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ON REPRESENTATIONS OF THE GROUP SU(n, 1)(» )
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HRVOJE KRALJEVIC

ABSTRACT.  A natural bijection is established between the set of equi-

valence classes of irreducible unitary representations of the group G = SU(n, 1),

which are not induced from a proper parabolic subgroup, and the set of equi-

valence classes of irreducible representations of a maximal compact subgroup.

1. Introduction.  In [4] all irreducible subquotients of all elementary (=

nonunitary principal series) representations of the group G = SU(n, 1) and of its

universal covering group were determined. We have also found all infinitesimal

equivalences among these irreducible representations and in this way, owing to the

subquotient theorem [1], [6], [9], we have described the set G of all infinitesimal

equivalence classes of irreducible quasi-simple representations of G.   Furthermore,

we have found a necessary and sufficient condition for a class it EG to contain a

unitary representation and so the set G of all equivalence classes of unitary irredu-

cible representations of G was completely described.

The aim of this paper is to give another description of the results of [4].

This description will use only very general terms and will not depend on almost

any particular property of the group SU(n, 1).  Furthermore, it will provide us

with very natural parametrizations of the sets G and G.

We shall also describe all elementary representations in which a given unitary

irreducible nonelementary representation occurs as a subquotient. Using Blattner's

conjecture (which is proven to be true for linear groups acting on hermitian sym-

metric spaces [8] ) it will be very easy to identify the discrete series representations.

This will, especially, give us all possible imbeddings of a discrete series representa-

tion as a subquotient of an elementary representation.

I am very grateful to Dr. Gregg J. Zuckerman for many helpful and enlight-

ening discussions.

2. Statements of the results. In the following G will denote the group

SU(n, 1), fl its Lie algebra, gc (= ii(n + 1, C)) the complexification of fl, (^ the

universal enveloping algebra of g, 3 the center of ($.  For any Cartan subalgebra
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$ of gc, let S(b)M' denote the algebra of Weyl group invariants in the symmetric

algebra S(fy) over b, and let </>,, be the canonical isomorphism of B onto S(t))w

[9]. S(t)) being identified with the polynomials on the dual space b* of b, let,

for X e lb*, X\ denote the element of Hom(3, C) obtained by composing the

evaluation at X with¡p^: X\(z) = ^(z)(X)>z£3(the notation here differs from

that in [4, p. 26] ). Then X l—► X\ defines a bijection from the set of Weyl group

orbits in \)* onto Hom(3, C). For any X e Í)* let [X] denote the Weyl group

orbit containing X. Furthermore, if it is a quasi-simple representation of G, denote

by [it] the Weyl group orbit in {)* which corresponds to the infinitesimal character

of IT.

Let (K, A, N) be an Iwasawa decomposition of G and (f, o,n) the corre-

sponding decomposition of g. Let b be a Cartan subalgebra of g contained in f.

Denote by p the orthogonal complement of f in g with respect to the Killing

form. Let R be the root system of (gc, t)c) and let W be its Weyl group. For

aeR, g£ will denote the corresponding root subspace of gc. Let RK andRp

denote the sets of compact and noncompact roots, respectively;^ = {aeR;

g£ C te}, Rp= {ae R; g£ C pc}. Then RK is the root system of (f c, bc).

Fix an RK-Vfeyl chamber C in it)* and denote by F£ the corresponding positive

roots in RK. Let C be the set of all F-Weyl chambers in ilj* contained in C. For

any DC C denote by RD the corresponding positive roots in R. Furthermore,

put

R§ = RD\RK = RD n Rp,

Pk=\   £r «»     Pp=2   ^Dtt-

K, the set of equivalence classes of finite-dimensional irreducible representations

of K, will be regarded as a subset of the closure of C by identifying any q S K

with its maximal weight.

If it is an admissible quasi-simple representation of G and a eK, let (it : q)

denote the multiplicity of q in it\K; furthermore, put, as in [4], T(7r) = {qeK;

(it:q)>0).

Definition.  Let it be an admissible quasi-simple representation of G,

qek,Dec.
(i) a is called a ̂ fundamental weight of it if a £ r(ir) and [ir] = [q +

PK~Pp]-

(if) q is called a ¿»-comer of 7T if a € r(7r) and a - a £ T(it) Va e R$.

(iii) ? is called a /^fundamental corner of it if it is a ^-fundamental weight

and a Z>corner of jr.

(iv) a is called a fundamental corner of tt if it is a .D-fundamental corner

of it for some Dec.
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Remark. This definition is, of course, inspired by Blattner's conjecture

for the jÇ-multiplicities of a discrete series representation (see [7] ).

Let M be the centralizer of A inK. For pEM and X E a* let jtp'x denote

the corresponding elementary representation of G (irp,x is induced by the repre-

sentation man r-+ exp((X + pXlog a))p(m) of MAN, p(H) = Vi tr(ad 77|n), 77 Ed).

Let Ve be the set of all elements in 6 containing some elementary represent-

ation. Put

& = G\Ge,  Ge = denô,  G0 = ônS°.

The following theorems give the description and parametrizations of these sets.

Theorem 1. irp,x is reducible if and only if there exist qEK and DEC

such that q is a D-fundamental weight ofitp,x but is not a D-comer ofnp'^.

