TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 216, 1976

LIE GROUP REPRESENTATIONS AND HARMONIC
POLYNOMIALS OF A MATRIX VARIABLE

BY

TUONG TON-THAT

ABSTRACT. The first part of this paper deals with problems concerning
the symmetric algebra of complex-valued polynomial functions on the complex
vector space of n by k matrices. In this context, a generalization of the so-
called “‘classical separation of variables theorem” for the symmetric algebra is
obtained.

The second part is devoted to the study of certain linear representations,
on the .above linear space (the symmetric algebra) and its subspaces, of the com-
plex general linear group of order k and of its subgroups, namely, the unitary
group, and the real and complex special 6rthogonal groups. The results of the
first part lead to generalizations of several well-known theorems in the theory
of group representations.

The above representation, of the real special orthogonal group, which
arises from the right action of this group on the underlying vector space (of
the symmetric algebra) of matrices, possesses interesting properties when re-
stricted to the Stiefel manifold. The latter is defined as the orbit (under the
action of the real special orthogonal group) of the n by k matrix formed by
the first n row vectors of the canonical basis of the k-dimensional real Euclid-
ean space. Thus the last part of this paper is involved with questions in har-
monic analysis on this Stiefel manifold. In particular, an interesting orthogonal
decomposition of the complex Hilbert space consisting of all square-integrable
functions on the Stiefel manifold is also obtained.

Introduction. Let E, = R"** and £ = C"*¥ with k > n. Let G, =
SO(k) and G = SO(k,C). The group GL(n, C) operates on E to the left; the
group GL(k, C) and its subgroups U(k), G, and G, act linearly on E to the right.

When n = 1 and k > 2 the following theorems are well known:

THEOREM 0.1. The representations of U(k) and its complexification
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GL(k, C) obtained by right translation on S'(E¥*), the space of homogeneous
polynomials of degree j on C**¥, are irreducible.

THEOREM 0.2 (“Separation of variables” theorem).
1) If p € S(E¥) then p can be uniquely written as:

p(X) = po(X) + r(Xp, X + + ++ + rXNpX) + + + « + X)) pX),

where r(X) = 2§=1X§ andp; is a homogeneous harmonic polynomial of degree
j—2onC*k i=0,1,...,1,and I = [j/2].

(2) The harmonic homogeneous polynomials of degree j are generated by
the polynomials f satisfying the following defining condition: f(X) = (E,l‘= lA,-X,-)j
where the A, are entries of a given matrix A € C'** with ¥_ A} = 0.

THeOREM 0.3. For every fixed nonnegative integer j the representations of
SO(k) and its complexification SO(k, C) obtained by right translation on H/(E*),
the space of all harmonic homogeneous polynomials of degree j, are irreducible.

THEOREM 0.4. The restriction mapping f — f/S¥ =1 from HI(E*) onto
HI(S*—1), the space of all spherical harmonic functions of degree j, is an SO(k)-
module isomorphism.

The references to the above theorems can be found in [6, Chapter II], [24,
Chapter IX] for Theorems 0.1, 0.3, 0.4; [6, Chapter II], [24, Chapter IX], [21,
Chapter IV], [4, Chapter V], and [18] for Theorem 0.2.

We obtain here a generalization of the above theorems to the case cnxk,

The main theorems.

DEFINITIONS 0.5. Let (U, X) be a topological transformation group. Let A
be an irreducible finite dimensional representation of U on a linear space V. A
function f: X — V will be called A-covariant if f(ux) = ANu)f(x) for all (4, x) in
Ux X.

Now let U(n) denote the group of unitary matrices of order n. Let & =
&m,, my,..., m,) be a character defined on the diagonal subgroup T of U(n)
by §d) = dyldy2 +++ dp whered €ETand m; >my >+++>m,. LetB
be the lower triangular subgroup of GL(r, C) and define an extension of & to B
(which we shall denote again by £) by setting £(b) = b} ;b3 *** by for all
b € B. Let Hol(GL(n, C), £) denote the space of all ¢-covariant holomorphic
functions on GL(n, C). The representation n(+, £) of GL(n, C) obtained by right
translation on Hol(GL(n, C), £) will be denoted by p. Define P(E, p) as the linear
space of all p-covariant polynomial mappings from E into Hol(GL(n, C), ). Let
D(¢, p) be the representation of GL(k, C) on P(E, p) obtained by right translation.

THEOREM 1.3. (i) P(E, p) is nonzero if and only if my Zmy =+ 2
m, = 0.
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(i) If P(E, p) is nonzero, then the representation D(-, p) is irreducible and
its highest weight is indexed by

(my,m,,...,m,,0,0,...,0).
N ———— e

k

In the process of proving Theorem 1.3, we obtain the following interesting
“induction in stages” type theorem.

THEOREM 1.5. If D(-, §) denotes the representation of GL(k, C) obtained
by right translation on the linear space P(E, £) of all £-covariant complex-valued
polynomial functions on E then, under the assumptionm; 2m, =+ ++=>m, 20,
D(*, p)and D(+, §) are equivalent; and, hence, D(*, £) is irreducible.

Notice that when n = 1, P(E, p) and P(E, £) may both be identified to a
space of homogeneous polynomials in k variables of a certain fixed degree, and
the notion of p-covariance as well as that of §-covariance may be thought of as
generalizations of the notion of homogeneity, so that Theorems 1.3 and 1.5 do
indeed generalize Theorem 0.1. Also the study of the restriction of D(*, p)
to G and G, is equivalent to that of the restriction of D(+, &)to G and G,
respectively. This naturally leads us to investigate the symmetric algebra S(E*)
of complex-valued polynomial functions on E. In this context there is a close
connection between our investigation and the work of S. Helgason [12], B. Kos-
tant [15], and H. Maass [18].

For the remainder of this investigation we must restrict ourselves to the
case k > 2n.

DEFINITIONS 0.6. Following B. Kostant and S. Helgason (see [15] and
[12] for details), we let J(E*) denote the subring of S(E*) consisting of G-in-
variant polynomial functions on E, and let H(E*) denote the subspace of S(E*)
consisting of G-harmonic polynomials. We use several results in [15] to prove

THEOREM 2.5 (“Separation of variables” theorem for C**¥, k > 2n).

(i) S(E™) is spanned by all products of the form jh where j € J(E*) and
h € H(E™); in fact, S(E*) = J(E*) ® H(E*) and S(E*) is a free J(E*)-module.

(ii) H(E™) is generated by all powers of all polynomials f satisfying the
following defining condition:

Q) =2 A,Xi with AA'=0;i=1,...,mj=1,...,k
i’i

Here A ij are entries of a given matrix A €E.

DEFINITIONS 0.7. Let H(E, £) denote the subspace of P(E, £) consisting of
all G-harmonic £-covariant polynomial functions. An element F of P(E, p) will
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be called G-harmonic if 0 + F) = O for all linear functionals / on Hol(GL(, C), £),
and for every homogeneous differential operator @ with constant coefficients and
without constant term that commutes with G. Now let H(E, p)denote the subspace
of P(E, p) consisting of all G-harmonic p-covariant polynomial mappings. Let

R(*, £) (resp. Ry(* , £)) be the representation of G (resp. the representation of
G,) obtained by right translation on H(E, £). Similarly we define R(*, p) and
Ry (+, p),representations of G and G,,, respectively, on H(E, p).

THEOREM 3.1. If k > 2n, the representation R(*, £) of G, on H(E, &) is
irreducible and its highest weight is indexed by

(my,my,...,m,,0,0,...,0).
[k/2]

COROLLARY 3.2. If k > 2n, the representation R(+, p) of G on H(E, p) is
equivalent to the irreducible representation R(-, £) of G on H(E, §).

DEFINITIONS 0.8. Let S™* denote the Stiefel manifold consisting of all
matrices s € R”*¥ such that ss* = 1,,, 1,, being the unit matrix of order n. Let
H(S™%) denote the space of functions on S™* obtained by restricting all G-har-
monic polynomials to the Stiefel manifold.

THEOREM 4.2. If k > 2n, the restriction mapping f — f/S™* (f € H(E*))
of H(E*) onto H(S™*) is a Go-module isomorphism.

REMARKS. Theorem 4.2 was proved by D. Levine [17] for the case n = 2.
S. Gelbart [7], D. Levine [17], and R. Strichartz [22] investigated the p-covariant
type of harmonic polynomials and Stiefel harmonic functions. Theorem 2.5 (ii)
was stated in [7] as a conjecture of E. M. Stein. I am indebted to Professor K.
Okamoto for his conjecture concerning Theorem 3.1. This paper is in essence my
doctoral dissertation. It is a great pleasure to me to express here my profound re-
spect, gratitude, and admiration for my adviser, Professor Ray A. Kunze.

1. The study of the representation D(+, p). Since the Borel-Weil-Bott theo-
rem, or, equivalently, Zhelobenko’s work in [27] and [28] give a complete classifica-
tion of the irreducible finite dimensional representations of GL(n, C), it is natural
to get a concrete realization of P(E, p) following those theories. Since we shall
use it frequently throughout our investigation, a brief summary of the Borel-Weil-
Bott theorem seems necessary. For details and justifications see [2], [3], [16],
[25], [27]. and [28]. For the terminofogy introduced in this section see [1].

Suppose that G, is a compact, connected, semisimple Lie group. Let T be
a maximal torus of G,. Let G be the complexification of G, and B a Borel sub-
group of G; then G = BG, and B\G = T\G,. If £ € T, then £ extends uniquely
to a holomorphic homomorphism, which we shall denote by the same symbol
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£: B — C*. Let Hol(G, &) be the space of all holomorphic functions f on G
which also satisfy f(bg) = £(b)f(g) for all (b, g) € B x G. Then it is well known
that Hol(G, £) is finite dimensional (see [16, p. 365] or [3, p. 215]). Let n(-, £) {
be the representation of G on Hol(G, &) which is given by (n(g, £))(x) = f(xg)
for all x, g € G. In this context we have

THEOREM 1.1 (BOREL-WEIL-BOTT).

(1) The space Hol(G, &) is nonzero if and only if ¢ is a dominant weight.

(2) The representation n(+, £) is irreducible if & is dominant. In this case,
if n(+, £)/G, denotes the restriction of n(+, §) to G, then n(+, £)/G,, is irreduc-
ible, and its highest weight is &.

For a proof of this theorem see [3]; for the notion of dominant weight
see [2] and [16, (351)].

REMARK 1.2. Theorem 1.1 shows that one can obtain every irreducible
representation of a compact, connected, semisimple Lie group by the above in-
ducing process.

In [27] and [28] Zhelobenko obtained an equivalent version of the Borel-
Weil-Bott theorem which we shall use when convenient.

Now let U(n) denote the group of unitary matrices of order n. Let & =
g&(m,, m,,..., m,) be a character defined on the diagonal subgroup T of U(n) by
§d)=dr 172 +++ d""whered € Tand m, >m, > +++>m,. LetBbe
the lower triangular subgroup of GL(n, C) and define an extension of & to B
(which we shall denote again by &) by setting £(b) = b'l"ll b;’? oo b:,”n" for all
b € B. Let Hol(GL(n, C), £) denote the space of all &-covariant holomorphic
functions on GL(n, C). The representation n(-, £) of GL(n, C) obtained by
right translation on Hol(GL(n, C), £) will be denoted by p. Define P(E, p) as the
linear space of all p-covariant polynomial mappings from E into Hol(GL(n, C), £).
Let D(-, p) be the representation of GL(k, C) on P(E, p) obtained by right trans-
lation.

TueoreM 1.3. (i) P(E, p) is nonzero ifand only if my Z2my 2 ++*2m,
=0.

(ii) If P(E, p) is nonzero, then the representation D(~, p) is irreducible and
its highest weight is indexed by

(my,my,...,m,,0,0,...,0).
W
k
PRrOOF. Let B, be the Borel subgroup of GL(k, C) consisting of all non-
singular lower triangular matrices of order k. B can be embedded in B, by the

injection b C_, [2 9] for all b € B, 1 being the identity matrix of order k — n.
The character ¢ = &(m,, m,,..., m,) “extends” to a character T =
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E’(ml, my,...,m,, 0,...,0) of B,. Define (GL(k, C), E’) as the space of
all polynomial functions # on GL(k, C) which also satisfy a(b,y) = ?(bk)h( »)
for all b, € B, y € GL(k, C) (by polynomial functions on GL(k C) we mean restric-
tion to GL(k, C) of polynomial functions on C**Xk). Let n(+, £) be the representa-
tion of GL(k, C) on P(GL(k, C), £) obtained by right translation. By Theorem 1.1,
we know that n(+ ,’g‘) is irreducible with highest weight?(m 1>Mpseee,my,, 0,...,0).
Now for a fixed y € GL(k, C) the mapping b, — b,y (b, € B;) is polynomial. If &
€ P(GL(k, C), %) then the mapping by — h(b,y) is polynomial. This fact together
with the equality h(b,y) = T )h(y) implies that P(GL(k, C), ) is nonzero if
and only if m; =my =>+++2>m, >0.

