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ABSTRACT.   Let p(nx, . . . , n-: Aj, .... Ay) be the number of

partitions of (nx, . . . , n.-) where, for 1 < / < /, the /th component of each

part belongs to the set Aj = U/(m=i{a//im + Mv: v = 0, 1, 2, ... } and

M, q{l) and the a//,m are positive integers such that 0 < a¡x < • ■ • < "¡gin

< M.  Asymptotic expansions for p(n,, . . . ,n¡: A., . . . , A.-) are derived,
/+1 —t

when the n¡ -* ~ subject to the restriction that n. • • • n¡ < nj for all

I, where £ is any fixed positive number.  The case M = 1 and arbitrary / was

investigated by Robertson [10] while several authors between 1940 and 1960

investigated the case / = 1 for different values of M.

1. Introduction. Many authors have evaluated the number of different

partitions of a multipartite number. A multipartite number of order / is a /-di-

mensional vector, the components of which are positive integers, and a partition

of («j,. . . , nj) is a solution of the vector equation

(l.i) Ç 0»lft,..., ii^) - Otj., «p

in multipartites. Two partitions which differ only in the order of the multi-

partites on the left-hand side of (1.1) are regarded as identical.

In [10] Robertson, extending results of Wright [13], obtained asymptotic

expansions for the number of different partitions of (nx,. . . , nj) when nx • • •

«. < m.'+ 1-ei for all / where ex is any fixed positive number less than 1. In this

article, we extend these results and obtain, subject to the same conditions on the

n¡, asymptotic expansions for p(nx, ...,«■: Ax, . . ., Ay) the number of dif-

ferent partitions of (nx,. . . , nj) where, for 1 < / </, the /th component of

each part belongs to the set

9(0
A/=   U  iaih(i) + Mv:v = 0,1,2,...}

/»(/)=!
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and M, q(l) and the tf//,m are positive integers such that, for every /, 0 < an <

'•■<a,qW<M.

The residue classes in which the different components of each part must

lie may, in general, be expressed in terms of different moduli, and also the per-

missible residue classes for any particular component may be expressed in terms

of different moduli. These generalizations are, however, only superficial, as all

the residue classes may be expressed in terms of residue classes modulo M, the

least common multiple of the different moduli.

In [13] there is a fairly comprehensive list of papers concerned with the

asymptotic evaluation of the number of partitions of multipartites. The only

investigation, of which the authors are aware, concerning multipartites subject to

congruence conditions is that of Passi [8]. This paper generalizes the partition

problem to lattices but obtains an asymptotic evaluation not of the number of

partitions but only of its logarithm.

The case / = 1 with different congruence conditions has been investigated

by several authors. The Hardy-Ramanujan circle method as modified by Rade-

macher [9] has been employed to evaluate p(nx: Ax), where q(l) = 2, al2 =

M - ax,, as a convergent series. The case M = 6 was obtained by Niven [7],

M = 5 by Lehner [5] and Livingood [6] solved the case where M is any prime

> 3.  Later Iseki [3] evaluated p(nl : A,) when M is composite > 3 and (alí, M)

= 1. Hagis [2] evaluated p(«, : A^ for all odd primes M, where q(\) = 2r and

a\h + a\k ~M whenever h + k = 2r.

In all the cases mentioned in the preceding paragraph, Ai is symmetrical

in the sense that al e Aj implies that M - ax € Kx, and this ensures that the

generating function of the p{nx: A,) is a modular form. Rademacher's method

then leads to a convergent series representation of p(rix: Kx). Grosswald [1]

considered the case where M is any odd prime and A! is an arbitrary asymme-

trical set. Then the above method cannot be applied and only asymptotic re-

sults are obtained.

2. Notation and definitions. Throughout this article, a, d. A, A, k, K, I, m,

M, n, N, v, q, r, p, s represent nonnegative integers and / is used for an integer

greater than unity. C is a positive number, not necessarily the same at each oc-

currence, which may depend upon any /, M, e¡ but not upon any n,, x¡, y¡, 6¡,

if,, z¡. The numbers e, are positive and to be thought of as small. The symbols

"", o( ) always refer to the passage of the n¡ to infinity. The symbol 0( ) some-

times refers to the passage of the n¡ to infinity and otherwise is obvious from

the context. The total differential operator d/dt is always denoted by D and

never by a prime, y, f( ) represent respectively the Euler constant and the

Riemann zeta function.

We write
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f(xv..., x.)=f(xl.x.: Aj,.. . , Ay)

(2.1) - q(ï) q(j)      I (       i W"1
= n ---n  n ••• n m-«p -E(^,+w*/

vt=0 i>y=0 ft(l)=l h(j)=l    y \    '=1 j)

where Re(x¡) > 0 for 1 < / </. Writing p(0, .... 0) = 1 and p(nx, . . . , n.) =

p(nv ...,«.: A j.Ay),we can easily verify that

(2 2)     fo\> • • • '*/) = ¿   * * " ¿ PÍ«!."/)« "1*1       "/*/-
«j=0 n.=0

We assume for convenience throughout this note that «j < • • • < «•. The def-

inition of p(nx.M.-) is such that this assumption involves no loss of generality

in the asymptotic results obtained..