This theorem, together with the fact that two irreducible elementary repre-

sentations irp'A and 7fp 'A are infinitesimally equivalent if and only if (p, X) and

ip', X') are conjugated by the action of the Weyl group of (%, a), completely de-

scribes Ge.

For any ir eV° let F(ir) be the set of all fundamental corners of it.

Theorem 2. (i) For every it E^d°, F(it) has either one or two elements.

(ii) Let Í2 be the set of all nonordered pairs (q, q'\ q, q EK.  it l—► F(it)

defines an injection ofü° into SI (the image ofttE^0 with only one funda-

mental corner q being (q, q)).

Let £20 be the image of this injection.

(hi) £20 is the set of all pairs (q, q') E Í2 with the property that there

exist D.D' EC such that [q + pK~ Pp] = [q' + pK - pj> ] ,q + pK-pD ED'

and q + PK - Pp ED. Here D denotes the closure ofD in C and D is the clo-

sure ofD in if)*. Furthermore, for any (q, q') E Í20, D and D' are well deter-

mined.

Hence, if we denote by it(q, q') the unique element of G° with the prop-

erty F(ii(q, q')) = [q, q'} ((q, q) E S20) then we get

d° = {n(q,q');(q,q')ESl0}.

We give also another description of "5° which is in a sense more convenient be-

cause of the nontransparent characterization of the set Í20.

Theorem 3. For D E C let KD denote the set of all qEK such that there

isn EÜ0 which has q as a D-fundamental corner. Put £lx = {(a, D); q E KD,

DEC}.

(i) For any (q, D) E Slx there is a unique element ir(q, D) in G° which

has q as a D-fundamental comer.
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(ii) G°= {it(q,D);(q,D)enx}.

(iii) If(q, D) e flj, then there exists at most one (q, D') e Í2t different

from (q, D) such that it(q, D) = it(q, D'y   Then F(it(q, D)) = [q, q'}.

(iv) IfD has a wall in common with C then KD = K. If D has not a wall

in common with C, then there are two roots aD, ßD in Rp perpendicular to the

walls of D intersecting C and KD is the set of all q ek such that either (aD +

ßD\q) ± 0 or (a\q + pK -pj?)*0 Va e Rp.

By Proposition 11.4 in [4] we have the following description of Ge:

Theorem 4. Identify a* with C so that p = n. For any p CM put

Xp = min{X >0;irp'x reducible}.

Then

Ge = {itp-\PeM,\e i(o, +°°) u [o, xp)}.

We shall give also the explicit value of X   for any p e M (it is determined

in [3] for "generic" p's).

Theorem 5. (i) ji e G° is unitary if and only if it has only one funda-

mental corner, ie„ Card F(7r) = 1.

(ii) For every q ek there is a unique itq e G° with F(ttq) = {q}.  q \—*■

it  is a bijection ofk onto G°.

Furthermore, we shall prove

Theorem 6. (i) it  is a discrete series representation if and only ifq +

pK - Pp e D for some De C; this D is then uniquely determined

(ii) Every it 6 G° which is not in the discrete series occurs as a subquotient

of some itp' p, pCM.

Remark.   Statement (ii) can also be deduced from the results of [3] and

[5J.

3. Irreducibility of elementary representations. G is the group SU(n, 1) of

all complex square matrices g of order n + 1 with detg = 1 and ¿^g* = T =

diag(l,... , 1, -1). We choose K to be the subgroup of all unitary matrices in

G. 8C is naturally identified with «l(n + 1, C). Let b be the Cartan subalgebra

of g (and f) of all diagonal matrices in g. Let ef/. be the matrix with 1 on the

place (i, j) and 0 elsewhere (1 < /, / < n + 1). Put h¡ = e¡¡ - ei+ x{+ x (1 <

i < ri). Then hx,..., hn is a basis of t)c. We identify b* with the set

( H + l )

Cg+1 = JseC + 1; £  sy = 0j



THE GROUP SU{n, 1) 437

in such a way that s(A;) = s¡ - sj+x, 1 </ < n. Then íh* = C£+1 n R" +1 =

RS+1.

The root system of (gc, 6C) is

7* = {ajk;Kj,k<n + l,j^k}

where a.¿(diag(fj,.. . . tn + x)) = fy - tk. Furthermore,

rk = {«/*! !</.*<«./**},  -Rp = {<*/,„+i,^H/; l </<«}•

The Weyl group W of 7? is the group ̂ n+1 of permutations of coordinates.

We choose the 7^-Weyl chamber in R{j+1 to be

C= {sGRg+1;s/>s/+1,K/<n-l}.

Then

R% = {ajk;Kj<k<n}   and   C = {D0, Dx,... , Dn],

where

D0= {sEC;sn+x>sx},

D¡ = {sE C; sf > sn + x > si+x},     1 </ < n - 1,

£„ = {seC;sn>s„+1}.

Put 7?¿ and pP instead of Rpi and ppi, respectively. Then we have

Rlp= {«ft,«+iî !<*</> u K+i*;/+!<*<«>

and

!«/2-/, l</</,
n/2-i+l,     j+l<t<n,

j-n/2, / = n + l.

