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ON REPRESENTATIONS OF THE GROUP SU(n, 1)(!)
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HRVOIJE KRALIJEVIC

ABSTRACT. A natural bijection is established between the set of equi-
valence classes of irreducible unitary representations of the group G = SU(n, 1),
which are not induced from a proper parabolic subgroup, and the set of equi-
valence classes of irreducible representations of a maximal compact subgroup.

1. Introduction. In [4] all irreducible subquotients of all elementary (=
nonunitary principal series) representations of the group G = SU(n, 1) and of its
universal covering group were determined. We have also found all infinitesimal
equivalences among these irreducible representations and in this way, owing to the
subquotient theorem [1], [6], [9], we have described the set G of all infinitesimal
equivalence classes of irreducible quasi-simple representations of G. Furthermore,
we have found a necessary and sufficient condition for a class m € G to contain a
unitary representation and so the set G of all equivalence classes of unitary irredu-
cible representations of G was completely described.

The aim of this paper is to give another description of the results of [4].
This description will use only very general terms and will not depend on almost
any particular property of the group SU(n, 1). Furthermore, it will provide us
with very natural parametrizations of the sets G and G.

We shall also describe all elementary representations in which a given unitary
irreducible nonelementary representation occurs as a subquotient. Using Blattner’s
conjecture (which is proven to be true for linear groups acting on hermitian sym-
metric spaces [8]) it will be very easy to identify the discrete series representations.
This will, especially, give us all possible imbeddings of a discrete series representa-
tion as a subquotient of an elementary representation.

I am very grateful to Dr. Gregg J. Zuckerman for many helpful and enlight-
ening discussions.

2. Statements of the results. In the following G will denote the group
SU(n, 1), g its Lie algebra, g, (= 8i(n + 1, C)) the complexification of g, () the
universal enveloping algebra of g, 8 the center of ®. For any Cartan subalgebra
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hof g, let S(H)¥ denote the algebra of Weyl group invariants in the symmetric
algebra S() over b, and let p, be the canonical isomorphism of 3 onto S(h)¥
[9]. S(h) being identified with the polynomials on the dual space §* of b, let,
for A € Bh*, x, denote the element of Hom(3, C) obtained by composing the
evaluation at A with p: x,(2) = ¢y(2)A), z € 3 (the notation here differs from
that in [4, p. 26]). Then X +— X, defines a bijection from the set of Weyl group
orbits in §* onto Hom(B, C). For any A € §* let [A] denote the Weyl group
orbit containing A. Furthermore, if 7 is a quasi-simple representation of G, denote
by [] the Weyl group orbit in §h* which corresponds to the infinitesimal character
of m.

Let (K, A, N) be an Iwasawa decomposition of G and (t, a,n) the corre-
sponding decomposition of g. Let f be a Cartan subalgebra of g contained in f.
Denote by p the orthogonal complement of f in g with respect to the Killing
form. Let R be the root system of (g, §,) and let W be its Weyl group. For
@ €R, g¢ will denote the corresponding root subspace of g.. Let Ry and Rp
denote the sets of compact and noncompact roots, respectively; Ry = {¢ €R;

8 C I.},Rp = {a €ER; 83 Cp,}. Then Ry is the root system of (f,, §,)-
Fix an Ry -Weyl chamber C in i * and denote by Rﬁ the corresponding positive
roots in Ry. Let C be the set of all R-Weyl chambers in i §* contained in C. For
any D € C denote by RP the corresponding positive roots in R. Furthermore,
put

K, the set of equivalence classes of finite-dimensional irreducible representations
of K, will be regarded as a subset of the closure of C by identifying any q € R
with its maximal weight.

If m is an admissible quasi-simple representation of G and ¢ € K, let (r: q)
denote the multiplicity of g in #|K; furthermore, put, as in [4], I'(n) = {g €K;

(m: q)>0}.
DEFINITION. Let 7 be an admissible quasi-simple representation of G,
g€ K Dec.
(i) q is called a D-fundamental weight of 7 if ¢ € I'(%) and [7] = [¢ +
pPx ~ PP

(i) q is called a D-comer of 7 if ¢ € I'(7) and ¢ —a ¢ I'(7) Va eRg.

(iii) q is called a D-fundamental corner of = if it is a D-fundamental weight
and a D-corner of .

(iv) q is called a fundamental corner of  if it is a D-fundamental corner
of m for some D € C.
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REMARK. This definition is, of course, inspired by Blattner’s conjecture
for the K-multiplicities of a discrete series representation (see [7]).

Let M be the centralizer of A in K. Forp €M and A € a¥ let aP' denote
the corresponding elementary representation of G (7P is induced by the repre-
sentation man > exp((A + p)(log a))p(m) of MAN, p(H) = % tr(ad Hin), H €q).

