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SOME SPECIAL DECOMPOSITIONS OF E3
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ABSTRACT.   A great deal of attention has been given to the question:
3

which upper semicontinuous decompositions of E   into pointlike continua give
3 3

E .  It has recently been determined that some decompositions of E   into points

and straight line segments give decomposition spaces which are topologically dis-

tinct from E .  In this paper we apply a new condition to the set of nondegener-

ate elements of a decomposition which enables one to conclude that the resulting
3

decomposition space is homeomorphic to E .

1. Introduction.  In the attempt to determine which monotone decomposi-

tions of E3 yield E3, some authors have studied decompositions having very spe-

cial sets of nondegenerate elements.  For instance, McAuley has shown in [6]

that a U.S.C. decomposition of E3 yields F3 if the set of nondegenerate elements

consists of straight line segments, each of which is parallel to one of a countable

family of lines.  However, Eaton has shown [5] that an example due to Bing of

a decomposition whose nondegenerate elements are line segments gives a decom-

position space that is topologically different from E3. This result indicates that

simplicity of the elements alone is insufficient to insure that a u.s.c. decomposi-

tion of E3 yields E3.  In this paper we prove that decompositions of E3 into a

special class of compact sets which are similarly positioned gives E3.

In order to describe the type of decomposition in which we are interested,

it is helpful to introduce some preliminary notation. First we define a partial

ordering ■< on E3 as follows. Suppose that p, q E E3; p = (xx, x2,x3); and

Q = LVi. y2 > ̂3)- Then p ■< q if and only if x¡ < y¡ for each 1. If p and q are

distinct points of E3, we see that the set of points "between" p and q with

respect to this ordering is a line segment, a rectangle, or a rectangular solid.

Define

R(p,q) = {p'EE3\p<p'<q}.

Let X be a compact subset of E3. Suppose that X contains a point p such that

for every p E X, R(p, p) C X. In this case we shall refer to X as a universally

monotone set.  Our primary goal is to prove
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Theorem 1. If G is a u.s.c. decomposition of E3 into universally mono-

tone sets, then E3fG is homeomorphic to E3.

Figure 1

It should be observed that the hypothesis of this theorem applies collectively

as well as individually to the elements of G.  A u.s.c. collection consisting of

homeomorphs of universally monotone sets or even of isometric images of such

sets may not be topologically equivalent to E3, as noted above. If the set of

nondegenerate elements of G is required to be countable, then this distinction

disappears [2, Theorem 2]. In this case the geometric simplicity of the elements

alone insures that the decomposition space is equivalent to E3.

In order to prove Theorem 1 we will show that certain bounded subcollec-

tions of the set of nondegenerate elements of a decomposition G are shrinkable

in the sense described by McAuley [7]. Roughly speaking, this amounts to prov-

ing that there exist homeomorphisms of E3 onto E3 which (i) shrink each non-

degenerate element of a sufficiently large subcollection of G to a set having very

small diameter, and (ii) do not move elements very far with respect to the topol-

ogy of E3fG.  This is made precise by Lemma 4.1. The lemmas of §3 are

designed to facilitate the proof of this key lemma.

The author is indebted to August Lau, who proposed the problem under

investigation here, and to Robert Daverman for helpful conversations.

2. Definitions and notation. We assume familiarity with basic concepts and

terminology of the theory of decomposition spaces. We write E3/G for the space

associated with a decomposition G of E3. We let n denote the canonical projec-

tion map from E3 onto E3/G. We will use H* to denote the set n~l(H) for each

subset H of G.

We will use d to denote the usual metric on E3. The set of points within

a distance e from a set X will be denoted N(X, e). The diameter of X is the
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maximum distance between any two points of X and is denoted by diam X.  We

will use Z, I2, and I3 to denote the unit interval [0, 1], the unit square Z x I,

and the unit cube I x Z x Z respectively. For each p G Z2 put I_ = p x Z.  For

each point z G Z put P(z) = Z2 x z.   For each closed subset X of I3 define:

xp = xmp,    x(z) = xnp(z).

If G is a decomposition of Z3 put

G(z) = {gEG\GnP(z)ï0}.

Let o denote the projection of Z3 onto Z2 defined by o(x1,x2,x3) = (Xj,x2).