K was in [4] identified with ((n + 1)_1Z)£ = {a G ((n + l^Z)"; a, -

<7n+j E Z+, 1 </' < n - 1}. In the new parametrization of b* and identifying

K with a subset of the closure of C we have q =(qx,... , qn,~S"_ 1?y).

As in [4] we choose a to be spanned over R by en n+x + en+x n. M was

identified with ((« + 1)_1Z)£_ 1 and a* = C with p = n. Let v:M x C —►

CS+1 be defined by

iU.(\-?,nz\pk), 1-1.

P/_! +n/2-i + 1,      2 </'<«,

-H(\ + 25JEbfc),        / = n + l.
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Then v is an injection and its image is

E = \seC%+l-,sjej^-lZ,sk-sk+1eii,2<j<n,2<k<n-n.

Denote the elementary representation itp,K by n*, s = p(p, X). Then [its] = [s],

i.e., the infinitesimal character of its is xs (see [4, p. 45]).

The result about reducibility of elementary representations from [4] (Theo-

rems 7.5 and 8.7) now gets the form:

Proposition 1.   its is reducible if and only if either sx - s,e Z\{0} V/ e

{2,.... w} or sn + 1 - Sj e Z\{0} V/ e{2.«}.

Proof of Theorem 1. Suppose that it* is reducible. Interchanging sx

and sn + x if necessary (this corresponds to the action of the nontrivial element of

the little Weyl group), we can suppose that sx - s;- G Z\{0} V/ e {2, ..., «}.

We have r(its) = {q ek;p<q} (v(p, X) = s), where p < q means q(-p{e Z+

and p¡ - qj+ x e Z+, 1 < i < n - 1. We have to show that there are q e K and

/ e {0,. . ., «} such that p < a, [q + pK - pP] = [s] and p < q - a for some

a e Rp. Let / be the smallest element of {1,...,«- 1} such that sx > s,+ x

and put / = n if sn > sx. Let a e K be defined by

iPo KK/-1,

Sj + / - k/2,      / = /,

pt-l, J + Ki<n.

Then it is easily seen that q ek, p <q and a/)n+1 GF¿, ^ -a;-„ + 1 G^,

p<q -aj„ + x. Furthermore, by (1)

q + Pk ~ Pp = 0*2» •••»*/« si> s/+i» • • • t sn + i).

hence [f? + pK - p¿] = [s].

Suppose now that there are / G {0,... ,n}, q G k and aCRp such that

q-aek, p <q, p <q- a and [a + pK - p'P] = [s]. Put t = a + pK - pP

and let w G IV be such that r = ws. We have s2 > • • • > sn and f j > • • • U >

iy+1 > • • • > f„. Now, p < q and the formulas relating p and a with s and f

give

tx > s2 > t2 > s3 > • • • > Sj > t¡ > s/+1 > tj+x > s/+2 >-">sn>tn.

These inequaUties, together with the fact that w is a permutation, imply [sx,

sn+i} c i'/' O+i' 'n+i^- Interchanging «i and sn+1 if necessary, we have to

consider the following possibilities:

(a)  sl " fn + V s« + l = h'   Then St = ti-l'2< » < A and s/ = 0'
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/ + 1 < i < n. Therefore q¡ = p¡, 1 < i </' - l,q¡ = p¡_v j + 1 < i < n, fy =

sn+1 ~ n/2 + /• Henee p jlq - a fot all a E R'p except possibly a = a,„+x.

So a in the assumption must be a/>n+1. This means q¡ -p¡ E N, or sn+x -

Sj+ x EN.  Furthermore, p < q implies p,  x — q.• E Z+, or s, — sn + x G N.

Hence, sn + 1 - sk E Z\{0} for ail k E {2,. . . , «}, and 7rs is reducible by

Proposition 1.

(b) sx = tn+x, sn+x = tj+x. Similarly as above we get q¡ = p¡, 1 < i </,

?l = Pt-i>¡ + 2 </<«, «7/+1 = s„ + i - "/2 +/, and a = a„+1>/+1. Further-

more, p < <7 imphes s„ + x - s/+ j G N, and p<q - an + Xj+x implies s/+1 -

sn+x G N. Hence, tt1 is again reducible.

(c) s, = t¡, sn+x = f/+1. Then q. = p., 1 < / </ - 1, q¡ = p,.,,/ + 2 <

i<«, oy = s, -n/2+j,qj+x = s„+1 -n/2+/,-2£=1afc =p; + n - 2/. By

p<q v/e have s- - Sj G N and sn +1 - s,+2 G N. So we have to show that

either sx + sy+1 or sn+1 # s/+1. Suppose that sx = sn + x = s*+1. Then q =

Oi, •••» P., P,> .... P„_i). But thenpiiq-a VaERp contradicting the

assumptions.   Q.E.D.

4. Irreducible nonelementary representations. "G0 was parametrized in [4,

§10] as follows.

'S0 = fryy, r G 7), 0 </ < n} U {ny fc f; r G 7}>k, 0 </ < k < n}.

Here T¡ is the set of all r G ((n + 1)_lZ)n> such that r; > r/+ x (r0 = ~, rn+x =

-c») and one of the following conditions is satisfied:

(a) rk + 2JL,/, = / + k - n for some A: G {1,...,/- 1};

(b) rfc+I + 2"-,^ = / + k - n for some * G {/' + 1,... , n - 1};

(c) r/>2/-«-SíL,rí>r/+1.