NoTE 1.4. If we represent b, € B, in block form as b, = [5 9], where b
is an n by n matrix, then b € B and clearly E(bk) = §(b). Let h~ be the highest
weight vector of P(GL(%, C), g ); then h~(y) ., [D; 1™ —m’“ where D,(y)
is the principal minor of order i of the matrix y, i=1,...,nand m, ; =0, so
that as a function of y € GL(k, C), hy depends only on the first n rows of the
k by k matrix y (cf. [28, §4, pp. 20—26] for details). Since P(GL(k, C), ¥) is
cyclically spanned by h~ we observe that the same conclusion holds for all h €
P(GL(k, C), %). More preclsely, if we represent a matrix y € GL(k, C) in block
form as y = [§{)] where X(») is an n by k matrix and Z(y) isak —n by k
matrix, then for # € P(GL(k, C), £), k() is independent of Z(y). Since & is
polynomial, we can actually consider that the domain of definition of % is
Xk =E.

Now let P(E, £) be the linear space consisting of all polynomial functions de-
fined on E which also satisfy f(bX) = £(b)f(X) for all (b, X) €B x E. Define D(*,§)
as the representation of GL(k, C) on P(E, £) obtained by right translation. We shall
prove that D(¢, £) and m(* ,E) are equivalent; hence D(+, §) is irreducible with high-
est weight'g(ml, my,...,m,,0,...,0). For this purpose, we define a mapping ¥
from P(GL(k, C),E)to P(E, &) in the following fashion: For every X € E, we repre-
sent X in block form as [u(X) v(X)] where u(X) (resp. v(X)) is an n by n (resp.
n by k — n) matrix; let y[X] = [“(g( ) ”(lx )], 1 being the unit matrix of order
k —n. Now for all # € P(GL(k, C), ), X €E, we set (¥h)(X) = h(y[X]);
the above observation (Note 1.4) together with the fact that

() (bX) = Wy [BX] = h([” O]ym) = EBIMOIXD) = EB) (EDX)

for all (b, X) € B x E show that ¥ is well defined and injective. W is clearly
linear. For every f € P(E, £) we define a polynomial function 4 on GL(k, C)
by setting A(y) = f(X(»)) for all y € GL(k, C) represented in block form as y =
[72(8,’;] . Now for all b, € B, we have

h(by) = F(X (b,7)) = FOXD)) = (G XO)) = E@IR0) if by = [b 2]-
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Hence, h € P(GL(k, C), £). Now (¥h)(X) = h(y[X]) = f(X) for all X EE, so
Wh = f. This shows that ¥ is surjective and (¥~ 1f)(y) = F(X(»)) for all f €
P(E, £). For every y, € GL(k, C), X € E and h € P(GL(k, C), £) we have

an  E0L W@ =10y, DGR = kX))
= h(y[Xy,]) = ¥a(Xy,) = D@, §)YA)X).
Equation (1.1) shows that ¥ interwines n(*, E’) and D(-, §)

The following result, an “induction in stages,” which is interesting in its own
right, will be used in the proof of Theorem 1.3.

THEOREM 1.5. If D(-, £) (resp. D(* , p)) denotes the representation of
GL(k, C) obtained by right translation on the linear space P(E, £) (resp. P(E, p))
of all &-covariant (resp. p-covariant) complex-valued polynomial functions on E
(resp. polynomial mappings from E into Hol(GL(n, C), £)), then, under the assump-
tionm, =my = +++m, =0,D(+,§) and D(*, p) are equivalent.

ProOF. Define a map ® from P(E, £) to P(E, p) by [(®)(X)](a) = f(aX)
for all 2 € GL(n, C), X €E, and f € P(E, £). Then (&f)(X) € Hol(GL(n, C), £),
because

[(@NX)] (a) = f(baX) = £(b)f(aX) = £(b)[(2)(XN)] (@)
for all a € GI(n, C), b €B, and X € E. Clearly ®f is a polynomial mapping from
E into Hol(GL(n, C), £), and since for every 4, a, € GL(n, C), and X € E, we
have
(2N (2, 0] (@) = flaa; X) = [(@NX)](az,) = [p(a,)(@N(X)] (@),

it follows that ®f belongs to P(E, p). It is also clear that ® is linear. Let us show
that @ is injective. Indeed if (®f)(X) = O for all X € E, then [(®f)(X)](@) =0
for all 2 € GL(n, C); in particular; for a equal 1, the identity matrix of order n,
we get [BfXD]ID) =f1X)=fX)=0forall X €EE,so f=0.

To see that ® is surjective we suppose that F € P(E, p) and define f by
f(X) = (F(X))(1) for all X €EE. Clearly f is a polynomial function and

f®X) = F(X)(1) = [pb)FX] (1) = F(X))(1b)
= (F(X))(1) = £B)FX) () = EG)(X).
Therefore, f belongs to P(E, £). Now for all (g, X) € GL(n, C) x E we have
[(@N0] @) = faX) = F@X)(1) = [e@F](1)
= F(X)(19) = (F(X))(a),

so that ®f = F. Therefore, ® is an isomorphism and its inverse mapping is given by
(@ 'F)X) = FCNQ).
For all y € GL(k, C), a € GL(n, C), X €E, and f € P(E, £) we have
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(@0, 0)2NXN)](a) = [(2N(XY)] (@) = f(aXy)
= (D0, HN@X) = [2D(y, HF(X)] (@)

Equation (1.2) shows that ® intertwines D(-, p) and D(-, £). This achieves
the proof of Theorem 1.5 and also completes that of Theorem 1.3. O

ReMARK 1.6. The proof of Theorem 1.3 (via Theorem 1.5) shows that the
space of all complex-valued &-covariant polynomial functions P(E, £) is naturally
isomorphic to the space of all vector-valued p-covariant polynomial mappings
P(E, p). In fact whenn =1 and k > 2, £ = £(m,), m; > 0, so that P(E, §) is
the space of all homogeneous polynomials in k variables of degree m;. Hence,
the notion of &-covariance as well as that of p-covariance are equivalent generaliza-
tions of the notion of homogeneity. Also the study of the restriction of D(+, p)
to G or G, is equivalent to that of the restriction of D(+, £) to G or G,,. This
naturally reduces our problems to the investigation of the symmetric algebra
S(E*) of polynomial functions on E. In this context, there is a close connection
between our investigation and the work of S. Helgason [12], B. Kostant [15],
and H. Maass [18], [19]. In the next section, we shall consider this connection.

(1.2)

2. The “separation of variables” theorem for the symmetric algebra S(E*).
In this section we shall study the algebra of all complex-valued polynomial func-
tions on C"*¥ under the assumption k > 2n. The rings of differential operators
and polynomial functions on a finite dimensional vector space, invariant under linear
actions of certain semisimple Lie groups, were investigated abstractly and in great
detail by Harish-Chandra [10], S. Helgason [12], and B. Kostant [15]. We
shall begin by reformulating some of these notions in a manner convenient to our
particular problem.

The most important results of this section are: 1° the “separation of vari-
ables” theorem; 2° Corollary 2.7; the latter will play an important role in the
proof of Theorem 3.1 of §3.

Recall that E, E, G, and G stand for R"*¥, C**¥, SO(k), and SO(k, C),
respectively. Let E* denote the dual of E; and let S(E*) be the algebra of all
complex-valued polynomial functions on E. Thus S(E*) is generated by E* and
the constant functions. For fin S(E*) let D;;f be the partial derivative of f with
respect to the ij coordinate, 1 <i<n; 1 <j<k. If pis any element of S(E*)
let p(D) denote the differential operator obtained from p(Y) by replacing Y;
with D;;. For X in E let X*(Y) = tr(XY 1), where tr denotes the trace function
and Y7 the transpose of Y. Clearly X* belongs to E*. Now we define a linear
action of GL(k, C) on S(E*) by setting (R(¥)p)(X) = p(Xy) for all y € GL(k, C),
X EE, and p € S(E*). This action, when restricted to G, induces a structure of
G-module on S(E*). For y € GL(k, C), R(»)X* = (Xy")*. Foreach X inE,
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@x*ONM =2 Xij(Dijf)(Y) = {@/af(Y + tX)}t=o-
7

Hence,
ROX*ORO~HNT) = @*ORG~HNY,)
= {(@d)RO~NYy + tX)} ;=
= {@anf(r + xy=H}, .
Therefore,

ROX*ORG™1) = (Xy~1)*D).
For any Y in E,
Gy=H¥(Y) = Xy~ 1Y) = (XY 1))
= ROVIXHD oY = 1)
It follows that
@.1) RO)PDR(G~1) = ROY)p)D) for all p in SE*).

Indeed, to establish relation (2.1) we let C be the class of polynomials for
which (2.1) is true. Let p, ¢ € C. Then

RO)@ + )RG™") = RG)(@D) + aDYR(™) = ROY) (@ + ¢)) @)

R() (g) DR(G') = RG)pD)a@RG~) = RGV) (09)) (D).
Moreover, C contains X* for each X in E; hence C = S(E*).
For any two polynomials p and q in S(E*) let (p, ¢} = ((D)q)(0). Then
for y € 0(k, ©), (R(»)p, R(»)q) = {p, q) by (2.1) and the fact that y\/ =y.
Notice that (X*, Y*) = tr(XY?). Let S"(E*) (r € N) denote the subspace of

S(E*) consisting of all homogeneous polynomials of degree r. If ¢ = nk let
{X7, X3,..., X}} be a basis for E* such that (X%, X!) = 8;. Thenif

p= Y almy,....,m)X; 1X;"2 o0 0 ¥

m;=20
and
*m *m *m
a= X b(my,...,m)X; 1X, Zeeox, ot
m;=20

(a(my,...,m,), b(m,,..., m,) are complex numbers and p, q belong to S"(E*)),
we have

2.2) {p, q) =Zm1! cecImla(my,...,m)b(m,y,...,m).

It follows immediately from (2.2) that (-, * ) is a symmetric nondegenerate bi-
linear form on S(E*) x S(E*). Moreover, if p and q are homogeneous poly-
nomijals of different degrees, {(p, q) = 0.
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DEFINITIONS 2.1. A polynomial p € S(E*) is said to be G-invariant if
R(g)p = p for all g € G. A differential operator p(D) is said to be G-invariant if
it commutes with the action of G on S(E*); i.e., R(g)p(D) = p(D)R(g) for all
ginG.

From the fact that (+,*) is nondegenerate, we infer that the map p —
p(D) is an algebra isomorphism. This, together with relation (2.1), shows that p
is G-invariant if and only if p(D) is G-invariant; i.e.,

(23) R(g)p(D)R(g~')=pD) forallg€E G+ R(g)p =p forallg €G.

NotE 2.2. In Definitions 2.1 if we replace G by G, then relation (2.3)
still holds for all g € G,,.

Now we equip S"(E*) with an inner product defined in the following
fashion: If g € S7(E*),

*mt

* *
q=zb(ml"°°smt)lelX2m2 ...Xt s
we let
q= ZE(ml,...,mt)X:‘le;’"z ... X:mf,
where b(m, ..., m,) is the complex-conjugate of b(m,,..., m,); now set

(PX)) (», @) ={(p,§) forall p, q in S"(E*).

For n =1 this is the same inner product as defined in [21, p. 139]. Moreover,
this inner product extends obviously to an inner product on S(E*). It follows
from the above paragraphs that G, leaves (+,*) invariant; i.e. (R(g)p, R(g)q) =
(. q) for all p, q in S(E*) and for all g in G,.

Now let S°(E}) denote the algebra of all complex-valued polynomial func-
tions on Ej,. Each polynomial function f € S°(E¥) extends uniquely to a poly-
nomial function on E, also denoted by f. Therefore the restriction mapping f —
fIE, (f €S(E*)) is an isomorphism between S(E*) and S°(EF).

Let J(E*) (tesp. J°(EE)) be the subring of S(E*) (resp. S°(Ey)) consisting of
all G-invariant (resp. G -invariant) polynomials. In this context we have the fol-
lowing proposition which can also be found in a more general form in [9, Lemma
1.5, p. 246].

PROPOSITION 2.3. Under the restriction mapping f — f/E, (f € S(E*))
from S(E*) onto S°(E}), J(E*) is mapped isomorphically onto J°(Ef).

Proor. The proof is elementary. For details see [23]. O

Let J, (E*) (resp. J%(E§)) denote the subset of J(E*) (resp. J(E})) consist-
ing of all G-invariant (resp. G-invariant) polynomial functions without constant
term. It is well known, from the theory of polynomial invariants (cf. [26, Chapter
I1]), that JS (E}) is the linear space generated hy all products of the polynomials p,;
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1 <i<j<n,defined by
k
(235) p;X) =2 X, X, whereX=(X,)EEy, 1<r<n, 1<s<k.
s=1

From Proposition 2.3 we infer that J, (E*) is generated by the same poly-
nomials p;;, 1 <i<j <n, as defined by (2.5) but now their domain of defini-
tion is E.