Some additional definitions, though somewhat technical, are useful for

describing homeomorphisms which shrink the elements of a u.s.c. decomposition

G in a very precise manner, and thus embody key concepts of subsequent proofs.

Let {hp} e/2 be a family of homeomorphisms hp of Z onto I indexed by

the points of Z2. The family {hp} will be called a continuous family if and only

if, for each z G Z, the map hz defined by hz(p) = (p, h (z)) is continuous. If

{hp}     2 is a continuous family of homeomorphisms of Z, then there is a "canoni-

cal" homeomorphism h of Z3 onto Z3 whose restriction to each cross section P(z)

is n2 o a. This homeomorphism will be called a homeomorphism defined by a

continuous family.

Let X be a compact set in I3. Put

B(X) = {(s, t)\s < t and X C Z2 x [s, t]}.

The vertical diameter of Zis defined by the formula:

diamz X =       Inf      t - s.
(î,r)eB(X)

Suppose that G is a u.s.c. decomposition of I3 into universally monotone

sets, e is a positive number, and h is a homeomorphism of Z3 onto I3 such that

(1) n is defined by a continuous family {hp} of homeomorphisms of Z onto Z;

(2) for each g EG, if diamz h(g) > e, then n(g) C g;

(3) for each p E I2 and z G Z, h (z) < z.

Then we will refer to n as an e-compression of G.

3. Shrinking the vertical diameter of a compact set. The lemma below pro-

vides a rudimentary tool for shrinking the size of universally monotone sets com-

prising a decomposition G of I3.

Lemma 3.1. Let G be a u.s.c. decomposition of I3 into points and vertical

line segments such that the sum of the set H of all nondegenerate elements of G

is contained in Int I3. Let a and b be real numbers such that 0 < a < b < 1.

Let K be a closed subcollection of G and U an open (relative to I3) set in Int I3,

containing K*, such that K C G(a). Then there exists a homeomorphism h
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defined by a continuous family h   such that

(1) h(K*)EI2 x [0,b];

(2) h\(I2 x [0, a]) U (I3 - U) is the identity; and

(3) hp(z) <z for each p El2.

Proof.  We first show that the required homeomorphism « can be defined

by means of a continuous function p: I2 ->Z having the following properties:

(4) p(x, y)>a for each (x, y)EI2,

(5) K* n (I2 x [a, 1]) C {(x, y, z)\a < z < p(x, y)}, and

(6) {(x,y,z)\a<z<p(x,y)]EU.

Let us assume that such a map p exists. Then there exist numbers s and t such

that 0<s<l,t> l,{(x,y, z)\a <z <a + s[p(x, y) - a]} C I2 x [a, b], and

{(x,y, z)\a <z<a + t[p(x,y)-a]}EU.

il x i

a + t{p- a)

I1 x b

I2 Xa

a + s(p - a)

I1 X 0

Figure 2

Now, for each p = (x, y), hp is defined by the rule:

K(z) =

' a + s(z - a)   if a < z < p(x, y),

\a + s(p - a) + (z - p)(t - s)l(t - 1)

if p(x, y)<z<a + t[p(x, y)-a],

z   otherwise.

It is an easy task to verify that we have thus defined a continuous family satisfy-

ing the required properties (1), (2), and (3).

In order to define p we consider the cross sections K*(z) for a < z < 1.
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For each z there exists a 2-manifold M(z) in Int I2 and a positive number 5 such

that

K*(z) C Int M(z) x z;      M(z) x [z - Ô, z + ô] E U.

Since ZC* n {I2 x [a, 1]) is compact, there exist a finite sequence of numbers

a = z0 <zx < z2 < • • • < zn_x < z„ < 1 and a collection of 2-manifolds Mx,

M2, . . . , Mn such that

U     K *(z) C Ü (Int Mt x [zf_ t, z,.] ) C U.
a<z<l f=l

In view of the property, o(K*(t)) E a(K*(s)) whenever t > s, we may assume:

Int M¡_x D M¡ for i — 2, . . . , n. The sets Mi x [z,-_ j, zf] may form a configu-

ration such as is shown in Figure 3 below.  For notational convenience put

Mn+X = 0.

n-'
I2  X 1

K* n il2 X [a, 11)

Figure 3

For each i = 1,2, ... ,n — I choose a neighborhood R¡ of Bd Mi (relative

to M¡) such that R¡ CM¡ - M¡+x; R¡ is homeomorphic to (Bd M¡) x I; and (R¡

x [z,_i, z¡]) ri K* = 0. For each / = 1, 2,. . . , n let o:,- be a homeomor-

phism of R¡ onto (Bd M¡) x I such that ^.(Bd 7W,-) = (Bd M¡) x 0. Define j3f on

(Bd M¿) x I by the rule

ßiiP, r) = r(zi-zi_x) + zi_x.