Let G* be the set of all elements in G containing some elementary represent-
ation. Put

G°=G\G%, G°=G°nG G°=Gnao.
The following theorems give the description and parametrizations of these sets.

THEOREM 1. 7P} is reducible if and only if there exist g €K and D € C
such that q is a D-fundamental weight of aP** but is not a D-corner of nP*™.

This theorem, together with the fact that two irreducible elementary repre-
sentations 7P* and 7PN are infinitesimally equivalent if and only if (p, A) and
(@', \') are conjugated by the action of the Weyl group of (g, @), completely de-
scribes G°.

For any m € G° let F(r) be the set of all fundamental corners of .

THEOREM 2. (i) For every mn €GP, F(r) has either one or two elements.

(ii) Let Q be the set of all nonordered pairs (q, q'), q, ¢ €R. & > F(n)
defines an injection of G° into Q (the image of 1 € G° with only one funda-
mental corner q being (q, q)).

Let Q, be the image of this injection.

(iii) Q, is the set of all pairs (g, q") € Q with the property that there
exist D, D' € C such that [q + py — pP1=[q' + px -p,D,'],q +pg-pR €D
and q + py — pB' € D. Here D denotes the closure of D in C and D is the clo-
sure of D in if*. Furthermore, for any (q, q') € Qy, D and D' are well deter-
mined,

Hence, if we denote by n(g, ') the unique element of G° with the prop-
erty F(n(q, ) = {4, 4’} (@ ") € Q,) then we get

G° = {n(g, 4'); @, ') € Oy}

We give also another description of G° which is in a sense more convenient be-
cause of the nontransparent characterization of the set Q).

THEOREM 3. For D € C let RP denote the set of all q € K such that there
is m € G° which has q as a D-fundamental comer. Put Q, = {(g, D); q € KP,
De(C}.

(i) For any (q, D) € Q, there is a unique element n(q, D) in G° which
has q as a D-fundamental corner.
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@) G° = {n(g, D); (4@, D) € Q,}.

(iii) If (g, D) € Q, then there exists at most one (', D') € Q, different
from (q, D) such that n(q, D) = n(q', D'). Then F(n(g, D)) = {q, q'}.

(iv) If D has a wall in common with C then K® = K. If D has not a wall
in common with C, then there are two roots o, B, in Rg perpendicular to the
walls of D intersecting C and RP is the set of all q € K such that either (o, +
Bplg) # 0 or (alg + pyx —pP)af:O Va € Rp.

By Proposition 11.4 in [4] we have the following description of G*:

THEOREM 4. Identify a¥ with C so that p = n. For any p € M put

A, =min{A >0; 7P reducible}.
Then

G® = {nP};p €M, A €i(0, +=) U [0, )}

We shall give also the explicit value of A, for any p € M (it is determined
in [3] for “generic” p’s).

THEOREM 5. (i) m €GP is unitary if and only if it has only one funda-
mental corner, ie., Card F(m) = 1.
(i) For every q €K there is a unique m, € G® with F(n,) = {q}. q

n, is a bijection of K onto G°.

Furthermore, we shall prove

THEOREM 6. (i) m, is a discrete series representation if and only if q +
Px — PP € D for some D € C; this D is then uniquely determined.
(ii) Every m € G° which is not in the discrete series occurs as a subquotient
PN 'y
of somen ' P,pEM,

REMARK. Statement (ii) can also be deduced from the results of [3] and

[51.

3. Irreducibility of elementary representations. G is the group SU(n, 1) of
all complex square matrices g of order n + 1 with detg =1 and gl'g* =T =
diag(1,...,1,—1). We choose K to be the subgroup of all unitary matrices in
G. g, is naturally identified with 8l(n + 1, C). Let | be the Cartan subalgebra
of g (and ?) of all diagonal matrices in g. Let ¢; be the matrix with 1 on the
place (i, /) and O elsewhere (1 <i,j<n+1). Puth;=¢;~¢; ;4 (1S
i<n). Thenh,,..., h, is a basis of h,. We identify b} with the set

cot! {seC"+l Z s—O;
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in such a way that s(#) = 5; - 5;,,, 1 <j<n Thenip*=Cj*! NR"*! =
R+,

The root system of (g, §,.) is
R= {al-k; 1<jk<n+1,j#k}

where a;, (diag(ty, . . . , 1,,,4)) = ¢ — ;. Furthermore,

Ry = {op; 1<j, k<nj#k}, Rp={g,,1,0,,, ;1 <j<n)
The Weyl group W of R is the group &, ; of permutations of coordinates.

We choose the Ry -Weyl chamber in R3*! to be

C= {sekg‘“;s,>si+l, 1<j<n-1}.
Then
RE = {a;;1<j<k<n} and C={Dy,D,,...,D,},

where
Dy={s€C;s,,q >511,

D, = {s€C;s,>5,,,}.
Put R} and p} instead of Rp/ and p, respectively. Then we have

Rb= {413 1 SKE<j}U {og 457 + 1 <k <n}

and
nf2 -1, 1<i<j,
) Gk —op)y={n2-i+1, j+1<i<n,
j—n/2, i=n+1.

