an open subset U of X
such that

(1) x€ U;and

(2) if y € Uand y < x, then there exists an open subset V of F(y) such
that

@) . HEWU, (¢, V) CO,and
) if (z, ) € WU, v, V)) then for any w € U with w < z there ex-
ists an open subset W of F(w) such that (z, t) € W(U, (w, W)) C 0.
Then T is a compact topology on S(F).

Proor. That T is a topology on S(F) is a tedious but straightforward
proof. We proceed to show that T is a compact topology.

By the Axiom of Choice, there exists a function C: X — (J,ex F(x) such
that C(x) € F(x), for all x € X. Let us fix such a function C for later use.

Let {(x,, Su)},er be anetin S. Then the net {x,},ep must cluster to
some point x € X. Suppose for contradiction that the net {(x,, s,)},ep clusters
to no point of {x} x F(x). Then for each element ¢ of F(x), there exists 0, € T
such that (x, 7) € 0, and {(x, 5,)},cr is eventually outside 0,. Now for each
t, let U, be an open subset of X and V, an open subset of F(x) such that (x, ) €
W(U,, (x, V,)) € 0,. Then t € V,. Hence the collection {V;},cp(x) is an open
covering of F(x). Since F(x) is compact, there exists a finite collection {t,, ¢,,
..., t,} of elements of F(x) such that F(x) C UL, V;,;. Hence {x} x F(x) C
Uk, 0,'.. But the net {(x,, s,)},er i eventually outside O,i, fori=1,2,...,n
Hence {(x,, $,)}oer is eventually outside 0 =%, O,i. With no loss of general-
ity, we assume the net is entirely outside 0.

Now let {y, },c 4 be the net in X associated with the point x € X, as de-
scribed in Lemma 2. Fix A = {U, };=, in A. We claim that there exists a se-
quence {a(n)},=, from T such that X, ()Xo (n+1) *** Xa(n+m) € Up, forall n
and m. Such a sequence may be chosen recursively, but we shall merely go over
the first few steps. Firstly, the nets {x,},cp and {x,x},cp both converge in X
to x, so there exists a(1) € I' such that both x,(,y and x,(,yx are in U;. By
continuity there exists an open neighborhood ¥, of x in X such that x,,)V,

C U,. Now we choose o(2) in T such that both x5y and X, (,)x are in U, N
V. Note that we have x,(1)Xy(2) € Xo(1)Vy €U, To proceed to the next
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step, we note that x, ,x € U, and that X, ;1X, ;)% € X 1)V C U, so that
by continuity of multiplication we obtain an open neighborhood ¥, of x such
that x,,)V, C U, and x,(;yXq(2) ¥, € U;. We then proceed to choose o(3) in
I so that both x5y and x,(3yx are in U3 N V,. It is clear that this is a well-
defined recursive process, by means of which we obtain the desired sequence
{a(n)},=;. Now for each positive integer n, the sequence

{xa(n)xa(n-l- 1) " xa(n+m)};=l
is a decreasing sequence in X and therefore converges to its infimum, which we
shall denote by z,. But for positive integers m, n we must have

xa(n)xa(n+ 1) ot xoz(n-l-m) < xa(n-i- l)xa(n+2) °et xa(n+m)’
Hence z, <z, , for each positive integer n, since <'is a closed partial order on
X. So the sequence {z,,},-, is an increasing sequence and must therefore con-
verge to its supremum z,. Note that z,, € U for all n, so that z, € N 1Un
and hence y, <z,. Let P, be the product space II;., F(z,), and define a se-
quence {p,},=, in P, as follows: for each positive integer m, the mth coordinate
of p,, is given by
7,,(0,) =F;‘;<n)(sa(,,)), if m <n;
®
=C(zp) otherwise.

Let p, be a cluster point in P, of the sequence {p,},=,. Notice that for all posi-
tive integers i and j with i <j we must have Fz‘i:(ﬂ]-(p}\)) = m;(p,), since for m > j
we have F’ zl(rr ®,,)) = m;(p,,,). Hence p, € li_’EF (z,,). Since F is inverse limit
preserving, we know by Lemma 1 that the map ¢:F(z,) — ll_n_1 F(z,)defined as
o) = (F; ": (5));=, is onto, so that there exists an element ¢, of F(z,) such that
Fzz"l‘(t}\) = m,(p,), for all n.