DEFINITION 2.4. A polynomial function f € S(E*) (resp. f € S°(EY)) will
be called G-harmonic (resp. G-harmonic) if p(D)f = 0 for all p € J_(E*) (resp.
p €JSL(ER)).

Let H(E*) denote the subspace of S(E*) consisting of all G-harmonic poly-
nomial functions. Then from the above paragraphs we deduce that

(26) HE® = {fE€SE*): A;f=0,1<i<j<n; where Ayf=p,(D)f}.

Notice that when n = 1, J,_ (E*) is spanned by all powers of a single poly-
nomial p(X) = p, ,(X) = 2;‘21 X?. Hence, H(E*) is then reduced to the space of
all “classical” harmonic polynomial functions in k variables.

Let P denote the algebraic variety in E defined by

P={X€E: f(X)=0foral fEJ (E¥)}.
From relation (2.5) we see immediately that
2.7 P={X€EE: XX*=0}.
Set
. = {X €P: rank(X) =n}.

For the remainder of this section we shall always assume that k > 2n (al-
though occasionally we shall make some remarks about the case k¥ = 2n). This
restriction, which occurs also in the classical case when n = 1, seems to be nec-
essary both from the point of view of algebraic geometry as well as from the
standpoint of the representation theory of our problem.

THEOREM 2.5 (“Separation of variables” theorem for C***, k > 2n).

(1) The algebra S(E*) of all complex-valued polynomial functions on E is
spanned by all products of the form jh where j is G-invariant and h is G-harmonic.
In fact, S(E*) = J(E*) ® H(E™) and S(E*) is a free J(E*)-module.

(ii) The space H(E*) of G-harmonic polynomials is generated by all powers
of all polynomials f satisfying the following defining condition:

@8) fO=XA4,;X; withdAd'=0;i=1,...,n;j=1,...,k
¥

Here the A;; are entries of a given matrix A €E.
In particular, the subspace H'(E*) of all G-harmonic homogeneous polynomials
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of a fixed degree r = 0 is spanned by the polynomials f’, f being defined by condi-
tion (2.8).

NotE 2.6. (1) If we set P* = {A* ES(E*): A €P}, and let Hp(E*) be the
linear space spanned by all powers (4*)™, m = 1, 2,..., then Theorem 2.5(ii) simply
states that H(E*) = Hp(E™).

(2) In the present context our Theorem 2.5 corresponds to Theorems 1.2 and
1.3 (see also remark on p. 247) in [12] (with H, (E*) = Hp(E*) and H,(E*) ={0}),
and to the “general development theorem” (Theorem 3) in [18] (if we consider an
element X € E as a row vector with nk components. Also Theorem 3 of [18] was
proved for S°(E), but we can see that the result is still valid for our case from the
observations made in the first part of this section).

(3) In the proof of Theorem 2.5 we shall use Propositions 4 and 7 in [15]
and related matters.

(4) Recall that £(b) = b} 1 by 2 =+ by, forallb €B. Now let m = i m;
and b’ € B such that b;; =\, i —l ., 1, \ € C*; then fEP(E, &) implies that f(b'X)=
N"f(X). This shows immediately that P(E, £) is a subspace of S™(E*), the space
of all homogeneous polynomial functions of degree m on E.

Now let S(P,) be the ring of all functions on P, obtained by restricting ele-
ments of S(E*) to P,. Then we have

COROLLARY 2.7. The restriction mapping f — f/P, (f € H(E™)) is a G-
module isomorphism of H(E*) onto S(P,).

ProOF OF THEOREM 2.5. Recall that P, = {X € P: rank(X) = n}; thus
P, is a dense submanifold of P. Suppose X, € P, is given in the block form X
= [(Z,,) (—1I,,) (0)], where I, is the unit matrix of order n, I;, = V=D 1,,vV—

being a fixed square root of —1.

LEMMA 2.8. The set P, is the orbit of X, under the action of G, i.e. P, =
0 Xo = X,G.

ProoF. Since XoX§ = 0, rank(X,) = n, and gg’ = 1,, it follows that Xog
has rank n and (X,2)(X,2)" = X,88'Xy = X, X§ = O for all g € G. Therefore,
X,G C P,. We shall prove that P, C X,G. Now let (+| *) be the complex sym-
metric bilinear form on C! *¥ which is defined by the equation (x|y) = x";
then it is clear that (+|+) is nondegenerate. For X € P, we let V' =V be the
subspace (of C? xky spanned by the rows of X. In general, we shall denote by
(Xps Xgsmees Xjyonns Xg ) the subspace spanned by any s elements x ] =1,.
of C1*¥, Since rank(X) =n, V is of dimension n; also since X € P,, V is
totally isotropic with respect to (+]+) (i.e. ¥V C Vl where V1 is the orthogonal
complement of ¥ with respect to the bilinear form (+|+) on C!*¥). Since
(*1+) is nonsingular, the subspace vt is of dimension k —n > n (if we use (+1+)
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to identify C! *¥ with its dual, then V"% is identified with ¥°, the annihilator of V,
and the result follows from Theorem 16 on p. 101 of [14]). It is clear that
(VY= V. Since k —2n >0, VL/V is nonzero and has dimension & — 2n.
Since (+|-) vanishes on V, we can define a symmetric bilinear form on V'L/ |4
(which we shall denote by the same symbol, (+| *)) by setting (y + V|z + V) =
(ylz) for y and z in V1. Now if we denote the complement of ¥ in vt by yt—
V, then for every y in yt—v (= V1t — (VYY) there exists z € ¥+ such that
v+ Viz+ V)= (ylz) # 0. Hence (+|*) is nondegenerate on V*/V. Since
Vl/ V is a finite dimensional vector space over the complex field, it is a well-known
fact (see, e.g., [14, Theorem 4, p. 370]) that there exists an orthonormal basis
for VJ‘/ V with respect to (*|*), i.e. there exist &y, , ,..., 0, € V4 such that
(o + Vi + V)= 6, foralli,j=2n+1,..., k. It follows immediately that
@y,415---» @ form an orthonormal system in ¥+ with respect to (+|+). Now
let W=<(0,,11,¥,49s---5 @ ); then the vectors X, X,,..., X, Qyppqseees
o, are linearly independent; hence vit=vew. Indeed, if Z ¢;x; + T d,o, =
Owithe;,d, €C,i=1,...,n,and t =2n + 1,..., k, then (T ¢;x; + = d,a, ;)
=c foralls=2n+1,...,k s0d,=0and 2 ¢;x; = 0; but the x,’s are linearly
independent by hypothesis, so ¢; =0 foralli = 1,..., n.

Now let

L
L(k, n) =(xl,xz,...,xn,a2n+l,..,ak) =V

and

L(k, n‘/) =X, Xp5 s Xy 15 O ppqsenns Q)

Then dim L(k, n\/) =k—(n+ 1) <k —n=dimL(k, n). Therefore

dim L(k, n\/)‘L =n+ 1> dimL(k, n)'L = n. Hence, there exists an element y
such that (¥la) =0 fors=2n+1,...,k, (yIx;))=0fori=1,2,...,n— 1,
and (v|x,) # 0. If (y|y) # Olet a,, be the quotient of y by a fixed
square root of (yly). If (yly) = 0let a,, be the quotient of y + x, by

a fixed square root of (¥ + x, |y + x,,) (in the latter case (y + x,, |y +x,)) =
2(x, 1) # 0). In any event, there exists o, such that {0, @y, q,-.., @}
is an orthonormal system, (o, ,|x;) =0ifi=1,...,n — 1, and (a,, |x,) # 0.
Now a,, cannot belong to L(k, n). For if

n k
a, =2 ¢x;+ > da, ¢,d,€C,
i=1 t=2n+1

then we see immediately that (o, 21%,) = 0, a contradiction. Therefore, Xy,
cees Xy, 0y, Ot 1 ..., O are linearly independent.

Now let us proceed inductively. Suppose that for 1 <t < n there exist ¢
vectors ay,, iy g, 1 <j <t, with the following properties. The system {x,, x,,
s X Oy 15 Oy piaseees Ogpy Qg ptyyee., @, ) is linearly independent;
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the a’s form an orthonormal system for 2n —¢ + 1 <s<k; (@ perlx)=0
for 1<i<nand 1 <r<k—2nm;(ay,_j4lx,_ IH);&O and (¢, _j411x)=0
fori=1,...,n,i#Fn—j+ 1.

Let

Lk, n — ) =X 1500y Xy Qg pygseees O)
and
L(k, (n —V)= (xl,xz,...,x},/_t,...,xn,az,,_,H,...,ak);

here the symbol x},/ , means that the term x,_, is missing. Now
dim L(k, (n-—t) y=k—n+t—1,50
dim Lk, (n — V) =n—t+ 1> dim L(k,n — £ =n—1t.

Therefore, there exists y such that (»|x;) =0,i#n—t, (¥lx,_,) #0, (&]y)
=0for2n —t+1<s<k. If (y|y) #0let a,, _, be the quotient of y by a
fixed square root of (¥|y); if (¥|y) = 0 then (¥ + x,,_,ly +x,_,) =20rIx,_,)
#0and (y +x,_,Ix,_) = (Ix,_,) #0. In this case, we let a,, _, be the
quotient of y + x,,_, by a fixed square root of (y + x,,_,|y + x,_,). Inany
event, there exists a,,_, such that{a,, _, @, _;41s.--, &} is an orthonormal
system and (a,,_,|x;) = 0 if and only if i # n — t. Now the system {x;, X,

esXps Opp_pr---» 0 } is linearly independent. For if

n k
W, =2 Xt 2 da,
i=1 j=2n-t+1
then (a,,_,Ix,_,) = 0, a contradiction. So we can iterate this process until
we get a basis for C1*¥ consisting of XpsewesXps Opygs Oppgseees O such that
the aj’s, n + 1 <j <k, form an orthonormal system, (x;|a,,+ ,) Ofor1 <r
<k—-2n,1<i<n, and(xilan+i)=Oifand only ifi #j,1<i,j<n.

Now define n linear functionals f,,,; on V by f,,;(x) = (x|a,;;), 1 <i
<n. Then the f, ,;, 1 <i<n, form a basis for V*, the dual of V. Indeed, if
2 ¢;fpy; =0, 1<i<n, then 0= I ¢;f,, (%) = ¢;(x;l 05, ), but (x;la, ;) #
0,s0¢;=0forallj=1,...,n Hence,f, ;.. ,fz,, is the dual of a basis
Yis+--» Yy for V. Thus

(2-9) fn+,0’) (y I n+]) 1 <i,].<n.

Now let a; = —+/=1y; + V=1a,,; forallj=1,...,n. Then oy —v/~1a,,;
= —\/__ly] belongs to V' C vt so (¢ —vV=la, lx)=0forallij, 1<i

< n. This last equality is equivalent to (¢;1x;) = V= 1(&,1%;), 1 <4, j <n.
Also, for all j, t with 1 <j, ¢t < n we have
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@) = (—V=1y; + V=Ta, ;| =V=Ty,+ V=T, ,)
2.10 _ -
(2.10) =8, +8;,— 5, =5
Now for all i with 1 <i < n we have

(ailan+i) =(—V —lyj +v —lan+i|an+i)

(2.11)
=—y/—15;;++/—15,; =0.
Finally g g
@.12) (ajla‘Zn+r)=(—V—1yj+v—lan+jla2n+r)

=0 forallr=1,...,k—2n.
In conclusion, from (2.9), (2.10), (2.11), and (2.12) we have found a basis

{a,..., .} for C!*¥ orthonormal with respect to the bilinear form (-,*) and
such that

Opppqse-es 0y € Vl,
x;la, ) =—+—1 (;leg)#0 for1<i<n,

(2.13)
@i 104) = —vV=10qle)) =0 ifi#j; 1<i,j<n.

Let g, be the k by k matrix with columns o, o},..., of. Then g, belongs to
the complex orthogonal group O(k, C). By (2.13), Xg, is an n x k matrix repre-
sented in block form as [(D) (—D") (0)], where D is an invertible diagonal ma-
trix of order n, D' =+/—1D, and 0 is the n by k¥ — 2n matrix with entries all
equal to zero. Since k > 2n, by replacing, if necessary, a5, by —af, 4 e
can assume that g, € G and still have Xg, = [(D) (—D") (0)].