When |r| < 2jt, we have

(2.3) U?»(¿-ir* = '¿BJLcyiri

for all c, where the Bv(c)/v\ are the Bernouilli polynomials in c. From pp. 521-

523 of Knopp [4], we see that, if we write Px(t) = t - [t] - % then

ee

Px(t) = Bx(t) = - £ (nr)-»sin 2nrr
7=1

for 0 < t < 1, and if we write

P2v(t) = 2(-1)""1 ¿ (2rír)-2" cos 2nrí,
r=l

p2v+i(0=2(-iy-1 ¿ (2rn)-2v-i sin 2ntt
r=l

for all v > 1, then Pv(t) = 5v(i)A>! for 0 < t < 1. Clearly every Pv(t) is bounded,

has period 1 and, for all v > 1, DPv(t) = Pv_x(t). B2v(0) for v > 1 are the

Bernouilli numbers. For i> > 1, B2v+X(0) = 0 and (2ir)2"52l)(0) = 2(2i>)!?(2i>).

We define

/

*'> ■ **( w: *i.v=i_1 n(/v - d-v -»«^
/

-r» £ ...£ exp -^0»,+^ ,

"r°     "r°     \  ,=1 /

„, > "    «CO «CO

^i.VfVi + E   E ••• £ WW1 *i/=i       r=i ft(i)=i    ft(/)=i
/'



302 M. M. ROBERTSON AND D. SPENCER

We put X = xx • • • Xj and jc* for the x, with maximum modulus, i.e. |jc*| =

maxlxjl. Hence, for |f | < 2nlM\x*\, we obtain from (2.3)

.... / , Mx.t        „   .  (M-a..ns)x,t
XM't'+1A(t) = t[MXit{e       -l)~le       w(,>   '

/=i

(2-4) / v

1=1 v=0      \     m       I m=0

where Qm = Qm(xl,. . . , xj) are homogeneous polynomials of degree m in

Xj.Xj. We write

G(t) = XMlh(t)- V Qmtm-'-1
m=0

so that G(t) = 2^=/+1ßmim "/_1 whenever |f| < 2tt/M|x*|, and we put

H = H(xv....xj)

(2'5) = f " j*M'A(f) - £ QJ"1-!-1 - QXe* - I)"1 Î d*.
J0   ( m=o |

We write z¡ = xjxx for 1 < / < /, Z = z2 • • • zf- and

i'»8^..V*rVr •■•*/>

for all m > 0. If we write

Í2(«) = Í2(«: z. . . , z ) = w"1 fi (e ^ - 1)~ V     '*«'     ' ,
/=i

then it follows from (2.4) that

zui+1n(u)= £ umu
m=0

m
m

for \u\ < 2n/\z*\, where z* is the z¡ with maximum modulus. Observing that

Mx.t

/>W My      +

{(e'-l)-1 -MxJe    »   -l)-1}*
o *

-Afx.r
= [log{(l - e       1 T '(1 - c-OllrT = log Mxt,

we substitute « = Mxxt in (2.5) and an easy calculation gives

(2.6) H = XM'I-Q.\o%Mxv

where
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-00

I = I(z2.¿j) =J   0(": z2.z)du,

ß(u: z2,..., 2j) = Í2(«) -Z-l\ £ Umum-'- « + Ufe" - l)"1 J.

For s > 1, let us write Z' = z2 • • • z4, Z" = zi+ j • • • Zy and, for all m >

0,

^ = ^1.*,)«*_mß„(*l.*¿

^ = ̂ ,+ i. • • • - V-J,f"WfiU<2.+ l.*i>'

We define

n'(«)-n'(«: z2,..., ,*-«-« ne'1" - iW'-WV
7=1

Í2» = Í2>: zj+1,..., z.) =   n («"'" - l)-»*0-^)^",
/=*+1

and so, for \u\ < 27r/|z*|,

Z'u*+1n'(u)= ¿ Km«M,     ZV"'«»« ¿ IVmum.
m=0 m=0

It follows that, for all m > 0,
m

"m(2.7) «i. = Z VrWm-r-
#=0

We define a generalization of the integral / by writing

C=I>2.*,)=J/>:*2.*,)<*«•

where, for/■>/ + 1,

0>:*2.zi) = «',+í-/í2'(U)

and, for 0 < r < j,

0>*2.z4) = «'+*->í2'(h)

-Z'-^f; Vw«m+,-/-1 + Ky_r(eM - I)"1!,

For 1 < / < /, we write

*/=>'/+/Oi=^(l+/Ç/),
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where y¡ > 0. We put

y=yt '--yr

Rm=Rm^i.y,)=Qm(yv.-,y¡>,

_ _ «7(1 ) <?(/)

/l(l)=l *(/)=! '

_ _ i(l) <ï0)

*m=*wöv/--^/) = Z  ••• Z ^„(v,.y.),
Ä(l)=l A(/)=l '

_     _ "Í») ?(/)
H = H(xv...,x)=   Z    '••   Z  H&.,...,x\

A(l)=l Ä(/)=l '

We let >>, ~ ¿u,, where the p¡ are defined by

(2.8) pt = «-'{M-'fO' + 1)^0«! ' ' • »)}1/(/+1).

Since «j < • • • < ny, clearly /ij > • • • > /iy.

