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ABSTRACT. Let p(ng, ..., n;: Apyeeey A]) be the number of
partitions of ("l' R ] ) where, for l < 1 < j, the Ith component of each
part belongs to the set A, Uh&;-l{“lh(l) +Mv:v=0,1,2,... }and
M, q(1) and the a1y are positive integers such that 0<g;<---< %Gq@)
< M. Asymptotic expansions for p(n, . . ., nj P W ,) are derived,
when the n; = « subject to the restriction that ny - ”l' < n{'“ € for all
I, where € is any fixed positive number. The case M = 1 and arbitrary j was
investigated by Robertson [10] while several authors between 1940 and 1960
investigated the case j = 1 for different values of M.

1. Introduction. Many authors have evaluated the number of different
partitions of a multipartite number. A multipartite number of order j is a j-di-
mensional vector, the components of which are positive integers, and a partition
of (ny, ..., n) is a solution of the vector equation

(1.1) )= )

in multipartites. Two partitions which differ only in the order of the multi-
partites on the left-hand side of (1.1) are regarded as identical.

In [10] Robertson, extending results of Wright [13], obtained asymptotic
expansions for the number of different partitions of (n,, . . ., n;) whenn, - - -
n; <n*1=¢1 for all I where €, is any fixed positive number less than 1. In this
article, we extend these results and obtain, subject to the same conditions on the
n;, asymptotic expansions for p(ny, . . ., n;: A, .. ., A;) the number of dif-
ferent partitions of (n,, ..., n]-) where, for 1 </ <}, the Ith component of
each part belongs to the set

q()

= {a
1 h(lL)J=l (1)

+Mv:v=0,1,2,...}
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and M, q(/) and the q;, (1) re positive integers such that, for every /, 0 <gq,; <
o <L<ggay SM

The residue classes in which the different components of each part must
lie may, in general, be expressed in terms of different moduli, and also the per-
missible residue classes for any particular component may be expressed in terms
of different moduli. These generalizations are, however, only superficial, as all
the residue classes may be expressed in terms of residue classes modulo M, the
least common multiple of the different moduli.

In [13] there is a fairly comprehensive list of papers concerned with the
asymptotic evaluation of the number of partitions of multipartites. The only
investigation, of which the authors are aware, concerning multipartites subject to
congruence conditions is that of Passi [8]. This paper generalizes the partition
problem to lattices but obtains an asymptotic evaluation not of the number of
partitions but only of its logarithm.

The case j = 1 with different congruence conditions has been investigated
by several authors. The Hardy-Ramanujan circle method as modified by Rade-
macher [9] has been employed to evaluate p(n,: A,), where q(1) =2, 4a,, =
M — a,,, as a convergent series. The case M = 6 was obtained by Niven [7],
M =5 by Lehner [5] and Livingood [6] solved the case where M is any prime
> 3. Later Iseki [3] evaluated p(n,: A,) when M is composite > 3 and (a,,, M)
= 1. Hagis [2] evaluated p(n,: A,) for all odd primes M, where q(1) = 2r and
a,, +a,, =M whenever h + k = 2r.

In all the cases mentioned in the preceding paragraph, A, is symmetrical
in the sense that @, € A, implies that M — a, € A, and this ensures that the
generating function of the p(n,: A,) is a modular form. Rademacher’s method
then leads to a convergent series representation of p(n,: A,). Grosswald [1]
considered the case where M is any odd prime and A, is an arbitrary asymme-
trical set. Then the above method cannot be applied and only asymptotic re-
sults are obtained.

2. Notation and definitions. Throughout this article, a, d, A, h, k, K, I, m,
M, n, N, v, q, r, p, s represent nonnegative integers and j is used for an integer
greater than unity. C is a positive number, not necessarily the same at each oc-
currence, which may depend upon any j, M, ¢, but not upon any n,, x,, y,, 6,,
£, z;. The numbers ¢, are positive and to be thought of as small. The symbols
~, o( ) always refer to the passage of the n, to infinity. The symbol O( ) some-
times refers to the passage of the n; to infinity and otherwise is obvious from
the context. The total differential operator d/dt is always denoted by D and
never by a prime. 7, {( ) represent respectively the Euler constant and the
Riemann zeta function.