Furthermore, Tyfc is the set of all r G ((« + l)~lZ)">+1 such that r, > r/+1,

r*+1 >r*+2 «nd ^"=iri =i + k-n(r0 = +oo,rn+2=-«o).

We simphfy this in the following way. Let, for 0 < /' < k < n, 5,fc be the

set of all r G ((n + 1)_1Z)£+1 such that ^xr, = / + k - n and either r, >

r/+i or rk+i >rk+2- T^611 Tjk c sjk- Let r be in T¡ such that rk + 2"=1r/ =

/ + k - n for some A; G {1,...,/- 1}. Put

r = (rx,. . ., rk, rk,..., r¡, r}+ x,..., rn).

Then r' E Sk¡. Let rET¡ be such that rfc+ j + S"_ xrt = /' + k - n for some

k G {/' + 1.n - 1}. Now put

r m 0"i» • • • » r/» r/+i» • • • • rfc+i> rfc+i» • • • » rn)-

Then r G S^. Finally, if r G 7}, rj>2j-n- SJL jr, >r/+1, put
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r' = (rx,..., rjt 2j-n - £ r¡, rj+x.r„) esjr
x i=i '

With the obvious notation we get

S° = fr/,*,,; r e S¡k, 0 </ < k < n}.

Furthermore, with the notation from [4, §10] :

T^j,k,r) = {q£K; (qx.ay) < (°°, rx,..., rj),

(2) («/+1. • • • . ?k) < 0/+1.rfc+1)>

(flfc + l. • • • . 1n)<(rk+2' ■ ■ ■ ' rn+l>~°°)}-

Using the imbeddings of ")ffci#.'s as subquotients of elementary representations in

the proof of Proposition 10.2 in [4] we find [itfikit] = [s] where

Ír¡ + n/2-i, l</</,
rf + b/2 -1 + 1,     j+l<i<k + l,

r¡ + n/2-i + 2,     fc + 2</<n + l.

From (2) and (3) we get easily

Proposition 2.  Let 0 < / < k < n and r e S/k.

(i) X'(r) = (rx.rk, rk+2,.... rn+1) is the unique ¡-fundamental

corner of ititkr.

(ii) Xfc(r) = (rx,.. . , T¡, rJ+2,.... rn+l) is the unique k-fundamental

corner of njkr.

(iii) For i G {0.«}, i ¥= j, i ¥= k, it¡tkr has no i-fundamental corners.

Proof of Theorem 2. From Proposition 2, we see that F(njk¡) =

{X'(r), \k(r)} and (i) is proven.

(ii) Suppose that 0 </<&<«, 0 < / < m < «, re S¡k, s G Slm and

{Xf(r), \k(r)} = {X'(s), Xm(s)}. We can suppose/ </. Then we have the follow-

ing possibilities:

(a) / < k < I < m. Then it follows r¡ = s, for 1 < i </ and m + 2 < / <

« + 1, rf = s¡_x for Ä: + 2 < i < / + 1, and rj+x = • • • = rk+1 = s,+ 1 = • • • =

sk = a > ri+2 = • * • = rm + i m si+i = * * • = sm + i = b-  Hence, m + l-j-

k = Vfëi&i - J%£iXrt = b-a. This yields a = b and / = k = I = m. Hence,

nj,k,r = *l,m,s-

(b) / < / < k < m. Then r = s; hence, 0 = 2"=^ - Sj^r, = (m - fc) +

(/-/), i.e.,I =j,m = k. Therefore it,kr = tttm r

(c) / < / < m < k. It follows r = s and s,+ x = • • • = s/+ v sm + x = • • •

= sfc+1. Now,sm + 1 =sm+2 andsGSj^ implies s¿ > s/+x ; hence/=/.
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Furthermore, 0 = 2?=xls¡ - ^"=xr¡ = I + m~j - k = m-k; therefore m = k

and again vjkr - 7r,m>s.

Therefore ti r-*• F(it) defines an injection of G° into Í2 and (ii) is proven.

(hi) Let £20 be the image of this injection and let Çl'0 be the subset of Í2

defined by the properties in (in). We have to show fi0 = Sl'0.

Let it = itjkr E 6°. Then F(it) = (X'(r), X*(r)). Put t » X'(r) + pK - p'p,

s = Xfc(r) + Pjf - Pp. Obviously, [t] = [s] ._We have either r;- > r;+1 or rk+x >

rk+2. It is easy to check that t E Dk, s E D}. Furthermore, r;. > r/+ x implies

t E Dk and rk+x > rk+2 impUes s G D¡. Hence, F(n) E Sl'0 and Í20 C il'0.

Take (q, q) E D,'Q and let /, k E {0, . . . , «} be_such that [a. +pK - p'p] =

[<?' + PK - Pp\. ? + P* - P'p e At» °' + Pa: - Ppf ¿V Put f = a + pjf - pp,
s = q + pK - pp. Suppose first /' < k.  Then tEDk,sE D¡ and [/] = [s] im-

phes ti = st for 1 <i </ and A: + 1 <i <«, t¡ = s¡_x for/' + 2 </ < k, t/+x =

sn+x and tn+x = sfc.  By (1), this yields q¡ = q'¡ for 1 < i </' and k + 1 < i < «,

<7, = a;_, for/ + 2 </<k, qj+x + ^tq't =j + k-nandq'k + SjL.a,. =

j + k-n. ?utr = (qx,...,qk,q'k,qk+x,...,qn). Then r G ((n + l)-lZ)>+1,

2>?=xr¡ =j + k-n and fy > fy+ ! imphes r;- > /)+1 • Hence, r G Sjk. Obviously,

X'(r) = q, X*(r) = <?'; therefore, fl&r/Ar) = (Q, q) and fa, q) E S20.