Now since the sequences {a(n)},=;, {2, }p=y, and {p, },=, are dependent
on A, let us relabel them as a(n) = a(\, n), z,, = z;,,, and p,, = Py ;-

Consider the product space P = I, F(7,), and define the net {g,} e
in P as follows: for each ¥y € A,

ﬂ'y(qA) = F;z (t}\)s lf Y < x»

®) =C(,),  otherwise.

Let g be a cluster point in P of the net {g, },e. Then for fixed 7, § € A with
v <& we have Fys(q}\) =m,(q)) forallA>8. Thusq € hmF(y)\) Since F is
inverse limit preservmg, we can choose an element u of F (x) such that FJ ol (u) =
m.(q) for each y € A.
Now (x, u) € 0, so there exists an open subset U of X such that (x, s) =
(x, u) satisfies conditions (1) and (2) of the statement of the theorem. Choose
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A={U,}>-, in A such that U, CU. Since y, € Ni=, U, CU, CU and y, <x,
there exists in F(y,) an open neighborhood V of F;A(u) such that if y = y, and
§ = u then (2a) and (2b) are satisfied. Now F;x(“) =m(q), so m(q) € V.
Since the net {m\(@,)},ep clusters to m,(q), there exists 8 € A such that § > A
and m,(q5) € V. So we obtain from (}) that F};? 2(t;) € V. Butsince § >,
25 € U. Hence (z5, t5) € W(U, Oy, V). Note that zg, is also in U, since if
8 = {Usp )=y thenzg, €Uy, CU, CU. Since 251 S 25, by (2b) there exists
an open subset W of F(z5,) such that (z;, t;) € W(U, (z5,, W)) C 0. Hence

(ts) € W. But F:gl(ts) 7,(s), so m,(ps) € W. Since the sequence
{1rl sn)ln=y clusters to m, (ps), we must have m,(p;,,) € W for some n. So by
(), Fyg®:m (s, 5 y) € W. But Xy(5 ) € Uy, S Usy CU, CU. Hence
*a(s,n) Sa(5,n)) € WU, (254, W)) C 0. But this is a contradiction to our as-
sumption that the net {(x,, s,)},er lay entirely outside (. So the net
{(x4> se)}aer does cluster to some point of {x} x F(x), and we conclude that
the topology T is compact.

Whether or not the above topology is Hausdorff in all cases is not clear.
Any counterexample would have to be constructed from a non-Lawson semilat-
tice, in view of Bowman’s work and Corollary 4.2 of this paper, (for examples of
non-Lawson semilattices, see [7]) and any direct attempts at a proof are ham-
pered by the lack of a good description of a basis at any particular point of S.
It should be mentioned here that any attempts at a proof of Hausdorffness
would seem to need something like Lemma 3 of §4. Theorem 3 emphasizes the
importance of the Hausdorffness question.

The following theorem demonstrates a method for constructing continuous
maps between the spaces constructed in Theorem 1.

THEOREM 2. Let each of X and Y be a compact semilattice, and let F:
X—C and G:Y — C be inverse limit preserving functors; let S = U, ex {x} x
F(x)and ' =Y yey W} x G(v). Then any continuous homomorphism e: X — Y
can be considered a functor, so that the composition Ge is a functor from X into
C. Let w be a natural transformation from F to Ge. Then the function f:S — S’
defined as f((x, 5)) = (e(x), w,(s)) is a continuous map relative to the topologies
on S and S' given by Theorem 1.

