TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 217, 1976
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ABSTRACT. Given two complex Banach spaces E and F, convolution
operators “with scalar coefficients” are characterized among all convolution
operators on the space HNb(E'; F) of entire mappings of bounded nuclear type
of E' into F. The transposes of such operators are characterized as multiplica-
tion operators in the space Exp(E; F') of entire mappings of exponential type
of E into F'. The division theorem for entire functions of exponential type of
Malgrange and Gupta is then extended to the case when one factor is vector-
valued. With this tool the following “vector-valued” existence and approxima-
tion theorems for convolution equations are proved: THEOREM 1. Nonzero
convolution operators ‘“‘of scalar type” are surjective on HNb(E'; F).
THEOREM 2. Solutions of homogeneous convolution equations of scalar type
can be approximated in HNb(E ' F) by exponential-polynomial solutions.

Introduction. The theory of existence and approximation of solutions of
linear partial differential equations and convolution equations in infinite-dimen-
sional domains has been developed by Ph. Boland [B1-3], S. Dineen [Di], Boland
with Dineen [B—D], T. Dwyer [D1-6], C. Gupta [G1-3], M. Matos [Mat], Gupta
with Nachbin [N2] and D. Pisanelli [P] (the latter dealing rather with total differ-
ential equations).

Other than [P], which does not deal with convolutions or partial differential
equations, the results in the references above are for scalar-valued functions.
Counterexamples found by Aron and Boland [A—B] indicate that not all convolu-
tion equations have solutions among vector-valued functions, even in finite dimen-
sion. The purpose of this paper is to show that, if one restricts oneself to convolu-
tion operators of “scalar type” (see Chapter II), i.e., which reduce for finite-dimen-
sional domains to linear differential operators (of possibly infinite order) with
scalar coefficients, then one recovers the Malgrange-Gupta existence and approxi-
mation theorems for “nuclear” entire functions with domain and values in Banach
spaces.
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106 T. A. W. DWYER 1II

This paper is organized as follows:

In Chapter I we establish the necessary duality between the space Py("E’; F)
of n-homogeneous polynomials from a dual Banach space E' onto a Banach space
F, and the space P("E; F") of all continuous n-homogeneous polynomials from E
into F'. This duality is described by a bilinear form ( , )n,r and the chapter ends
with a formula that allows the representation of (, ), r in terms of the analogous
form (, ), between scalar-valued polynomials.

In Chapter II we develop in turn the duality between the space Hy,(E'; F)
of entire functions of nuclear bounded type from E’ into F, and the space
Exp(E; F') of entire functions of exponential type from E into F'. This duality
is described by a bilinear form ( , )z, and the chapter ends with a formula that
allows the representation of ( , Mz by the corresponding form ( , )) between
scalar-valued functions.

In Chapter III the “homogeneous (partial) differential operators of scalar
type” g, (d)g, associated with homogeneous scalar-valued polynomials g, OnE,
are defined between spaces of vector-valued homogeneous nuclear polynomials on
E’, by extension of the scalar operators g,(d), using the fact that P\("E’; F) is
the nuclear completion of Py ("E") ® F. These operators are then extended to
all of Hy,(E'; F) in the way used by Dineen to treat differential operators on
formal power series [Di, Chapter 3]. “Scalar differential operators of infinite
order” g'(d)F, associated with scalar-valued entire functions of exponential type
g' on E, are then constructed by power series expansions, and are shown to be
the “convolution operators” T* withT=T® 1 F in L(Hy,(E'"; F); F), where
T € Hy,(E'Y, 1 is the identity operator on F, and

@+ "y = Tw' b f' +u')).
The chapter ends with a proof that the adjoint of g'(d); with respect to the pair-
ing {(, Mg is the operator g’ « of pointwise multiplication by g'.

In Chapter IV Gupta’s fundamental division theorem for scalar-valued func-
tions of exponential type is rewritten in the formalism of the bilinear form ( , ),
and is then extended to the case when one of the factors is vector-valued. The
chapter ends with proofs of the existence theorem (g'(d) is surjective on
Hyp(E'; F)) and the approximation theorem (exponential-polynomial solutions
are total among the solutions f € H o (E' F) of g'd)g f=0).