From (6.2), which we prove later, we can easily deduce that a positive

integer A can be found such that A is the smallest integer for which fxJA+'_1 =

ofJLij • • • ju). With this value of A, we define

/
F*(xl,...,x¡) = JTtnlxl'     j=i

+ X-'M-n     £     fry + 1 - m)Qm + yQ + 77Í.
(m=:0;m#/ ' I

For 1 < / </, we write d, for the greatest common divisor (M, an - a/2,

..., an - «/,(/)). Then we define K = K(nt.nf. At,..., Aj) as the

number ofi>inO<i><A/— 1 which satisfy the simultaneous congruences

n¡ = van  (mod d¡), 1 < / </.  Clearly, since d, divides an - alh,^ for 2 <

HO < 9(0» K/</, these congruences are equivalent to n, = ra;ft(/) (mod d,)

for any set of A(l),.... h(f). Finally, we write q = Q0 = RQ = q(l) • • • q(f).

3. Statement and proof of the main result. Employing the definitions of

the last section, we can now state our principal result.

Theorem 1. If, for 1 < /</ (j> 1), every n, tends to infinity subject

to the condition that

(3.1) nl • • -n.<nt    ~ 1

for any fixed positive number ev then
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P(«!.«p~Kdx • • • dM~l(j + l)-*{Mil2rt(j + l)*?}*'

xYKU+2)eF*(yl>-.yj)

where the y, are functions of p.,,..., ¡i¡ such that yt ~ p, and

(3.2) yfiF*(yl.y^/by, = o{(n1 • • • p/)"14+e2}

for 1 < / </ and any /aed positive number e2.

Proof. First we choose e2 to satisfy

(3.3) 0<20 + l)e2<e1,

an inequality which will be used in the proof of Lemma 4. Next, we define tj

and xby

V = (HX-'- P,.)*"'2,   X = n{Y-lM-^(j + 1)K0}K ~ C(«, • • • n.)2l(J+l).

From (2.2), we obtain

p(nx, ...,nf)

=wir ■ • • r%»i*i+~+w*'<*i.vdöi... de_
J—lt J — v 1 /

Now, from (2.1),

09 °°    9(1)

log^i.*/) = z •-z z
P1 = 0 Py=0ft(l)=l

?(0
(3.4) • ' • Z    Z '"   «p   -r £ (M>, + a/h(/))x,

/»0)=i r=i \     /=i

-       Q{1) q(j)

^..¿.■"al..^-^"'.*<>
and so,

(3-5)   P(n,.«y) = O)-' j • - • r       ^.^rfO. ■ • • «iff.,

where, for « = e2ni,M,
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n x  +...+n.x.M-l        M-l   n,s.+...+nj.
g(xv ...,Xj) = e x 1 ''£     --Eco11 "

ij=0 s.=0

Í -      9(1) q(j)

(3.6) X exp]Z  tZ_. •   • tI   Ah(1)^(r: x.,.   . ,*.)
r=l A(l)=l *(/)=l

xco~"'/=1""IW/i
-rsL,a,./,.s,

In order to prove Theorem 1, we require an asymptotic expansion for the

logarithm of the generating function/(Xj.jc). The following result, which

is of interest in itself, will be proved in §5.

Theorem 2. When larg x¡\ < fat - e3 for I < K j,

2fc+/-l

AM''log /(*,.x.) =     ¿     W+l- m)Qm + yQ. + H + 0(x*2k+')
m=0;milj

as X* —* 0.

We also require the following lemmas.

Lemma 1. An equivalence relation is defined on {(sp .... s-): 0 < s, <

M - 1 for 1 < / </} by setting (sv ... , sj) equivalent to (s\,..., sj) wAe/i-

ever S/a^^s, = S^a^^s) (mod M) for all A(l),..., h(j). Then

n,x,+...+n,x- ,v^*   n,s*+...+n.sf
iOc,,..., x.) = e » x        ' >Kdx • • • d^-'Z co ' x        "

l »   9(D          <¡V)

xexp £   Z    •••  Z   \(i) ...h0¿r: *i.xi>
<r=lh(l)=l ft(/)=l

xW-rSí-iA»(0*iÍ

vvAere /Ae sum S* is taken over a complete set of representatives of the equiv-

alence classes.

Lemma 2.  If S'j IS, I > t? and every 16,1 < jr/M, rAen

«C«,.*,) = 0{exp(F(yl, ...,y¡)- Cx2)}.

Lemma 3.  If l{ !£,! < % then
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n.s, +...+IM, 9(1) "CO
Sf.)«-!'«— V/exp E    Z    ...   EA, fr:,,.»p

(r=l h(l)=l /.(/)= 1

x w-4i-»w»;!

= 0 jexpfay..^)-ív,-^ • • -/Jy)-1)   .

vv/iere r«e sum SC*> is taken over the same set as 2* except that the term cor-

responding to the equivalence class where every 2\alh^Si = 0 (mod M) is

omitted.

Lemma 4.   // 2', I?, I < i?, then

f(xx.x.) = F*(yl,...,yi)

-Y-iM-iW+mÁzC+Z    Z   ̂ m\+o(l).
(/=1 ¿=1 m=/+l \

Lemma 5.   It is always possible to choose yx.y¡ so that y¡ ~ p;

and (3.2) holds for KKj.

From (3.5), (3.6) and Lemma 1, it follows that

,   „/>(",.».)