Suppose now k </. Then, similarly as above, we find that r = (qx,....

°k> <ffc+i' (lk+1.<?«) e -V **(') = <?'. x/(r) " °; hence> ̂it./.r) " (?' «')

and again (c7, 17') G Í20. Thus, Í20 = £20.  Finally, the injectivity in (ii) shows

that /' and k are well determined by (q, q) and Theorem 2 is proven.

Proof of Theorem 3. Let K' be the set of all q E K such that there is

tt G G° which has q as a /-fundamental corner. We have Slx = {(q, j); q E K¡,

0 </'<«}. Statement (iv) of Theorem 3 is equivalent to

Lemma 1.   K° = K" = K.  For 1 <j < n - 1,K> is the set of all qEK

such that either q¡ > q¡+ x or (a\q + pK - plp) ¥= 0 Va G Rp.

Proof.  Obviously, k1 = {X'(r); r G Skj, 0 < k < /} U {X'ir); r G 5yfc,

(a) Suppose first / = 0. Then K° = {X°(r); r G Sok, 0 < k < n}. Take

any c7 G ¿  Then a^ + « -1 > q¡+ x + n - (i + 1), 1 < i < « - 1. Hence, there

is unique k E {0, . . . , «} such that qk = n- k '>-H/=xqi > <7fc+t + « -

(k + 1) (a0 = °°,a„+1 = —). Put r = (a,,.. . , qk,-^=xq¡ + k-n, qk+x,

... , qn). Then r G SQk and X°(r) = <7.  Hence, K° = k

(b) Suppose now / = n. Then for q E k we see that there is unique A; G

{0, . . . , «} such that qk~ k >-l,"=xq¡ > qk+x - (k + 1). Now, r = (qx,

... ,qk, -2?=1<7/ + k,qk+x,..., qn) is in Sk„ and X"(r) = a.   Hence, Kn = &

(c) Finally, suppose 1 < / < n - 1. Put

Kj = {q E K; either q. > qj+ x or (a\q + pK - pp) ¥= 0 Va G 7?p}.
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Let O < k <j, r G Skj. Put a = tJ(r). We have either rk > rk+l or

r/+1 > rj+2. If rj+ x > rj+ 2, then a; > qj+ x and a G Â,. Suppose r/+ x = r/+ 2,

i.e., fl;. = ay+1. Then rk > rfc+1. This means qk + 2?=xqt - k -j + n > 0.

Furthermore, qk+1 + 2"=1af - k -j + n = rk+2 - rk+1 < 0. Now, for 1 <

Kk,
n

(ai,»+ilö + Pk - Pp) = a, + £ a, - / -/ + n
i=i

>«k + £?/"*- 7 + n>0;
/=i

for* + 1 </</,

Kn + ll? + P/C - P>) = ?/ + £?,-/-/+ "
i=l

<0*+i + £?/-*-/ + «-KO;
i=l

for/+ 1 </<«,

n

1=1
(ai.n+il« + Pk -Pp) = °i + Ça« ~z"/ + " + 1

n

<ff*+i +£O|-*-/ + n<0
í=i

Hence, (a|a + p^ - pj,) ¥= 0 Va G Fp, and q G /¡T..

Quite similarly, we find that for ; < k < n, re Sjk, a = \¡(r) is in K¡.

Finally, if r G S¡¡ and a = X;(r), then either r¡ >rj+l or r]+ x > rj+ 2, so

in any case rf >rj+2, i.e., fly > a/+ !.

This proves that K' CK¡tK/<n-l.

Take now q G Â... There is unique k G {0.n} such that qk + n-j -

k>-2n=lq.>qk+1 +n-j-k-\. Put r = (a,,. . . , qk, -S^a, +/ +

*"n> 1k+v • • • » °n)- Then »"e((" + 1)-1Z)£+1 and iÇj^f, =j + k-n.

If we can show that r G S^ (or Skj in case & < j) we shall have <¡r = X'f/); hence,

aGK>.

Suppose first k < j. If ay- > ay+ x, then /y+ ¡ > /)+ 2 ; hence, r G 5fc/. If

q¡ = q¡+x, then it must be (a|a + pK - pp) =£ 0 Va G Fp. But rk - rk+x =

(«fc.n +11? + Pk " Pp)' Hence rk > rk+,, and again r G Sfc/.

Similarly, in the case k > j, a;- > q¡+ x implies r¡ >r¡+í, and (a\q + pK -

p}p) # 0 VaGÄp gives rk+2 -rk+x= (ak+x „+1|a + pK-p'P) # 0.