A list of references is provided at the end. In particular, an excellent expo-
sition of the theory of convolution equations on Hy,(E") (the scalar-valued pre-
decessor of this paper), as well as the more general “unbounded” case of H,(E"),
is found in [G2]. A similar study of operators on Hy(E'; F) can presumably be
carried out by the use of the density of scalar-valued functions in Hy(E'; F),
proved by Aron in [A].
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CHAPTER I. VECTOR-VALUED POLYNOMIALS

DEFINITIONS AND NOTATION. In all that follows E and F are complex
Banach spaces (for simplicity with the approximation property, in order to have a
one-to-one correspondence between nuclear tensors and nuclear polynomials,
although this can be bypassed (see below)). E', F' are the Banach space duals, and
E*, F* the vector space duals, of E and F respectively. Given x €E and x’' € E'
(or E*) we use the notation (x, x') := x'(x), and similarly for the natural pairing
of F with F'. Notation is as in [N1] and [G2]: P("E’; F) is the Banach space
of all continuous n-homogeneous polynomials from E' to F. The space P("E; F’)
of continuous n-homogeneous polynomials P,', from E to F' is similarly defined.

Py("E’; F) is the Banach space of n-homogeneous nuclear polynomials from
E' to F, induced from the nuclear tensor product E® « + + ® E ® F (not E").
Pf("E'; F) is the dense subspace of polynomials of the form Z(u;, Y"v;, with
w,€EandvEF.

If dim F = 1 we write P("E") for P("E'; F) and similarly for all other
spaces of polynomials. Polynomials are then written as P or P’ in place of P or P

DUALITY OF SPACES OF HOMOGENEOUS POLYNOMIALS. Given T €
Py(*E';F)' let J,T: E — F* be defined by (y, J,T(x)) := (x" + y, T) for all
xE€Eand y EF. We have:

PROPOSITION L1. The mapping T > J,,T is an isometry from Py("E’; F)
onto P("E; F").

PrOOF. Given T € -Py("E"; F)' we have J,T(E) C F': indeed,

Ky, T, TOP = Kx™ = p, DI < lIx™  yl T = Iel™Iy NI,

so [, TNl < lIx[I"I T, for all x € E. From this point the proof is the same as
in the scalar-valued case [G2, §7, Lemma 4, p. 59]. O

DEFINITION. The duality between Py ("E’; F) and P("E; F") can also be
described by means of the bilinear form

(i PWC'ESF) x PCE;F')—C

defined by (B,, B}, . := (B,, T,), where T, := J71P.. It follows that
KB,, By, ol <I1B,liylB,l for every B, € Py("E"; F) and P' € P("E; F'). In
particular we have (x" - y, P',',)n, F=, Bl forallx EEand y EF.

Let ¢,),: Py("E") x P("E) — C be the bilinear form corresponding to the
isometry Py("E')" — P("E) when dim F = 1, i.e., (x", P}, = Pi(x) for all
x €Eand P, € P("E).

Given 13;, € P("E; F') and y € F, we will use the notation 13,'0,: E—=Cto
describe the associated scalar-valued polynomial, defined by P,',y(x) =y, 13,',(x)).
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Conversely, given P, € Py("E') and y € F, the associated vector-valued poly-
nomial P, « y: E' = F is defined by (P, * y)(x") := P,(x")y for all x' € E'.
Clearly }';,',y € P("E) and P, » y € Py("E"; F). We will need the following “re-
duction from (, ), ¢ to (,),”:

PROPOSITION 12. (P, * y, B}, 5 = (P,, P, ), for all P, € Py ("E"),
B € P("E; F'yand y €F.

ProoF. Since (, ), ¢ and (, ), are continuous bilinear forms and Pf(”E')
is dense in Py("E") it is enough to consider P, of the form P, = x",x€E. O

CHAPTER II. VECTOR-VALUED ENTIRE FUNCTIONS

DEFINITIONS AND NOTATION. H(E'; F) is the vector space of entire func-
tions E' — F (i.e., functions with locally uniform power series expansions
z,0 /n!)a”f(xa) at every xo € E', where d" denotes the nth Fréchet derivative
polynomial. H,(E’; F) is the subspace of functions bounded on bounded sets, or
equivalently with infinite radius of convergence at one or any point [N1, §7,
Proposition 2]. The spaces H(E; F' ) and H,(E; F') are snmlarly defined. Also
Exp(E; F') is the space of functions f’ = z 0(1/n')P with P € P("E; F')
such that lim sup,,IIP [11/7 < oo, called entire functions of exponential type from
E to F', or equivalently, such that [|/'()ll < CeI*! for C>1, ¢ > 0 and all
x € E (the equivalence follows from the Cauchy estimates [G2 §3, Proposition 6,
P 24]). By HNb(E’ F) we mean, as in [G1], [G2], the Fréchet space of functions
f=22_,/n)B, with B, € Pn("E'; F) such that lim LB, I3 = 0, or
equivalently such that IIIfIIIN’p =Z =0 p”l/n'IIP lly <eo for all p >0,
equipped with the norms ||| llly , thus defined. These are the entire functions of
nuclear bounded type from E' to F. When dim F = 1 we use the notation H(E")
for H(E'; F), and similarly for the other function spaces. Functions on E' are
then written as f and functions on E as f', instead of f and f".