Now, a map y¡ is defined on each M¡ - Mi+ x by the rule
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Figure 4

7 tip) =

Finally, we define p by

P{x, y) =

(ßi ° «/

{*,    if

(P)   ifp

p$Rf

-M,

R.-

Mi+X,l<i<n.

'o    if{x,y)E*    -,rM,

Yiix.y)   if{x,y)EM¡

It is easy to check that p(x, y) is a continuous real function satisfying (4), (5),

and (6). This completes the proof.

The next two lemmas are essentially refinements of the first. They provide

a way of stating how the elements of a decomposition may be shrunk in the verti-

cal direction in a way that lends itself to repetition.  It is interesting to note that

the images of universally monotone sets under an e-compression may not them-

selves be universally monotone. Yet, the images of elements which are sufficiently

large will still be somewhat similar to the original elements. One might wonder if

there is a way to shrink the elements without distorting them. That is, is there a

homeomorphism n of I3 onto Z3 such that for each g, diamz h(g) < e and g U

h(g) is in the e-neighborhood of some g' E G, yet h(g) is still a universally mono-

tone set?

Lemma 3.2. Suppose that U is an open set and G is a u.s.c. monotone

decomposition of I3 into universally monotone sets such that, for H the set of

nondegenerate elements, H* E U E Int Z3 and sup eG(diamz g) >2e,e> 0;

8 > 0; and suppose that h0 is a homeomorphism of I3 onto I3 such that
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(1) h0 is an e-compression of G and

(2) h0\I3 - Uis the identity.

Then there exists a homeomorphism h of I3 onto I3 such that

(3) h\I3 - Uis the identity;

(4) h ° h0 is an e-compression of G;

(5) whenever h(h0(g)) i= h0(g), there exists g EG such that h0(g) U

h(h0(g))EN(h0(g'),ö);and

(6) for each g EG, either diamz h(hQ(g)) < supg£G(diamz h0(g)) - e/4

or diamz h(h0(g)) < 2e.

Proof. Lemma 3.1 is applied repeatedly to sections of the cube between

horizontal planes to obtain a sequence of homeomorphisms ax, a2, . . . , an

whose composition is the required homeomorphism h.

In order to describe these homeomorphisms precisely, we will specify some

notation. Put

G' = {h0(g)\g EG};     M = sup (diamz g).
g&G'

We may assume that M > 2e; otherwise, conditions (3)—(6) are trivially satisfied by

the identity map. Put

K = {gE G'\M - e/4 < diam2 g < M};

u = sup{zGZ|Z¡:* CZ2 x [z, 1]};   and

ü = inf{zGZ|/í*C/2 x [0,z]}.

Let « be the least positive integer such that u + M + «e/4 > v. For each k = 0,

1, 2, ...,« + 1 put zk = u + (k - l)e/4 + {M - e/4). Put zn + 2 = v and

choose zn + 3 such that v < zn+3 < min{l, v + e/4}. For each; =1,2,...,«

put

K, = {gE K\g El2 x [Zj -M+ e/4, zj+2]}.

It follows that (J"=1 K¡ = K.

We are now in a position to define the sequence {ak} alluded to above. Put

Sj = 6/«. Choose an open subset Ux of Usuch that

(1.1) ClZCfC Ux;
(1.2) if g E G' and g n Ux * 0, then there is some g E C\KX such that g E

N(g, 6/«); and

(1.3) Uxng = 0 for each g E G'(z), z>z4.

These properties are routine except for (1.2). To obtain this condition we can

use the compactness of (CIKX)* together with the fact that G' is upper semicontinu-

ous. Ux is taken to be the sum of neighborhoods of (finitely many) elements gx,g2,

• ■ ■ > gm, chosen in such a way that, whenever an arbitrary element g intersects



122 C.D.BASS

Ux, then g must lie within the distance 5/n of one of the gfs.