K was in [4] identified with (1 + 1)"1Z)%, = {g € (n + 1)"'Z)"; 4=
dn41 €Z,,1<j<n-1}. In the new parametrization of h2 and identifying
K with a subset of the closure of C we have I FYRI -E};lq,).

As in [4] we choose a to be spanned over Rby €, ., +€,,; , M was
identified with ((# +1)"'Z)2~! and a* = Cwith p =n. Letv: M x C—
Ca+1 be defined by

%Q - zz;lpk)) i=1,
o, N, ={p,_, +n2-i+1, 2<i<n,
%A\ + Z2z1p)), i=n+1.
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Then v is an injection and its image is

E = seC{,’“;S,-en.,l. lz,sk—s,‘“GN,2<i<n,2<k<n-li.

Denote the elementary representation 7P by %, s = »(p, X). Then [r°] = [s],
i.e., the infinitesimal character of 7° is x, (see [4, p. 45]).

The result about reducibility of elementary representations from [4] (Theo-
rems 7.5 and 8.7) now gets the form:

ProrosITION 1. #° is reducible if and only if either s, - s; €EZ\{0} vj €
2,...,n}ors, —stZ\{O} VieE{2,...,n}.

PROOF OF THEOREM 1. Suppose that #° is reducible. Interchanging s,
and s, ., if necessary (this corresponds to the action of the nontrivial element of
the little Weyl group), we can suppose that s, — 5; € {0} vie{2,...,n}.
We have I'(r®) = {g €K; p <q} ((p, \) =), where p < q means ¢, —p; €Z,
and p; —¢q;,, €Z,,1<i<n-1. We have to show that there are g € K and
JE€1{0,...,n}such that p <gq, [q + pg —plf,] = [s] and p < g — « for some
@€ R}. Letj be the smallest element of {1,...,n =1} such that s, >5;,
and putj =nifs, >s,. Let q €K be defined by

Dy 1<i<j-1,
q;= {8 +j—n/2’ i=j,
pj_la ]+l<i<n.

Then it is easily seen that €K, p<qand o .., €R}, q - 41 €K,
p<q-a;,,,. Furthermore, by (1)

‘I"'PK'PG::(szr--'»si»sv Sit1r e s Snpr)s

hence [q + px — ph] = [s]. X
Suppose now that there are j € {0,...,n},q€Kanda€R£ such that
q-e€R p<qp<q-aand[q+pg-ppl=1[s]. Putt=q+px-p}
and let w € W be such that 7 = ws. We haves, >+ -->s,andt; >---t; 2
g1 > ">t Now, p < q and the formulas relating p and q with s and ¢
give
25282833 252528, 2 >822 25, 21,

These inequalities, together with the fact that w is a permutation, imply {s,,
$p411 C {t,, Liv by +1}. Interchanging s; and s, +1 if necessary, we have to
consider the following possibilities:

@ §y =tp410Sp41 =4 Thens; =14 ,,2<i<jands; =1,
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j+1<i<n. Therefore q;=p;, 1 <i<j-1,¢,=p;_,,j+1<i<nq;=
S,41 —N/2 +j. Hence p £q -« for all a € R}, except possibly a = LT
So « in the assumption must be &; ,,, ;. This means q; —p; €N, or s, ., =
Si+1 € N. Furthermore, p <gq impliesp,_l —inZ_,_, Or §; = Sy 4y €N.
Hence, s, ., — 5, €Z\{0} forallk € {2, ..., n}, and #* is reducible by
Proposition 1.

(®) 5y =tp41s Spy1 = tj4y Similarly as above we get ¢; = p;, 1 <i<j,
4G=pi_1,] +2<i<n q =8,4,~n2+j,anda=a,,,;,,. Further
more, p < q implies 5,4 ; =8,y EN,and p<q-a, ., ;, impliess;, , —
S,+1 €N. Hence, 7° is again reducible.

© 8y =1 8541 =ljyq- Theng;=p, 1<i<j-1,¢;=p;_1,] +2<
i<n q=s ~n2+] qjpy =Sp4q ~n2+], ~Zj_14, =p; +n—2j. By
p<qwehaves;—s, €ENands, , —s,, €EN. Sowe have to show that
either s; # 5, Or S,y #8;, 4. Suppose that s; =s,,, =§,,. Then g =
®peees PjsPjpe v e P,_;)- But thenp Lg—a Va € Rp contradicting the
assumptions. Q.E.D.