By [G2, §5, Lemma 1, p. 45], Taylor series converge to the corresponding
functions in Hy,(E'; F). Hence the nuclear polynomials form a dense subspace.
Moreover, by [G2, §5, Proposition 3, p. 45], the functions e* « y: E' — F,
where (e* + y)(x') := e**") for all x' € E' and all x € E and y € F, are total
in Hy,(E"; F).

By [G2, §7, Lemma 1, p. 52] we know that Hy,(E'; F) is stable under
translatlons, ie., if fe Hyy(E'; F) then 7, fe Hyy(E's F) for all x' € E’, where

rof@) =o' - x").

ProrosiTON 111, Hy,(E') ® F is dense in Hy,(E'; F).

ProOF. Given f € HNb(E F) and a neighborhood N of f in HypE's F),
from the convergence to f in Hy,(E'; F) of the Taylor series of f it follows that
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there is a polynomial 2 P in N (ie.,P, = (I/n')d”f(O) Since P(("E)® F
is dense in Py("E"; F) by construction, it follows that there is a sequence (Qn Wk
of n-homogeneous polynomials én x € Py("E") ® F (of finite-dimensional range)
converging in Py("E’"; F) to l'" for each n < N. Since the 1dent1ty imbeddings
PN(”E F) C Hy,(E"; F) are continuous, it follows that (Qn &) converges to
P in Hy,(E'; F) for each n <N. Hence G, Qn ) converges to TN P
in HNb(E F), so EN 0 Qn,x is in N for a sufficiently large k. Since clearly
N, Qn x € PN(E) ® FC Hy,(E') ® F we are done. O

REMARK. A similar (but much deeper) density result that leads to the treat-
ment of the “unbounded” type of [G2, §9] is given in [A].

DUALITY OF SPACES OF ENTIRE FUNCTIONS. Given T € Hy, (E'; F)' let
BT: E — F* be defined by (y, BT(x)) :=(e* <y, ) forallx EEand y EF.
BT is the Fourier-Borel transform of T. We have:

ProrosiTION 11.2. The mapping T +> BT is a linear isomorphism of
Hyo(E'; F) onto Exp(E; F").

PROOF. Given T € Hy,(E'; F)' we have BT(E) C F': indeed, [y, T(x))|
= [e* + y, T); T € Hy,(E'; F)' implies there is some p > 0, and a constant
ITll, > 0, such that [Ke* = y, T) <IITll,lle* « yllly ,; but

1
™« Y,y = 3 2ro"Ix™ - ylly

n=0
- 1

=yl X o pe"Ixl” = liylle?t=1,
n=0 "’

so [y, BTG < T, liylleP™ 1, ie., BTN < ITll,eP ¥V < oo,

BT € Exp(E; F'): let T, := restriction of T to Py("E"; F) and P, :=J,T,
€ P("E; F'): as in the proof of the scalar-valued case [G2, §7, Proposition 2,
p. 60] for each N we get

N 1 2,
Vs z ' n(x) Z -f?(y’ Pn(x))

n=0

N 1 n N 1 n
=Y %" nTy=( X 5*"»T)
n=0 n=0 """
which converges to (¢* * y, T), i.e., (¥, BT(x)), as N — oo, That is,
N 1 3
> ?Pn(x) — BT(x)
n=0 °
in the weak* topology, for all x € E. Moreover, in the dual norm of F' we get

IIE (I/n')P N <ITI, eP1¥Il < oo for IITl, as defined above for some p > 0,
0 that Z= o(l/n')P () converges in F’ (strongly), hence also weakly*, hence
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ool /n!)l';,',(x) = BT(x) also strongly on F'. The remainder of the proof is as
in the scalar-valued case [G2, §7, Proposition 2]. O

DEFINITION. The duality between Hy, (E'; F) and Exo(E; F') can also be
described by means of the bilinear form ( , Mg HNb(E F) x Exo(E; F )—=C
defined by (f, f" Ve = =(f T), where T = B"f € HN(E F),forall fe
Hyb(E's F). In particular we have (e* + y, 7 e =, F'(x)) for all x EE and
y EF.

ProrosiTiON II.3.

GV = 3 @), d7'O0,

n=0
for all f € Hy,(E"; F) and f' € Exp(E; F').