We write
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f(xl,.. .,xi)=f(xl,.. LX) Al""’Aj)

(2.1) q(1) q(j) 4 -
H N I‘I <] — exp (— ’_Zi (Mv, + am(,))x,

=

©0
= n
"l=°

yEo n(l)=1 k()1
where Re(x,) > 0 for 1 <I<j. Writingp(0,...,0)=1andp(n,,..., nj) =
p(n,, ..., n; Ao Ai),we can easily verify that

@2 fGp...x)= Y X oy, ,n)e R )
n,=0 n l'=°
We assume for convenience throughout this note that n;, <--- < n;. The def-
inition of p(n,, ..., ”i) is such that this assumption involves no loss of generality
in the asymptotic results obtained. .
When [t| < 27, we have

te(.‘t t__l—l=°°B M
(2.3) (e ) ugo (O [

for all ¢, where the B, (c)/v! are the Bernouilli polynomials in ¢. From pp. 521-
523 of Knopp [4], we see that, if we write P,(f) =¢ — [t] — %, then

P ()=B,()=- fj (rm)~ Lsin 2rmt

r=1

for 0 <t <1, and if we write

P, (1) =2-1)"1 f: (2rm)=2? cos 2rnt,

r=1

P2!’+l(t) =2(- l)ﬂ—l Zl (2m)-2v-l sin 2rmt
r=
for all » > 1, then P,(¢) = B,(f)/v! for 0 <t < 1. Clearly every P,(¢) is bounded,
has period 1 and, for all » > 1, DP,(t) = P,_,(t). B,,(0) for v > 1 are the
Bernouilli numbers. Forv>1,B,,,,(0)=0 and (21r)2"B2 ,(0) = 2(2)5(2v).
We define

= . _ U Mx,t M - ¢

00 i
=1 E ‘e Z exp <—t Z (Mv, + alh(,))x> ,

=1

* q(1) ()

Jj
Ax,,...,x)=Ynx+3 A r:x,...,x).
! FaETY & h(§=l h(jZ)=l h(1)--hG) ! !
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We put X =x, * - - x; and x* for the x; with maximum modulus, i.. |x*| =
max|x;|. Hence, for It| < 2n/Mix*|, we obtain from (2.3)

1, M-Syt

j Mx,t
XMI* A = T] Meple - 1)"
=1

(2.4)

m=0

—am(,))(Mx,t)” =

i = (1
=z=nnz=:o3”( M ” 2 0,t™

where 0, =0, (x,, .. ., x,) are homogeneous polynomials of degree m in
Xy oo X We write

G(t)= XM’ + ¢m-i-t
(r) = XM7Ar) - = 2,
so that G(1) = Z5 _, | O™ =i=1 whenever |t| < 2n/Mlx*|, and we put
H=H(xl"'° , i)

(2.5 _ f: XMIAG) - ’}‘:: g tmit Qi(et —1{ .

We write z; =x,/x, for 1<1<j,Z=2z, 2z and
u,=U,G,..., zl.) =M~"Q,C, ..., i)
for all m = 0. If we write
j 1- M
Q(u) = Q(u: 22, cees zl) = u—l H (ezlu _ l)—le( d,h(l)/ )zlu,
=1
then it follows from (2.4) that
ZutlQu)= ¥ U u™
m=0

for Jul < 2m/|z*|, where z* is the z, with maximum modulus. Observing that
- Mx ¢
J =" e - ar
-Mx .t «
= [log{(1 —e ') '(1 —e N}y =log Mx,

we substitute u = Mx, ¢ in (2.5) and an easy calculation gives
(2.6) H=XMI - Q,log Mx,,

where
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I=1¢,,..., 1)=f° Bu: 2y . . ., Z)du,

j—1

Bu:zyp ..., 2)=Qw)-2Z2"{ 3 U um=I-1 + Ufe* - 1)~}
m=0

Fors= 1, let uswriteZ'=z2 R Z"=z“,l -“z,and,forallm)

Vg = Voo 2)=M""Q (., ..., 2),
Wy =W gpgoeoos j)=M‘"'Qm(z8“, cees zi).

We define

’ ' 2 (1- M
Q)= Q2. .., 2)=u"! g(e"" R R T
=1

" " Iz (1-a,, ,\/M)z,u
Q(u)=$2(u:zs+l,,,,, i)=.['I € —pte metE
I=s+1

and so, for |u| < 2n/lz¥|,

ZwtQ'w)= ij v.um,  ZuQw)= 3 W, u™.
m=0 m=0

It follows that, for all m = 0,

m
oX)) Uy,= VW, _,.
r=0
We define a generalization of the integral I by writing
1,=1(,...,2) =fo B, z,, ..., 2)du,

where, forr>»j+ 1,

B, 2y, ..., 2) =u"*IQ W)

and, for 0 <r <j,

B2y .., 2)=u +-iQ' ()

j-r-1
=27y vumtrittaey (@ -7

For 1 €1<, we write

x =y + i0, = y,(l + iE,),
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where y; > 0. We put

Y=y, o
Rm =Rm(}'l, oo .y,)=Qm(J’,, LIRS ’yi)’
— - Q(l) q()
Qm=Qm(xl,..., j)- uz Q(xl,...
h(l)— h(j)=1
- - qél:) ()
Rm=Rm(Yl,’ oo’y])= . A Z R (}’l....,yi)a
h(1)=1 h()=1
_ q(1) qU
H=H(x1""'x1)= y .. Z}H(xl,..., i)'
r(1=1  h{)=1

We let y, ~ u;, where the y, are defined by
(2.38) = MGG + DR, - - JUOHD,

Since n; <- - - <n,, cleartly uy, = - - >u,.