Finally, suppose k — j. Then ay > ay+1 means r¡ > r/+2; hence either
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r¡>rí+1 or rj+ x > rj+ 2, i.e., r G SJf. On the other hand, r¡ - r/+x « (ay „+, |

fl + px - p¿). Hence, in any case q G £y implies r G S^.

Therefore, K¡ C K' and Lemma 1 is proven.

Let us return now to the proof of Theorem 3. By the definition of &, for

any (<7> /) e S^i there is 7r e*6° such that a is /-fundamental corner of it. Then

ir = n,kr (or it = itkjtr) for some k G {0,.. ., «}, where r G S¡k (or r G <Sfcy).

From the proof of Lemma 1 we see that this k is well determined by q and /.

But then r is also well determined. Hence, this ir is unique. Therefore, (i) is

proven and (ii) follows immediately, (iii) follows from Theorem 2.   Q.E.D.

5. Nonelementary unitary representations.

Proof of Theorem 5. Let T¡ (0 < / < ri) and Tjk (0 < / < k < n) be

defined as at the beginning of §4. Let r G Tjk. From [4, Proposition 11.4(iii)]

we know that ny k r is unitary if and only if r¡+ x = • • • = rk+j. Let r G T¡. By

Proposition 11.4(h) in [4], jr.   is unitary if and only if

(4) r, - lx(r) >-£.ri-n+j>rl+l- l2(r) + 1,
i=i

where

lx(r) = max{/ G {1./}; r,_x > r,} (r0 = -),

l2(r) = min{/e {j + 1,... ,n};r,>rl+1}     (rn+l = -«).

Suppose first that rk + ^"=xr¡ = j + k-n fox some fcG {1./- 1}.

Then itjr = itkfr>, for r = (rv ... , rk, rk, rk+1,..., r„). Now 0 > r/+1 -

rk + k + 1 - l2(r) - (rj+ x - l2(r) + 1) - (- 2JL xrf-n + j); hence the second

inequality in (4) is automatically satisfied. Suppose that the first is also satisfied.

Then r¡ - lx(r) >rk- k, i.e., 0 > r¡ - rk > lx(r) - k. Hence,k > lx(r), or rk =

rk+l = • • • = T.. Conversely, ifrk = • • • = r,, then k > lx(r)\ hence, r, - lx(r)

>rj-k = rk-k = -2?=1rf -n +/.

Therefore, it. f is unitary if and only if rk — • • • = r-, or equivalently

rk+i ~ ' ' ' = rj+l-

Suppose now that rk+1 + ^-xr¡ = f + k-n for some *€ {/ + 1,...,

n - 1}. Then itjr = itjk y with r = (rx,-rk+l, rk+1, rk+2,..., rn).

Similarly as above we find that the unitarity of itjr is equivalent to r!+ x = • • •

~rk+l-

Finally, if ly > 2/ - n - E"=lr¡ > rj+ x, then (4) is satisfied and ir, r is
unitary.

The conclusion is that for 0 < / < k < n and r G S,k, it. kr is unitary if

and only if r/+1 = • • • = rk+l. But this is precisely equivalent to rj(r) - \k(r),
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that is to the fact that %*,*■ has only one fundamental corner. This proves state-

ment (i) of Theorem 5.

Put

Rjk = fr G SJk> r/+i = " " " = r*+i>>   <% = ty.*^ ' e */*}•

Then G° is the disjoint union of Gfk, 0 </ < k < «. For 0 </ < k < n, let Äyk de-

note the set of all a G k with the property: there is ff G G° such that q is /-fund-

amental corner and ¿¿-fundamental corner of tr and q is not /-fundamental corner

of it if / =£ / and i =¿ A:. Obviously, K/fc = {X'(r); r G 7?/fc}.  Furthermore, if r, s G

7?^ and X'(r) = X'(s), then rf = s¡ for 1 < i < n + 1, z =£ A: + 1, and rk+x =

-2^^+jr,- +/+ A:-n = -2¡¥=k+xs¡ +/ + A:-n = sk+x. Hence,r = s. There-

fore, r r—* X;(r) is a bijection of R/k onto £-k. So, to prove statement (ii) of

Theorem 5 we have to show that k is the disjoint union ofkjk, 0 </ < k < n.

First of all, we easily see that

Kjk= JaGÁ:;ay+1 = • • • = qk = - ¿ a, + A:+/-n, a; >afe+1 (,

(5) 0</<A;<n,

£y/ = j</ G £; q} > - ¿Z q¡ + 2/ - n > a/+1, qf > qj+x |,    0 </ < n.

Suppose q E Kjk n £/m, 0 </' < A: < n, 0 < / < m < n. By (5) we have

either / £ {/ + 1,. . . , m - 1} or A: £ {/ + 1, . . . , m + 1} and either / £

{/ + 1.A: - 1} or m $ {/ + 1,. . . , k - 1}. We can suppose / < I Then

we have the following possibilities.

(a) k<m. Then 2"=1af = -<7k + A: + / - « = -qm + I + m - n; hence,

0 < ak - <7m =Ac+/-/-m<0. Therefore qk = <7m, A; = m and / = /.

(b) k > m. Then m E {j + 1,. . . , k - 1}; hence, 1$ {j + 1,... ,k-

1}, i.e., / = j. This implies -a;+ x + k + j-n =Hn=xq¡ = -a/+ j +j + m~n,

i.e., m = k.