ProoF. We first note that if U’ is any open subset of Y, U = e~ 1(U"),
Y €U,y =¢®), V' an open subset of G('), and V = w; '(V"), then
fWe, @, M) CWU', ¢, V).
For if (x, 5) € Wx(U, (y V)), then x € U and y < x, and Fy(s) € V¥, which im-
plies that e(x) € U', y' = e(y) < ¢(x), and w , F(s) € V'. Since w is a natural
transformation from F to Ge, we have w, F" = Ge(‘g > S0 that G‘f")(w )

€(
€ V'. Hence f((x, 5)) = (e(x), w () € WG(U o' yV ).
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Now let 0’ be an open subset of S'. We wish to show that f~1(0") = 0
is open in S. So let (x, s) € 0, say f((x, s)) = (¥, s') € 0'. Then we choose an
open neighborhood U’ of x' in Y which satisfies (1) and (2) of Theorem 1 rela-
tive to (x', s') and 0'. Let U= ¢~ !(U"). Thenif y € U and y <x, we have
V' =e@®) <e(x) =x', so there exists an open subset ¥’ of Ge(z) such that
(2a) and (2b) are satisfied. Let V = w;l(V'). By the preceding paragraph,
W, 0, V) S YWU', ¢, V) Cr1(0) = 0'. Also, we have x €U
and y < x, and since w, F(s) = G, (5) = G5(s') E V', we have F5(s) €
wy'(V)y=V. So(x,5) €W, (v, V) CO.

Now suppose (z, 1) € WU, (v, V)), and suppose w € U with w <z. Then
if e(z) = z' and w, () = ', we have (', £) E We(U', (', V")), and W' = g(w) is
a point of U’ below 2’ in Y, so that there exists an open subset W' of G(w") such
that (', £') € W (U', W', W')) CO'. We now argue exactly as before that if
W= w,' (W) then (z, ©) € Wx(U, W, W)) C 0. We conclude that 0 is open and
therefore that f is continuous.

Note the use of Theorem 2 in the proof of the following theorem.

THEOREM 3. Let X be a compact semilattice, and let F: X — CS be an
inverse limit preserving functor into the category CS of compact semigroups. Let
S(F) have the topology as described in Theorem 1. Then multiplication is sepa-
rately continuous on S(F), and if S(F) is Hausdorff, then S(F) is a compact
semigroup.

ProOF. We first show that multiplication is separately continuous on S(F).
Let (x, s) € S(F), and let A : S(F) — S(F) be left translation by (x, s). Then
the left translation A, : X — X defined by A, (¥) = xy is a continuous homomor-
phism on X. Let w:F — F\, be defined by w,(t) = Fj“y(s)F;’y(t). We observe
that w is a natural transformation since the following diagram is commutative for
all y and z with z < y.

Wy
Fy) ————— F\,(»)
7| |z
F) ———— @)
Since A(y, )= A, (), wy(t)) for all (y, t) € S(F), we conclude by Theorem 2
that A is continuous. So all left translations are continuous. Similarly all right
translations are continuous.

The only thing to be shown now is that if S(F) is Hausdorff, then the mul-
tiplication m : S(F) x S(F) — S(F) is continuous. We shall prove this fact by
showing that there exists an inverse-limit-preserving functor G from the compact
semilattice X x X into the category CS such that S(F)as a topological space is
homeomorphic to S(F) x S(F) and such that the map n : S(G) — S(F) induced
by the following diagram is continuous.
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S(F) x S(F) = S(G)

N/

S(F)

Let G: X x X — CS be defined by G((x, ¥)) = F(x) x F(») and
Gg‘ﬁ,)) G, 1) = (F}(s), F3, (1)) whenever z < x and w <y. It is a straightfor-
ward exercise to show that G is an inverse limit preserving functor. It is also clear
that the map a: S(G) — S(F) x S(F) defined as a((x, ), (5, 7)) = ((x, 5), (0, 1)
is a bijection. We proceed to show that « is continuous. For this it suffices to
show that 7, and m, are continuous. But note that 7, : X x X — X is a con-
tinuous homomorphism and that w : G — Fmr, defined as w(x'y)((s, N)=sisa
natural transformation, with m,a((x, ), (5, #)) = (m,(x, ¥), W(x, (S, t)), so that
m, e is continuous by Theorem 2. Similarly, m, is continuous. So a is a topo-
logical isomorphism between S(G) and S(F) x S(F).