Kdl    dj

/n/M rit/M   »x.+...t»i;r*   n s* + ...+ns?
• •• i        e l l i 'I* oj     ' ' '

-it¡M J -it/At

!d(l)           «7(0
Z Z        •••       ;Z       \(i)...h(j)^:Xl.X?
r=l /i(l)=l h(J)=l

xur^awf>\d0x---d0¡

and, by Lemmas 2 and 3,this is equal to

.2

/..•]>'.X')dei.--d6i + 0{f(y>'-y')-CX}

+ 0{rr'eF<y>''"yl)-C"t>"'\

SI^Kn

By Lemma 4, the latter integral is asymptotic to
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y/'<*i~'i>J. . .Jexpj-r-1M-''r(/ + 1)R0

*(z*2 + Z   Z ^m)Ui---^r
y 1=1 7=1 m=/+l / J

If we transform the variables in this integral by writing

\x = {YM'IW + lJR0}Vlu,   for 1 < / </,

we obtain

M(2n)'p(ni.nj)/Kd1 • • ■ d) ~ Y*V+2WW + IJRJ*1

F
x e ^.y,) /• • -/exp^-X«,2 -ZZ «,»„,) *»,"• du,.

ZIKjKX

Since the integrand is positive everywhere,

,xli rx/7...

-x//       J-x//
r   "i   < '* jJ-x/i        J-xli      J        J

SlUjKX

dux • • ' du.<í-x---f-xeXp(-Z»?-Zur«m)

and so, by Lemma 4 of [10],

p(nv ...,«.)-Kdx • • -d-M-'O' + l)-iA{M'l2tf(j + l)RQ}^

x ytt(/+2)eF*°'i.V.

Theorem 1 follows from this and Lemma 5.

In order to examine F*(yv . . . , y¡) more precisely, it is necessary to

investigate 7 and, for this purpose, we require two further lemmas.

Lemma 6.   Ifg(t) and all its derivatives are continuous in 0 < t < 1, then,

for any j satisfying 0 < r < 1,

g(r) = [lát)dt + ZPflW^gQ) - P-'tiO)} - ok
JO r=i

for all k > 1, wAere

ok =f/k(T - 0D*g(f)dt.
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Proof.   For r > 1, Pr(t) is continuous, DPr(r -t) = -Pr_x(r- t) and

Pr(r - 1) = Pr(r). Therefore, by integration by parts,

(3.7) ar = i»r(r){Z/- ̂0) - V~ VO» + of_,

for all r > I. Also, P, (-0) - Px(+0) = 1, DPx(r - t) = - 1 for all t ± t and

Px(t- l) = Px(r).
Now,

jJßPjir - t)g(t)dt = Px(+0)g(T) - Px(T)g(0) -fPx(T - t)Dg(t)dt,

j'DP^T - t)g(t)dt = Px(r)g(l) -Px(-0)g(T) - J Vj(t - t)Dg(t)dt

and so,

m ~/o ^t)dt = {i>l(_0) -Pi(+0)}f(T) +Í0DP¿T * m)dt

=px(TMi)-gm -J/i^ - -w)*-
The lemma follows easily from (3.7).

Corollary. For |arg v\ < Vat — e4, 0 < t < 1, a«c/ any fixed positive

integer k>2,

veVT(ev - I)"1 = 1 + ¿ J» (Ty + 0(u*)

r=l

where the constant implied in the order term depends upon r, k but is indepen-

dent of v.

Proof.  For 0 < t < 1, putting g(t) = evt in Lemma 6, we obtain

evr = u-i(eu _ !) + Yipr(Jy-l(ev - 1) - JÇXPk(T - ty*dt.
>=i Jo

Since u(eReC") - l)/(ew - l)Re(u) is bounded, it follows that

veVT(ev - l)'1 = 1 + ¿ Pr(Ty + 0(vk).
r=l

It is well known that this formula also holds for t = 0. (See, for example, [4,

pp. 534-535].)

Lemma 7.  // |arg z¡\< Htt - es for 2 < / < /, then

fc-i (/-«)*

ZI<?2.^=Zi'srK+ Z o(/;/o
»=0 r=jfc

forallk>j.
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Proof.   From (2.7) and the preceding corollary,

ß(u: z2, . . . , z.) = Z"- V-/-1 J! (eZ'U - l)-^0^^^/"

Í*-l (j-s)k )
z wy + z o(z"rur)\
^O r=k )

Í/-»   m 1
Z   Z yPm-^-i-' + Z VrW   j? - I)"1

_  7"-l

! m=0 r=0 r=0

fc-1

^ \ZtJr-**• — *&
(»■=0

(/'-*)* :

+   Z OW'Ju: z2,. .. , zsyr}\
r=k

The lemma follows by integration over u from 0 to °°.

Since et — 1 > ^/ml for all positive r and all positive integers m, we

have, for all r > j + 1,

0>Vi.yslyl) = 0{y\(yï--'ysr1}

for 0 < u < tëîr and

0>: V-^i.Vi)= °&1û'1 • • •^J)-1«-2}

for u > #jt. It follows that, for all r > j + 1,

/>2/v,.*A)= o^fr. • • • ̂ )_1>-

From (2.4),

S- \ .fnSMut.ty

1=1 ^x

and so,

Wmd,y2lyv... .y^JW* <e°*h + | + Z 52/o)7r27(>)!| =

Therefore, for 0 < r < / and 0 < u < Hit,
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ß'sr(»-y2lyl>---,yjyl)

=y\(yx ■ ■ -yX'Wr ^r • • • • -f){u~l ~(e" " 1)_ 1}14? "
y2      y.