4. Irreducible nonelementary representations. GO was parametrized in [4,
§10] as follows.

G ={n,;r€T,0<j<n}V {m, srE€Tj;,0<j<k<n}

Here T; is the set of all 7 € (n + 1)™'Z)3 such that r; > 1, (rg =0, 7,y =
—o0) and one of the following conditions is satisfied:

@ rn+Zn=jtk-nforsomek€{l,...,j—1};

®) rp tZyn=jtk-—nforsomek€ {j+1,...,n-1};

© rp>229-n-ZL 2.

Furthermore, Ty is the set of all 7 € ((n + 1)71Z)%*! such that r; > 7y, 4,
Tes1 > Tkpp ad Zir =j+ k—n(rg = +oo,1,, 5 =—).

We simplify this in the following way. Let, for 0 <j <k <n, S;; be the
set of all € (n + 1)7'Z)%*! such that Zitlr, =j + k — n and either r, >
Tig1 O Tpyy > Tyya. Then Ty C Sy Let rbe in Tj such that ry + ZiL 7, =
j+k—-nforsome k€ {1,...,j—1}. Put

T (PR S SN T2 [TRTRRN & )

Then 7’ €S,;. Let r € T; be such that ., + ZjL 7, =j + k — n for some
ke {j+1,...,n—1}. Now put

!
r =("l,...,rj, ’i+l,..o,rk+l, rk+l,..., n).

Then ' € Sy Finally,if r€Tj,r; > 2% —n~ZiL r; 31,4, put
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n
r'= (rl,...,ri,zj-n-izlri, ri+l,...,’n) esii.
With the obvious notation we get

Furthermore, with the notation from [4, §10]:
Pm )= a€K @y - q)<@E@ry.... 1),
@ (qi+l' g < (']+1' e 'k-l-l)’

(CPTRTRI ) RN (PRI ML) 8

Using the imbeddings of m; ; ,’s as subquotients of elementary representations in
the proof of Proposition 10.2 in [4] we find [n,, k,r) = [s] where

r+nf2-i, 1<i<j,
@) s={n+n2-i+1, j+1<i<k+]1,
n+n2-i+2, k+2<i<n+l.

From (2) and (3) we get easily

PROPOSITION 2. Let 0 <j<k<nandr€S.
@ NO)=(gpeees T Tiyas o+« » Tnyy) is the unique j-fundamental
corner of m;  ,.
@) N =@y -y T gz o o » Tnyy) B the unique k-fundamental
corner of m; .
(iii) Fori€ {0,...,n},i#j, i#k, W k,r has no i-fundamental corners.

PROOF OF THEOREM 2. From Proposition 2, we see that F(m; , ) =
{N(, N¥(r)} and (i) is proven.

(ii) Suppose that 0 <j<k<n,0<I<m<n, r €S, s €S, and
WNO, N¥(O} = (N(s), "™ (5)}. We can suppose j < I. Then we have the follow-
ing possibilities:

(@ j<k<I<m. Thenit followsr,=s,for 1 <i<jandm+2<i<
n+l,r=5 ,fork+2<i<il+ l,andr“_l == =S ==
Sg=a2r = =r, =85, ="""=8§,,,=>b Hence,m+1-j-
k=2zttls, — =iy, = b—a. Thisyieldsa=b andj =k =1=m. Hence,
"i,k,r = "I,m,s‘

() j<I<k<m. Thenr=s; hence,0 = Zptls, ~Zntlyr = (m-k) +
(d-)),ie.,l=j, m=k. Therefore Tikor = Mm, s

©i<IsSm<k It followsr=sands; ;= =§,1, Sppy ="""
=Sk41- Now,s, ., =§,,, and sE€S,  implies s; > s, ,; hence I =j.
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Furthermore, 0 = =it ls, - E""’lr, =l+m-j—k=m-—k;therefore m =k
and again 7 ke = Tm,s

Therefore m > F(n) defines an injection of G GO into Q and (ii) is proven.

(iii) Let Q, be the image of this injection and let Qg be the subset of Q
defined by the properties in (iii). We have to show Q4 = .

Letw = m;, € G°. Then F(r) = W(), N(1)). Putt=N()+ og — ph,
s = N() + pg — pk. Obviously, [£] = [s]._We have either 7, >,y orryyy >
Ti+2: It is easy to check that t € Dy, s € D;. Furthermore, r; > r;, , implies
t €D, and r,, | > 1y, , implies s GD Hence F(m) € Qg and Q, C Q.