Next we want to show that for every X, € P, of the form [(D) (—D")(0)]
as above, with

dl
d2
D= " . d;#0for1<i<n,

dn

there exists g, € G such that X, g, = X, o- For this purpose, we let

A B 0
g2 =}—-B A 0
00 I(k-zn)

where A4 (resp. B) is the n by n matrix with the ith diagonal entry equal to
¥(d; + 1/d;)) (resp. %/ —1(d; — 1/d))), 1 <i < n, and I (4 _ 2y is the identity
matrix of order Kk — 2n. Now
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A? + B2 0 0
8,85 = 0 A? + B? 0
0 0 I(k—2n)

and it is easy to verify that A® + B = I, the unit matrix of order n. Since 4,
B are invertible commuting matrices we have det g, = det [4%? + B?] = 1. There-
fore, g, € G. By a simple computation one can see that X,g, = X,. Now for
every X € P,,, we can find g; such that Xg, is of the form X ; let g, be such
that X,g, = X,. If g = g,8,, then Xg = X(g,8,) = X,&, = X, and this com-
pletes the proof of Lemma 2.8. O

Now recall that the ¥%n(n + 1) polynomial generators p;; of J,. (E*) were de-
fined by p(X) = Z¥_, X; X;; for X = (X,;); 1 <r<nm; 1 <s <k. Next we
have

LEMMA 2.9. If X € E and rank(X) = n, then the Jacobian matrix

J(pll’plz’“-’pnn)lx = [Drspij(X)]’
1<s<k, 1<r, i j<n, has rank %n(n + 1).

ProOF. We proceed by induction on n. If n = 1, then a simple computa-
tion gives J(p, )|y = 2X; since rank(X) = 1 it follows that rank J(p, ))lx = 1
= 1(1 + 1)/2, and the assertion is verified. Now assume that the lemma is true
for all r < n — 1. Then, in particular, J(p,,...; P,_1,,—1)ly has rank
%(n — 1)n for all Y of maximal rank in C*~1)*¥_ Next let X € E and rank(X)
=n. Let X, be the n — 1 by k matrix formed by the first n — 1 rows of X.
Clearly rank(X,;) =n — 1. Since the rank of J(p,,..., P,,,)x is unchanged if
we permute the p;;, we may consider the Jacobian

J@y15--- ’Pn—l,n—-l”pln»p'znn’ e Pundlx
where we group together all functions p;, involving n (1 <i <n) in the last n compo-

nents. By a simple computation, we see that J@y, ... sPu—1 n—1> P1n» P2n Pnn)lx
can be represented in block form [4 %], where

A=J0Dy1,P12s-->Purn-Dlx, ad C={ .

Xn—l,l * e ‘Xn—l,k

[ 2X, 1 - e 2X, x

is X except that the nth row of C is the nth row of X multiplied by the factor 2.
Clearly rank(C) = rank(X) = n, and by the inductive hypothesis rank (4) =
%(n — n. Hence,
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rank J@, ¢, ..., Pp,)lx = rank (4) + rank (C) = n + Yn(n — 1) = Yn(n + 1). O

We are now in position to achieve the proof of Theorem 2.5. First, note
that according to a theorem due to H. Weyl (cf. [26, Chapter II, p. 35, and
Theorem (2.17 A), p. 75]), the polynomials p;;, 1 <1, < n, are algebraically
independent. Also note that G is a connected semisimple linear algebraic Lie
group which is reductive in the Kostant sense. As an algebra, J(E*) is generated
by the %n(n + 1) algebraically independent homogeneous polynomials p; (1<
i,j <n) and the constant function 1. By Lemma 2.8 the orbit OX0 of X, is
dense in P. Let J (E*)S(E*) denote the ideal in S(E*) which is generated by
J,(E*). Then Lemma 2.9 allows us to apply Proposition 7 (p. 347) in [15]
and, hence, to conclude that J,_ (E*)S(E*) is a prime ideal. Now all hypotheses
of Proposition 4 (p. 341) in [15] are met, and therefore Theorem 2.5 follows
immediately from this proposition. The conclusion for the particular subspace
H'(E*) follows from the fact that H(E*) is obviously graded. O

ProoF oF CoROLLARY 2.7. Following B. Kostant (cf. [15, p. 342]) we

shall call an element X € E quasi-regular if P € Ucec* 0.x- Then by Lemma
2.8 it is obvious that X is quasi-regular and S(0 5 0) = S(P,). Proposition 5
(p. 343) of [15] is now applicable and Corollary 2.7 follows immediately from
this proposition. 0O

REMARKS 2.10. (1) In the case k = 2n, I can prove that P, has exactly
two orbits, and in the case n < k < 2n, the study of some particular cases shows
that P, has infinitely many orbits. In the case k = 2n, I suspect that
J(E*)S(E*) is a radical ideal so that Theorem 2.5 is still valid. (Cf. [12, remark
on p. 247] and [18, Theorem 3, p. 143].) Notice that forn = 1,k = 2, this
is true.

(2) With the knowledge that J, (E*)S(E*) is a prime ideal, we could apply
Theorem 3 (p. 143) and Lemma 1 (p. 145) of H. Maass’ results in [18] to
achieve the proof of Theorem 2.5 (see observations made in the preliminary
part of this present section).

After this excursion which has led us to investigate some interesting ques-
tions in algebraic geometry, we shall now return to our main theme. Indeed, in
general, by restricting D(+, p) (or equivalently D(+, £)) to G, the representations
obtained are not irreducible anymore. In the particular case when n = 1 and
k > 2, the harmonic homogeneous polynomials of a fixed degree constitute an
irreducible subspace of H(E*) under the actions of G and G,, respectively. It
appears that a generalization can be made from this interesting result. This gen-
eralization is applicable not to the G-harmonic subspaces H"(E*) but to the G-
harmonic §-covariant polynomials on £ (¢ € f) In the next section, we shall
confine our investigation to this generalization.
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3. The ¢ and p-covariant harmonic polynomial functions on E. Let P(E, £)
and P(E, p) be defined as in §1; we shall denote by H(E, &) the subspace of
P(E, £) consisting of all G-harmonic &-covariant polynomial functions on £. An
element F € P(E, p) will be called G-harmonic if A;;(/ e F) = 0 for all linear func-
tionals I on Hol(GL(n, C), £) and for all 4, j, 1 <i <j < n (see (2.6) for the defi-
nition of A,.j). It is clear that the G-harmonic p-covariant polynomial maps con-
stitute a subspace of P(E, p); we shall denote it by H(E, p). Now fora €
GL(n, C) we define a linear functional /, on Hol(GL(n, C), £) by setting /,(p) =
@(a) for all ¢ € Hol(GL(n, C), £). Since the annihilator of the set {/,: a €
GL(n, C)} consists only of the element O, this set generates the dual of
Hol(GL(n, C), £). Thus, to verify that F € P(E, p) is G-harmonic, it is sufficient
to show that A;;(l, o F) =0 foralla € GL(n,C) and for all 4;, 1 <i<j<n.

We define an action of B, the lower triangular subgroup of GL(n, C), on
P(E, £) by (L(B)HX) = f(b~1X) for all (b, X) €B x E and all f € P(E, §).
Clearly the actions of G and B on P(E, £) commute. Now by definition, for all
ij <i<j<n) A;; commutes with the action of G on S(E*). These facts
imply that H(E, £) is a subspace of S(E*) invariant under both actions of B and
G respectively. We define R(-, £) as the representation of G on H(E, §) obtained
by right translation.

For every a € GL(n, C) and every F € P(E, p) we notice that [, o FE
S(E*). For all g € G and all X € E' we have

[R(g) (1, ° P](X) = (I, ° F)(Xg) = [F(X2)](a)-
Also
[l, e Dz, p)F1(X) = (DG, PF(X)] (@) = [F(X8)] ().
Therefore R(g)(l,  F) =1, o D(g, p)F. This last equality implies that
(€RY) A1, ° D(g, pIF) = 8{R(8) (I, ° F)) = R(g)A(l, ° F))-

It follows immediately from equation (3.1) that H(E, p)is invariant under
the action of G. Therefore we can define R(-, p) as the representation of G on
H(E, p) obtained by right translation. For the terminology used in the proof of
the next theorem see [27], [28], and also [25].

THEOREM 3.1. Let H(E, £) be the subspace of S(E*) consisting of all G-
harmonic §-covariant polynomial functions on E. If k > 2n, then the representa-
tion R(+, £) of G on H(E, §) is irreducible and its highest weight is

¢(my, my,...,my,, 0,...,0).
Nm— e

[k/2]

COROLLARY 3.2. If k > 2n, then the representation R(+, p) of G on
H(E, p) is equivalent to the representation R(*, £). Hence, R(-, p) is irreducible.
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ProoF oF THEOREM 3.1. In what follows, we shall always divide the k by
k complex matrices in block form as below. (If there is subsequently any excep-
tion to this, then we will expressly state the exception.)

Case 1.
k2 kf2
At
k/Z; :
...... ------] if k is even.
k/2 3 .
Case 2.

k2] 1 [#/2]

A,

[k/2] ; P
1 { if k is odd.
k2] 3 L

Let ¢ = (IN2)[} 4] for Case 1; theng™' = (IA2)[} ] and (¢~ )¢~ )
=[9 2] =s. For Case 2, we let

1 0 1 0 01
a=0N2)]0 v2 0] and s=|0 1 0],
i 0 —i 1 00
so that
1 0 —i
-1 _ -1y, —INE
a'=(0UN2)| 0 V2 0| and (V@) ==
1 0

In any case, we let G = é‘le ={FEGLK,C): 2 =q~'gq,2 €G}.
Then it is easy to verify that

G={F€GLk,C):ZsZ" =s,detZ = 1}.

Following Zhelobenko (cf. [28, p. 10]) we shall say that a topological
group G admits a Gauss decomposition (or triangular decomposition) if C, U, V'
are closed subgroups of G such that:

(i) U and V are normalized by C,
(i) CU and CV are connected, closed, solvable subgroups of G,
(iii) CNU={1}and CUNV ={1},
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(iv) CUV is dense in G.
Now if k is even we let

C={ceECGLk,0): c=
(B32) U={u€eGLk,C:u=
V=4{ veEGLK,C): v=
If k is odd we let
C={ceGLk,C): c=
(B3)U= {ueGLk,0:u=
\
[
V={veEGLk,C): v=
\

)
L0 5!
(u, O
| Uy “1/
rUl U
o W
b 0 0
010
| 0 0 b~
[u, 0
u, 1
B
0 1
0O O

e

)
0 -
0
vy
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; b an invertible diagonal matrix j,

-1.

— 1yt t_
§“?/= (u3 i “}/“2 = Uy i)

u, lower triangular unipotent

; v}/ = (7', vpv} = —vyv3;

v, upper triangular unipotent

b an invertible diagonal matrix },

t -1 _ 0.
g+ uyuy” =0;

suyul + ugul + ugur! = 0;
u, lower triangular unipotent )

vVl + v, =0; )

; 30} + Vvl + v vl = 0;
v; upper triangular unipotent)

We now proceed to prove Theorem 3.1 via several lemmas.

LeEMMA 3.3. The subgroups C, U, V (given by equation (3.2) for the case k
even, and by (3.3) for the case k odd) constitute a triangular decomposition for G.

PrOOF. See [27] and [28]. Notice that the Bruhat decomposition lemma
may be used to prove that CUV is dense in G; also (C, U, V) is a triangular de-
composition of G induced by the triangular decomposition of the full linear group
GL(k, C). Finally, remark that in [28, p. 41], Zhelobenko used the matrix

instead of the matrix s used here; however this difference is inessential. O
Now let T be the maximal torus of G (i.e. maximal connected abelian
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subgroup) consisting of all k¥ by &k matrices ¢ with

[ cos 0, + sin 0 T
. . 0 E .. 0
0 cosfypt O "sin 0,
I} IREEEEEEEEEEEEERELE: ------------------ if k is even,
—sin 0, . cos 0,
0o 0
and
[cos 0, o sin 0, i
' o o 0
10 :
0 COSB[klzl E E 0 sin Olklzl
t= 0 B 0 if k is odd.
—sin 6, cos 0,
0 v 0
o .
0 —smolklzle S 0 cosa|k/2]

Then T = g~ 1Tq is a maximal torus of 50. In fact, T consists of all elements
T given by

exp(if,)
", 0 .
. ' 0
0 e;(p(iek/2):
T = ---: ------------------ if k is even,
+ exp(—i6,)'
0 : 0
' 0 eXP("‘iok/zh
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and

’-exp(i 0,)
. 0

o
o

0 exP(ie[k/:])

E 0 if k is odd.

........................................

exp(—if,)

]
=]
o

0

o
o

0 exp(_.iolklzl)
J

L

Let B = CU, then B is a2 maximal connected solvable subgroup of G (ie., a
Borel subgroup of G). From now on, we shall always assume that k is even; the
case k is odd may be treated similarly.