+     Z       Vm tuf.-A).«*^!
m=/-r+l \   J'y

mx     y    ■ y
!

and so,i

r4>T.$*-°K■rjr' £ 2"
m=0

»ocuîOij •••pir1}.

Also, for 0 < r < ; and £/ > î&r,

0>= Vi.Vi^^O, • • -y,)-1»-2)

and so,

/J/>:V->v • • • >yjy¿<& = oímjoi. • • • pp-1}.

Hence, for 0 <r </',

/>2/>,.>'A) = 0{riî01•••/ií)-,}•

Now, if pJ+1, ..., p.- are each OQi\+e6) for some fixed positive number

e6 but none of p2,..., ps is 0(p}+e?) for any fixed positive number e7, then

it follows from Lemma 7 that

íy*      M   ¡s, ^-ik~K, y2      y

<Myx)-'Qf(ys+l.y.) + 0{}i[-k(nx • • • Py)-V*+1 }•

If k is chosen so that n{~k(nx • • • Py)_1Ps+i = °G)> then the expression for

/ given in (3.8) may be used to calculate F*(yx.yj) in Theorem 1.

4. Proofs of the first three lemmas.

Proof of Lemma 1.   It is easily verified that the relation is an equivalence

relation. We observe that the final exponential expression in (3.6) is the same

for all (sx, ... , sj) for which the sums Eo¡hf¡\S¡ are congruent modulo M for

all fl(l).h(j). To evaluate g(xx,... ,x¡) therefore, we first compute the
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sums S'co"i,i+'"+"/*/, where each sum 2' is taken over all the (sv ... , sj)

for which Xalh^st = PA (!).../,(/) (mod M) for all A(l),..., h(f) and the

Ph{\)...h(j) are nonnegafive integers less than M.

For any particular set of p„n\...h(j)> f°r which there is no (sv . . . , s^)

such that 2a/A(/)s, = PA(i ).../,(,•) (mod M) for all A(l),.. ., h(f), then clearly

the sum is zero. Otherwise, there is at least one (sx,..., sy.), say (sf,..., sjf),

such that 2az/l(/)s/* = Pj,(i)...Äy) (mod M) for all A(l),.... h(f). It follows

that, for any (st.s^) for which 2a/A^s; = f>¡i{\)...h(¡) (mo<* ̂0 ^or ̂

A(l),.... h(f), then 2a/ft(/)(s, - s*) = 0 (modM) for all A(l),...,h(f). These

congruences are equivalent to the/ + 1 congruences 2aa(s, - sf) = 0 (modM)

and dA(sÄ - sjf) = 0 (mod M) for 1 < A < /. Hence, in this case,

Z^nlil+...+V/ m ¿tSS-.+nrf <*£        "r 1wM(WlJl/</1+...+„/i//d/)

4j=0 i.=0

ÏM»(1»(/d^O(raodAf)

= ¿vî+...+v; "l;1 ... *£ w"(»1vdi+"+V//<V
Sj=0 i.=0

i Jlir1    -VLMa,.s,ld.
x M-1  £ co " '  '

mo

=u»i'î+»+v;r' *£' ''g1 coM,>(,,»-''<,i)/d»
p=0 *.=o

n s\*+...+n.sT      .
= CO * ; ' M    «j • * • dA.

Lemma 1 follows immediately.

Proof of Lemma 2.  At least one %x satisfies 11,1 > tj//. Then

Afx, ,       IMy. My,       .,   ._
|e    ' - 1|2 = e     ' + 1 - 2e    'cosMj^,

= (eMy< - l)2 + ^'sin2^, > (""' - 1)2(1 + Or,2)

for 10,1 < 7r/M  Hence, for any A(l),.... h(f),

lA/.(i)...»(/)(1: *«.Xi)l < (1 " °,1)A»(l)^(f)(1: 'i.'A"
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Also, for all r > 1 and any h(i),..., h(f),

|A/,(i)...fttO(r: *i.*/>' < \w...hdr: yi.yP

and so, from (3.6),

IgOc,.xp\ < CexpTFOj, ...,y¡>- Cx2}.

Proof of Lemma 3. Each of the terms in 2¡C*) has at least one of the

sums Sa/h(/)Sj* ^ 0 (mod M). Then, for some h(\), .... h(j), 2a//](/)sf = p

f 0 (mod M). Therefore,

ft(l)...A0)V
A.,.,  ..„,(1:*,.*pW

~ A7i(i)...h(//1: yi' •• ' y? í1 + ÖWKcos 2?rp/M - / sin 2t\d\M).