Hence, in any case / = / and k = m.

Suppose now q E k}j H klm, 0 < / < n, 0 < / < m < n. By (5) we have

/'£{/+ 1.m-1}» i.e., the following possibilities.

(a) /</. Then-S?=1a/ + 2/-n>a/.+ 1>a,+ 1=-S?=,aI. + / + m-

n;hence,l>j>\i(l + m), i.e., l>m,a contradiction.

(b) / > m. Then -2?=1<7f + 2/ - n < fy < ?„, = -SjL^ij + / + m - «
which gives again l> m.

Suppose finally a G £y. n £kk, 0 < / < A: < «. Suppose / < A:. Then by

(5), 0 > qk - a/+1 > 2(k-j) > 0, which is impossible. Hence, / = A:.

Therefore, (j, k) =£ (/, m) imphes K¡k n Klm = 0.
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Now, we shall show K = \Jo<j<k<nKjk- Take Q ek and suppose a $-kj¡

for any / G {0, . . . , «}. q $K0Q imphes qx >-l,n=xqi -n;q $knn implies

-2"=1af - n > qn - 2n; q ^K^ for any / G {1, . . . , n - 1} imphes that if

q¡ - 2/>-SjLi?, -n >qj+x - 2j, je {1,. . . , n - 1), then q¡ = qj+1. Hence,

there are 0 </< k < n such that q¡ >qJ+l = * * ' = qk > qk+1 (a0 = °°,

a„+1 = -oo) and qk - 2/ >-Sfaslfli ~n>qk-2k.

Suppose that qk - 2/ > - S"_ xq¡ -n>qk~ k-j. Then there is s G

{/ + 1,.. . , k] such that -Z"=1af -n = qk-j-s. Then a/+1 = • • • = fl, =

-ZjLjfl, + s+j-n,qf>qs> qs+ x ; hence a G Kjs.

Suppose now that qk- k-j> -2"=xq¡ - n > qk - 2k. Then there is

s € {/ + 1,..., k- 1} such that -SjLja; - « = afe - /t - s. Then qs+l =

' ' ' = °fc = -2f=W/ + l( + s-n; hence a G ̂ íJfc.

This proves assertion (ii) of Theorem 5.

6. Discrete series representations. As G = SU(n, 1) is a real form of a

simply connected complex semisimple Lie group, the set of discrete series repre-

sentations is parametrized by U"=o(^ n ^/) [2] • Let 9X denote the discrete

series representation corresponding to X G K n /)., / G {0,...,«}. By Blattner's

conjecture (which is proven for the hermitian symmetric case in [8] ), if X G k O

£>•, then 9K has X - pK + pP as a /-fundamental corner. Hence 0^ = ir   for q =

X - pK + pp. Then a + pK - pp = \e D¡. Conversely, if q ek and / G

{0,.... ri) are such that X = q + pK - p'p e D¡, then flx = itq. This proves

assertion (i) in Theorem 6.

7. Subquotients of reducible elementary representations. In the following

we write itjk(r) instead of it]kr Using Theorem 7.5 in [4] and the notation

preceding this theorem, we easily find

Proposition 3.   (i) Let p CM be such that itp,° is reducible (i.e., 0 G

K(p)). Put j = j(p, 0). Then itp,° is direct sum of the following two irreducible

representations:

*t/Pv ••• .Pj-vf- *kG?). / - ^(P). Pj.Pn-1)>

ff/_l(/_l(Pl, • • • , Pj-V j - Ml(p) - 1,/ - VS(P) - l.Py, . . . , Pn-i).

(ii) LetpeMand\>Obe such that XGK(p),-XGS(p), j(p, X) =

f<k<n-l,-\- sk(p). Then itp,x has the following two irreducible sub-

quotients:

"Xj.ktPv • • • » P/-J./ + * * s(p)~Pk> Pj- • • • ' Pk' Pk' • • • ' P/i-l)>

Vj-i.ktPv ■ • • 'Pj-vi' + k-s(p)-pk - \,p¡,. .. , pk, pk,... , p„_1).

(iii) Let peMand\>0 be such that-X GS(p), X GK(p), j(p, -X) = /,
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X = sk(p), Kk<j-Kn-i. Then tip'x has the following two irreducible

subquotients:

nkj(Pv '•■ 'Pk'Pk'- • • • Pj-v j + k-s(p)- pk, p¡,.... p„_,),

*k.i-l(Pv • • ' 'Pk-Pk-- • • ' Pj-V J + k~s(P)~Pk~ l>Pj>    • ■ ' Pn-l)-

(iv) LetpEMand\>Obe such that X GK(p), -X GK(p). Put j(p, X)

— /. J'ip, ~X) = A; (1 < / < k < «). Then np,x has the following irreducible sub-

quotients:

Ttjikipv ■ • • , Pj-V i - y*ip) + &X, Pj.pk_x, k - Visip) - #X,

Pk> • • • ' Pn-l)'

*j,k-i(Pv ■■■ > Pj-v i " î4îCp) + ^ Pj' • • • ' Pk-v k - to(p) -Vk-U

Pk'--- 'Pn-l)>

nj-i,k(Pv ••• ' Pj-v i ~ ^(P) + tSX- l.py...., pk_x, k - Vtsip) - Vi\

Pk, ■ • • , Pn-l)'

*i-i,k-i(Pv • • • » Pj-v J * teip) + V4X - 1, pj,... ,pk_x,

k - Visip) - ViX - 1, pk,..., pn_x).