Now let ¢ be a character of T defined by

§‘(T) = exp(i(m,0, + +++ +m,0,));

the m;’s (i =1,..., n) are exactly the same as in £(m,,..., m,). Then { extends
uniquely to a holomorphic character of B, which we shall again denote by §.
Hence

~ my,m my, .. ~ b 0
¢(B) =b by 2 c e bt 1fb=cu€Bandc=[0 b\/].

Let Hol(a, {) denote the linear space of all {-covariant holomorphic functions de-
fined on G. Define a representation of G on Hol(G, ¢) by

(3.4) (g, OHNO) = F02) = Tra~gq)

forall y € 5, gE€EG and? € Hol(f?', ). By the Borel-Weil-Bott theorem n(-+, ¢)
is irreducible and its highest weight vector 7; is given by

(3.5) %) = T1 pro) ™™

i=1

where y € G and M) is the principal minor of order i of the matrix y; i = 1,
...,nandm, ., =0. Now we define the function f, on £ by
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n
Miem;
fg(X) = H [M.(X)] Tk
i=1

For X € E, set fy(X) = fs(Xq). Let Z, € E be represented in block form as
[(Z,) (0) (=I,,) (0)] where I, is the unit matrix of order n, I, =+/=11, and 0
are n by k/2 — n matrices with all entries equal to zero. Recall that B is the
lower triangular Borel subgroup of GL(n, C) and set W = BZ,G. If f € H(E, &)
we shall denote by f/W the restriction of f to W. Set

HW, £) = {f/W: f € H(E, ¥)}.
Define the representation T(+, £) of G on H(W, §) by
[T(e, £)WTW)] (W) = f(wg)
for all (w, g € W x G and all f/W € H(W, £). Next we shall prove

LeMMA 34. The function f,, is G-harmonic and §-covariant, i.e., f, €
H(E, ).

Proor. It is easy to verify that f;, is &-covariant from the explicit expres-
sion of f,. It remains to show that f; is G-harmonic, and for this is it sufficient
to show that A;;fy =0 forall 4 j, 1 <i<j<n. If p = k/2 then we have

[A;lfO](X) Z [DgtD]th](X)

(3.6)
P

= X 04D o]0 + Dyr45D; 14 Jo1 K.

Now
£o00 = T1 M, Geq)) ™~ +1,
h=1

Therefore, by the product rule for differentiation we have

zr 1rf0(X)

n

n — —
=Y 0,0, M"Yy TT M, (xg)) T
s=1 h=1;(h#s)

n —
(3.7) + Y O, MX) "D, [M(Xg)] Y

'y =1
o

n

IT M, ™" "+,

h=1
(hs#s,h#t)
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Dir+pD];r+pf;)(m

n

= 3 Oy i pD; s p M (X)) "7 54 ) ﬁ[Mh(Xq)]’”h‘th

s=1 h=1
(h#s)

-m
+ Z O, 4 p M) ™D, M) T

(3.8) st=1
(s#1)

n
-M
S § /0. C)) M
h=1
(h#s,h+#t)

By using the rule of differentiation for determinants it is easy to see that
me—m -

(3 9) D,r ]r [M (Xq)] s s+l = —D;'r-l-p ] r+p [M (Xq)]ms m3+1

and

D, [M(Xq)]™* " 1D, [M(Xq)] T+

(3.10)

m —]
= =Dy, WD) TIID, L (X))

forevery s, t; 1<s,t<n (s#1t). Lemma 3.4 now follows immediately from
(3.6), 3.7), (3.8), (3.9) and (3.10).

LEMMA 3.5. The representations T(,£) and n(+, {) of G on H(W, §) and
Hol(G, §), respectively, are equivalent. Hence, T(+, §) is irreducible and its high-
est weight is indexed by

(my,my,.. ,m,,,O ., 0).

[k/2]

PROOF. Let by = (1A/2)1, and I = byZ,q = [(I,) (0)]. Define a map A
from H(W, §) to Hol(G, ¢) by

AW ) = fdyg™")

for all f/W € H(W, &) and all y €G. Since Iyg~! = byZyqyq~! and qyq—?
G,Iyg~1 € Wforally €G. Now if 5 €B, 5 can be represented in block
form as [} ;’-] where b € B, so that {(B) = £(b). Now, it is clear that I3 = bI;
hence,

AW (By) = fABya~") = f(bIyg~ ")
(3.11) = 50)f (g~ 1) = {BIATM] ),
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and it is clear that A(f/W) is a holomorphic function on G hence, A is a well-
defined map. It is also clear that A is linear. Next we shall show that A inter-
twines T'(+, £) and n(+, {). Forallg €G,y €G and f/W € H(W, £) we have

[A(T(e, )AWNI) = f(yg~'g)

and
[7(g, HAFIWI ) = [AUM] (g)

= [AIW)](¥a~'eq) = f(Iyg~'g)
so that

AT, §)(fIW) = n(g, HAUTW)

for all f/W € H(W, §).

Now, let us show that A is injective. Indeed, if [A(/W)](¥) =f(byZewra ")
=Q0foralye€ G, then f(byZyg) = 0 for all g € G. Since f is &-covariant, this
implies immediately that f(w) = O for all w € W; ie., f/W = 0.

By a simple computation we see that

[AG/MIO) = fo(Iyg™ ") = f() = ;()-

Hence A(H(W, £)) is nonzero; and since n(+, {) is irreducible, it follows immedi-
ately that A is bijective. This fact completes the proof of Lemma 3.5. O

Now since k > 2n, there exists a permutation matrix g belonging to G,
such that X,g = Z, (recall that X, = [(7,)(=I,) (0)] as defined in §2). There-
fore W = BZ,G = BX,G. In fact, it is easy to see that W = X,G = P,. Now
by Corollary 2.7 it is clear that the restriction mapping f —> f/W of H(E, &) onto
H(W, £) is a G-module isomorphism. This fact and Lemma 3.5 immediately imply
Theorem 3.1. O

Proor OF COROLLARY 3.2. Recall that the mapping ® from P(E, £) onto

P(E, p) as defined in Theorem 1.5 was given by [(®f)(X)](a) = f(aX) for all
a €GL(n, C), X €EE, and f € P(E, £). The map & is actually an isomorphism
and its inverse mapping is given by (™! F)(X) = (F(X))(1) for all F € P(E, p).
Now to prove Corollary 3.2 it is sufficient to verily that the restriction of & to
H(E, %) is an isomorphism between H(E, £) and H(E, p), since it is evident from
Theorem 1.5 that ®/H(E, £) intertwines R(-, £) and R(+, p). First let us show
that ®~L(H(E, p)) C H(E, £). Indeed, if F € H(E, p) then Aii(la o F) =0 for
all a € GL(n, C), 1 <i <j <n; in particular, A;(l, o F) = 0. But (®~'F)(X)
= (FQX))(1) = (I, ° F)(X) for all X € E. Hence, A;(®~'F) = Ofor all FE€
H(E, p) and for all i, j, 1 <i<j<n. Thus ®~1F € H(E, &) for all F € H(E, p).
However, this is not sufficient to conclude that ®~/H(E, p) is surjective, since
H(E, p) might reduce to {0}. Instead of showing that H(E, p) is nonzero, we
prove that ®(H(E, £)) C H(E, p). For this purpose, we suppose that f € H(E, )
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and verify that A;(J, o /) =0 foralla €GL(n, C) and all 4, /, 1 <i<j <
For a € GL(n, C), let L(a) denote the linear map X — aX, X €EE. Then

(3.12) [f o L@)](X) = f(aX) = [(@NX)] () = [, ° 21(X).
Hence, f o L(a) = I,  ®f, and A;;(I, ° ®f) = A;;(f o L(a)). Setting Y = aX and

using the chain rule for differentiation, we get

D, (Fo LX) = 3 ay D, F1(V).
s=1

Thus
G13) DDy L@ = T a0, D 1)
and so
[8;(f° L@)](X) Z [D;:D;(f o L(a))] (X)
k n
= Z Z_: a,;q; [DrtDstf](Y)
(3.14) rmrnest
n k
= Z ari“sj} El [DrtDstf](Y)f
rs=1 t=
= T aayB 0.
Since fEH(E, §), [A,fI(Y)=0forall YEEand allr, 5, 1 < < n. From

equations (3.12) and (3.14) we infer that A; (l o &f) = 0 for a]] i, J, l i<
j<n. 0O

REMARKS 3.6. (1) As in Note 2.6 we can easily see that H(E, &) is a sub-
space of H™(E*), the linear space of all harmonic homogeneous polynomials of
degree m on E.

(2) After Lemma 3.5 we could also complete the proof of Theorem 3.1 by
invoking Theorem 1.3 of [12] and by observing that the space of all G-harmonic
polynomials on £ which vanish identically on P is reduced to {0}.

(3) A particularly interesting class of £-covariant polynomials on E arises
in the special case where all the m; (1 <i<n)in &(m,, m,,..., m,) are equal
to a fixed integer m = 0. Thus when £ = &(m, m,..., m) we shall denote
H(E, §) by H(E, m). Now, following C. Herz (cf. [13, p. 482]) we shall say that
a polynomial function f on E is determinantly homogeneous of degree m if f(aX)
= (det a)"f(X) for all a € GL(n, C). In this context we have

COROLLARY 3.7. For every § = (m, m,..., m) the simple G-module
H(E, m) consists of all determinantly homogeneous G-harmonic polynomials of
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degree m on E. Moreover, H(E, m) is spanned by the particular harmonics f of
the form

(3.15) f(X) = (det@LXH))™, L, XE€EEand LL' = 0.

Proor. From Theorem 1.5, we see that if ¢ = £(m, m,..., m), then the
highest weight vector f; of P(E, £) = P(E, m) is given by f(X) = (det(X,))™
where X € E is represented in block form as [X, X,], with X; an n x n ma-
trix. Since P(E, m) is the G-invariant subspace spanned by fe, it is easy to verify
that P(E, m) consists precisely of all determinantly homogeneous polynomials of
degree m on E. At this point, we recall that f, = D(q, £)f; belongs to H(E, m).
Because R(+, £) = R(*,m) is an irreducible representation of G on H(E, m), the
polynomial functions R(g, m)f, span H(E, m). Let L be the first k x n block
of the matrix q. Clearly LyL} = 0; therefore fo(X) = (det(XLy))™ and

(R(g, mfy)(X) = (det (XgLE)™ = (det(XgL) )™ = (det(Log)X))™.

Set Log" =L, then LL" = (Log")(gL) = LoL5=0. O

Now recall that G, is the real special orthogonal subgroup of order £, let
U(k) denote the unitary subgroup of GL(k, C), and Dy (*, p) (resp. Dy(*, £))
denote the restriction of D(+, p) (resp. D(*, £)) to U(k). Then, by Theorem
1.1,D4(+, p) and Dy(+, &) are irreducible. Similarly, Ro(*, p) = R(*, p)/G,
and Ry(*, &) =R(*, £)/G,, are equivalent irreducible representations of G.
From §1, and the first part of this section, it follows that the p-covariant and
£-covariant polynomials on E are intimately related. In the proof of Theorem 1.3,
we used the irreducibility of D( -, £), indirectly, via Theorem 1.5, to see that
D(-, p) is irreducible. Actually it may be shown directly that D(-, p) is irreduc-
ible. Indeed, let P denote the parabolic subgroup of GL(k, C) consisting of all
matrices given in block form as [¢ 9] with a € GL(n, C) and set (¢ =
p(@). Then we may apply the inducing technique of Theorem 1.1 to Pand easily
show that D( -, p) is equivalent to the irreducible holomorphic induced represen-
tation (-, p) of GL(k, C).

In the sequel, we shall reverse the scheme used in §1 and previously in this
section, i.e., we shall assume that Dy(, p) and Ry (*, p) are irreducible and then
prove that Dy(*, £) and Ry(*, &) are irreducible. This approach gives interesting
results which subsequently will be used in §4. However, instead of achieving these
results in that particular context, we shall attain them in a more general setting.

Let E be a finite dimensional complex vector space. Let U and K be two
compact Lie groups. Suppose that U and K act linearly on E to the left and to
the right respectively; moreover, we assume that the two actions commute. Let p
be a continuous irreducible unitary representation of U on a complex Hilbert
space W. Suppose that we are given a nonzero finite dimensional complex vector
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space H p Which consists of p-covariant mappings from E into W. We also require
that the representation T of K obtained by right translation on Hp is irreducible.
The commutativity of the two actions (of U and K, respectively, on E) insures
that H, is T-invariant.

Let W* denote the dual of W and set

ﬁ ={locF:1€eW* FEH,)}

Then clearly H is a finite dimensional complex vector space. Next, let T be the
representation of K on H defined by:

[T()( > PO = [ » Fl(Xg) = KF(Xg))

(3.16) = (T)FX)) = [l - (T(e)M] (X)
foralll € w*, FeH, g€EKand XEE.