PROOF. Let /' = BT, T€ Hy,(E"; F), and let T, := restriction of T to
Py("E'; F): then (y, BT(x)) := (e* + y, T) = Z;_ (1/n!)x" + y, T,) =
W, Zp_o(1/n)J, T,(x)), so d"f'(0) = J,T,. Hence

«F Fop = (F D= X — @0, D= 3 @0, 7,T), 5

n=0

= Z —.(d”f(O) d"f' (O, . O

Let €, »: Hy,(E") x Exp(E) — C be the bilinear form given by the
Fourier-Borel isomorphism when dim F = 1, i.e., €e*, f')) = f'(x) for all f' €
Exp(E) and x € E. Clearly Proposition II.3 holds with  , Mz replaced by « , »
and (,), ¢ by e

Given f € Exp(E F") and y € F, the associated scalar-valued function f :
E — C is defined by f (%) := (@, f'(x) for every x € E. Conversely, given f e
Hyp(E") the assoclated vector-valued function f + y: E' — F is defined by
(f* )" == fC")y. Itis easy to see thatf; € Exp(E) when fle Exp(E; F'),
and from the equality llf « yllly , = lfllly, ,llvll, easily checked, it follows that
f*y € Hyy(E'; F) when f € Hy,(E"). Asfor (,), rand,), on polynomials,
we have the following “reduction of (, Mg to «, »":

ProrosiTION 114. «f -y, f’))p = ({f, f-;»for alfe HN,,(E’),f" €
Exp(E; F')and y EF.

ProOOF. From the observation that 3"( f+»)0)= d "£(0) + y and
an( f;',)(O) =dnf '(0),,, the equality above follows from the identities

@d"f(0) + y, d"f(O), g = (d"f(0), d"f '0),)
given by Proposition 1.2. O
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CHAPTER III. DIFFERENTIAL AND CONVOLUTION OPERATORS

In [G1, 2], differential operators of infinite order, in the form of convolu-
tion operators (see ahead) on Hy,(E"), are defined and shown to be continuous
[G2, §7, Definitions 1 and 2, Proposition 1, pp. 51, 52]. Their natural exten-
sions to Hy ,(E ") ® F can be obtained by “tensoring” with the identity operator
on F. However, the proof of the continuity of such extensions with respect to
the topology of Hy,(E'; F) appears to be nontrivial when attempted directly. (If
dim E < o then Hy,(E") = H(E") is nuclear, from which it follows that the
nuclear topology on Hy,(E") ® F = H(E") ® F coincides with the topology
induced by Hy,(E'; F) = H(E'; F) [Gr, §7, Proposition 8, p. 79]. The continu-
ity of the extension of convolution operators to vector-valued functions is then
immediate [Tr, Proposition 43.6]. If dim E = oo, however, then Hy, (E) is not
nuclear, since E is imbedded in it, by the imbedding of Py("E") with n = 1.)
Hence we will first define “homogeneous”™ differential operators acting on homo-
geneous vector-valued nuclear polynomials (using the fact that P, ("E’; F) is the
nuclear norm completion of Py("E") ® F by definition), defining finally the
general operators by an “infinite series” of homogeneous operators. (This is in
fact the method used by Dineen to define differential operators in terms of homo-
geneous ones, acting on formal power series (but scalar-valued) in [Di, §3, Defini-
tion 13], as well as in [D1], [D2].)

DEFINITION. Given P;, € P("E), corresponding to a T,, € Pp("E")’ by the
isometry J,, of Proposition 1.1, we define the homogeneous differential operator
Pr'a(d)aon Qm+n € PN(m+nE') by Pr'z(d)Qm +n(x') = (gan +n(x')’ Pr'l)n
(:=4d"Q,, 4 n(x"), T,)) for every x' EE'.

REMARK. If P, =u} « « «u, foru},...,u, in E' then P,(d) reduces to
9"/du}y + « - du,, (directional differentiation along the vectors u}, . . . , u), in E").

ProposiTION IIL1. If Q,, ., € Py("™*"E’) then P,(d)Q,, +, € Py("E"),
and has the following properties:

0 AP 4 nlly < (" EPNPHIN, 4 llys

(ﬁ) (l/n!)<Pr't(d)Qm+n’ Qr'n>m = (mr.'r-xn)<Qm+n’ Pr't ‘ Qr'n>m+n;
for all Q,, € P(™E).