Let G" denote the decomposition obtained by decomposing Clfvf

into vertical line segments. Now, applying Lemma 3.1 with the collection K of

that lemma identified with the collection of all vertical line segments of G" in

C\K\, Uidentified with Ux,a with z0, and b with zx, we obtain a homeomorphism

a1 such that

(1.4) ax is defined by a continuous family {aXp} of homeomorphisms of Z;

(1.5) ajimez2 x [0,zj;

(1.6) aj|(Z2 x [0,z0]) U (I3 - Ux) is the identity;

(1.7) at p(z) < z for each p E I2 and z EL

For notational convenience we can also specify: ß0 = identity and

(1.8) 13! =ax=ax ° ß0.

Since aj"1 is uniformly continuous there exists a positive number 52 < 6/n

such that for any two points p and q of I3

(2.0) d(p, q) < 8/n whenever d(ax(p), ax(q)) < 82.

Proceeding in the same way as above, we can choose an open set U2 in U such

that

(2.1) ax(C\Ki)EU2;

(2.2) if ax(g) n U2 ̂  0, then there is some g E C\K2 such that ax(g) C

N{ax{g'),82); and

(2.3) U2 n ax(g) = 0 if ax(g) n P(z) ± 0,z>zs.

Apply Lemma 3.1 again with K identified with the collection consisting of all ver-

tical line segments in ajiClZCJ) which intersect P(zj); U= U2;a = zx;andb =z2.

We thereby obtain a homeomorphism a2 such that

(2.4) a2 is defined by a continuous family of homeomorphisms {a2   } of Z;

(2.5) a2(a,(Zi2*))CZ2 x [0,z2];

(2.6) a2|(Z2 x [0, Zj]) U (I3 - U2) is the identity;

(2.7) a2p(z) <z for eachp El2 and z El.

In addition we can define

(2.8) ß2 = a2°ax.

Let m he an integer such that 2 < m < n.   Inductively suppose that for each

k= 1,2, . . . ,m — lwe have selected a positive number Sfc, an open set Uk in

U, and homeomorphisms ak and ßk such that

(k.O) for each p and q in I3, d(p, q) < b/n whenever d(ßk_x(p), ßk_x(q))

<8k and 8k <8/n;

(k.l) ßk_x{ClKe) C Uk;

(k.2) if ßk_x{g) n Uk + 0, then there is some g' E ClKk such that ßk_x{g)

CN(ßk_x(g'),8k);

(k.3) Uknßk_l(g) = 0ifßk_l(g) np(z)*0,z>zk+3;

(k.4) ak is defined by a continuous family {ak p} of homeomorphisms of Z;
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(k.5) ak(ßk_x(K^))EI2 x [0,Zfe];

(k.6) ak\(I2 x [0, zk_x]) U (I3 - Uk) is the identity;

(k.l) ak p(z)<z for each p E I2 and z G I; and

(fc.8) ßk'=akoßk_1.

Then we choose 8m > 0 such that Sm < 8/n and for each p and a in Z3

(m.0) d(p, o) < §/« whenever ¿(j^ijO, i3m_,(<7)) < 5m,

and in the same way that we obtained Ux and U2, we can choose an open set Um

in U satisfying (m.l), («7.2), and (m.3). By applying Lemma 3.1, with K the col-

lection of vertical segments of ßm_x(ClKm) which intersect P(zm_x), U = Um,a =

zm_x, and b = zm, we obtain a homeomorphism am satisfying (m.4)-(mJ).

Finally, we define ßm = am o ßm_x.

Thus, we have sequences {Sm}, {Um}, {am}, and {ßm} satisfying (m.0)-(«7.8)

for every m=l,2,...,«.  We may now identify ßn as the promised homeomor-

phism «.  It remains, of course, to be shown that this map has the required proper-

ties (3)-(6). Property (3) is immediate. In order to establish (4) we will make

use of the following condition:

(7) if diamz g < e then diamz h(g) < e.