Now we make the additional assumption that H, and R' are equipped with ap-
propriate inner products in which T and T are contmuous unitary representations

of K. Letd, and d;. denote the degrees of p and T respectively. Under the above
hypotheses we have

THEOREM 3.8. The Hilbert space H may be decomposed into an orthogonal
direct sum of Teinvariant subspaces, ie.,

d, -
=2 ®H),

in such a a way that, for every a=1,2,..., p, if T denotes the subrepresenta-
tion of T on (H )» then T is unitary equivalent to T.

ProOF. Let(-,*)and (-, *) denote the given inner products on W and H P
respectively. Let {¢;, 95, ..., ‘Pd } be an orthonormal basis for W, and let

AN L /’} denote its dual basxs Let {F,, ..., F T} be an ortho-

normal basis for H o
Set

p@),s = {p(u)p;, ¢, forallu €U; rs=1, 2,...,d,,

317 .
T(g); = (T@)F;, F) forallg€K; ij=1,2,...,d,.

Consider the subspace li(Hp) ={lleF:Fe Hp}; then clearly If(Hp) is
spanned by the functions F/ =1/ » F; (1 <i<dy); moreover, I/(H,) is a Tlin-
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variant subspace of Ffp for every fixedj, j=1,..., d,. Indeed, from (3.16)
we get

T W o Fy= 1 (T(s)F),

and since T(g) F belongs to H,, T ° F) belongs to (H,).
Let T(-, 17) denote the restriction of T to I’(H ). For every j, define a
linear map ®; from H, onto l(H ) by

<I>l-(F)=I’OF forall FEH,,.

From equation (3.16), it is clear that each &, interwines T and T( +, /). Be-
cause T is irreducible ®; is either injective or identically zero. We shall prove that
for every j = . d‘0 , ®; is actually a K-module isomorphism. For this pur-
pose, we shall prove

LEMMA 39. The system {Ff};, 1 <j<d,, 1 <i<dp, constitutes a
basis for ﬁ .

PROOF For every F € H and every I € W™ we write F = 2, 1 ¢;F;, and
I=22 bl/. Hence

]
loF= Za‘b](lj o Fl) = Za‘blei,
& 5j

and this implies that the system {F,.i } ;j generates ﬁp. Now suppose that

Z; c,]F =0forc; €C 1<i<dp,1<j<d,. From equation (3.17) we

get

dr
T(QF,= . T),F, fori=1,...,d;g€EK.
t=1
Therefore, by equation (3.16) we obtain
dr

[TF10) = [ o M@FIX) = V[ 3 T(e),,F, (D)
t=1

(3.18)
dr

Z T(g)y (¥ © F)(X) = Z T(8);Fi(X).
Next, for u € U, and X € E we have

P
p()p, = Z_:l Pu),50,

and
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d
F ) = s (0 = (0) X FH000)

dp dp dp
(3.19) = Zl FiX)p)ys = 21 Fi(X) Zl p(tt),-;«p,)
§= §= j=

dp [ dp
= Z(Z p(u),-sF,-‘(X)><p,--
j s=1
Therefore, from equations (3.18) and (3.19) we get
d d, N
FluXe) = 3 o), FiHD) = 3 o), F@FI(0)
s=1 s=1

dr

. d
(320) 5> p)s T T(yFiX) = 3 p(u); T(&)F3(X);
s=1 t=1 5t

1<s<d,;1<t<dy.
By assumption we have

Y, FluXg)=0;, 1<i<d, 1<j<d,,
Gany 0 ST =i

foralu€ U, X €E, and g €K.
Recall that from Schur’s orthogonality relations we have

d fU o(u) sp(u) pdu=28;8, and deK T(g)“j'@.m dg = 8.0,

where 6 are the Kronecker symbols and du, dg are normalized Haar measures on
Uand K respectively.
From equations (3.20) and (3.21) we infer that

0=d,dy [ x P@ag F(g).m<§ c,.,F{(qu)) dudg
=dydp [ i P@egT @y g;j o (§ Py T(g),,-F:oo) %du dg
=dydr ¢ g z F:(X)( S e P00);P s T Ty dg)i
=dydrT 3 TF ( S e P@isP (g du) ( [ T©.T®),, dg)i

—ZcuzZFS(X)a]a Bty m} E LJ ’Y X)51a8m

CoaF9(X) foralln, e, 8,y and all X €E; 1 <n,y<dj,1<a, B<d,.
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This implies immediately that ¢;; = 0forallj, j (I<i<d;, 1<j< dp). Hence,
the proof of Lemma 3.9 is concluded. O

Now, by construction, each ®; maps H onto l’(H ), and Lemma 3.9
shows that dim(H,) = dim(/(H p)) Hence, <1> is a K-module 1somorph13m By a
well-known fact (see e.g., [20, p. 285]) we may assume that each T( <, )is
unitary equivalent to 7. This implies that the representations T( 1, 1<5<
d,, are unitary equivalent to each other. N

As continuous unitary representation of a compact Lie group, T decomposes
completely into a sum of continuous irreducible unitary subrepresentations T
a=1,2,.... Therefore H may be represented as an orthogonal direct sum of
its subspaces

(3.22) =Y & CAR ?'/(gp)a =T,

Now by the above paragraph, as K-module ﬁp is also a direct sum (not
necessarily orthogonal) of the submodules //( Hp). By a classical result concerning
decompositions of semisimple K-modules (cf., e.g., [S, Proposition 3, p. 175]), we
may conclude that the i in equation (3.22) are unitary equivalent to each other
and that 1 Sa<d,. O

Now we recall from §2 that S (E *) was equipped with the inner product
defined by (p, @) = (¢(D)q)(0). For y € GL(k, C) we remark that (R(y)q)™
= R(7)q. Therefore, using equation (2.1) we get

(3:23) (R()P, RB)) = RPIPOIRGIRG)IT)).

If y € U(k) or y € 0(k), then y*'y = 1, and in that case, by using equation
(3.23), we have (R(»)p, R(¥)q9) = (p, q).

Choose an orthonormal basis {y,, ¢,, ..., cpd } for Hol(GL(n, C) £)in
such a manner that the first element /! of its dual ba51s at, 12, , 1 P} satis-
fies 11(p) = c (1) for all p € Hol(GL(n, C), £), where c is a constant of normal-
izations. Let p, denote the restriction of p to U(n); since U(n) is compact we
may assume, without loss of generality, that p, is a continuous irreducible unitary
representation. Set

(P(E, p))~ ={l° F: F €EPE, p), € (Hol(GL(n, C), £))*};

then clearly (P(E, p))™ is a subspace of S(E *). Let 50( +, p) denote the repre-
sentation of U(k) obtained by right translation on (P(E, p))~. The above inner
product on S(E *) induces a Hilbert space structure on (P(E, p))™ such that
50( *, p) is a continuous unitary representation of U(k). We shall also equip
P(E, p) with the inner product
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d
p . I
(F,IF)) = Zl ( o Fy, 1 o F,).
l:

Then, for all y € U(k)

P
o0 PIFLIDG(: DY) = 2. (o DOy, p)Fy, 1  Dy(, PIF)

Q‘N
20

=3 @y, 0 o Fy, Do, p)V o F,)

il

(Vo F,,V o Fy))= (F||F,)

1l
™M

i=1

d, '

j=1
Therefore, Dy ( * , p) is continuous 1rreduc1ble unitary representation of U(k). By
our choice of the basis {{!,...,1 P} we notice that &, (P(E, p)) = P(E, &) (see

also Theorem 1.5). The followmg corollary may be deduced immediately from
Theorem 3.8.

COROLLARY 3.10. The subspace (P(E, p))™ of S(E ™) may be decomposed
into an orthogonal direct sum as

dp
(PE, p)~ = X DPE, p);.
a=1

In addition, each (P(E, p))y is (unitary) isomorphic to P(E, p), and
(PE, p))T = P(E, £).

By an analogous reasoning, Corollary 3.2 and Theorem 3.8 lead us to

COROLLARY 3.11. The subspace (H(E, p))™ of H(E*) may be decomposed
into an orthogonal direct sum of simple G-modules as

dp
HE, p))~ = ; D HE, p))y.-

In addition, each Gy,-module (H(E, p))y is (unitary) isomorphic to the Go-
module H(E, p), and (H(E, p));" = H(E, £).

Notice that a similar result to Corollary 3.10 was obtained by S. Gelbart [7],

The special class of G-harmonic polynomial functions in Corollary 3.7, was
also studied in great detail by H. Maass [19]. Indeed, if we let p, € S(E *) be
defined by po(X) = det(XX ') for all X € E, then py(D) is precxsely the differen-
tial operator introduced by H. Maass [18]. Clearly, py €J, (E™), so that H(E, m)
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is a subspace of all “harmonic forms” in [18]. These so-called “generalized spheri-
cal harmonic functions” lead to interesting questions in harmonic analysis. In the
next section we shall investigate these ‘““generalized spherical harmonic functions”
for any &(my, my, ..., m,)withm;, Zm, =-++2>m, =0.

4. Harmonic analysis on Stiefel manifolds. Suppose that k > 2n; then the
Stiefel manifold S™¥ consists of all matrices s € E, such that ss* = 1,,, where
1, denotes the identity matrix of order n. Let H (8™%) denote the space of func-
tions on $™* obtained by restricting all G-harmonic polynomial functions on E to
the Stiefel manifold.

When n = 1, the Stiefel manifold S!** reduces to the (k — 1) unit sphere;
the spherical harmonics are then obtained as restriction of the harmonic poly-
nomials to the surface of this sphere. Using the spherical harmonics one can ob-
tain a very interesting decomposition of L2(R¥) into a direct sum of subspaces, in-
variant under the Fourier transform and under the action of the rotation group.
The references to this classical subject are abundant; see for example Vilenkin[24,
Chapter IX], Coifman and Weiss, [6, Chapter II] and Stein and Weiss, [21, Chapter
IV]. The excellent treatment by Stein and Weiss seems to conform the most to our
geometrical intuition.

This section is organized in the following way: The first part will be devoted

to the establishment of the isomorphism between the G-harmonic polynomial func-
tions and the Stiefel harmonics; and from this a decomposition of L2($™*) will
follow. The second part will treat the direct sum decomposition of L2(E0) in
connection with the Stiefel harmonics and the Fourier-Plancherel transform.
The results of the first part are original. The theorems in the second part may be
regarded as a reformulation and unification of parts of the work of S. Gelbart [7]
and C. Herz [13]. Nevertheless, the proofs involved in the second part are inter-
esting, for it is somewhat surprising that the method given by Stein and Weiss [21]
may be generalized word by word to our situation.

Recall that I = [1, 0] was defined in §3; clearly I belongs to S mk Ifse
S™k then the rows of s can be extended to an orthonormal basis for R! *¥ such
that if g is the matrix formed by k orthogonal row vectors, then g € G,. Hence
Ig = s; from this we conclude that G, acts transitively on S™k_ It follows that
S™¥ may be diffeomorphically identified with the homogeneous space
SO(k — n)\SO(k). In this section, we shall prove that the restriction mapping f —
f/S™k (fE€H(E™)) is an isomorphism. For this purpose, we first need

ProrosiTiON 4.1. Let E be a finite dimensional vector space over the com-
plex field. Assume that G C Aut(E) is a connected linear algebraic group such
that G is the complexification of a connected subgroup G of the automorphism
group Aut(E) of E. Suppose that the mapping g — Xg from G to E is holomor-
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phic for a fixed X € E (here Xg denotes the action of G on X).

Let f be a holomorphic function on E. Then the following statements are
equivalent:

@) f(Xg)=0foralg€EG,,

(ii) f(Xg) =0 forall g €C.

ProOF. The proof of elementary. For details see [23]. O
Let S(S™¥) be the ring of all functions on $™* obtained by restrict-
ing elements of S(E*) to $™*. Then we have

THEOREM 4.2. The restriction mapping f — f/S™* (fEHE™®))isa
G,-module isomorphism of H(E™) onto S(S™F).

PrROOF. Let 0 denote this restriction mapping. Then it is clear that 8 is
linear. By Theorem 2.5, S(E™) = J(E*)  H(E™); since J(E™) reduces to scalars
on the Stiefel manifold, it follows that 8 is surjective and that S(S™*) = H(S™¥).
Let us show that 8 is injective. First, observe that I is quasi-regular, i.e., that P C
U,.cc+0.y- This can be proved as follows:

We equip £ with the norm || * || defined by || X || = tr(XX?)", and recall
that Zy = [(Z,,) (0) (—=I') (0)], as defined in §3, is such that Ozo =P, =
{X €E: XX* = 0, rank(X) = n}. Now for any € > 0, let ¢ = c(e) be a fixed
square root of 2e(1 —i + €). Let g € GL(k, C) be given in block form as
[__%' 1,_77'] (we suppose as usual that & is even; the case k odd may be treated in a
similar fashion); here D (resp. D") is a diagonal matrix of order &/2 with diagonal
entries all equal to (1 + €)/c (resp. (—i + €)/c). Now, by a simple computation
one can see that g € G and

4.1) le(e)lg — Zy Il = (2n)%e.