It follows that

I      i~    "CD           <7C/) _,.ra      .;
exp]Z    Z    ••'   Z   Aft(1)...A(/)(r: x,.x.)u       »«

j       ir=l/i(l)=l fc(/)*l

= exPRe¿£    £    - I   ^„.^x,.x.)o>       *«'l
(r=l A(l)=l fc(«=l w )

!oo     9(1) «7(0Z Z ••• Z \{l)...h(j¿r-yv--y¡)
r=l 7.(1 )=1 ft(/)=l

- Y~\l - cos 2ttp/AÍ){1 + 0(r¡) + 0(PX)}>

Íoo     9(1)               <7(0 )
Z    Z    •••   Z   AA(1)„.Ä(0(r:^.^-Cr"1}.
r=l7i(l)=l         7.(/)=l )

Lemma 3 follows immediately.

5. Proof of Theorem 2. In order to prove Theorem 2, we first establish

the following lemma.

Lemma 8.  As t —► °° through real positive values, DkG(t) —* 0 /or a//

* > 0 and, /or a// k > 1,

f~|ßkG(OlÄ = 0(jt*/+*).
•J o

Proof.  Obviously G(r) —* 0 as t —*■ °°. Let t0 = lAn¡M\x* |. Now

0*2oßmfm-'-1 —► 0 as t —► « and
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P* Zô/-'-1 dt
m=0

< f " ¿ IßJO' + 1 - m) • • • (j + * - m)f%-i-k-1dt
Jt0 m=0

= L\Qm\(J + l-m)---(j + k-l-m)tm -'"* = 0(x*>+*).
m=0

Since

D{(e    ' -1)-1}=-Mxl{(e    '-l)-»+(e    ' - l)"2},

we see that DkA(t) is the sum of a finite number of terms of the form

/

myo-"-1 n o»/'«» - ««„>,> Vv - i)"Pr !,
1=1

where a > 0, r, > p, > 0, st > 0, a + 2'j(r/ + s,) = fc.  Hence, £>*A(r) —*• 0 as

t —► °° and.

of the form

t —■*■ °° and /? [DkA(f)|df is dominated by the sum of a finite number of terms

C\X\ t-a-\ dt

dt

r» |    ' r.+j,   Mx,t -P.—If

<otc*is(r'+s'-p')tc*ra+Lp'=o(x*/+k).

Therefore, OkG(f) —► 0 as t -» °° and /" lD*G(r)l# = Of>*/+*).

By substituting t = n/M\x*\ in (2.4), we obtain

<Ci
.j-a-2p,

z
m=0

lßmK>r/W|x*ir < n^jl +f + Z B2v(0)n2vl(2v)\{= C

and so, \Qm I < OCMx*!/*/". Now, for 0 < t < f0,

10*0(01 <    Z      (w - / - D • • • (m - / - *)lßm H™-'~k~'
m=j+k+l

and hence,
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(to\DkG(t)\dt<C     Z     (w-/-l)---(7M-/-/c+l)2/+*-mlx*|/+*
■* ° m=j+k+l

= 0(x*>+k).

This completes the proof of the lemma.

Proof of Theorem 2. For any positive integer N, we have

fNp.(t)DG(t)dt= Y f1 (t - tt)DG(t + r)dt

(5.1)      J° ^°J°

= &{G(0) + C(A0> + Z Gto - [NG(t)dt.
r=l J°

By repeated integration by parts, Lemma 8 shows that

Ç°°P.(t)DG(t)dt = £ (-iyPs+x(0)DsG(0)+['"P2k+x(t)D2k+lG(t)dt
Jo s=i J o

(5.2)

Now,

where

= Z(- WB2S<®Q2S+¡I2S + 0(x*2k+i).

i=l

£lG(r)-(NG(t)dt = Ax+A2+A3,

r=\ J °

Ax= Z^W + Öy/r},
»=i

^ = eifV1 - (*' - ir')* - gV- j.

A3 = -/o^ÍG(0 + ß/f1 - (ef - I)"1)} <fr

As A'—>oo,

^, — ̂ M^Z A(r) - Z W + 1 - «X2M,
r=l w=0

-«a =ßy jlog ̂  - log(l - e~N) - "¿r- « | — _ 7Ôy,

^3->-/"{<*')+ Ö//-1 -(e'-l)"1)}^-//.



316 M. M. ROBERTSON AND D. SPENCER

Therefore, letting N —*■ °° in (5.1), we obtain

fPx{t)DG{t)dt = XM¡ ¿ A(r) - ¿ {(j + 1 - m)Qm - yQ. + M.+   - H,
J ° r=l m=0 '

and Theorem 2 follows from (3.4) and (5.2) since f(0) = - 14 and £(- 2s) = 0,

f(l - 2s) = (- lfB2s(0)l2s for all positive integers s.

6. Proof of Lemma 4. We define the linear operator T by

77z(x1(. . . , xf) = h(xx.x.)- h(yv ... ,yj)

dh

"S^'ty0'1.&
where h(xx.xj) is any function of xv ... , x, with continuous first order

partial derivatives.  First we prove that

// /->     /
(6.1)7F*(x..x^-Y-'M-W+WJZÇ + Z    Z   M«

• \ 1=1 1=1    ™=7-l-  I

+ o(l).

Trivial calculations show that

i/=i

n^-,)=-ir-1(z?,2 + Z   Z £,Ú +o(T,3r->),
w=i i=i »i=;+i       /

itf-'ß.iog*,) = oofy-tyog^)
and, for all m > 0,

n^-,ßm) = 0(r?2r-1Äm).

Now

7?3/'-,=0{í>r--iU.),4"3e2}=   0(1).