Take (g, ¢") € Qg and let j, k € {0 .. ,n} be such that [q +px - pﬂ,]—
4" + o - Pl a+ o~ Pp €D, a' +pg ~p5 €D, Putt=q+pg =),
s=q +pg - p,, Suppose first j < k. Then t € Dy, s ED, and [7] = [s] im-
pliest; =s;for 1<i<jand k+1<i<n, ti—si (forj+2<i<k t,,=
Sp4q and ¢, =s.. By (1), this yields q; = gifor1<i<jandk+1<i<n,
q=q;_y forj+2<i<k g, +ZL,q;=j+k-nandq, +Z}L,q =
jtk-n Putr=(qy ..., 4 G dx41- - - - » 4,)- Thenr € (0 + 1)"12)2*1,
Tl =j+k-nand ;> implies r, > et Hence, 7 € S;,. Obviously,
NO=q¢ O =4 therefore, Fm, ) = (q, ") and (g, ¢') € Q,.

Suppose now k <j. Then, similarly as above, we find that r = (g, ...,
g q;‘+p dit1r -+ > 4n) eskja 7\"(’) =4, )‘i(’) = q; hence, F("k,],r) =4 4"
and again (g, q') € Q,. Thus, Qy = Q,. Finally, the injectivity in (i) shows
that j and k are well determined by (g, q") and Theorem 2 is proven.

PROOF OF THEOREM 3. Let K/ be the set of all ¢ € K such that there is
7 € G° which has q as a j-fundamental corner. We have Q,=1{a)aq€ K,
0 <j < n}. Statement (iv) of Theorem 3 is equivalent to

LemMal. KO=K"=K For1<j<n-1,K' is the set of all g €K
such that either q; > q;, 1 or (alq + px — pp) # 0 Va ER,,.

PROOF. Obviously, K/ = (N(); r €5,;,0 <k <j} U (N@); T €S},
j<k<n}.

(2) Suppose firstj = 0. Then K® = (\°(); 7 € S,,, 0 <k <n}. Take
any q ek Theng; +n—-i>q;, +n—(@+1),1<i<n-— 1. Hence, there
is unique k € {0, ... ,n} such that g, = n —k>—2};‘___1qi>qk+l +n-
k+1)@g="qp41=""). Putr=0qy ..., 4,2 q;+k—n gy,

.+ qy,)- Thenr €5S,, and \°(") = q. Hence, K° =

(b) Suppose now j = n. Then for ¢ € K we see that there is unique k €
{0,...,n} such that g, —k >-Z{_ q; > q;,, —(k +1). Now,r=(q,,

e Q=2 1q;+ K Q- - o 4,) s in Sy, and N*(r) = q. Hence, K" = )4

(c) Finally, suppose 1 <j<n-1. Put

I?i = {q €K; either qj>qj+l or (alg + px —pj,)aﬁo Va € Rp}.
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Let 0 <k <j, r €Sy;. Putq =N(). We have either r, >r,, or
Tis1 > Tjpae Wiy >1pp5,theng; >q;,, and q €K;. Suppose 7;, =Ty
ie,q;=q;; . Thenry >r, ;. Thismeansq, + ZL_,q,—k—j+n>0.
Furthermore, g, + Z{L,q;~k=j+n=r, , -1, <0. Now, for 1 <
1<k,

n
(“l.n+1|q+PK"P§’)=‘11+E‘11’I"I'+"
i=1
n
2+ q-k-j+n>0;
i=1
fork +1<1<j,
n
(al.n+1|‘1+PK'P§»)=qz+ Sq-l-j+n
i=1
n
SGheyt2 q-k-j+n-1<0;
i=1
forj+1<I<n,
n .
(az,n+1|q+PK"P5’)=ql+ i—Elqi-l_] +n+l
n
<@+ q;-k-j+n<0.
i=1

Hence, (alg + px - p{,) #0Va€Rp,and g € Ki'
Quite similarly, we find that forj <k <n, r€ Sipr 4 = N(@) is in I?j.
Finally, if r €Sjandq = N(r), then either 13T OF Py >0, 80
in any case I > Ti+2 i.e:, qi? Qjy1-
This proves that K/ C K,1<j<n-1.
Take now ¢ EI?,. There is unique kK € {0, ..., n} such that g, + n—j -
k=1 Ggyrseee»r@y) Thenr€((n+1)"12)2* and it lr, =j+ k—n.
If we can show that r € Sy (or S in case k <j) we shall have ¢ = N(); hence,
qel?l.
Suppose first k <j. If g; > q;,,, thenr, > 1, 55 hence,r €Sy, If
4; = qj41, then it must be (alg + px — pp) #OVa ERp. Butr, —r,,, =
@ n+1la +ox - p}). Hence r, >r, ., and again r € S;j.
Similarly, in the case k£ > j, 4;> 4, implies 52T and (alg + px —
PP) #OVUERpgives Iy p ~ iy = @y ns1ld + P —0p) #0.
Finally, suppose ¥ = j. Then q; > ;41 means r; > Tiya2s hence either
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Ty > Tj41 Oy > T4y, i, r €S On the other hand, B =ty = (0,441
q + px — p}). Hence, in any case q € ﬁj implies 7 € S;.

Therefore, 1?, C K/ and Lemma 1 is proven.