Let us assume for a moment that condition (7) applies to « = ßn. Since

ßn is the composition of ax, a2, . . . , an it is clear that ßn is defined by the con-

tinuous family {ßn   } of homeomorphisms of I given by

ßn,p = an,p ° <*n-l,p ° ' '  * ° «l,p*

Since «0 is defined by a continuous family, it follows that ßn ° h0 is defined by a

continuous family also.  It is also clear from (1.7), (2.7), . . . , («.7) that j3„   (z)

< z for each p E I2 and z E I; hence, that condition (3) of the definition of an

e-compression applies to ßn ° h0. Suppose that diamz ßn(g) > e for some g EG'

and that condition (7) applies to ßn. Then diamz g > e. If, in addition,ßn(g) Eg,

then, since «0 is an e-compression, we can conclude that ßn(g) E h^l(g) and

thereby conclude that ßn o «0 is an e-compression.

Let us suppose that ßn\g is not the identity.  Let k be the least integer such

that ak\g is not the identity.  By properties (k.6) and (&.3) we must have g D

P(zk+3) = 0. Then since diamz g > e (assumed) we must have g n P(zk_x) =5= 0.

Now, since g E «~l(g), hQ1(g) is a universally monotone set, and hQ does not

increase vertical coordinates; there exists a number w <zk_x such that

g nP{w) = hôl(g)nP(w)^0   and   g C {(x, y, z) EI3\z > w}.

Thus, from properties (k.6) and (k.l) it follows that ak(g) Eg.  By similar reason-

ing we must have

ak+2 ° "fc+i ° akig) c ak+iiakig)) c akig)-
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Then, since ar\g is the identity for r > k + 3, we finally conclude that ßn(g) Eg.

To establish property (7) suppose that diamz g < e for some g E G'. We

can suppose as above that ßn\g is not the identity and that k is the least integer

such that ak\g is not the identity. Therefore g n P(z) = 0 for each z > zk+3.

If g n Ziz^j) ^ 0 then we can conclude, using an argument similar to that

above, that diamz ß„(g) < e as desired. If g n P(zk_x) = 0 then, by (k.3) and

(fc.6),

ûi(i)C/2   X (Zk-l'Zk + 3)-

Moreover, by (Jfc + 1.6), (Jfc + 2.6).(n.6) and by (it + 1.7), (k + 2.7), . . . ,

(n.7) it follows that
diamz ßn{g) < e.

To establish property (5) we make use of conditions (k.O), (k.2), (k.6), and

ik.l) for k = 1, 2, . . . , n via an induction argument. We may observe that the

desired property is a consequence of the following hypothesis for k = n.

(k.9) For each g E G', if ßk(g) ¥= g, then, for some r<k, there exists

g' E ClKr such that g U ßk(g) C N(g, k8/ri).

Put k = 1. Assume that ax(g) ¥=g for some g. Then by (1.2) and (1.6)

there is some g' E QKX such that g C N(g', 8/n). More specifically, for each point

p Eg there is some q El2 such that p EN(g'q, 8/n) and g' C\ P(zQ) =£ 0.  If

aiÍP) ^P then ax(p) El2 x [z0, z4]. Thus by (1.7) we conclude that

d{ax{p),gq)<d{p,g'q)<8/n.

Therefore, ax{g) C N(g', 8/n) as desired.

Suppose for some m that {k.9) is true whenever 1 < k < m.   Let g EG' he

such that 0m + j {g) =¿ £.   If ßm + x (g) = ßm (g) then it must be the case that

ßm{g) ¥=£.  Then by the induction hypothesis there is some r and an element g

of ClZCr such that g U ßm(g) E N(g, m8/ri). Thus, (m + 1.9) is satisfied in this

special case. If ßm + x{g) # ßm{g), then (m + 1.2) and (m + 1.6) imply that

there is some g E ClKm+x such that ßm(g) E N(ßm(g), 8m + x). Using the argu-

ment above we can conclude in addition that

am + l(ßm(s))CN(ßm(g'),8m + x).