From (6.2), which we prove later, we can easily deduce that a positive
integer A can be found such that A is the smallest integer for which p34+/-1 =
o(uy * - ”i)' With this value of A, we define

j
F*(x).. ., )= 3 nx,
=1

(29) 2A+j-1 _ _
+X7IM > W+ 1-m)g, +1Qi+Hf.
m=0;m+j

For 1 <1<, we write d, for the greatest common divisor (M, a;, — a;,,
<+ +s 8y — @) Then we define K =K(ny,...,n: Ap,..., A)as the
number of ¥ in 0 K » <M — 1 which satisfy the simultaneous congruences
n =vay (mod dy), 1 <I<j. Clearly, since d; divides a;; — ay, ;) for 2 <
h() < q(D), 1 <1<, these congruences are equivalent to ny = vay, (mod d)
for any set of A(1), . . ., h()). Finally, we write ¢ = 0y =R, = q(1) * - - q().

3. Statement and proof of the main result. Employing the definitions of
the last section, we can now state our principal result.

THEOREM 1. If, for 1 <I<j (j > 1), every n, tends to infinity subject
to the condition that
G.1) neom<mp 1

Jor any fixed positive number €,, then
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Pty - oo )~ Kdy o - dMIG + 1) Al [2ms( + e

X sz(j"'z)ep.(ylv"vyi)’

Where the y, are functions of iy, . . . , I such that y, ~ u, and

(3.2) y,aF*O’l, ey y,)/ay’ = 0{(”1 . ul)-"“"z}

for 1 <1< and any fixed positive number e, .

Proor. First we choose €, to satisfy
33) 0<2(G + 1), <€,

an inequality which will be used in the proof of Lemma 4. Next, we define n
and x by
Ya—e . . +1
=@, cccn) 3 x=a{YTIMG+ DR ~CGr, - - n,-)e’w g

From (2.2), we obtain

p(nl, v n].)

= (211’)"Iﬂ . 1renlxl+...+nixi+Iogf(xl,...,xi)do oo dd
- - 1 I
Now, from (2.1),
had o q(l1)
logf(xl,...,xi)= > ey >
v,=0 v=0h(1)=1
q(]) 3 o I
B4 cee 3 Yrtexp|-r X My tay)x
r(H)=1r=1 =1

)
~
-
~
Q
Q
~

=2 > X Aty Xp -0 %)

=1 (D=1  K@=1

and so,

M w /M
35) p(n,...,n)=@o (" ... -
(35) pln, ) = (2m) f_"/M J oo B o xP 0, a0,

where, for w = e2™/M



306 M. M. ROBERTSON AND D. SPENCER

x +.tn.x M-1 M-1 nl:l+...+nftl.

’iZ"'Z"’

n
g(xl,...,xj)=e 1

.11=0 si=0
o q(1) q()
(3.6) xexp{d> ¥ - 2 Ah(l)...h(j)(r: Xppeoe ’xi)

=1 h(1)=1 h()=1

—rzd
xw | E1%m@)T},

In order to prove Theorem 1, we require an asymptotic expansion for the
logarithm of the generating function f(x,, . . ., xi). The following result, which
is of interest in itself, will be proved in §5.

THEOREM 2. When larg x| < ¥m — €, for 1 <1<,
2k +j-1

XMilog fix,, . . ., )= 2 W+1-mQ, +7'Q'i + H + 0(x*?*+)
m=0;m#j

as x* — 0.
We also require the following lemmas.

LEMMA 1. An equivalence relation is defined on {(s,, . . ., 5;): 0 <5, <
M —1for 1 <I<j} by setting (s,, . . ., 5,) equivalent to (s}, . . ., si') when-
ever Z{ay, 5 = Zhay, s (mod M) for all h(1), . . ., h(). Then

8(x1, . j) - enlxl+...+niijdl L dlM- lz*w"l";+"'+"i’;
o q(1) q()

x exp{ Y

) A
r=1 h(1)=1 h()=1

w(1)n ()T X+ o+ %))
—r}:j a s*
xw =%

where the sum Z* is taken over a complete set of representatives of the equiv-
alence classes.

LemMA 2. If Z4 15| > 1 and every 10,1 < n/M, then
g(xys - - x) = Ofexp(Fly,, . . . A o).
LEMMA 3. If 24 || <7, then
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w 1 j
Z‘*) (Fetns q(1) ()

Mexply > - X A rx, ..., x)
P PR IR [ DR i

xw"’:{u“zh(z)‘z';
4 -1
=03°"P(F0’1:---.}’i)—l;l",y,-c(ﬂl"'#i) ) ’

where the sum =™ is taken over the same set as Z* except that the term cor-

responding to the equivalence class where every Eila,h o =0 (mod M) is
omitted.

LemMa 4. If 2[5 < n, then
FAx,,... ,xi)=F*(yl, e ,yl.)