We show that n: S(G) — S(F) defined as

n(G, ), 6 0) = @, FZ,(6)F2,©)

is continuous in the same way. For if m': X x X — X is the multiplication on
the semilattice X, then m' is a continuous homomorphism, since it is commutative.
We now define a natural transformation u:G — Fm' as Bx, ) 1) = ny(s)F?"y(t).
(The reader should verify that the following diagram is indeed commutative when-
ever (z, w) < (x, »).)

u
G((x, ) ——=2— F(xy)
|oe |
Kz, w)

G((z, w)) ———> F(zw)

Finally, we note that for each ((x, »), (s, 1)) € S(G), n((x, ), (s, £)) = (m'(x, ¥),
H(x, y)(s, t)), so that n is continuous by Theorem 2. Hence m is continuous and
S(F) is a compact semigroup.

3. The category C£. The following theorem describes the process by which
one can reconstruct an object S of CL from its semilattice of idempotents, its
maximal subgroups H(e), and the maps s — se which carry H(f) into H(e) when-
ever e and f are idempotents with e < f.

THEOREM 4. Let S be a compact inverse Clifford semigroup with idempo-
tents X. Then X is a compact semilattice, and the functor F : X — G defined by
F(x) = H(x) for each x € X and F;,‘(s) =ys foreach x € X, s EH(x),and y <x,
is inverse limit preserving. Furthermore, S(F) is a compact semigroup with the
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topology of Theorem 1, and S(F) and S are topologically isomorphic under the
correspondence (x, §) — s.

ProoF. That X is a compact semilattice is well known. That F: X — G
is indeed a functor was done by Clifford [3], and the fact that it is inverse limit
preserving is due to Hunter [S]. It is clear that the map (x, s) — s is an alge-
braic isomorphism of S(F) onto S. So all that is left for us to show is the con-
tinuity of that map.

Let ¢ : S(F) — S be defined by ¢(x, ) = s, and let M be an open subset
of S. Suppose for contradiction that ) = ¢~ !(M) is not open in S(F). Then
for some point (x, s) in 0, it must be true that there is no open subset U of X
which satisfies (1) and (2) of Theorem 1. Let such a point (x, s) in 0 be fixed.

Fix an open neighborhood U of x in X. Then U does not satisfy condition
(2), so there exists an element y; of U such that y ,; <x and no open neighbor-
hood V of F ;U(s) in F(yy) will satisfy (2a) and (2b).

Fix an open neighborhood ¥ of FJ’,‘U(s) in F(yy). Then V fails to satisfy
either (2a) or (2b). But failure to satisfy (2a) implies failure to satisfy (2b), so
without loss of generality V fails to satisfy (2b). Thus there exists an element
Cequ, vy S, vy) of WU, Oy, V) and an element z(y; 1y of U such that 2y, )
<Xy, vy and for any open neighborhood W of F;(U-Y)(s i, 1)) in Fz(y, vy)

HUAS)
it is false that W(U, (z(y, vy W) C 0. So for each such W, choose a point

MW, v, wy tw,v,wy) € WU, Cw,vy WIND.

Now let A be the collection of all open neighborhoods W of F:((g';‘,,)(s(u, vy
in F (z( v, I,)). Then A is directed by reverse inclusion. The net {t(U' V,;V)?}we A
is contained in S\M, so it must cluster to a point #(y; ) in S\M. Recall that
Z(U’ V)t(U, vV, W) = F’;v((é{,‘}/),W) (t(U, V,W)) € W for each W € A. We wish to use
this fact to show that

(*) 2w, vytw,v) = 2. ) Sw.vy

Well, if NV is any open neighborhood of Zu,v)S,vyin S, then W=NNF (Z(U, V))
is an element of A, and if W' € Awith W’ CW then zy yyty y,yry EW' CW
C N, so the net {z.y vy tu, v, wylwea converges in S to zy ) Sy, ). But by
continuity of multiplication that net also clusters to z y; )y, 3. Thus we have
shown that (*) holds.