From (3.1), n{ <nx • • • n¡ < n{+1~ei, n¡ < n]~ei, and therefore it follows

from (2.8) that

-l+/e   /(/+1) ^^-í./Ü+D
CMj        » <P/<P1 <Cw,   »

Hence, we have

(6.2) p.<p1<p.ll0+1\     logM^OOogp,).

Also, r¡2 Y~ ' I/2y log j>, | and r?2 Y~l \Rm | for all m > 0 are each less than
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-2«, ., (l + 2e  )/(/+D
CPjOV'-pp     2=Cn-1(nx---nj)

2e,-e.(l+2e  )/(/+l)
<ÖJ, 2     ' =o(l)

by (3.3). We have, therefore,

T(x- » ) = - y- »[ Z S2 + Z   Z i,U + o(i),
W=l /=1 m=7+l /

7(^"1ôyl0gX1) = 0(l)

and, for all m > 0, 1\X-lQm) = o(l).

If we write T(t) = h{yx(l + i%xt),.. . ,y¡(l + i^t)}, where h(xx.x¡)

has continuous second order partial derivatives, then Taylor's theorem gives

r(i) = r(0) + Dr(o) + w2r(^)

for some \¡j which satisfies 0 < ^ < 1. It follows that

Th(xx.Xj)

1    '       I A2/,

=- \ Z Z tfmv* ¿t W + *»*>.yfl + '¥»•
¿ 7=1 m=l 7    m

For all / > 1, routine calculations give

b2ü(u)lbx2 = Q(u){(alHl)ulMxx + «/*,(/'" - l))2 + u2Í?¡x2^? - l)2},

with similar expressions for the other second order partial derivatives. Since

e* — 1 > tr/r\ for all positive t and all positive integers r, we have

7ï2(«) = 0{îjV1(p1 ...pp"1«-'-1}

and so,

^/^(«^«Noí^Í/p,-.-p.).
If we substitute / = n/Myx in (2.4), we obtain

Z KfrlMyJ* < A\ + ï + Z 52 ffl^W^ g
2       "     2iAm-o i       *     v=i

where J?^, is written for the sum of the moduli of the monomials of which the

polynomial Rm = Qm(yx,.. . , y¡) is composed. Therefore, for all m > 0,
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Rmyim < CMmir-m. Since Z~1Um is a sum of monomials of the form

CM-ml\{:=x(xllxl)ri~1, where 2r, = m and

zzv.ïàrMr)   h^nr' .
Z=lm=l °,*/,wc»»i (/=l^l/        j m\*i/

it follows that

UtZ"1^)! < On2m2M-my-17i*yi-m < OpwPr—yljr1.

We can immediately deduce that

ÍSlz"{A """"""" + «^ - ir'j *)= °^
Also, since for 0 < ti < Vai

ß(u: z2,..., z.) =:) = Z"1/ ¿    t^tl—'-1 + Ufu-1 -(e« - I)-»)}.
(m=/+l j

we deduce that

T. f**ß(u: z2,..., z.)aw( = Oh2//"1 £ m22-wj

= 0(n2p[lpl ...Mp.

Combining the results of the last two paragraphs, we have

ro-ofoM/M. • • -pp=o(«;£2"eií/+2e2)/c/+1))=0(i)

by (3.3). (6.1) follows from (2.6) and (2.9). From (3.2), we have

%y,W*(yl,...,yj)lbyl = o(l)

for 1< / </. Therefore, from (6.1),

F*(xx,...,x.)=F*(yl.yf)

- Y-iM-iw+wjhî + z z s,ü+ °o).
U=l 1=1 m=/+l /

Again, we see from (2.9), (3.4) and Theorem 2 that

F(xv ...,x¡) = F*(xx,..., x¡) + o(l)

and Lemma 4 follows immediately.
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7. Proof of Lemma 5. As the proof of this lemma is very similar to that

of Lemma 3 in [11], we provide only an outline. It is easily seen that, for all

/>1,

xfiOMItai = S2(uX(l -aimIM)zp - z/Uf/'V" - l)-1}

= -ztQ(u){alHl)u/M + u(eZ'U - l)"1}.

Because of the uniqueness of power series expansions, this equality implies that,

if both sides are expanded in increasing powers of u, the corresponding coef-

ficients are equal. Therefore,

xfillte, = - tflßjHfyWji + '(°}>
where

/<*>»/<'>(*,.....zp«/;+M(*a.*r*t)

and the alh^ associated with the second zt is M. It follows immediately that

yp(y2lyx.yjlyl)l^y,

=- (yftJtowDlWïfiih. ■ • -. yftx) + i(,)(y2lyl.yily1)h
Similarly,

yx*i(y2lyx,-..,y;lyx)l*yx
i

= Z (^M^W^/i^i.yjlyx) + i(k)(y2lyx.yJyx)).
fc=2

Now, if pJ+1.iij are each 0(jx\+e(') for some fixed positive number

e6 but none of p2.pf is 0(p\+tl) for any fixed positive number e7, then

both fji(y2lyx,.... yfoi) and I{l)(y2lyx.yflyx) can be expanded in

powers of ys+ x,. .. , yf as I(y2lyx,. . . , y¡lyx) was in (3.8). It follows from