- Y~IMIgG + DR, }: £+ }: Z +o(1).

=1 m=il+1

LEMMA §. It is always possible to choose y, . . . , ¥y s0 that y, ~ i,
and (3.2) holds for 1 <1 <j.

From (3.5), (3.6) and Lemma 1, it follows that

P, ... n)
M(2n )i______
dl .o di
=f1f/M .. fn/M enlx +..+n, sz:* n.s 4. +nl.vl
-n/M -n /M

o q(1) q()

x exp{ Y e YA (rx, ..., x)
& h(lZ)___l ner” MR T i

_rz
G LAY d, - do,

and, by Lemmas 2 and 3,this is equal to

oon ry %y C
Jo. Je e Pag, - ag 4 0™ ¥
ZiE)I<n

F(ylr S 4N )—c/“l N

+ Ofnle 1.

By Lemma 4, the latter integral is asymptotic to
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ve (y"m'y")j: . -fexpg— Y~IMEG + DR,
Zlg,I<n

=1 =1 m=i+1

i iz
x<z:gf+7_j p> $,2m>$d£l-.-d£,~

If we transform the variables in this integral by writing

g = (YMI[5G + DR}y for 1 <I<],
we obtain

M2nYp(ny, . .., n)IKd, - -+ d;~ YR DIRG + DRV

F*@ ypenrd;
xe 1 f . .fexp(——Zuf "ZZ“,“,,,) du, - - du;.
Zlul<x
Since the integrand is positive everywhere,

x/i x/i
f—x/i I-x/f < I I
Zlul|<x
X X 2
<J .l exp(—Z“; -Z“z“m) du, ° - - du;
and so, by Lemma 4 of [10],
plny, ..., n)~Kd, - -diM-‘(f + )R M208G + DR M

x szo.'. 2)81: *O» 1 ,»-,.VI-).

Theorem 1 follows from this and Lemma 5.
In order to examine F*(y,, ..., ¥;) more precisely, it is necessary to
investigate J and, for this purpose, we require two further lemmas.

LemMA 6. If g(t) and all its derivatives are continuous in 0 < t < 1, then,
Jor any 7 satisfying 0 <1< 1,

k
8(r) = fol s)dt + ZROD" 6D - IO} - o,

forall k > 1, where

o, = f :Pk(r - )D¥*g(t)dt.
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ProoFr. Forr> 1, P(?) is continuous, DP(r — t)=—P,_,(r — t) and
P,(r — 1) = P,(7). Therefore, by integration by parts,

G 0, = B(YD'~'g(1) - D'~ 5(0)} + o, _,

for all » > 1. Also, P{(—~0) — P,(+0)=1,DP,(r — t)=—1forall t # 7 and
Pi(r - 1)=P(1).
Now,

I "DP,(r - g(t)dt = P,(+0)g(r) - P,()g(0) [ "P,(r - DDg(t)dt,
1] 1]

J,'DP,(@ - D@t = P, (r)(1) - P,(~ 0)) - [, - ODg()a
and so,

80) ~ [ s()dt = P,(~0) ~ P,(+ Ole(r) + [ DP(r - @)
= B,@(1) - 50)} - [ P,(r - DDgCe)ar.

The lemma follows easily from (3.7).

COROLLARY. For larg vl < ¥%m — €4, 0 <7< 1, and any fixed positive
integer k = 2,

k-1
ve’Te® - 1)"1=1+ zl P (W + O@W")
=

where the constant implied in the order term depends upon t, k but is indepen-
dent of v.

ProoF. For 0 <7< 1, putting g(f) = €** in Lemma 6, we obtain
k
T =71 — 1) + I P W N - 1) — o f lPk(T - eV dt.
r=1 o
Since v(eRe(® — 1)/(e® — 1)Re(v) is bounded, it follows that
k=1
ve’’(e’ — 1)"' =1+ Y P W +00%).
=1

It is well known that this formula also holds for 7 = 0. (See, for example, [4,
pp. 534-535].)
LEMMA 7. If larg z)| < % — €s for 2<1<j, then

" k=1 Gk
20z, ... z)= ;ol"w,+ r% oa.,z""

forall k >j.
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Proor. From (2.7) and the preceding corollary,

s -
Blu: Zyeuns zl) =Z"=1ys-i-1 H (ez'u _ l)_1‘?(1 Y0 ke
=1

k-1 =)k
x{ 3 Wu"+ ¥ 0E"u)
=0 r=k

-1 m ]
-1 -f- -
-ZY4rxrxvw, yritt+ ¥ VW_ (-1 '%
m=0 r=0 r=0

k-1
=2"1 r;()ﬁ;r(u: Zyy o ns ZIW,

G-s)k
+ X o, u: z,, ..., z‘)z"'}z.

r=k

The lemma follows by integration over u from O to e,
Since e — 1 > £™/m! for all positive ¢ and all positive integers m, we
have, forallr=j + 1,