ProoF. We first consider polynomials in Pf("”'"E "), generated by poly-

nomials Q of the form Q =y™*" y€FE. Then

m+n m+n

%’aan+n(x') = (m ':?‘I)(u' x'Ymu”,
SO

;l!-P,',(d)Qm_‘_" = ('" ;;n)P,',(u)u'" € P("E").
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Then
(%P:.(d)am,,, Q,'.> = (" 2P, G = (" R0

+ m +n
_ (m mn><um+n,P," * Ormin =( m )(Qm.l.,,»P;'; * Odmtns

ie., (ii) holds for Q,,, , , € P(™*"E"). By the Hahn-Banach Theorem there is
some T,,, € Py (™E") such that |IT,,, || = 1 and (P,,(d)Q, 4> Tp) = WP @)Cpy 4l
Let 0, be the transform J,, T,, € P(™E) of T,,: then [|Q,,ll = 1, and by the
identity (i) we have (1/n)IIP,(d)Q,, +,lly = A/nDPLE@)Cps s> Crn O =
"2 O ans Pr * Ovidman < O3 NQpn 4 nllyIPLIL, ice., (i) holds on
P:("™*"E"). Finally, since P, A(™*E") is dense in Py(™*"E"), (i) holds for all
Opmin € Py("tE"), whence P,(d) is continuous, and since (, @,,),, and

(, P, * Qp ) +n are continuous it follows that (i) also holds for all Q
PN(m tng' )

DEFINITION. Given P,'l € P("E), the homogeneous differential operator of
scalar type P, (d)y is defined on Py(™*"E") ® F by P,(d)y = P,(d) ® 1,
where 1 is the identity operator on F, ie., P,(d)g is the linear operator on
Py(™*"E") ® F derived from the bilinear map

(Qm-l-n’ y)e PN(m+nE') X F Hp;l(d)Qm-l-n ¢ y € PN(mE" F)'

Hence P, (d)p(Z; Qmtn,i * Vi) = Zi Pa@Qpyns * Vi

ProrosITION III.1°. Given P € P(*E), the operator P,(d) has a unique
continuous linear extension to all Qm +n € Py(M¥PE"; F), with following prop-
erties:

@) WnDIB,@)p Dy ynlly, < "2 WP 1l

(u ) (/n)Po(d)g Oy 4> O Y, = ") Omps Py * Oy Y 4n,F
for all Q € P(™E; F").

PrOOF. LetQ, ., =%, OQmini* i€ Py("*"E'Y® F, with @, .., €
Py(™*"E") and y, € F: then from Proposition IIL.1(i) we get

m+n

1
n_‘"P (d)FQm+n“N<Z_"P (d)Qm+n,1“N"yi"

< z(’" VBRI ¢, Al

Smce IIQ,,,+,,||N inf Z1Q,, 4, lnlly,ll for all representations Z; @, 4, ; * ¥
of Qm_,_ n» the inequality (i) follows. Hence P, (d)F is continuous, so by density
of Pp(™*"E") ® Fin P(™*"E’; F) it follows that P,(d), has a unique continu-

ous linear extension to all Q,,,, , € Py(™*"E’; F) with preservation of (i').



CONVOLUTION EQUATIONS 113

Again by density of P v("TPE)® Fi in Py(™tRE"; F), to prove (ii') it is

enough to consider Qm,,,n of the form Qm+" OQmin * Y Qmin € PA(™TPEY),

Y €F: using the reduction from (, ), ¢ to ,),, (and likewise for (,),, ;, )

from Proposition 1.2, (ii") follows then from the identity of Proposition IIL.1(ii). O
We extend P, (d)g to Py(E"; F) by linearity, ie.:

M >
. S PL@)eB, ifM>n,
P:’(d)F(Z P,) = k=n
k=0
0 ifM<n,
for B, € Py(*E"; F).

ProrosiTION 1I1.2. P,(d); can be uniquely extended as a continuous linear
operator on Hy, (E'; F), such that

2@ Flly,p <o~ "IN Ally 5,5
for every p> 0 and f€ Hyy(E'; F).
PROOF. By the density of Py(E'; F) in Hy,(E'; F) and the fact that the
hnear extensxon of P,,(d); maps Pyv(E’; F) into itself, it is enough to consider f =
k—O Qk’ Qk € PN(kE F): then P, (d)Ff Ek-n P,@)r= EM-" n(@r Qm +n
(the case M < n being trivial), so (1/m!)d™ (P’ (d)Ff )0)=P, (d)FPm +n By use of
the estimate of Proposition II.1" we get

2 M-n 1 -+
WB, @ Filyp = % o ImIPY@)e Oy 4 lly

m=0
M
- 1 . .
< n — kK ’
Y G LA N g

N
_ 1 > _ >
<oTMIPIR 3 o102 < o~ IRl 5. O

k=n
ProvosiTiON I3, For each g' € Exp(E), with g,, := (1/n")d"g'(0), and
fe Hyo(E'; F), the series =i, gn(d)pf converges in Hy,(E'; F).