(2.9) that Yy¡bF*(yx,.... y¡)lbyt can be written in the form

Yvjt +     T.     c(l) v*(1> • • • v*0>

(7.1) +yi        Z       «*> (yj^Y'+l\..(yj\kii)
+^^(í+iT...*(/) fc(i+1)"fc(/)Vi J W

+ o{(nx---tx¿      2},

where the first sum is taken over all nonnegative integers k(l),..., k(f) such

that Pi(1> • • • ji*CO ¡s not o^j . .. ¿tpV4+e2} and the second sum is taken over
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all nonnegative integers k(s + 1), . . . , k(j) such that (ps+ l/p1)k^s+ '* • • ■

(P//Pi)fc^ is not o{n\~i(pl • • • pj)Vl+e2}. The coefficients in the first sum are

constants except when k(\) + • • • 4- k(f) = j in which case they are linear func-

tions of log.Vj. The coefficients in the second sum are 0(1) and involve definite

integrals of the form l'sr(y2lyx, ...,yslyt) and i's+l t,(y2ly1,... ,yslyvyxlyx)

for 2 < / < s. Also, for 1 < / < /, we have

(7.2) c0llo=-M-íM+W0.

We put

,„-,s       '       K,^   .mtr, j.,,   t„./k(l)...fcO)*'(i+D-A:'Ori »7(7.3) fc(i)...*(/)*'(i+i)...*'(/)

xOi,+ 1/M1)*'('+1)---(M//M1)fc'(/)

for 1 < / </, where the sum is taken over all nonnegative integers k(l),.. . ,

k(J), k'(s + 1), . . . , k'(j) such that MÎ"(1) • • • pf 0)(PS+ ,/P,)fc'(s+ ° • • '

Oyu,)*'« is_not o{0i, ' • • p/+e2}.  From (2.8), nlßfiil ■ ■ • My) =

M~'Ç(j + l)R0 and therefore, it is easily seen from (7.2) that, for all /,

7o.!.o 0...0 = 1* Hence, the expressions for y¡ given in (7.3) satisfy y¡ ~ p¡.

Now, by substituting in (7.1) for each y¡ the finite series given in (7.3)

and by equating the coefficients of m^(1) * * * P/^Ps+i/Pt)* (s+1) • • •

(P,/Pi)k ^ on each side of the resulting equation, we can calculate the other

coefficients successively. Thus, for example,

2?io"...o,o...o +    Z     T.0U0...0 - - ^...o^-W + 0Ro
v=l;v*l

for 1 < / </ and these equations can easily be solved for each 7$„0 0„.o in

terms of the c[v^ 0 for 1 < v </.  Also, for any k(\).k(j), k'(s + 1),...,

k'O),
/

27(,) +    V     -v(")
*'*<!) •*(/)*'(*+0~.*'</)      v=ffvi=¡yk(l)...kU)k'(s+l)...k'(j)

cfc(l)...fc(7•)fc'(s+l)...fc'0'),

where the cJ¡/1)).„Jk(/)k.(,+ 1)„fc.(/) involve the coefficients cQi)...*^

c8»+i)...k(/) and ^ ^?i)...i»(f)»'C»+i)...v'iJ) for which everv "(0 < *(0, every

i/(/) < *'(0 and 2^(0 + 2¿+/(0 < 2{k(l) + 2J+,fc'(0. These equations

can be solved to give each 7$i )...*(/)*•(,+!)...*'(/) "* terms or" tne

c?fi)...*(0*'(a+i)-*'(/) f°r 1 ^ ^ **/•   Therefore, the coefficients

7fc(i)...fc(/)fc'(i+i )•••*'(/') can ^e calculated successively, provided that we calcu-

late first the 78i)...fc(7)k'(s+!)...*'(,) for which 2>*(/) + 2¡£+i*'(Q = 1, then
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those for which 2{/c(0 4- &s+xk'(t) - 2, and so on. The y, can thus be expressed

completely in terms of the p, and this completes the proof of Lemma 5.

8. Concluding remarks. The dominant term in the asymptotic expansion

for p(nx,. . . , iiy) gives

log p(nY.n.)~(j+ l){M-iq(l) • • • ?(/')?(/ + .>!,••• n.} « W+ »>,

which generahzes the well-known results for/ = 1,

logp(«i: Ax) ~ <2«1/3)H,      A, = {1, 2, 3, .. . },

logpi«,: Aj) ~ 71(71,/3),/j,       A, = {1, 3, 5,. .. }.

When p2,..., p. are each 0(ß\+£6) for some fixed positive number e6, the

asymptotic formula for p(f7j,. . . , nj) is expressed entirely in terms of elemen-

tary functions. Otherwise, the formula involves the definite integrals fgr, which

we have been unable to express in terms of elementary functions except in very

particular cases. However, since log/(jc,,. . . ,xj) - log f(kxx,.... kx¡) does

not involve the integrals /, asymptotic formulae for the number of partitions of

a multipartite number in which each part cannot occur more than a fixed num-

ber of times can be expressed entirely in terms of elementary functions.

Our references to the integral / and its properties have been somewhat

abbreviated in this note. However, in an article in preparation, one of the authors

will discuss in detail the properties of both the integral / and its generalization

fsr. The number K(nx.n¡. Kx,. . ., Ay) also appears to be of independent

interest and it is our intention to investigate this in the near future.
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