B 7,1y 02 V) = 000y - )7
for 0 < u < %mand

By vy, sy ly) = 00, - ») )
for u = Ym. It follows that, forallr > + 1,

L0000 - o0 2y )= Oy =)'

- I"](e“’zf” 1_q)-t e Tlmay! My yly Wy
=1 yl

and so,

WLy yss ey by )i0™ <™ {1 + g + i Bzv(O)nz"/(zu)!} =C.
=1

Therefore, for 0 <7 <jand 0 < u < %m,
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By @iy vy ¥y
Y, Vs
=% ceep )l - S~ _(pv _ 1)1
=yi0, >y {Vl_r<l,yl,...,yl){u € -n1

+ i v, 1,}2,...,}314'”""‘1"
m=j—r+1 yl yl

and so,

m | .J’z Ve _ =1 o
fo ﬁ"<u.;:,...,y—l)du-o{y§ozl pyry o

m=0
= Omsl(p'l PPN ”’)—l}.
Also, for 0 <r <jand u > ¥%m,

By, 0y, .. Yy =000, -y ) w2

and so,

f;ﬁ;,(u: YalVys o oo s yly Yau= O (u, - - - w1}

Hence, for 0 <r <j,
' = |
1,00 y,ly) = Oy, - - - )~ ')

Now, if oy g5 ..y u; are each 0(;1:”6) for some fixed positive number
€6 but none of u,, . . ., it is Oy " 7) for any fixed positive number €,, then
it follows from Lemma 7 that

y2 y} k-1 ¥y y
nN—=,...,+L) =yis ceep)-1 2 2
(yl yl> AR NPRARS ) rgol';'(yn reeesy

3.8
@8 XMy ) QWgyys -0 ¥) +OWTH Gy, - “wy ek )

If k is chosen so that u}~¥(u, - - - yl)“yf“ = 0(1), then the expression for
I given in (3.8) may be used to calculate F*(y,, . . ., ¥;) in Theorem 1.

4. Proofs of the first three lemmas.

PROOF OF LEMMA 1. It is easily verified that the relation is an equivalence
relation. We observe that the final exponential expression in (3.6) is the same
forall (s;, ..., s;) for which the sums Zayy, ()%, are congruent modulo M for
all h(1), . . ., hG). To evaluate g(x,, . . ., x,) therefore, we first compute the
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sums 2’15175 ghere each sum Z' is taken over all the {CHPN B )
for which Zay, ;yS) = Pp(1)..n) (mod M) for all A(1), . . . , h(j) and the
Pr(1)..n(j) € nonnegative integers less than M.

For any particular set of py(yy. 4;)» for which there isno (s, ..., 5)
such that Za;, ()S; = Py (1)...n() (mod M) for all A(1), . . ., h(j), then clearly
the sum is zero. Otherwise, there is at least one (sy, . . . , §;), say (53, . . ., Cr9 8
such that Zay, )sF = py1)..nqy (mod M) for all (1), . . ., k(). It follows
that, for any (s;, . . . , 5;) for which Zay, ;)8 = Pp(1)..n¢) (mod M) for all
k(1) . . ., h(), then Zay, (s, — sF) =0 (mod M) for all (1), ... ,h(). These
congruences are equivalent to the j + 1 congruences Za;,(s; — s¥) =0 (mod M)
and d;(s,, — s3) =0 (mod M) for 1 <h <j. Hence, in this case,

" ns et gt d1-1 41
wnl 1 nfl:w + +nj] cee wM(n Sl/d *o +"]], )
sl=0 .1]=0
2Mauslldr—"=o (mod M)

LRI

* d -1 d;—1
n stt.. -4n;s] fz wM(nlsl[dl+...+njs1/dj)
$0 570
M-1 _
XM" z w vEMa“s’/d'
v=0

-1

iiM 2 2 M’l(n —Val)/dl
=0 81—0

++n

d:—-1
j Msl(ni-va]l)/dl
si=o

ns-l- +nj

=w IM~'d - dK.

Lemma 1 follows immediately.
PROOF OF LEMMA 2. At least one £ satisfies |§| > n/j. Then

M 2M M
e 1= P+1-2e y'cosMy,E,

M, M
=@ 1) +4e TsinuMO, > (e} — DAL + Co®)
for |6, < n/M. Hence, for any k(1), ..., h(),

. 2 .
IAh(l)mw)(l. Xpsooos xl)l <(1-0n )Ah(l)mw)(l. Vppoor ,yi).
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Also, for all r > 1 and any hQ1), . .., h(),
A1y Xpo oo s XS Ay oy V0o »)
and so, from (3.6),
8Oy, - -+ » XD < Cexp{F Oy, - - ., ¥) = O}

PRrOOF OF LEMMA 3. Each of the terms in Z(*) has at least one of the
sums Zay, ;)sF # 0 (mod M). Then, for some h(1), . . ., h(), Zay, st = p
# 0 (mod M). Therefore,
-Za s
MptynyL Xps oo x)o O
=Mayngy Yoo ¥;) {1 + 0)}(cos 2mp/M — i sin 2mp [M).