("/,*-1( ' ' ' ) does not appear ifk= /.)

From this we can easily identify all elementary representations in which a

given it E 5° appears as subquotient. Especially, for unitary representations we

get the following statement (notation is from §5):

Theorem 7. (i) If qE k¡k, 0 </' < k < «, then tt  appears as a sub-

quotient in at most four different elementary representations irp,x, p EM, X > 0.

77iese are tip,K for the following values ofp and X:

(i) p = (qv-'Qj-v?/+i»• • • »?«)'* = ?/-?* + *~i(°nlyV
/>!)•

(2) P = (?,,... , q¡_x, qj+x,... ,qk, qk, qk+2,. . . , qn), X = q¡ -

qk+1 + k-j (only if 1 </<A: <« - 1).

(3) p = (qx,... , q¡, qj+2, ... , qn), X = k-j.

(4) p = (qx,..., q¡, qJ+x,. . . , qk, qk+2,... , qn), \ = qJ+x- qk+x

+ k-j (only ifk<n-l).

(Notice, that in cases q- = a+1 or qk = qk+x some of these elementary

representations coincide.)

(ii) IfqE ku, 0 </' < «, fAe« irq appears as a subquotient in at most

three different elementary representations 7tp'\ p E M, X > 0. These are irp,x

for the following values ofp and X:
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(1) p = (a,,.. . , qí_1, 2j-n- 2?=1q¡, a/+2,... , a„), X = a; -a/+1

(only if I </<« - 1).

(2) P = (qv ... , q,_v qj+v..., q„), X = q¡ - 2/ + n + 2?=1q¡ (only

ifi>\).
(3) P = (qv ... , q¡, a/+2,.... a„), X = 2/ - n - 2"=lqt - a/+1 (only

ifj<n- 1).
(Notice that in cases q¡ = 2j-n- 2?_ jaf or a^+ x =2j-n- £/=1flj some

of these elementary representations coincide.)

We can prove now statement (ii) of Theorem 6. If a G ̂  is such that jt^ is

not a discrete series representation, then we have the following possibilities:

(a) a G kjj, q¡ -2j-n- 7%-xqt, / > 1. By Theorem 7(h) ir? appears as

a subrepresentation of 7rp'0, p = (t/lt... , q¡_x, q¡+i,. • • . a„); obviously

(b) a G Äyy, ?/+, = 2/ - « - 2?= !?,, / < tt - 1. By Theorem 7(h) rr, is a

subrepresentation of 7rp*°, p = (a^,. . . , q¡, a/+2,... , qn) and then Xp = 0.

(c) a G Ây^, 0 </ < k < ». Then, by Theorem 7(i), 7rfl appears as a sub-

quotient of itp'k~', p = (flj,... , fly, fl/+2,... , fl„). We have to prove that

\ = k-j. To do so, we use the notation from [4, §7]. We have fly+1 = • • •

= qk = -2£=i<7i +/ + k-n. Hence, s(p) =j + k- 2qk and s¡(p)=j + k- 2/

for / + 1 < / + k - 1. Therefore, K(p) is contained in k - j + 2Z and [k-j-2,

k -j - 4,...,/ - k + 2} n£0) = 0. Hence

Xp = min{X > 0; X G K(p) U (- K(p))} >k-j.

On the other hand, np,k~i is reducible; hence, Xp = k-j. This proves Theorem

6.

Finally, we state a theorem giving the exact value of Xp for any p eM.

This can be easily deduced from Theorems 7.5 and 8.5 in [4]. We use the nota-

tion from [4, §7], and for p G Sí = ((n + 1)" lZ)">~l we put p¡ = <*> for / G Z,

/ < 0, and Pj = -°° for/ £Z,/> n.

Theorem 8. (i) Let peMbe such that S(p) = {sx(p),..., sn_x(p)} C

2Z. Ifsfp) # 0 V/ G {1,.. . , n - 1}, then Xp = 0. Ifsfp) = 0 for some j G
{1,.. . ,n - 1}, then

Xp = max {2k + 2;ke Z+, py_fc = p¡+k}.

(ii) LetpeMbe such that S(p) = {Sj(p).s„_x(p)} C 2Z + 1. //

{1,-1} <£ S(p), then Xp = 1. Ifsfp) = 1, sj+1(p) = -1 for some j e {1,...,

n - 2}, f/ien Xp = max{2fc + 3; k G Z+, py_k = p/+fc+1}.

Remark.   When this paper was finished, I heard about the preprint On an

infinitesimal characterization of the discrete series by T. J. Enright and V. S.
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Varadarajan. In this paper, they have constructed for any qEK and DE Can

irreducible admissible representation n(q, D) of G with the property that q is a

7>fundamental corner of tt(q, D). The only assumption about the group is

rank G — rank K. Our results show that these representations exhaust all of G °

in the case G = SU(n, 1). Furthermore, it is not difficult to check that if a G

K\K' then Ti(q, D') is equivalent to some irreducible elementary representation

having a fundamental corner and all such elementary representations are also ex-

hausted.
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