Let us return now to the proof of Theorem 3. By the definition of K/, for
any (¢, /) € Q, thereis €GP such that q is j-fundamental comner of #. Then
=1y, Orn=m, ) forsome k€ {0, ...,n}, where r € Sj (or r €Sy
From the proof of Lemma 1 we see that this k is well determined by q and j.
But then 7 is also well determined. Hence, this « is unique. Therefore, @) is
proven and (ii) follows immediately. (iii) follows from Theorem 2. Q.E.D.

S. Nonelementary unitary representations.

PROOF OF THEOREM 5. Let T;(0<j<n)and Ty 0<j<k<n)be
defined as at the beginning of §4. Letr € Tjx. From [4, Proposition 11.4(iii)]
we know that m; ; , is unitary if and only if r;,y =--- =7, ,. Letr€ T;. By
Proposition 11.4(ii) in [4], m; , is unitary if and only if

n
@ =hOZ - rn-nti>n, —Le)+1,
i=1
where
L =max{€,...,j}ir_, >n} (o =),

LO)=min{l€ +1,...,0};n,>r,,}  @ppy ==

Suppose first that r, + ZL 7, =j + k—n for some k€ {1,...,j-1}.
Thenm, =m; ,forr =(ry.oe, ty Py Ty -+ » 7,)- Now 0> Ty~
ntk+1-0L,0= 41 — L, + 1) = 2, r; — n + ); hence the second
inequality in (4) is automatically satisfied. Suppose that the first is also satisfied.
Thenr,—1,(r) > 1, — k,ie., 0> r;=re21,(r)— k. Hence,k>1,(r), orr,, =

Te4r = =1;. Conversely, if ry = - - - =r;, then k >1,(r); hence, r; = 1,(r)
Bri-k=r-k=-I_ rn-n+j.

Therefore, m; , is unitary if and only if r,, = -+ - = rj> or equivalently
Tep1 =" =T

Suppose now thatr, , , + 2% ;r,=j+k-nforsome k€ j+1,...,
. !

n—1}. Thenm,=m, withr' =(ry, ..., ey Tepys | P A 8
Similarly as above we find that the unitarity of m; , is equivalent to ';+ 1=
=Te4r-

Finally, if r; > 2/ —n - ZIL ;r; > r;, |, then (4) is satisfied and W, is
unitary.

The conclusion is that for 0 <j<k<nandr€ Sjk» M, , is unitary if
and only if 7;, y =+ -+ =r,,,. But this is precisely equivalent to N@) = N,
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that is to the fact that m; , , has only one fundamental corner. This proves state-
ment (i) of Theorem 5.
Put

= . == A0 .
Rijg={r€8ustjpy = " =rgpds Gy ={m, sr€R,}.

Then G° is the disjoint union of G, 0<j <k <n. For0<j<k<n,let K, de-
note the set of all ¢ € K with the property: there is 7 € G° such that q is j-fund-
amental corner and k-fundamental corner of 7 and q is not i-fundamental corner
of mif i # and i # k. Obviously, I?j,‘ = (N(); r €R;,}. Furthermore, if 7, s €
R and N(r) = N(s), thenr, =s; for 1 <i<n+1,i#k+1,andr,, =
gt titk-n=-Z,,, s +j+k-n=s.,,. Hence,r =s. There-
fore, r > N(7) is a bijection of R;, onto I?jk. So, to prove statement (ii) of
Theorem 5 we have to show that K isthe disjoint union of I?jk, 0<j<k<n.
First of all, we easily see that

n
Kik= 3qu;qj+l =...=qk=—§lqi+k+j—n, q,—>qk+1$,
6] 0<j<k<n,
n
Kif = 2q€K;q,>-qu+2j—n>qi+l, qi>qi+l$, 0<j<n.
i=1

Supposeqelzjknl?,m,0<i<k<n,0<l<m<n. By (5) we have
eitherj&€ {I+1,...,m—1}ork€¢ {I+1,...,m+ 1} and either I ¢
+1,...,k=1}orme¢{j+1,...,k—1}. We can suppose j <L Then
we have the following possibilities.

(@) k<m. Then Z_,q; =—q;, + k+j—n=—q,, +1+m- n;hence,
0<gqy—4q, =k+j-1-m<0. Therefore g, =q,,, k=mandj=1.

() k>m. Thenme {j+1,...,k—1};hence, I¢ {j+1,..., k-
1}, ie.,I=j This implies —q;., +k+j—n=2:;‘___lq,=—qj+l +j+m-n,
ie.m=k.

Hence, in any case j =/ and k = m.

Suppose now ¢ €K;; NK,,,,0<j<n,0<!<m<n. By (5) we have
JE{+1,...,m—1},ie., the following possibilities.

(@) j<I. Then- }'=1q,-i-2i—n>qj_‘,l 2q,,="2Z,q;+1+m-
n; hence, I = j =2 %(I + m), i.e., I 2 m, a contradiction.