It follows that

i QE) qz(i) A ( ) —rEam(l)s;}I
exp (X, X)W
=a{D=1 ap=r MO-ROT !

w q(1) a0 —rZay, st
= exp R“'{Z Y X My Ep e xpe O
=1a(D=1  KG=1

SR < )
< exp A (ry.,...,»,
;;1 = w1 h(1).-h () 1 j

— Y11 = cos 2mp/M){1 + O(n) + 0(;11)}}

=1 p(1)=1 h()=1

w q(1) q() .
<expsy ¥ - X MtynyT Yy 7Y —CY 10,

Lemma 3 follows immediately.

5. Proof of Theorem 2. In order to prove Theorem 2, we first establish
the following lemma.

LEMMA 8. As t — oo through real positive values, D*G(t) — 0 for all
k=20and, forallk 2 1,

f:lD"G(t)l dt = O(x*+k),

PrOOF. Obviously G(t) — 0 as t — . Let t, = %a/Mlx*|. Now
D*z}Q, "= —0ast— o and
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r

0

i
oy th""f"l dt
m=0

<f ZIQ G+1=—m)---(G+k—-—mymI-k-1gs

o m=0
= Z 10, 1G+1-m)---G+k—1 _m)f:—i-k = 0(x¥*h),
m=0
Since
Mx,t M M
R e R T e N G Y
we see that D"A(t) is the sum of a finite number of terms of the form

/ r s, Mxt -p,—1
a“"g(Mx,) M -y e T -,

where a > 0,1, > p; > 0,5,>0,a + Z4(r; + 5) = k. Hence, D*A(f) — 0 as
t—oand [ ‘,’; ID*A(f)|dt is dominated by the sum of a finite number of terms
of the form

Clef Hlxl’“em P a1y
t

=1

=1

i +5,—p, —j-a-%
<c{n bl "'}to’ 4
=1

E(rl+sl—pl)lx*|/+a+2pl

<C|X|J' {Hb‘,ll le,tl }—a—ldt
0

< Clx*| = O(x*/+k),

Therefore, D*G(t) — 0 as ¢ — % and f;ID"G(t)Idt = O(x* Ky,
By substituting ¢ = n/M|x*| in (2.4), we obtain

i o
S 10, Mz < ITer {‘ P> Bz.,(°>"’”"2")!} N
=1 v=1

m=0
and so, 10,,,| < C(MIx*|/m)™. Now, for 0 <t <t,,
DGOIS T n=j= 1) (n =] = KO, I+

m=j+k+1
and hence,
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f'°w"c(t)|dt SC S (m-j—1)---(m—j—k+ 1)2Hh-mpxji+k
o m=j+k+1

= O(x*’”‘).

This completes the proof of the lemma.
PrOOF OF THEOREM 2. For any positive integer N, we have

N Nt
fo P,()DG(t)dt = rg f ) (¢t — BDG(r + Pdt

(CR)) N1 N
=%{G(0) + G} + ¥ GO - f , G()dt.
=1
By repeated integration by parts, Lemma 8 shows that
- 2k o
J, P0Gt = 3 (~1YF,, ,OD'GO) + J , Paks 100D 1 GO G
52
k=1
= T 0B, 00,,, /2 + 06,
Now,
N-1 N
¥ G0 —f G(tydt=A, +4, +4,,
=1 0
where
N-1
4,= Y G0)+ 0,
=1
4, =0l (! - - )Yyt - Ni‘r"
2" QI fo - r=1 ’
s==[ 60+t~ - -
As N — oo,
o j-1
A —SXIM T AD- T t+1-m s
r=1 m=0
4,= Q,{losN ~ log(1 —e™) - "}:’:r-*} — -1,

4= =[ 160 + Q" ~ e — 1y dr=-H,
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Therefore, letting N —> oo in (5.1), we obtain
oo Phiad -1
[, FiODG@dr = XM T AP) — T 3G+ 1 -m)Q,, —10,+ %0, , - A,
Y r=1 m=0 i
and Theorem 2 follows from (3.4) and (5.2) since §(0) = — % and {(—2s5) = 0,
§(1 — 2s) = (- 1)°B,,(0)/2s for all positive integers s.

6. Proof of Lemma 4. We define the linear operator T by
Thx,, ..., 1)=h(x1'° .. ,xl.)—h(yl,. .. .y’)

L
_Elzlyl a—y"(vl. . ,yi),

where a(x,, . .., xi) is any function of x,, .. ., X; with continuous first order
partial derivatives. First we prove that

j—-1 Jj
(6.1) TF*x,, ..., x)==Y~'M7IG + D&,(Es’ +X X 5#».)
=1 =1 m=l+1
+ o(1).