Moreover, (m + 1.0) implies that g E N(g', 8/n). If ßm(g) = g then (m + 1.9)

is established.  If not, the induction hypothesis implies that there is some r < m

and some g" E ClKr such that g U ßm(g') E N(g", m8/n). Thus, since g C

N{g", {m + l)S/n) and ßm + x{g) EN(g", (m + l)8/n), this/ is the required ele-

ment showing that (m + 1.9) is valid. We conclude that (k.9) is true for each

k = 1,2, . . . ,n. As observed earlier, the particular case (n.9) establishes prop-

erty (5).
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To establish property (6) it suffices to show that

diamz j3„(g)<M-e/4

for each g EK.   For all other elements of G' this property is covered by (7) or

by the argument above that ßn(g) C g whenever diamz ßn(g) > e. Suppose then

that g E Kj for some /. Then g E I2 x [z¡ - M + e/4, zf+2]. Condition (k.6),

k<j, implies that ßj(g) E I2 x [z¡ - M + e/4, I]. Now, for m =j + 1,/ + 2,

...,«, condition (m.6) implies that ßm(g) = ßj(g). From this it follows that

ß„ig) C Z2 x [z. - M + e/4, zj\    or   diamz ßn(g) <M - e/4.

This completes the proof of Lemma 3.2.

Lemma 3.3. Suppose that G is a u.s.c. decomposition of I3 into universally

monotone sets, H is the set of nondegenerate elements of G, and U is an open set

such that H* C U E Int I3. Let e be a positive number.   Then there exists an

e/2-compression h of G such that

(1) diamz h(g) < e for each g EG;

(2) h\I3 - Uis the identity; and

(3) if h(g) ¥= g for some g EG, then there exists g EG such that g U h(g)

EN(g',e).

Proof.  The existence of « is established by an induction argument similar

to the approach used in the proof of Lemma 3.2.

Let «0 denote the identity map. Put

M = sup (diamz g).
g£G

Let « denote the least positive integer such that M - «e/8 < e.  Suppose that for

each k — 0,1,2, ... ,n there exists a homeomorphism hk having the following

properties.

(k.l) hk\I3 -Uis the identity;

(k.2) hk is an e/2-compression of G;

(k.3)  for each g EG, diamz hk(g) < max{«i - /te/8; e};

(k.4) if hk(g) ¥= g, then there exists g' EG such that g U hk(g) C

N(g', (k + l)e/(" + 1)). Then the homeomorphism hn, by properties («.l)-(«.4),

is an e/2-compression satisfying (1), (2), and (3) if it is substituted for h. We use

induction to establish the existence of the hks satisfying (k.l)-(k.4).

We have specified «0 already.  Suppose that hk exists, satisfying (k.l)-(k.4)

for some k such that 0 < k < « — 1. Then we seek a homeomorphism hk+x

satisfying (* + 1.1)—(A: 4- 1.4).  If

sup [diamz hk(g)] < e,
g^G
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then we put hk+x = hk.  Suppose that

sup [diamz hk(g)] > e.
g&G

Using the uniform continuity of hk 1, choose 8k < e/(n + 1) such that

d(p, q) < el(n + 1)   whenever d(hk(p), hk(q)) < 8k.

Now, apply Lemma 3.2 to the decomposition G, putting hk for n0, e/2 for e, and

6fe for the number 8. By Lemma 3.2 there is a homeomorphism ak having the

properties:

(k.5) ak\I3 - U is the identity;

(k.6) ak o hk is an e/2-compression of G;

(kJ) if ak(hk(g)) =£ hk(g), g EG, then there exists g EG such that hk(g)

Uak(hk(g))EN(hk(g'),8k);and

(Jfc.8)  for each g E G, diamz(akhk(g)) <M-(k+ l)e/8.

Put hk+i = ak o «fc.  It is immediate from (k.l), (k.5), (k.6), and (k.8) that

nfc+1 satisfies (k + 1.1), (fc 4 1.2), and (k + 1.3). Property (k + 1.4) can be

verified by making use of (k.7) and (k.4) in a manner very similar to a technique

used above in the proof of Lemma 3.2. We omit further details of this.

4. The proof of Theorem 1. We take full advantage of the geometric sim-

plicity of universally monotone sets in order to prove the conclusive lemma below,

which sets the stage for the proof of our main result.

Lest the technical aspects of the proof obscure the main idea, we describe it

briefly in advance. Lemma 3.3 provides a homeomorphism which will shrink ver-

tical line segments contained in a universally monotone set to very short segments.