Now let us allow V to vary. Let X be the collection of all open neighbor-
hoods V of F;U(s) in F(yy) directed by reverse inclusion. Consider the net
2w, vy S, vy Y, vlves in X x § x S It must cluster to some point
(zy» Sy» ty) in X x S x S. Note that the map (x, s, £) — (xs, xt) is continuous,
so that {(z@y, S, vy 2w, N, v)}ves clustersat (Zysy, zyty). But by (+)
that net is contained in Ag. Hence (zysy, zyty) € Ag. That is,
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(T) ZySy =zUtU‘

Note also that since (x(y, yy S(v, vy) € WU, By, V), we have y s 1y €V,
for all V € Z. By an argument like that used in proving (%), we can show that
) YuSy =Yus.

Note that for all V € Z, 1, ) € M, so that t; € M.

Finally, let I" be the collection of all open neighborhoods of x in X, directed
by reverse inclusion. Then the net {(yy, 2y, Sy, ty)}yer must cluster to a point
(0,2 §,8)in X x X x S x S. Furthermore, since n:S —> X taking an element
s of S to the idempotent in H(s) is continuous, and since y;, zy;, n(sy), and
n(ty) are all in U for each U €T, we must have y=z=n(")=n{) =x. By
(1), we have zs' = z¢, that is, s’ = . By (v), we have ys' = ys, or s' =s. Hence
s=t Butty &M, forall U sot &M Thuss & M, which is a contradiction.

So ( is open and ¢ is continuous.
Hence S(F)and S are topologically isomorphic, and the proof is complete.

COROLLARY 4.1. Let each of S and S’ be a compact inverse Clifford semi-
group, and let f:S — S' be an algebraic homomorphism. If f is continuous from
the idempotents X of S to the idempotents Y of S’ and on each of the subgroups
of S, then f is continuous on 8.

ProOOF. Let F: X — G and G:Y — G be the maximal group functors,
and let € : X — Y and w,, : F(x) — Ge(x) be the restrictions of f, for each x€X
Then w is a natural transformation from F to Ge, so the map ' : S(F)— S(G) defined by
by £'(x, 5) = (€(x), w,(5)) is continuous. We obtain the result now by commutativity
of the following diagram, where ¢ : S(F) — S and ¢’ : S(G) — S’ are the topolog-
ical isomorphisms given by Theorem 4.

s —L— 56

d, b

§ — ¢’

COROLLARY 4.2. Let each of S and S' be a compact inverse Clifford semi-
group, and let f:S — S' be an algebraic isomorphism of S onto S'. If the re-
striction of f to each of the subgroups of S is continuous, then f is a topological
isomorphism. Hence an inverse Clifford semigroup admits at most one compact
semigroup topology which induces a preassigned topology on each of its sub-
groups.

ProOF. If €: X — Y denotes the restriction of f to the idempotents X of

S, then e is continuous by Corollary 16 of [6]. Hence f is continuous by Corol-
lary 4.1.
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The preceding theorems motivate the following definition, which generalizes
Bowman’s definition in [1]. The notation is patterned after that of Carruth and
Clark in [2].

DEFINITION . The category F(2; G) is defined to be the category whose ob-
jects are inverse limit preserving functors F: X — G from compact semilattices X in-
to G, with morphisms given as follows. For objects F: X — G and G:Y — G of
F(R2; G), a morphism from F to G is a pair (€, w), where €:X — Y is a continuous
homomorphism and w:F — Ge is a natural transformation. The composition of
two morphisms (€, w):F—> G and (€', w'):G — H is given by (€', w')o (€, w) =
(€' o €, w0 w), Where (W), is W(y): Ge(x) — He'e(x), for each x in X.

DEFINITION. We define F'(2; G) to be the full subcategory of F(Q; G)
whose objects F satisfy the property that S(F) is Hausdorff.

We now have the major components to a proof of the following theorem.

THEOREM 5. C{ is equivalent to F'(; G).