Trivial calculations show that

j j-1
nX~')=-y- (): 2+Y Y gt ) +0m*Y™Y),
=1 m=i+1
T(X~'Q;logx,) = O(n* Y~'R;log y,)
and, for all m > 0,
TX'Q,)=0m*Y~'R,,).
Now

PY =0 ) %= (1),

From (3.1), n{ <ny + - -m;<nj*'=c1, n; <nj~¢1, and therefore it follows
from (2.8) that

—1+4je, [(i+1) 1/(1+l)

. <<<Cn

Cn
Hence, we have
€,/G+1)
6.2) Kspy <y »  logu,=0(log u,).

Also, nzY"'lR, log y, | and 2 Y"lle for all m > 0 are each less than
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—2¢ _
CIJ.I(]JI “'“j) 2=Chl l(nl ...nj)

262—61(1+2€2)/(j+ 1)
1

(142¢,)/G+1)

<Cn =o(1)

by (3.3). We have, therefore,

TX~Y)=-Y" <Zs,+>: Z X3 )+o(1),

=1 m=I+1

T(X~gjlog x,) = o(1)

and, for all m >0, T(X~!Q,,) = o(1).
If we write I'(t) = h{y, (1 + i£,0), . .. ,yj(l + i’;‘,-t)}, where h(x,, ... ,xi)
has continuous second order partial derivatives, then Taylor’s theorem gives

I'(1) = I(0) + DI(0) + %¥D*I'(Y)

for some Y which satisfies 0 < ¢ < 1. It follows that
Thix,, ..., x.)
-3 ;lmzl b e DA (14 ).
For all I > 1, routine calculations give
2Q0)/0x? = (@, qyulMx, +ulx, " — DY +ure 2" — 12,

with similar expressions for the other second order partial derivatives. Since
ef — 1> ¢|r! for all positive ¢ and all positive integers r, we have

Q) = 0wy, - . . )~ 'u=1}
and so,

” = O(n? .
TJ f 4 ) duf =0(’ulfu, - - - ).
If we substitute ¢ = 7/My, in (2.4), we obtain

oo ©0 ]
mZOR;‘ /My y" < e”’gl + % + }“_,1 B, (Or**[() =,
- V=

where R}, is written for the sum of the moduli of the monomials of which the
polynomial R,, =Q, (¥, . . ., yi) is composed. Therefore, for all m = 0,
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R:y7™ < CM™n~™. Since Z~ U, is a sum of monomials of the form
CM'"'H{:l(x,/xl)"", where Zr, = m and

32 I (%, \r- -1
e

it follows that
ITZ~'U,)| < Ci*m*M~™Y~'RYyI=™ < Ci*m?*n~myly 1,

We can immediately deduce that

m—j—1 ot — —1 - nzull
T( o mz_jotJu + U - 1)1 du) = )

Also, since for 0 < u < %r

Bu:z,,...,z)=2" ‘{ Y Uu ‘}°‘+U,(u"‘ — (e - l)‘l)}

m=j+1

we deduce that

Yo L]
T{fo Bu: z,, . .. ,zi)dui = 0(,,2},{},—1 p m22'"‘)

m=0

= O(n?
=0(’uifu, -+~ u).
Combining the results of the last two paragraphs, we have
2e,—e,(j+2¢,)/(+1)
2T Y =0()

TU) = O@*wifu, -+ 1) = Oln,
by (3.3). (6.1) follows from (2.6) and (2.9). From (3.2), we have
EYOF Q- .- Yoy =0(1)
for 1 <1<j. Therefore, from (6.1),
F*p. . x)=F0p. .0 9)
-y Mg+ 1)R°(Z£, + ): ﬁ: 43 ) +o(1).

=1 m=l+1

Again, we see from (2.9), (3.4) and Theorem 2 that
F(x,,..., l) =F*x, ... x)+ o(1)

and Lemma 4 follows immediately.
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7. Proof of Lemma 5. As the proof of this lemma is very similar to that
of Lemma 3 in [11], we provide only an outline. It is easily seen that, for all
1>1,

x,0Uu)/ax, = QUu}(1 — N AT z,uez'u(ez'u - Y

= = 2, Q)ay, /M + uEe™ — 1)1},

Because of the uniqueness of power series expansions, this equality implies that,
if both sides are expanded in increasing powers of u, the corresponding coef-
ficients are equal. Therefore,

- (
xlfox, = -z {(a,, (,)/M)z;, + 10y,
where

M=10¢,....2)=I,,,Gp-.-,2;2)
and the gy, ;) associated with the second z, is M. It follows immediately that
PRIy, - - - ¥;ly )3y,

Similarly,
YOIy, - - yly oy,

i

Now, if #e,y, . . ., 1 are each 0(/1}'"6) for some fixed positive number
€6 but none of uy, . . ., , is Oy *7) for any fixed positive number €,, then
both I, 0, vy, - - -, ¥;lyy) and IPQ, [y, . . ., y,ly;) can be expanded in
powers of ooy, ..., y;as I0,by, ..., yi/yl) was in (3.8). It follows from
(29) that Yy, oF*(y,, ..., ¥)I3y; can be written in the form