By rotating the cube Z3 we can cause line segments parallel to the x-axis or the

y-axis to be shrunk as well. However, we must find a way to produce each of

these effects by one map.  If, say, a homeomorphism hl has been defined that

will shrink line segments parallel to the z-axis, then we wish to define homeomor-

phisms n2 and n3 that will shrink line segments parallel to the .y-axis and x-axis

respectively in such a way that hx ° h2 ° h3 will shrink line segments of all three

kinds. We utilize a sort of "satellite" effect, taking care to see that each element

g moved by n2 remains very close to some other element g of the decomposition

or close to itself, so close, in fact, that the first homeomorphism hx has nearly the

same effect upon h2(g) as it has on g'. A similar consideration is apparent in the

application of Lemma 3.3 to obtain h3.

Before we state Lemma 4.1 it is convenient to introduce some additional

notation.  Let 7, and y2 denote the isometries of Z3 defined by: yx(x, y, z) =

(x, z, y)\ y2(x, y, z) = (z, y, x). Let X he any closed subset of I3. Put

diam^ X = diamz yx(X)   and   diamx X = diamz y2(X).
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The map yx rotates segments, parallel to the 7-axis, onto vertical segments; y2

converts segments, parallel to the jc-axis, into vertical segments. Under either of

the two maps the image of a universally monotone set is also a universally mono-

tone set.

Lemma 4.1. Let G, H, U, and e be as in the hypothesis of Lemma 3.3.

Then there exists a homeomorphism « of I3 onto I3 such that

(1) h\I3 - Uis the identity;

(2) diam h(g) < e for every g EG; and

(3) ifh(g) &g,gE G, there exists g EG such that g U h(g) C N(g , e).

Proof. The homeomorphism « is a composition of three homeomorphisms

hx,h2, and «3, each of which squeezes the elements of G in one of the three

directions perpendicular to the faces of the cube. Put ex = VJe/15. Apply

Lemma 3.3 to obtain an ex/2-compression hx of G such that

(4) «,|Z3 - Uis the identity;

(5) diam z hx(g) < ex for each g EG;

(6) if « j (g) -£ g, then there exists g EG such that g U « x (g) E N(g', ex ).

Choose e2 such that 0 < e2 < ex and for p, q E I3

d(hx(p),hx(q)) < e 1    whenever d(p,q)<e2.

Apply Lemma 3.3 to the decomposition G' whose elements are of the form

fi(g),gE G, and the number e2. We obtain an e2/2-compression «2 of G' such

that

(7) «2|Z3 - yx(U) is the identity;

(8) diamz(«2 ° yx (g)) < e2 for each g EG;

(9) if h'2(yx (g)) =¡= yx(g), g EG, then there exists g E G such that yx(g) U

h'2(yx(g))EN(yx(g'),e2).

Put «2 = yx ° h'2 » yx. Since yx is an isometry and hx is an ex/2-com-

pression, it follows from (8) that

(10) diam^i«! ° h2(g)) < e2 for each g EG.

If «2(71 ig)) = Tiig) for some gEG> then hJjg) = g and thus diam^rtj 0 h2(g))

< ex by condition (5). Suppose that h'2(yx(g)) ¥= yx(g) for some g EG.  Then

by property (9), h2(g) E N(g, e2) for some g EG and, by the choice of e2,

hx(h2(g))EN(hx(g), ex). Thus, by (5) we have

(11) diam^«! oh2(g))<3ex.

Another key property of the composition hx ° h2 is:

(12) if «j (h2(g)) # g, then there exists g' EG such that g U hx(h2(g)) C

N(g',2ex).

If h2(g) = g this is an immediate consequence of (6).  If h2(g) i= g then

^hiJtig)) ^ 7iig) and condition (9) implies that there is some g" E G such that
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g U h2(g) E N(g", e2). If hx(g") = g" then hx(h2(g)) E N(g", ex) by the choice

of e2, and thus g" is the required g' in this case.  If hx(g") ¥= g", then (6) implies

that there is some g such that hx(g") C Nig , ex) and g" C N(g, ex). Thus, by

the way in which g" was chosen, we have

gENig'^i+eJ   and   hx{h2{g)) C N(g', 2ex),

and (12) is established.