PrOOF. By definition of Exp(E) there is a X > lim sup,,{n'lig,I}1/?, hence
a C > 1 such that n!llg, || < CA\* for all n € N. Given any integer m > 0 and any
p > 0, choose 0 > Max(A, p): using the estimates ||| III < Il ll, and those on
g,(d) obtained in Proposition II.2 we get, for every f € Hy,(E"; F):

’ ’ 2 M
PECY IIL < E Do < b, 3 malg)

<7l 30 ..‘i(%) <t - 2) Wity



114 T. A. W. DWYER III

convergence as M —> oo follows by the completeness of Hy,(E'; F) [G2, §5,
Proposition 2, p. 43].

DEFINITION. Given g’ € Exp(E) and letting g, := (1 /n')ﬁ"g(O) we defme
the differential operator of (possibly) mf nite order of scalar type g'(d )F on f €
Hyp(E's F)by g (d)Ff Z -0 gn(d)Ff From the estimate in the proof of
Proposition II1.3 we have 1mmed1ately

COROLLARY. For each g' € Exp(E), the operator g'(d)y is continuous on
HNb (E'; F).

REMARK. When dim F = 1 we have the differential operators of (possibly)
infinite order g'(d) on Hyp(E"), studied in [G1] (or [G2, §7]) in the form of
convolution operators (see ahead). From the density of Hy,(E') ® F in
Hy»(E'; F) (Proposition II.1) it follows that g'(d) is the extension to Hy, (E'; F)
of the operator g'(d) ® 15 (cf. the definition of P, @)p).

RELATION WITH CONVOLUTIONS. In [G1] (or [G2, §7]) it is shown that
the g'(d) are the convolution operators on H No(E), ie., of the form f > T f
for T€ Hy,(E'Y, where (T * f)(x") :=(r_,, f, T). (It is enough to let g’ be
the Fourier-Borel transform BT of T, and use the fact that d "(1_,, F)O0) =
3”f(x'), together with the scalar form of the representation ( , g')» of T in Propo-
sition 11.3.) It follows immediately that g'(d) commutes with translations, and in
fact that all continuous linear operators L on Hy,(E") commuting with transla-
tions are of the form g'(d) for some g' € Exp(E) (let T(f) := (Lf)(0) for each
f€ Hy,(E") and g’ := BT). From the coincidence of g'(d)y with g'(d) ® 1 on
the dense subspace Hy,(E") ® F of Hy,(E'; F) it follows that g'(d) also com-
mutes with translations on Hy,(E'; F).

As in the scalar case, any continuous linear operator L on Hy,(E'; F) com-
muting with translations is of the form f > 7 f for some T€ L(Hy,(E'; F); F),
where (T * f)(x )= T(r_,,f): indeed, let T(f) := (L)0) for each fe
Hyo(E'; F) (T being continuous because the evaluation map f > f(O) as well as
L, is continuous: ||f0)ll < s ly,, for any p) The operators g '@)g with g' €
Exp(E) are then the convolution operators 7 % with T T® lg,whereTE
HNb(E )' is the inverse Fourier-Borel transform of g'. (We omit details since we
will not need this representation.)

DUALITY OF DIFFERENTIAL AND MULTIPLICATION OPERATORS. In [G1]
(or [G2, §7]) it is shown that the Fourier-Borel transformation B is an algebra
isomorphism from Hy,(E")" with convolution (where (T, * T,)(f) := T, *

(T, *F)O) for T;, T, € Hy,(E'Y and f € Hy,(E")), onto Exp(E) with point-
wise multiplication. In other words, the transpose of g'(d) (i.e., T * with BT =
g') with respect to the pairing « , ) is g’ + (pointwise product by g'):

ProrosiTiON 114, (g'@)f, ' = «f, &'+ ') for all f € Hyp(E") and £,
&' € Exp(E).
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Proor. [G2, §7, Proposition 2, p. 60].
The same holds in the vector-valued case, for operators of scalar type:

PropoSITION 114", &'@)ef, f'Vp = «f. g » f'Vp forallf € Hy,(E"; F),
7' € BExp(E; F') and g' € Exp(E).

PrOOF. From the density of Hy,(E") ® F in Hy,(E'; F) (Proposition IL1)
it is enough to consider f of the form f =f+ywith f€ Hy,(F "Yand y EF. By
use of the reduction to { , ) of Proposition I1.4 we use Proposition II1.4 to get:

(' @p f, Ve = (&'@Y + v, 6 = (&'@Y, F)»
=h e IY=4f @ )

=Cf g =g+ % O
REMARK. Proposition 114’ can also be proved directly: it is enough to
expand «, M as an infinite series in terms of the forms (, ), r given in Proposi-
tion II.3, and then to apply the identity of Proposition III.1'(ii) term by term,
setting 0, ., = d™+"f(0) and Q', = d™f'(0). In fact, Proposition IIL4, itself
can be obtained from the scalar form of Proposition I1.3 together with Proposi-
tion IIL.1(ii) in the same way.