OUTLINE OF PROOF. Let K: CL—> F'(Q; G) be defined as follows. For
each object S of C£, with idempotents X, let K(S) be the maximal group functor
F:X —G, and for each morphism f: 5 — S’ in CZ, let K(f) = (¢, w) where €
and w, are restrictions of f, for each x in X. Let L: F'(Q; G) — CL be such
that L(F) is the semigroup S(F) with the topology of Theorem 1, and

L(e, w) (x, 8) = (e(x), w,(5))

for each morphism (e, w): F — G in F'(R2; G) and each point (x, 5) in S(F).
One then checks that K and L are indeed functors, that Ko L is naturally equiva-
lent to 1pr(q ;). and that Lo K is naturally equivalent to 1¢,.

4. The first axiom semilattice case. Here we consider the case of compact
inverse Clifford semigroups S with idempotents X, where X is first axiom. In
this case the topology is described by the following theorem.

THEOREM 6. Let X be a compact first axiom semilattice, and let F: X —
C be an inverse limit preserving functor. Let S = U,cx{x} x F(x),and let T
be the collection of subsets () of S which satisfy the following property. For
each element (x, s) of 0, there exists an open subset U of X such that

(1" x € U;and

(2") if y € Uand y < x, then there exists an open subset V of F(y) such
that (x, $) € W (U, ¢, V)) C 0.

Then T is a compact topology on S.

Proor. That T is a topology is a straightforward argument. To show that
Tis compact, we proceed as in Theorem 1 to assume the negation and obtain a
net {(x,, S4)},er in S, a point x € X, and a set 0 € T with {x} x F(x) C 0, such
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that x,, clusters to x but the net {(x,, s,)},er is entirely outside 0. We then
note that the net {y,} given by Lemma 2 is eventually constant, i.e., there ex-
ists A such that y, =z, =x. Thust, € F(x),so (x, ;) € 0. Let U satisfy (1")
and (2') above with s = #,. Then there exists n such that z,, € U and U,,, C U.
Let V be an open subset of F(z,,,) such that (x, #,) € W(U, (z,,, V)) € 0. Then
T.(2) = F7, ,(#)) € V, so there exists m > n such that m,(p,,,,) € V. That s,
FRX0™) (s 0,m)) € V. But Xoa ) € Uy S Uy S U, 50 Goa,m)s Sar,m))
€ WU, (z,,, V) € 0, a contradiction.

REMARK. Let X be a compact first axiom semilattice, and let F: X — C
be an inverse limit preserving functor. Let S = U rex x} x F(x), and let T,
and T, be the topologies on S defined by Theorems 1 and 6, respectively. Clearly,
then, T, C T,. Hence, whenever T, is Hausdorff, we will have T, = T,. So
the topology on a compact inverse Clifford semigroup with first axiom semilattice
of idempotents is given by Theorem 6. We state this result as a corollary.

COROLLARY 6. Let S be a compact inverse Clifford semigroup with idem-
potents X, and suppose X is first axiom. Let F:X — G be the maximal group
functor. Then S(F) is a compact semigroup when given the topology of Theorem
6, and the map (x, s) — s of S(F) onto S is a topological isomorphism.

5. The Hausdorffness question—a partial result. The following lemma
would seem to indicate an affirmative answer to the Hausdorffness question. We
will use it as a tool to achieve a partial result along these lines in Theorem 7.

LEMMA 3. Let X be a compact semilattice, and let F : X — C be an in-
verse limit preserving functor. Then for any x € X and any pair of nonempty dis-
joint closed subsets A and B of F(x), there exists a neighborhood U of x such
that if y € Uand y <x, then F;(A) N F;(B) = &.

PROOF. Suppose no such neighborhood exists. Then every open set U
containing x contains a y;; <x such that

FX,(4) N F% (B)# 2.

Now let {y, },ea be Lawson’s net converging up to x, as described in
Lemma 1.