Choose e3 such that 0 < e3 < ex and for p, q El3,

d{h2(j>), h2{q)) < e2    whenever d(p, q) < e3.

By applying Lemma 3.3 in much the same way as before we obtain an e3/2-com-

pression h'3 of the decomposition whose elements are of the form y2{g),g E G,

such that

(13) n'3|Z3 - y2(U) is the identity;

(14) diamz(n3(72(¿-))) < e3 for each g E G; and

(15) if h'3(y2(g)) * y2(g), then there exists/ G G such that y2(g) U h'3(y2(g))

EN(y2(g'),e3).

We put h3 = y2 o h'3 ° y2. It follows from (14) and the properties of hx

and h2 that

(16) diamx(nj ° h2 ° h3(g)) < e3 for each g EG.

From (8), (15), the choice of e3, and the nature of hx it follows that

(17) diam^nj ° h2 ° h3(g)) < 3e2 for each g EG.

From (11), (15), and the choice of e2 and e3 it follows that

(18) diamz(«j ° n2 ° h3(g)) < 5ex for each g.

Using (12) and an argument similar to the one used to verify that property, we

can establish:

(19) if hx(h2(h3(g))) ± g, there exists g EG such that g U hx(h2(h3ig))) E

N(g', 3ex).

Reviewing the definitions of ex, e2, e3 and conditions (16), (17), (18), (19),

(13), (7), and (4); we may observe that hx ° h2 ° n3 is the promised homeomor-

phism n satisfying (1), (2), and (3).  The proof is therefore complete.

It is helpful to observe at this point that the conclusion of Lemma 4.1

remains valid if the unit cube I3 in the hypothesis is replaced by a cube C, each

of whose edges is parallel to one of the coordinate axes. We can also observe that

the conclusion of Lemma 4.1 is equivalent in the present situation to the criterion

of shrinkability stated by McAuley in [7]. To show this is a technical exercise

which we leave to the interested reader. Lemma 4.1 combined with Theorem 2 of

[7] yields the following result.

Theorem 4.2. Let C be a cube in E3, each of whose edges is parallel to

one of the coordinate axes.  Let G be a u.s.c. decomposition of C into universally
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monotone sets such that the union of the nondegenerate elements of G is con-

tained in the interior of C.  Then C/G is homeomorphic to I3.

From this theorem one can easily prove that the space associated with a u.s.c.

decomposition G of E3 into universally monotone sets is a 3-manifold and thus,

by a result of Armentrout [1], homeomorphic to E3. To this end let g be an

arbitrary element of G. Choose geometric cubes Cx and C2, each of whose faces

is parallel to one of the coordinate planes, such that g E Int Cx and, for each

g EG, g C Int C2 whenever g n Cx ± 0. Put

U={g'EG\g'E Int Cx},

K = {g'EG\g'ncx*0}, and

G' = K U (C2 - K*).

Theorem 4.2, applied to C2 and G', gives a homeomorphism of C2/G' onto I3.

Since h(U) is an open subset of Int Z3 containing h(g), we conclude that U con-

tains a neighborhood of g which is homeomorphic to an open ball; hence, that

E3/G is a 3-manifold and homeomorphic to E3.

An obvious generalization of Theorem 1 to a class of decompositions of

En (n > 3) can be proved in much the same way as we have proceeded here. A

universally monotone set in E" would be defined as in § 1, with the exception

that the partial ordering would be based upon « inequalities involving « coordinates.

The answer to each question below is presently unknown to the author.

Question 1. Suppose that fy} is a sequence of isometries of E3 onto E3

and G is a monotone decomposition of E3 into compact sets such that, for each

g EG, there is some integer n such that y„(g) is a universally monotone set. Is

E3/G homeomorphic to F3?

Question 2. One might say that a compact set X in E3 is collapsible onto a

plane P if for each point q EX, either q EP or the line segment perpendicular to

P and joining q to P is contained in X. Suppose that E3 is decomposed into

pointlike sets each of which is collapsible onto a horizontal plane (or perhaps one

of a countable family of planes). Is the resulting decomposition space homeomor-

phic to F3?

The latter question has an affirmative answer, given by Dyer and Hamstrom

[4], in the special case that each element is a subset of some horizontal plane.

An affirmative answer to this question would yield the main theorem of this paper

as a corollary.
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