CHAPTER IV. EXISTENCE AND APPROXIMATION THEOREMS

The existence and approximation theorems for convolution equations in the
scalar-valued case depend on II14 (i.e., [G2, §7, Proposition 2]), and the follow-
ing “division theorem”:

ProrosiTION IV.1. Given f € Exp(E) and g' # 0 in Exo(E), suppose the
following holds:

(*) For all f € Ken g'(d) we have (f, f'» = 0.
Then f' has the form f' = g' « b’ with ' € Exp(E). In fact, it is enough to sup-
pose the functions f in (*) to be of the form f = e* « P, with P € Py (E") and
x €E.

Proor. This is Proposition 3, §8, of [G2] (done there over E'), in the
language of convolutions: one shows that (*) implies f'/g" is analytic on all affine
lines S in E where g’ is not identically zero, by showing that (*) implies that
every zero of g'IS is also a zero of no smaller order of f 'Is. One then shows that
the analyticity of these f/g’|g implies that f'/g" has an entire extension &' €
H(E) by an integral formula [G2, §8, Proposition 2, p. 65]. One then shows
that a quotient of entire functions of exponential type on a Banach space is again
of exponential type, by means of a one-dimensional growth estimate of Malgrange’s
[G2, §8, Proposition 1,p.63]. O

We now extend this fundamental division theorem to the vector-valued situa-
tion.
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ProrosITION IV.1". Giveng'#0 in Ex(E) and fe EX(E; F"), suppose the
Sollowing holds:

(+') For all f € Kex g'd) we have (f, f'Vg = .
Then f" has the form f' = g' + k' with ' € Exp(E; F'). In fact, it is enough to
suppose the functions f in (*') to be of the form f =e¢* B withPe Py(E'; F)
and x € E.

The proof requires two lemmas:

LEMMA IV.1. If (*') holds then the following also holds

") for allfG Ken g'(d) and y € F we have (f, fy» =
If the functions f in (*") are required only to be of the form f = e" . P Pe
Py(E'; F), x € E, then the functions f in (+") need only be of the form f =
e*+P,PEP(E"),x EE.

PROOF. Suppose (*") failed: then there would be some f € Kex g'(d) and
¥ € F such that (f, f »# 0. But then from the “reduction from « , Mg to &, »”
of Proposition I1.4 we get (f * y, f Dy #0. By setting f [+ yin (*') we get
a contradiction. Moreover, if f were of the form f = e* « P, P€ Py(E"), x EE,
then fwould be of the form f= e* - ﬁ, with B:=P - ¥ € Py(E'"; F), so we
would still have a contradiction in the alternate form of (*'). O

LEMMA IV2. Giveng' # 0 in Exp(E) and R € HE'; F),ifg' - '€
Exp(E; F') then also h' € Exp(E; F).

PrROOF. Malgrange’s estimate on quotients of functions in Exp(C) is shown
in [G2, §8, Proposition 1 and Lemma 1, p. 64], to lead to an estimate of the
form |£3()| < C3e°3"*! for constants C; >0 and ¢; > 0 and any x € E, when-
ever f; € H(E) and f, * f3 = [, for f,, f, satisfying inequalities of the same
form, i.e.,

e <G (e, for f{€ ExpE)),i=1,2.

Sinceg' - i € Exp(E; F') by hypothesis, it follows that g’ « i’ satisfies an esti-
mate of the form ||g’ * fz"(x)ll < Cle"l“" ¥ for every x € E; hence for every y € F
with [yl = 1 we have g’ - ﬁ;(x)l < C, "'V where C, and ¢, are independent
of y. Moreover, g’ € Exp(E) implies that g’ satisfies an estimate of the form
g’ < Czecz""" for all x. Letting f; =g’ ﬁ;, and f, := g', from the Mal-
grange-Gupta estimate we obtain Iﬁ;(x)l <Cye3™ forallx EEand ally € F
with |||l = 1, since C3, c; depend only on the C;, ¢;, i = 1, 2, while these last
constants are independent of , ||yll = 1. But then we have [[Z'(x)ll < C3ec3"" I
forall x EE, ie., i’ € Exp(E; F). O

PROOF OF ProPosITION IV.1'. Given ('), from the first lemma it follows
that (*) in Proposition IV.1 holds for ' := f ', for each y € F. Hence by the
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conclusion of Proposition IV.1 it follows that, for every such y there exists an
hiyy € EXo(E) C H(E) such that f; = g’ + hf,). We define i': E — F* by

b, h'®x) = k(%) for each x € E and y € F:
thenf; =g ﬁ;, =g i{')y for every y €F, ie., f =g h'.