Fix N\€ A, say A= {U,},=,. Lety, €U, such that y, <x and F;I(A) N
F;,‘ . (B) # 2. Choose a neighborhood V; of x such that y, V', CU,. Let W, =
U, and W, =V, N U,. Then choose y, € W, such that y, <x and F}’,‘z(A) N
F;Z(B) # @. Again choose an open neighborhood ¥, of x such that y,V, C W,.
Theny, €U, and y,y, =y,y,Xx €y, y,V, Cy, W, Cy, V, CU;. Wecan
thus recursively define a sequence {y,},=, in X such that for each positive inte-
ger n, we have
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(1) y, <xand F;n(B) # &, and

(2) the sequence {, 7,41 *** Yn+mlm=o is contained in U,,.
Now for each positive integer n, the sequence {¥,.7,,11 *** Vp4m hm=o CONVErges
to its infimum z, € U,. Recall from the proof of Theorem 1 that the sequence
{z,}n=, is an increasing sequence and converges to its supremum z,, and that
¥y <z,. Now for each positive integer n, note that F :(F;n(A) N F}’fn(B)) Cc
F7 (4) N F7 (B), so that F (4) N F (B) #&. Hence for each n we can
choose a,, € 4 and b, € B such that F} (an) =F} (b ). The sequence
{@,, b,)},=, must cluster to some pomt (@ by) of A x B. We claim that

yh(a}\) yx(bh)‘ For each positive integer m, the sequence

{(szm X F;m) (an’ bn)}n>m

is contained in the diagonal Ap(,, ). Hence (F;, x F7 ) (a\, b)) € Ap(;,,
since Fz"m is continuous. So F¥ (a,\) =F} (b,\) for all m. But since F is in-
verse limit preserving, this means F x (a,\) (b,\) and consequently F: A(a,\) =
F;}\(bk). Notice that we have found a net {(aA, by)hep in 4 x B such that

F% (a,\) = ij (b)), for each A € A. That net must cluster to some point (g, b)
€ A x B, whlch must satisfy FJ x (a) " (b) for each A € A. Since F is inverse
limit preserving, we have a = b Thus we have reached a contradiction, and the
theorem is proven.

DEFINITION. C, is defined to be the subcategory of C whose morphisms

are open maps. G, and CS, are defined similarly.

THEOREM 7. Let X be a compact semilattice, and let F: X — C, be an
inverse limit preserving functor. Let S be the set |J,cx {x} x F(x), and let T be
the topology on S given by Theorem 1. Then T is Hausdorff.

ProoF. Let U and V be open subsets of X with V2 CU, vE ¥, and W an
open subset of F(v). Define B(U, V, (v, W)) to be those elements (x, s) of S
such that x € V and for which there exists z € U such that z < xv and F}(5s) €
FY(W). Then B(U, V, (v, W)) isin T for all such U, V, v, and W.

Now let (x, s) and (v, t) be distinct elements of S. If x # y, then there ex-
ist disjoint open sets U and U’ about x and y, respectively, in X. Let

0= xLeJU x}x Fx), 0' = U, & x Feo.

Then 0 and Q' are disjoint neighborhoods in S about (x, §) and (y, ?).

Suppose now that x =y and s # ¢. Let W and W' be neighborhoods in
F(x) about s and ¢, respectively, such that wnw = @. Let M be an | open neigh-
borhood in X about x such that whenevery € M and y <x, then Fj x (W) N
F"(W) . Let Uand V be open subsets of X such that x € VC vicuc
U2 CM. Then (x, 5) €BU, V, (x, W), (x, ) EBU, V, (x, W), and



THE TOPOLOGY OF A CLIFFORD SEMIGROUP 267

B, V, x W)NBWU,V, (x W) =g.

Thus (x, s) and (y, ) can be separated by sets in T, and the proof is complete.

DEFINITION. Let S be a compact inverse Clifford semigroup. We say that
the multiplication on S is full if for any two idempotents x, ¥ in § with x <y
we have that xH(y) is an open subset of H(x). We then define the category Cﬂf
to be the full subcategory of C£ whose objects have full multiplications.

CoRrOLLARY 7.1. Let X be a compact semilattice, and F: X — CS, an
inverse limit preserving functor. Then S(F) is a compact semigroup with the to-
pology of Theorem 1; moreover, if the codomain of F is G, then S(F) is an ob-
ject of CLy.

COROLLARY 7.2. sz is equivalent to the full subcategory F(Q; G,) of
7(Q2; G) whose objects are functors F: X — G, from compact semilattices X in-
to the category G,.
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