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ABSTRACT. Some new theorems in metric diophantine approximation are
obtained by dyadic methods. We show for example that if my, m,, . .., are dis-
tinct integers with m,, = O (nP) then Zpene(myx) = O(Nl-q) except for a set of
x of Hausdorff dimension at most (p + 49 — 1)/(p + 2q); and that for any sequence
of intervals Iy, I,, . . . in [0, 1) the number of solutions of {x"} EL(r<Nis
a.e. asymptotic to Z, 1L, | (x > 1).

1. Introduction. Let g,(x), g,(x), . . . be a sequence of differentiable
functions on the finite interval [a, 8]. Throughout the paper we assume that
£1(x) and g;(x) —gi'(x) are positive and monotonic increasing in [a, 8] whenever

k >j > 1. We also assume that there are numbers C>0,c¢>0and q,0<a <

1, such that
6] g, (x) —gix) >¢c

wheneverj > 1 and k =j + Cj°.
Let f be an integrable function on [0, 1). Extend f to the real line by
periodicity. We write

1 mtn 1
S¢hmmx)=2 Y @)~ [ f0)dy

k=m+1

form=>0,n>1. Let F be the family of indicator functions of intervals in
[0, 1). We write

Q) D(m,n,x) = ;gg IS(f, m, n, x)I.
D(m, n, x) is the discrepancy of g, , 1(x), . . . , & 4 »(x) (modulo 1).

THEOREM 1. Suppose that for some p 21 —a,

3 8 (B) << x»,
Then if 0 < q < %(1 — a), we have
O} D(0,n,x)=0("")
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420 R. C. BAKER
except for a set of x in [a, B] of Hausdorff dimension at most
®) @ +49-%(1-a)/(p + 29+ %1 -a)).

Constants implied by << will be independent of all variables j, k, x, . . .
appearing in the inequality. In [1] I obtained instead of (5) the bound

() @+5q-(1-a)/p+2q) (0<q<(-0a)/3)

which is sharper for small g. J. W. S. Cassels [4] and P. Erd6s and J. F. Koksma
[7] showed that (4) holds almost everywhere in [a, ] (in the Lebesgue sense)
for 0 <q <%(1 —-a).

Throughout the paper p(n), n,(n), n,(n), . . . are positive functions of
n=1,2,...such that

2nfn)/n <o, 2o(n)/n <o,
np(n) is nondecreasing for large n, and n,(n) is nonincreasing forn =1,2,....

THEOREM 2. Let f be a square-integrable function on [0, 1) such that

0 fONT ™, p o= 5 e |? << ny(m)
-0 k=m+1

form=1,2,.... Then
® 8(£,0,n,x)=0(1)
for almost all x in [a, B].

The case 2 = 0 of Theorem 2 is due to Koksma [10]. Koksma’s theorem
does not apply to g,(x) = x/ 1= (0 < a < 1), for example.
We write |/ | for the Lebesgue measure of a real set J.

THEOREM 3. Suppose that forn=1,2,...

© 3 40 <<50)

Jor x € [a, B]. Let J, be a set in [0, 1), the union of t, disjoint intervals, for
k=1,2,.... Let ¥(n) = Z{_, |J |. Let N(n,x) denote the number of
integers k, 1 < k < n, for which the fractional part {g,(x)} falls in J,.

@) Ifty =1fork=1,2,...,then for every € >0,

(10) N(n, x) = ¥ (n) + O(¥(n)*1og3* )2 y(n))

for almost all x in [a, f].
®) If 1, << YERp(L¥E)]), then
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(11 N(n, x) = ¥(n) + o(¥(n))

Sor almost all x in [a, B].

(c) The conclusions (a) and (b) are valid if instead of (9) we suppose that
8, (x) = Ny x where 0 < \; <\, < ¢+« are integers whose greatest common
divisors satisfy

12) iil s\ <KL,

It is not hard to show that some restriction on ¢#; is necessary. Let € > 0;
then

1, << exp(¥(k)'*e)

does not imply (11) almost everywhere when g, (x) = 2kx; see §5.

Many results are known for the case £, =1 (k=1,2,...). Cassels [3]
showed that in case (9) holds, N(n, x) is bounded or unbounded with ¥(n) for
almost all x. W. Philipp [13] proved (10) in the particular case g,(x) = A x,
where 0 <A, <A, < °°* are real numbers satisfying infy A, /A, > 1. W.J.
LeVeque [11] proved (11) in case (c) when |J, | > |J,| > ++-. W. M. Schmidt
[14] and V. Ennola [6] proved related but more difficult theorems.

2. Proof of Theorem 1.

LEMMA 1. Let F be a positive piecewise differentiable function on [a, §].
Suppose F'(x) <A (e <x <) and fg F(x)dx <B. Let

E= {x€[a,p): F(x)=d>0}.
There is a covering of E with intervals I, . . . , I such that for 0 <y <1,
3517 << (1 + ABd=2)!VBYa-.
The implied constant zs—;bsolute.