I:'(E ) C F': indeed, given any x € E, since g’ is not identically zero it fol-
lows from a well-known result on convergent power series, valid also in infinite-
dimensional domains [H, §III.1.3, Theorem 3(b), p. 71], that g’ cannot vanish on
any neighborhood of x. Hence there is a Sequence of x,, € E such that x, — x
in E and g'(x,) # O for every n. Hence i ) =g'(x,)" lf (x,) € F' for each n,
and moreover

D, B () = hiyy05,) = () =2 <y, B ()

asn — oo for every y € F by continuity of the functions h(y) It follows that
i '(¥) € F' by the uniform boundedness principle.

i is G-analytxc, i.e., analytic along all complex affine lines in E: indeed,
each (y, Yo ' = h(y) is analytic, and the (y, ) € F" for all y € F form a deter-
mining space of continuous linear forms on F’, so the G-analyticity of i' follows
from a classic result [Dun, p. 354].

R is also locally bounded: indeed, it is enough to show that h"(K ) is bounded
for every compact set K in E. From the coincidence of weakly and strongly
bounded sets in F' [H, §1IL.1.1, Proposition 1(b), p. 56] it is then enough to
show that (3" e A')(K) is bounded for each y" € F”. But from the compactness
of K and the continuity of each héy) it follows that {(y, ﬁ"(k))lk € K} is bounded
by some C, >0, for every y EF. But by Alaoglu’s theorem, F is weak *-densely
imbedded in F". Hence for each y " € F" we can find some V€ F such that
Iy ,y") v, y")N <1 for every y' € F', so0 in partlcular KR'K), y™ <1 +
Ky, RN <1+ C, for every k €K, ie., each (y" o A'XK) is bounded.

The G-analytxc1ty and local boundedness of /' imply that &' € H(E; F') [H,
§111.2.2, Proposmon l] Finally from the second lemma above and the exponen-
tial nature of /" and g’ we conclude that i’ € ExpE: F'). O

We can now state and prove the Malgrange-Gupta existence and approxima-
tion theorems for g'(d);. The proofs, given here in terms of the form « , s
are analogous to those in the scalar-valued case:

THEOREM IV.1. Given g s& 0 in Exp(E), every equation g (d)Ff = g with
gin Hyo(E';s F) has a solution fin Hyb(E's F).

PrOOF. The operator g’ » (multiplication by g’ on Exp(E; F")) is the
adjoint of g (d )r With respect to the pairing given by « , Y= (Proposmon 114").
Moreover, g’ « is injective, as follows easily from the fact that if g'#0andg’ -
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i’ = 0 then &' vanishes on a neighborhood of a point where g’ is not zero.
Besides, Im(g' *) (= {g' * #'|i' € Exp(E; F')}) is closed with respect to the
weak topology of the pairing ( , W: indeed, from the { , )z-duality of g'(d)g
and g’ « it follows easily that Im(g’ *) C Ker&f, Mg for every f € Ken g'(d )e-
Conversely, from Proposition IV.1" it follows that Kea«f, Mg C Im(g’ +) for all
fe Ken g'(d)p. Hence Im(g' *) is an intersection of weakly closed sets. Finally,
from the Dieudonné-Schwartz theorem on surjections on Frechet spaces [Tr,
Theorem 37.2, p. 383] it follows that g'(d ) is surjective. O

THEOREM IV.2. Given g' € Exp(E), the solutions of g'(d) f=0of the
form f = e* « Pwith PE Py(E'; F) and x € E are total in the space of all solu-
tions in Hy,(E'; F).

ProoOF. If g’ = 0 then Kex g'(d e = Hyp(E ', F), so we are reduced to the
density in Hy,(E"; F) of the subspace generated by the functions e* « y, y €F,
x EE. [G2, §5, Proposition 3]. Let then g’ # 0: given « , /"Ny in Hy,(E"; F)'
suppose {e* « P, f Mg = 0 for all Pe Py(E'; F) and x € E: by Proposition IV.1/,
7" has then the form f' = g' « &' for some i’ € Exp(E; F"). By Proposition I11.4'
it follows that (f, f° Vg = «f.g' - fl"))p = ((g'(d)Ff, fz"))p = 0 for every f €
Ker g'(d)g. Since every T € Hy,(E"; F)' is of the form ( f "Wg (where BT =
7Y (Proposition 112), it follows that all T € H no(E's F)' which are zero on the
solutions e* « P are also zero on the space of all solutions f € HNb(E'; F) of
g'd)g f = 0. The Hahn-Banach theorem then implies the density of the subspace
generated by the solutions €* « P. O
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