Any element of ( z, is of the form Z,g, for some g; € G. Since the mapping
X — Xg, from E to E is continuous, equation (4.1) implies that any element of
0z, may be obtained as limit of elements in Ucec+0.1-

Now Proposition 5 (p. 343) of [15] implies that the mapping v,: H(E*) —
S(0,) is a G-module isomorphism (see [15] for definitions and notations). Now
if f € H(E*) and 0f = 0, then since S™* = IG,, we have f(Ig) =0 forall g €
G,. From Proposition 4.1 it follows that f(Ig) = O for all g € G. But this just
means that 7;(f) = 0. Therefore f= 0 and, hence, 6 is injective. Now it is clear
that 6 is a Gy-module isomorphism. O

Recall that the representation Ry( +, £) = R(+, £)/G, of G, on H(E, §) is
irreducible. Let H(S™¥, £) denote the subspace of H(S™¥) which is obtained by
restricting the G-harmonic &-covariant polynomials to the Stiefel inanifold sk,
Let Rff( +, £) be the representation of G, on H(S™¥, ¥) obtained by right transla-
tion; then Theorem 4.2 immediately implies the following result.
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COROLLARY 4.3. The restriction mapping f — f/S™* (f € H(E, §)) is an
isomorphism intertwining Ry( * , £) and Rf( *, £): hence, Rg( *, §) is irreducible
with highest weight

§(my, my,...,m,,0+++0).
— —_— —
[k/2]

REMARKS 4.4. (i) With regard to the proof of Theorem 4.2 it is interest-
ing to note that 0; = {X €E: XX’ =1 }. Indeed, to show this we remember
from Lemma 2.8 that the symmetric bilinear form (-« |+) was defined on C!*¥
by (x|y) =xp*. If XEE and XX' =1, then the n rows of X, say x;, x,,

.++5 X, constitute an orthonormal system for C'*¥. Let ¥ = V', be the sub-
space (of C! *¥) spanned by x,,...,x,. Now the restriction of (+|+) to V'is
nondegenerate. For if x € V, then x = Z_| ¢;x;, and (x|x;) = ¢;. It follows
that C!1**¥ = ¥ @ V1. Also, (*|*) restricted to ¥ is nondegenerate, because
if y € V1is such that (y|z) = 0 forall z € V! theny € (Vl)J‘ = V, hence, y €
V+O ¥V and y = 0. Therefore, yt possesses an orthonormal basis with respect to
(+l*),say X, q,..., %;. Clearly, the system {x,, x,,...,x;} is an orthonormal
basis (with respect to the bilinear form (+| +) of C**¥). Let g be the k by k ma-
trix with columns x}, x5,..., x%. By replacing, if necessary, x,,, ; by —x,,,
we may assume that g € G. Next, it is clear that Xg = I, and from this our de-
sired conclusion follows immediately.

(ii) A more direct proof may be given for Corollary 4.3. Indeed, let us de-
note by H(E,, £) the linear space of all complex-valued polynomial functions on
E,, which is obtained by restricting elements of H(E, £) to E,,. By analytic con-
tinuation the restriction mapping f — f/E, (f € H(E*)) is an isomorphism.
Next, set By = B N GL(n, R), and let H(E{) denote the linear space consisting of
all G,-harmonic, complex-valued polynomial functions on Ej,. Then it follows
that H(E,, §) is a subspace of H(E}) such that if f € H(E, £), then f(bX) =
£(b)f(X) for all (b, X) € By x E,. Moreover, the representation of G, obtained
by right translation on H(E, £) is irreducible. Now by an argument using the
Gram-Schmidt process, similar to the one used to obtain the Iwasawa decomposi-
tion for GL(n, R) (see, e.g., [14, Theorem 14, p. 305]), we may conclude that
E, is essentially BOS”"‘ . From this fact we infer that the restriction mapping
f— fIS™¥ (f € HE,, £)) is a Gy-module isomorphism. Hence, R (-, £) is
irreducible.

Now set K, = SO(k — n) and let ds denote the unique normalized, regular,
G,-invariant Baire measure on the homogeneous space K,\G,. Let R"f denote
the continuous unitary representation of G, which is obtained by right transla-
tion on L?(K,\G,), the Hilbert space of square integrable complex-valued func-
tions on K,\G,. In addition, we shall designate by éo a set of representatives of




36 TUONG TON-THAT

equivalence classes of continuous irreducible unitary representations of G,. By the
Peter-Weyl theory, we then have the following decomposition of L2(K,\G,) into
an orthogonal direct sum of R#-invariant subspaces:
42) L*(Ko\Gp) = 3., @D P\L*(K,\G,),

AEG,
where P\ =d, [ GotrX(g)sz (g)dg and d, is the degree of A. In general, the re-
striction of R# to PALz(KO\GO) is not irreducible but “primary”, i.e.,

4.3) PLA(K\Gy) =2 D V),
M

with R# / Vﬁ unitary equivalent to A for all u. A continuous irreducible unitary
representation A of G, on a Hilbert space H, is said to be of class 1 with respect
to K, if there exists a nonzero vector hy € H, such that A(k)h, = h, for every
k € K, (cf. [11, p. 414] for details). Set

W\ = {h € H\: Nk)h = h, Yk €EK,}.
Then clearly W, is a subspace of H{,. Under the above assumptions, the follow-

ing classical result is valid. A similar result, valid in a more general context, has
been proved by Gross and Kunze [8, Theorem 2, p. 129].

ProrosITION 4.5. The projection P, is of finite rank, and P, is nonzero if
and only if \is of class 1 with respect to K. In addition, the number of timeés that
A\ occurs in the reduction of R# is precisely the dimension m, of the space W, .

Proor. We sketch the proof. First, observe that m, = dim W, is equal to
the multiplicity of the trivial representation 1 Ko in the reduction of MK, the re-
striction of A to K,. Next, by the Frébenius reciprocity theorem, the number of
times that 1 Ko occurs in the reduction of A/K, is equal to the number of times
that X occurs in the reduction of the induced representation de 1G, 1 K, . But
the latter is merely the representation R# on Lz(Ko\GO) In conclusmn, the
above facts together with equation (4.3) imply that

“44) dim P\L*(K\G,) = m, dim V4 = dim W, dim yh <ee.

Finally, it is clear that X\ is of class 1 with respect to K, if and only if dim W, >
0. The last part of the proposition now follows immediately from equation (4.4).
]

We shall say that P,L%(K,\G,) is the subspace of L?(K,\G,) which trans-
forms under Rg according to A. By Theorem 1.1, we also know that any A € (:‘0
may be obtained by the inducing process of Theorem 1.1. Therefore, we may set
A =my(,$); where § =¢(my, m,,..., m[k/2]) is a dominant character of the
maximal torus T of G, (see Lemma 3.3). The integers m; in the dominant char-
acter { must satisfy the following conditions:
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my=my = Zmy,; =0 whenkis odd,
and
my =my =-cc2>|m,| whenkiseven

(cf. [28, p. 41] for details).
Now by Proposition 2.1 (p. 32) of [7] a representation my(*, {) is of class 1
with respect to K, if and only if § is of the form

§(my, my,...,m,,0,0,...,0).
N~

[k/2]
Therefore, we may rewrite equation (4.2) as
@45) L*(Ko\Gp) = > O Pno(',S’)(Lz(Ko\Go))
§

where the summation ranges over all { € T with
§=8(my, my,...,m,,0,...,0)
N m— e
[k/2]

and my >m, >+« >m, >0. Now recall that K\ G, may be identified with
the Stiefel manifold; thus the above results together with Corollary 3.11 of §3
will enable us to obtain a concrete decomposition of L2(S™%).

Let (¢, *)g denote the inner product defined on L2(S™F) by

G b = [,  FORG) ds.

Recall that K, is the stability subgroup of I = [1, 0], so that G, acts transi-
tively on S™*. Next, for every continuous complex-valued function f on S™%
we have

(4.6) IS"' k f(S)ds = fGo f(lg)dg.
Indeed, to establish (4.6) we observe that ds is G-invariant so that
fsn,k fGs)ds = fS"'k f(sg) ds forall g €G,.

And by Fubini’s theorem

fs":  fGg)ds = fGo {fs"» . 62 ds} dg

- s"'k{fco f(Sg)dg}ds.

For every s € ™% there exists & € G, such that s = Ig.. Therefore, by perform-
ing the change of variable g — g~ 1¢ in the inner integral of the last equation,
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and by observing that G, is unimodular, we get

fs"' K {fGo f(s9) dg}ds = fs"' k{fGo (g dg} ds = fGo f(Ig) dg.

Next, set
HES™*, p))~ = {f/S™*: f € HE, p))™}

where the subspace (H(E, p))~ of H(E*) is the space defined in §3 (cf. Corollary
3.11). By Theorem 4.2, as a G,-module (H(S™¥, p))™ is isomorphic to the Go-
module (H(E, p))~. Now by the proof of Theorem 3.1 and, in particular, by
Lemma 3.5, it follows that (H(S™¥, p))™ consists of functions which transform
according to my(«, §) (recall that p = 7(+, &) is a representation of GL(r, R)
and that in Lemma 3.5 7 (-, {) was obtained by applying the inducing process
of Theorem 1.1 to

¢ =8my, my,...,m,,0,...,0)

(k/2]

where the indices m; are those in £(m,, m,,..., m,). We also have the following
decomposition of (H(S™¥, p))™ into an orthogonal direct sum

dp
4.7 HES™ ¥, p))” = 3 D HES™F, o))y
a=1

In equation (4.7) the restriction of Rg to each (H(S™*, p)); is unitary
equivalent to my(+, §). Now according to Proposition 2.2 in [7] (referred to as an
“Act of Providence”, p. 33), the number of times that mo(*, §) occurs in the re-
duction of Rff is exactly the degree d, of the representation p. The argument for
this involves repeated applications of the branching theorem. A more general re-
sult with a more straightforward proof will appear in [9]. From this last fact and
equation (4.7), we infer that (H(S™¥, p))~ is precisely the subspace of L2(S™¥)
which transforms according to my( ¢, ). To unify the notations we set

~ - Lk W
(4.8) H(ES™ k),,o( L0 - (H(S™ K, P) s H(S™ k ﬁo( ) = (H(ES™ 5, Py
Similarly, we set

“49) H(Eo)ﬂo( 8 = HE,, ), H(E, ﬁo( :8) = HE,, p)):.

Now let my(+, &) and my(+, §,) be two different class 1 representations of G;

we shall show that H(Sn’k)"o('» ¢ and H(S""‘),,o( .5,) e orthogonal. For

this we observe that it is sufficient to show the following: If {f%,f5,...,f 3}
is an orthonormal basis for H(S””‘)%o(. ,¢,) and (8,8 ....ff isan
orthonormal basis for H(S™¥ (e ) then (fF Mg =0forallij, 1<i
<s, 1 <j <t Indeed,
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G tPs = [, SIOTHS ds
=/ 6, [18)/](g) dg by (4.6)
= [ 5, REOMHMRYESTH ).

Because the restrictions of the representation R# to H(S™ "),T o(81) and to
H(S™ "),,0 (~8,) respectively, belong to different classes of lrreduc1ble unitary
representations of G, the orthogonality relations immediately imply that the last
integral in the above equation is equal to zero.

We summarize the above results in a more concise fashion in

THEOREM 4.6. The Hilbert space L*(S™*) decomposes into an orthogonal
direct sum of its subspaces as follows:

(4.10) LA™ %) = ? © HE™ )y (-, 01

where each subspace H(S""‘),ro (+,8) transforms according to the irreducible uni-
tary representation my(* , §) of G, and where the summation ranges over all
representations my(* , ) which are induced from the dominant weights

¢=¢(my,my,...,m,,0,...,0)
N —— N ———
[k/2]

of Gy. In addition, each subspace H(S™ ok o (58 which consists of Stiefel har-
monic functions, is invariant under the representanon R¥ of G, on L2(S™%).

NoTes4.7. (i) When n =1 and k > 2, Theorem 4.6 reduces to the classical
decomposition of the Hilbert space L?(S*~!) into orthodirect sum of homoge-
neous spherical harmonic subspaces (see, e.g., [21, p. 141]).

(i) In the decomposition (4.10) when ¢ = ¢(m, m,..., 0,..., 0), it is easy to
see that deg p = 1 (cf. [26, Theorem 7.5B, p. 201]), so that H(S™¥), 0(H9) is
then reduced to the subspace of all determinantly homogeneous St1efe1 harmonics
of degree m (cf. Corollary 3.7 of §3).