ProoF. Cover E with disjoint intervals I,... ,Iq, l11| =d/f2A forj< q,
;1 <d/24, each I; meeting E. Clearly F (x) =d/2 on each I, so

d d d
2@-N5g <3 i;l LI < B,
and so by Holder’s inequality
q Y
)’_‘ JALES q"’( Y |) << (1 + ABd~2)'\-(Bd 1y,
i=1 i=1

THEOREM 4. Let D(m, n, x) be defined as in (2) where F denotes some
family of functions on [0, 1). Assume D(m, n, x) is measurable for m > 0,
n=1and
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(13) nD(m,n,x) <h(m,n,x) form=0,n>1,a<x<p,

where h(m, n, x) is positive and piecewise differentiable on [a, B] . Assume
that for some p 20,020, v=2p+1l,u=20+1,

(14) [ ® W (m, n, x)dx << kPP
and
(15) h(m, n, x)h'(m, n, x) <<k°n*° (a<x<p)

foralk>21,0<m<k,1<n<k. Thenif 0 <A <min(%yu, % + p)), we
have

(16) D(0, n, x) = O(n*™1)
except for a set of x of Hausdorff dimension at most
an (m+v =40/ —2)N).

PrOOF. For s = 1 write

28t

. |
H@,x)=3Y X  h@u2',271,x).
t=1 u=0
We have
S
f f H(s, x)dx << Y 257128021("-0) << 5278
t=1
while

s 2570
H@Ex)<< Y X [h@2t, 27!, x)h'@2t, 2871, %)

t=1 u=1

<< i 287425028 (W=0) <L 52ks,
t=1

We may assume A > %v. Let v be a real number, 1 — QA =v)/(u=22) <7y
<1. Let

E, = {x € [a,f]: H(s, x) > 5~12?2%}

fors=1,2,.... By Lemma 1 there is a covering of E, with intervals I;,
1 €j < gy, such that

2lgl" << (s225+B=4N))1-127)s(v-20)y
i
<L 45+ pu—ar—r(u-210))
Let



DYADIC METHODS IN THE MEASURE THEORY OF NUMBERS 423

w=N U E,
m=1 s=m
then because the series 2,2, IIsil" converges, there is a covering of W by intervals
I,I,,...for which £ |I,|‘Y is arbitrarily small; so W has dimension < v, and
hence < (¥ + u —4\)/(u — 27).

It remains to show that if x € W, (16) holds. For s > 54(x), x € E,.
Suppose n > 20, say 21 <n < 2%, then s >s,. Choose an fin F. Using
the dyadic representation of n, we can write

up2t+2t1 .
wGonN=E T (1@ - [,10)0)
Pouata
where each u, is an integer, 0 <u, < 2571, and ¢ takes some of the values 1,
. » 5. By definition of D(m, n, x) and (13),

nD(0, n,x) <X h(u,2!, 21, x)
t
and by the Cauchy-Schwarz inequality,
n2D*(0, n, x) < s L_h2(u,2%, 2!, x) < sH(s, x).
t

But x € E; and so
nD(0, n,x) <2M <2M*  (n>270)

so that (16) holds, and Theorem 4 is proved.
To deduce Theorem 1 we require a smooth majorant for nD(m, n, x).
Write e(x) = e2™i*,

LEMMA 2. The discrepancy of gm_,_l(x), o+ o s &m+n(X) satisfies

S ethg )

j=m+1

nD(m, n, x) <LoT Z

Sor every integer u 2> 1. The implied constant is absolute.
Proor. This is Theorem III of [8].

LEMMA 3. Let p(x) be a real periodic integrable function of x with period
1 and suppose

f;p(x)dx =0, P= max If;p(x)dx .

Let g be a real function on [a, 8] with monotonic derivative and min,, g€l =
G > 0. Then

:p(g(y)dy)l <Z
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PROOF. This is Lemma 1 of [4].

LeEMMA 4.
f: "’i" e(kg;(x)) 2dx << n(m + nf? (1 + l°8('l+l))
j=m+1 —_k

m=0,n>1,k>1).

Proor. This is a slight variant of Lemma 3.1 of [1] using Lemma 3
above instead of the particular case g(x) = A\x of Lemma 3.