®) j=zm. Then-2?=lqi+2j—n<qj<qm =-Zrq;tl+m-n
which gives again ! = m.

Suppose finally ¢ € kil‘ n IE’,‘,‘, 0 <j< k< n. Suppose j < k. Then by
(5),02>4q, g1, 22k-N>0, whiih is in:possible. Hence, j = k.

Therefore, (j, k) # (I, m) implies K, N K;,,, = &.
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Now, we shall show K = Up<j<cr<nKji- Take ¢ €K and supposeqikﬂ
for any j € {0, . .., n}. q¢1?oo implies ¢, > -2 ,q; — n; ¢ ¢ K,,,, implies
-Z19;—n>q, —2n; q¢KjJ foranyje{1,...,n—-1} 1mphes that if
qi—2i>—2;'=lq,-n>qj+l -2,j€{l,...,n—1}, then 4 = Q41 Hence,
there are 0 <j < k < n such thatg;> ¢, = = >qryq @ =
Gnyy =~ and q, =2/ >-Z ,q,—n>q, — 2k

Suppose that q; —2/ > —Z2]_q9; - n>q; —k—j. Then there is s €
U+1,...,k}suchthat -27 ,q,—n=¢q, —j-s. Theng;,, =--=¢q;=

Ef_lq,+s+1 n,ql>q_,>qs+l,henceq€Kj,

Suppose now that q, —k —j > -2 ,q; —n> q; — 2k. Then there is

s€{f+1,...,k—1} such that -Z7_,q, - n=¢q, —k—s. Thenq,, , =
*=q, =-Z% ,q,+k+s—n;hence g €K,.
This proves assertion (ii) of Theorem 5.

6. Discrete series representations. As G = SU(n, 1) is a real form of a
simply connected complex semisimple Lie group, the set of discrete series repre-
sentations is parametrized by U;'=o(k N D)) [2]. Let 6, denote the discrete
series representation corresponding to A € K N D;je{0,...,n}. By Blatthner’s
oonjecture (which is proven for the hermitian symmetric case in [8]),if A€EK N

then 0, has A—pg + p{, as a j-fundamental corner. Hence 0,‘ =1, forq =
7\ px + pP Then g + pg — Pp A GD, Conversely, if q €k andj €
{0, ...,n} are such that A\ = q + py — p) € D;, then 0, = m,. This proves
assertion (i) in Theorem 6.

7. Subquotients of reducible elementary representations. In the following
we write m; () instead of ik, Using Theorem 7.5 in [4] and the notation
preceding tlus theorem, we easﬂy find

ProPOSITION 3. (i) Let p € M be such that n™° is reducible (i.e., 0 €
K(p)). Putj=j(p,0). Then nP+° is direct sum of the following two irreducible
representations:

ﬂ,,i(Pl, ey P,-_pf‘ %s@),j - %S(P)»P;. ey P,,-l),
"]’-—l.f-l(pl' ce ey pj_pj— %S(P)- l;j_ %S(p)" l,P,': ey pn.-l)'

(i) Let p €M and \ > 0 be such that \ € K(p), =\ € S(), j(, \) =
j<k<n-1,-X=s.(p). Then nP* has the following two irreducible sub-
quotients:

“i,k@l’ oo ’pi-l'j+k_s@)_pk’ pi,. . ’pk’ pk,. . ’pn—l)’
ﬂi—l,k(pl’ e e ,pl'__l,j"l'k—s(p)_pk_ l,pi,. .o 'pk’ pk,- . ,p"_l).

(iii) Let p € M and \ > 0 be such that -\ € S(p), \ € K(p), j(p, =\) =,
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A=5,p),1 <k<j-1<n-1. Then nP* has the following two irreducible
subquotients:

T jProe e s P P v s Bjoyp J K =5SO) = Pps Bjs - + - » Pu_y)s
”k,j-x(l’p ce s P PPt k—s(@)—py - Lp... » Pp_1)-
(iv) Let p € M and \> 0 be such that \ € K(p), -\ € K(p). Put j(p, \)
=j,j(0, -N) =k (1 <j < k<n). Then nP* has the following irreducible sub-
quotients:
TxProe oo Dj_1p 7= ¥@) + YN Djo - Py_ys k — %s(p) — %A,
Pir s Pn_1)s
Mkt @roe o oo B J = ¥5@) + ¥\ Pju o o Dpe_ s K~ Ys(p) — YA - 1,
Pir -+ Pp_1)s
Tk @roe e s Py J = ¥s@) + BN =1, Dy . o, Py gy K — Yas(D) — Yo,
Pir - Pn_1)
77,'_1,1‘_1(1’1, cees Pj-pi' Yos(p) + %A — I,P,- cee s Dg_ys

k=Y%s@) — %A= 1,p4 .-« s Pp_1)
(m,x—1( - * * ) does not appear if k = j.)