Recall that for every a, the linear space H(E)% o(+:5) Was equipped with the
inner product (+, *) defined by (p, 9) = (@(D)q q)(O) Now if we denote by
RG(*, §) the representation of G,, obtained by right translation on H(E)% (5 8)
then by Corollary 3.11, Rg( -, §) is irreducible. Since the G-harmonic poly-
nomials are determined by their restrictions to the Stiefel manifold $™*, we
may equip H(E)j 0(5:9) with the inner product (-, *)g defined by

@ D5 = [ kPG ds Vo, q € HE (- 1
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PROPOSITION 4.8. There exists a constant C = C(a, my(*, §)) such that
@, ‘I)s = Cp, 9) Vp, q € H(E)%O( . 8)

ProoF. The proof is elementary. O

The next part will be devoted to the study of Lz(Eo), the Hilbert space of
square-integrable functions on E,. For this purpose, we let P, denote the cone
of positive definite matrices of order n. Then we may write almost all X € E,
uniquely in the form X = r*s = r[X]s[X] where r € P, and s € S™¥. Corre-
sponding to this decomposition of Ey we have the volume element dX =
(1/27)|r|#%~=n=1) ds dr, where ds is the unique measure on S™* invariant under
the action of G, (cf. [13, p. 482]).

A function f on E,, is said to be radial if it depends only on its “radial part”,
ie., f(X) = j‘/ (r[X]) for some function f‘/ defined on P,,. It is easily seen that
this is equivalent to the statement that f is G,-invariant. For every =
H(S™ ), o(8) We define a function & on E, by setting h(X) = h (s [X]) where
s[X] is the “Stiefel part” of X (of course, 4 is defined only almost everywhere
on E,). Now let H(E}), 0 (1 O denote the subspace of Lz(Eo) which is spanned
by all products of the form fh, where f is radial, iV belongs to H(S™¥), .5
and fh belongs to L?(E). o

From Theorem 4.6 we deduce the following result.

COROLLARY 4.9. The Hilbert space L*(E,) may be decomposed into an
orthogonal direct sum of the form

@.11) L*(E,) =Z§Z @D HEQry(-, 0

where the sum ranges over all dominant weights {(m,, m,,...,m,,0,..., 0) (of
Go) withm, >my, >+++>m, >0.

ProoF. We sketch the proof. The fact that every H(S™¥), (59 is finite
dimensional implies readily that every H(E,), (9 is a closed subspace of
L2(E ). The mutual orthogonality of the H(Eo),, 049 follows immediately
from the mutual orthogonality of the H(S™ "),, o(58)" The result now fol-

lows if we observe that L2(E,) = L2(P,) ® L2(S” *) and that L2(S™%) =
ZeDHE" )y (e O

In the classical case when n = 1, the decomposition (4.11) possesses the ad-
ditional property that the Fourier transform maps each summand onto itself. In
[21], this fact was obtained from the crucial observation that the subspace of
each linear space H/(E¥) which is invariant under the action of K, (the stability
subgroup of the pole I = (1, 0,..., 0)) is of dimension 1. This optimal situation
occurs also in our case if we consider the subspaces H(E°)”o( o5 With § =
¢(m,0,0,...,0) or
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¢=¢tm,m,...,m,0,...,0).
[k/2]

It is easy to see that with ¢ = ¢{(m, 0,..., 0) we obtain again the classical case
(n = 1); on the other hand, when ¢ = {(m,..., m, 0,...,0), H(S”"‘),,o(.’;.) is
reduced to the subspace of all determinantly homogeneous Stiefel harmonics of
degree m. In the remainder of this section, we shall investigate this situation.

For fin L'(E,) N L*(E,), we define the Fourier transform of f (denoted
Ff) by setting

FW) = [, epE2m@NYMAY; ®IY) = w@r).

Recall that the representation of G, obtained by right translation on H(E, m)
was denoted by Ry(+, m). To this corresponds the representation Rff (+,m)on
H(S™*, m).

Let s € S™*, then the mapping f — f(s) (f € H(E,, m)) is a nonzero
linear functional on H(E, m). Therefore there exists a unique function ZJ' €
H(E, m) such that, f(s) = (f, Z")g for every f in H(E,, m).

DEFINITION 4.10. The function Z7* will be called the zonal harmonic func-
tion of H(E,, m) with pole s. The zonal harmonic function with pole I is par-
ticularly interesting and will subsequently play an important role. To simplify
the situation, we remark that a function f € H(E,, m) is Gy-harmonic if and only
if f is harmonic, i.e. Z'_, A;;f = 0 (cf. [13, p. 484]). In [7], Gelbart proved
that every polynomial on Ej of p-covariant type is G-harmonic if and only if f
is harmonic. We shall obtain a similar result for the &-covariant polynomial func-
tions on E.

PROPOSITION 4.11. Let f be any element of H(E, £); then f is G-harmonic
if and only if f is harmonic.

PROOF. It is obvious that if f is G-harmonic then f is harmonic. Now as-
sume that Z{_ A, f = 0. We shall show that A;f =0 forall§, j, 1 <i<j<n.
Recall that in the proof of Corollary 3.2 of §3, we defined the linear map L(a)
by L(@)X = aX, X € E, a € GL(n, C). Also, equation (3.14) implies that

[8,(f o LONI(X) = 3 byibg [AF1(Y)
4.12) he=1
forall b €B,X =E and Y = bX.

Now the fact that f is £-covariant implies that £(b)f = f o L(b) and

i [8;(F > LONID = £0) 2 [4; F1X) =0
(4.13) i=1 i=1

for every b € B.
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Now let b € B with b;; # 0,i=1,...,n,b,; # 0 for some fixed t and j (¢ >)),
and b,; = 0 otherwise. Then, for such a b, equation (4.11) implies that
[4 (f o LONICD) = b2 [8: 1Y) if i #],
414)  [8;(F o LONID)
= b2[A;£1(Y) + 2b,by; [A£1(Y) + b2 [A, F1(Y).
Now it is easy to see from equations (4.13) and (4.14) that

Z b [Auf](X) + 2bt] ji [At]f](X) + b [Attf](X) =0
@13) i=1 for every X € E.

Equation (4.15) represents a homogeneous system of linear equations with un-
knowns [A;f1(X), 1 <i<n,and [A, ;f1(X). From the arbitrariness of the co-
efficients b;; and b,;, we infer that [At, f1(X) = 0 and [A;;f/]1(X) = O for all
i=1,...,nand all X € E. From this it follows immediately that f is G-har-
monic. O

Now let d,,, denote the degree of Ry(*, m). Then the following result is

true.
Lemma 4.12. (a) If {f},..., fd } is an orthonormal basis for H(E,, m)
then d,,
Zm (s;) = Z f(sl)f (s5)-
i=1

(b) Z7 is real-valued and Z (sz) zr (sl)for all s, s, s, € sk
(c) Forallg € Gy, Ry(g, mZG = Z.

Proor. (a) Since {f;,..., fdm} is an orthonormal basis for H(E,,, m) we
must have

dpm
Z @] f )sf; = 2 f)f
i=1 i=1
so that Z7"(s,) = z;’;",f,.(_sl)f,.(sz).

(b) To prove that Z7" is real valued we observe that we can choose the or-
thonormal basis in (a) to consist of real valued functions. Indeed, set A =
Zn_,A; and observe that Af = 0 if and only if Af = 0. Therefore the system
{Re(f;), Im(f;)}; is a set of generators for H(E,, m). Choose from this set a
system of d,,, linearly independent functions. Then by applying the Gram-
Schmidt process, we get the desired orthonormal basis. Now (b) follows imme-
diately from (a).

(c) The equation

(f, R(e, mZ)s = R(g™", m)f, Z)s = R(z™", m)f) () = () = (f, Zg,
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which holds for all f € H(E,, m), shows immediately that R(g, m). ;”g =Z7. O
Let

1y !
Ko={|----+---]: uesoxk-n};
0 '

then K, is the subgroup of G, fixing I. By Lemma 4.11, we have Ry(u, m)ZT;,
= Ro(u, m)Z{*=Z7 for allu €K,. Let

W, (1) = {f € HEy, m): Ry(u, m)f = f, Yu EK,};

then by Proposition 4.5 and Note 4.7 we deduce that dim W, (I) = 1. Since
™ is nonzero and Z{" belongs to W,,(I), we infer that W, M ={cZ": c€C}L
DEFINITION 4.13. For s, € S™* we define a parallel on S™* with respect
to the pole s; as the orbit of an s € S™k under the subgroup of G, fixing s,.
Note that a parallel on S™¥ with respect to the pole I is the orbit of some
s € S™¥ under K. Now for any s; € S™¥, s, = Ig, for some g; € G,; hence,
the fixing subgroup of s, is g7 'Kg,.

PROPOSITION 4.14. Suppose that s, € S™*; then f € H(E,, m) is con-
stant on parallels of S™* with respect to the pole s, if and only if there exists
a constant C, such that f = ClZ;'; .

ProoF. First observe that Z[" is constant on parallels with respect to the
pole I since for all s € S™* and all u € Ky, Z{H(su) = Zy,—1(s) = Z['(s). Now
for s, € S™¥ such that s, = Ig,, we have

i CEry tug))) = Zg pr1(sgy ' w) = 27" (s87") = Z7 (-
Hence, ZI* is constant on parallels with respect to the pole s,. Suppose now that
f € H(E,, m) is constant on parallels with respect to the pole s,, i.e. fs(g7 ug,))
= f(s) for all u €K,,. But this is satisfied if and only if R)(R(g,)/f) = R(g,)f

for all u € K,. Now since dim W, (I) = 1, we get R(g,)f = C,Z}" for some
constant C; € C. From this we deduce that f = c,zgl = clz;'l'. a

PROPOSITION 4.15. Suppose that fs (s,) is defined for all s, s, € sk
and that

() fsl € H(E,, m) for each s, € sk,

(b) RS, =1, forall s € S™*, and all g € G,.
Then there exists a constant C such that fsl (s))= CZ;'; (sy) foralls,,s, €S™ k,

Proor. Fix s, € S™¥ and let g be an element of the subgroup of G, fix-
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ing s,, then from (b) we see that f;l(szg) = fsl 2(528) = fsl(sz); therefore by
Proposition 4.14 fsl = O(sl)Z;"l. To complete the proof of the proposition it
suffices to show that C(s;) = ({s,) for all 5, 5,. Let g, be such that s,g, =
§,; then for all s € S™¥ we have

)27 (5) = C5,)25, (1) = £, (58) = £, 6) = CG,)Z0 ().

From this we deduce that C(s,) = ((s;). O
Recall that, corresponding to every w e H(S™¥, m) we defined a function
h on E, by setting h(X) = h\/(s[X]) for all X = r[X]s[X] with rank(X) = n.

THEOREM 4.16. For every function in L2(Eo) of the form fh, where f is
a radial function and w belongs to H(S™*, m), F(fh) = Th, where T is a radial
function determined by f.

PROOF. As usual, it is sufficient to prove the theorem for the case fh €
LY(Ey) N LA(E,). If X = p*o and (X|Y) = tr(XY"), then

[FOWII = [ exp(-2mi(X IS (NA(Y)AY
0
= [, [, w2 ol b NN e @i HE=n -1 asar
n”s™
= fpn |r|%(k—"-l)f\/(r) {fs"' & €XP - Zni(p%olr’/’s))h\/(s) ds}‘dr.
Now
J 1 0 — 2miCo o) ) s
(4.16) = fs,,' , €Xp (—2mi(p*olr’s)) ( fs"» A (t)Z;"_(t)dt) ds
=fs"' kh\/(t) {L”'  EXP (- 27Ti(p%olr‘/2s))Z;" ) ds} dt
because Z7'(¢) = Z7'(s) and Z7" is real valued. Set
F ()= f kexp(—-21ri(p'/’olr%s))Z’t”(s)-ds.
s™

Then by an argument involving the Fubini theorem and Theorem 4.6, we infer
that F,, belongs to H(S™*, m).
Next

- SRS
Foltg) = fs"' kexp( 2ni(p”oglr s))Z;';(s)ds.
Let s’ = sg~!. Then
Fop®) = [, oxp(=2mi(p" oglr*s's) Ziy(s'g)as'

=f o L EXD(=2ni(p* ol s NZP () ds' = Fo o).
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Therefore, by Proposition 4.15, F, = O(p, r)Z7, where C(p, r) is a constant de-
pending on p and . Now from equation (4.16) we get

Fe1e0 = [, =D [ i nzgea

but
[ OZ2 @t = 1 0.
Hence
Feeo = { [, Mo nrte-r—artico.
Setting

Fx = [, e NirEE=n=1 a,

we obtain F(fh) = ?h O
Note that an explicit expression for f may be obtained in terms of a “gen-
eralized Hankel transform” of f (cf. [13, Theorem 3.4, p. 492]).
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