1 K1) ...k
B+ L ey agi 0

k(1)K ()
k(s+1 kG)
@.1) TR SR TN 3 e (L
k(s+1)..k() s N
Khte
+0{0‘l...,‘1) 2}’

where the first sum is taken over all nonnegative integers k(1), . . . , k(j) such
that u¥(1) . .. ur 9 is not of(u, - - - u,)%“’} and the second sum is taken over
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all nonnegative integers k(s + 1), . . . , k() such that (ug, ,/u, et ).
(51t Y9 is not ofuy/(uy - - - n,-)'/”'ez}. The coefficients in the first sum are
constants except when k(1) + - - - + k(j) = in which case they are linear func-
tions of log y,. The coefficients in the second sum are O(1) and involve definite
integrals of the form I,(v, /v, . . ., ¥glyy) and Ipy g L1915+« Yy, ¥ilyy)
for 2<I<s. Also, for 1 <1<, we have

) B Y 2 e Y73
(7.2 ¢ == M7t + DR,
We put

y=n )2

= k(1) L. . k0)
(7.3) k(1) k (K’ (54 1)k’ () /

'7k(1) G (s+1) k' (Y

k'(s+1 . k'
X gy ) ED e i )ED

for 1 <1< j, where the sum is taken over all nonnegative integers k(1), . . .,
k() k'(s + 1), . . ., k') such that p¥() .. "(’)(/.1 N AL R
(yluay ¥’ 9 is not of(uy - - PHT). From (18), mayly - )=
MG + l)ITO and therefore, it is easily seen from (7.2) that, for all J,

P 0,0..0 = 1. Hence, the expressions for y, given in (7.3) satisfy y, ~ u,.

Now, by substituting in (7.1) for each y, the finite series given in (7 3)

and by equating the coefficients of p¥(*) « -+ pF D, fu JE'E+D) ..
(u,/ul)" 0) on each side of the resulting equatlon we can calculate the other
coefficients successively. Thus, for example,

j
1 _ (} M-I =
27(13...0,0...0 + X 7(1'3)...0,0...0 == MG+ DR,
v=1;v#l
for 1 <I<j and these equations can easily be solved for each ¥{3 oo in
terms of the ¢{%) , for 1 <v<j. Also, for any k(1), . . . , k(), k' + 1),.. .,
K'(),

j
) (v)
27k(1)...k(j)k'(s+ 1)...k'(f) + _Z 7klzl)...k(])k'(s+1)...k'(j)
v=1;v+l

= c*(’)
k(1)..k(E'(s+1)..k'()?

where the Ck§1) k() (s+1)..k(j) involve the coefficients c}c()l) kGY
"k((3+1) .k(j) and the 'yf,?l) v(J)v (s+1)..2()) for which every v() < k()), every
V() <K'()and T, @) + EsHv(I) < E’k(l) +23 +lk ‘(D. These equations
can be solved to give each '7k(1)...k(;)k'(s+1)...k'(;) in terms of the

A, kG)k s+ 1)y Tor 1 < » <. Therefore, the coefficients

Yk (1)... k()K" (s+1)...k'(j) Can be calculated successively, provxded that we calcu-
late first the YRy). &)k (s+1)...k(jy fr Which Z4k(D) + 2|, (K'() = 1, then
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those for which E{k(l) + 2‘1_; +1%'() =2, and so on. The y, can thus be expressed
completely in terms of the u; and this completes the proof of Lemma 5.

8. Concluding remarks. The dominant term in the asymptotic expansion
for p(n,, . .., ”i) gives

log p(n,, . .., m) ~ G + DM ~q(1) - - - qGRG + D, - - - m}HO*D,
which generalizes the well-known results for j =1,
logp(n,: A) ~7(2n [3)%, A, ={1,2,3,...},
log p(n,: A)) ~n(n, 3)%, A ={1,3,5,...}.

When u,, ..., u; are each 0(/1} +e5) for some fixed positive number ¢, the
asymptotic formula for p(n,, . . ., n,-) is expressed entirely in terms of elemen-

tary functions. Otherwise, the formula involves the definite integrals 1;,, which

we have been unable to express in terms of elementary functions except in very
particular cases. However, since log f(x,, . . ., x;) —log flkxy, . . ., kxj) does
not involve the integrals /, asymptotic formulae for the number of partitions of
a multipartite number in which each part cannot occur more than a fixed num-
ber of times can be expressed entirely in terms of elementary functions.

Our references to the integral / and its properties have been somewhat
abbreviated in this note. However, in an article in preparation, one of the authors
will discuss in detail the properties of both the integral / and its generalization
I,,. The number K(n,, . . ., n: Ag, ..., A} also appears to be of independent
interest and it is our intention to investigate this in the near future.
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