From this we can easily identify all elementary representations in which a
given m € G° appears as subquotient. Especially, for unitary representations we
get the following statement (notation is from §5):

THEOREM 7. (i) Ifq € I?ik, 0<j<k<n, then m, appears as a sub-
quotient in at most four different elementary representations w>*, p € M, \ > 0.
These are wP* for the following values of p and \:

(l) p = (qp LR ] qj_p qj+1r e qn)9)\ =qj_qk +k-i (Onl}’ lf
j=1).

(2) p= (ql' cec q]‘—l' qj-l-l' cees Qs qk+2’ L] qn)’ A= ql'_
QGeey thk—jlonlyif1<j<k<n-1).

(3) p=(q1"‘° ’qj’qj+2v°°' 'qn)’k=k-j'

@D p=@y.--» Qjr D15+« > Qoo Dig 20+« + » 4,) A= Qjv1 ~ r+1
+k-j(onlyifk<n-—1).

(Notice, that in cases 4; =qjyy OF i = qy 4y SOME of these elementary
representations coincide.)

@) If q €K;;, 0 <j <n, then n, appears as a subquotient in at most
three different elementary representations nP**, p € M, \ > 0. These are nP’
for the following values of p and \:

A
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(l) p= (ql’ AL ] qj..p 2] -n- 2?:;4,. q;+2’ ceey qn)’ R = qj -qj+]
nlyif1<j<n-1).

(2) D= (ql, ey ql_l, qj,'_l, coey qn), A= qf- 2j +n+ E;’=lq, (only
ifj=1).

G P=W@p- s 8421 Q) N=2—n—Z 14, — qj,, (only
ifi<n-1).

(Notice that in cases q; = 2j —n — Z}_q; or g,y =2j —n = Zi_q,; Ssome
of these elementary representations coincide.)

We can prove now statement (ii) of Theorem 6. If g € K is such that m, is
not a discrete series representation, then we have the following possibilities:

(@) q €Ky, q;=2—n—-Z},q;j>1. By Theorem 7(ii) , appears as
a subrepresentation of 779, p = CPTRY FEPT TP T q,); obviously
A, =0. A

®) ¢€K; g4, =2%—n- Zi=14; J <n—1. By Theorem 7(ii) m, is a
subrepresentation of 0 p=@y .4 dj420--->4,) and then X, = 0.

(© g€ Ky, 0<j< k < n. Then, by Theorem 7(i), , appears as a sub-
quotient of 7”*~/, p = @y, ..., qj dj42, - - - » 4,)- We have to prove that
)\p =k —j. To do so, we use the notation from [4, §7]. We have Q41 ="""
=q,=-Z{_,9; +j+k—n. Hence,s(p) =j + k—2q, and s,(p) =j + k= 2i
forj+1<i+k—1. Therefore, K(p) is contained in k —j + 2Z and {k—j-2,
k—j—4,...,j—k+2} NK(p) =2. Hence

A, =min{A>0; \EK(@) V (- K@)} >k —j.
On the other hand, 7P>¥~7 is reducible; hence, Ap = k —j. This proves Theorem
6.

Finally, we state a theorem giving the exact value of )\p for any p EM.
This can be easily deduced from Theorems 7.5 and 8.5 in [4]. We use the nota-
tion from [4, §7], and for p €M = ((n + 1)7'Z)3~! we put p; = = forj € Z,
ji<oO, andp,=—°°foerZ,j>n.

THEOREM 8. (i) Let p € M be such that S@) = {5,®), . .., s,_,®)} C
2Z. Ifsj(p)séOVie {1,...,n—-1}, then )\p =0. Ifsj(p)=0forsomej€
{1,...,n-1}, then

A, =max{2k + 2K €Z,, pp_y = Dy}

(i) Let p € M be such that S@p) = {s,®), . - . ,5,_, @)} C2Z + 1. If
{1,-1} ¢S(p), then A, =1 Ifsj(p) = l,sj+l(p)=-lforsomeje {a,...,
n— 2}, then )\I, =max{2k +3;kE€Z,, | =pi+k+l}‘

REMARK. When this paper was finished, I heard about the preprint On an
infinitesimal characterization of the discrete series by T. J. Enright and V. S.
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Varadarajan. In this paper, they have constructed for any ¢ €K and D € C an
irreducible admissible representation (g, D) of G with the property that q is a
D-fundamental corner of m(g, D). The only assumption about the group is

rank G = rank K. Our results show that these representations exhaust all of G°
in the case G = SU(n, 1). Furthermore, it is not difficult to check that if ¢ €
R\K/ then n(q, D) is equivalent to some irreducible elementary representation
having a fundamental corner and all such elementary representations are also ex-
hausted.
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