ProoF OF THEOREM 1. Let 0 be a positive number specified below.
We apply Theorem 4 with

1 m+n
h(m,n,x)=K([n'"0 + X = 2. coskg;(x)
x<n® K j=m+1
m+n
+| X sinkg(x)
j=m+1

which by Lemma 2 majorizes nD(m, n, x) for a suitable X > 0. By Lemma 4
and Minkowski’s inequality,

=+

B2 # -0 4 %
(fah(m,n,x)dx) <K= + n¥ (m + n)/2 ¥ % T

(1 Iogy’(n+l)>
k<n®
<L n' 0 + n%@m + n)*?log(n + 1)
while by (3)
m+n ,
h(m,n,x)k'(m, n,x) <<nlog(n +1) 3= > ;@)
k<n0 j=m+1

<< n*t%m + n)Plog(n + 1).
We now assume that 0 <0 <¥%(1 —a). In the notation of Theorem 4, we may
take p=a,v—-p=2+e-20-a=>1,0=pandpu-o=2+0+e=>1.
Here € is an arbitrary positive number. The condition
. fu viu - 2+0+p+e 4+pt+2ed
)\<mm(2, 2 ) mm( 3 , 2 )
is certainly satisfied if A <1 and 0 <0 < (1 —4)/2 <p. Obviously the
quantity

ptr4N  44p+2e6-4A
w2\ 2+04pte2)

is minimised by choosing the largest 6,0 = % (1 —a). Taking e arbitrarily
small, (16) holds outside a set of x of dimension at most
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@+p-%(1-a)-a)/2+p+%(1-a)-2)\).
Substituting A = 1 — ¢ we obtain Theorem 1.
Another application of Theorem 4 is following estimate of an exponential
sum.

THEOREM 5. Under the hypothesis of Theorem 1,

n

2 e () =0(n'9)

k=1
except for a set of x in [a, B] of dimension at most
(18) @ +49-(1-a)/ + 29).

PRrROOF. Apply Theorem 4 with F consisting of e(x) and h(m, n, x) =
nD(m, n, x). By Lemma 4
8
fa h*(m, n, x)dx << Knlog(n + 1)
and
h(m, n, x)h'(m, n, x) << kPn®

for integers m,n, k, 0 <m<k,1<n<k. Takep=a,v-p=1+e 0=
D,u—0=2,and A =1 —gq. The condition

fuopt\ _ (24p 24ptitate
"<m‘“<2’4)‘“““(2’ 4 )

is satisfied because p = 1 — a, and we obtain the required result by substitution
in (17).

One can obtain (p + 49 — (1 — a))/(p + q) instead of (18) by the method
of [1], but this is obviously less sharp.

3. Proof of Theorem 2. We follow [10]. It is enough to prove the theo-
rem for real functions f with mean value 0. All functions f, f,, in this section
are real square integrable, with period one and mean value 0.

LEmMMA 5. If
19) f: n2s%(f,m, n, x)dx << (m + n)*n* %n,(n)
form>0,n21, then
S(f,0,n,x) =0(1)
for almost all x in [a, f].

ProoF. This is a special case of Theorem 7 of [9], which like Theorem
4 is proved by a “‘dyadic method”.
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LEMMA 6. Suppose that

(20) [, () = F Iy << ny(m)
and
21 f: nS*(f,, m, n, x)dx << (m + n)*n*~%n,(n).
Then S(f, 0, n, x) = o(1) for almost all x in [a, §].
PRrRoOF

f: n?S%(f,m,n,x)dx <2 f: n?s%(f,, m,n, x)dx
+2 J': n2S*(f - f,, m, n,x)dx

Kmtnpnr et m e S [L (-,

j=m+1
applying (20) and the Cauchy-Schwarz inequality. Now apply Lemma 3 with
p(x) = (f-£,)2(x) - f5 (f - f,)2dx = (f - f,)* —M,, say. Then P< M,

and

flu- f)’(g,(x)dx<(—()- +8-a) M, <<ny00),

JE St m,m, 2 << m + PGyt + )
and the lemma follows from Lemma 5.

LEMMA 7. Let n > 1,and let t = t(n) and v = v(n) be positive integers
and vy = y(n) > 0. Then given f there is an f, with the following properties.

@) [o FOY = F,(Idy <<, + vy

23) f : n*S%*(m, n, x)dx
<< n(m + n)’(log(n + 1)log(t + 1)+ ) + n?y 2r, L.

PRrROOF. Let f,(x) = (1/27)J2, f(x + y)dy, then f, has period 1 and
mean value 0. Integrating term by term,

fx) = i Cee?™**, G, =

k==00

sin2nky
21rk7

and C, =0, C_;, = C;. By the Cauchy-Schwarz inequality,

Cx (k=1,2,-..)

%
(24) Z |Ck| < — 2y (Z Ick |2Z F) <L 1“1}'? f"'ﬁ.

k=t+1 t+1 t+1
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Note also that Z5_, |C; |2 <7,. Now
1 & sin2nky \2
fy G0 =100y =2 £ 10t (1-557)
v
KLr,+ Y le 2k <<r, + %0,
k=1

and

had m+n
ns(fn’ m,n, x) = z Ck Z e(kg](x))a
k==  j=m+1

t m+n oo
InS(f,m, n,x)| <2 3 1G] T elkgie)| +2n X 1G]
k=1 j=m+1 k=t+1

and by the Cauchy-Schwarz inequality and (24),
t t m+n
22 (f,mn )<< Y IGR X | X elkgx)
k=1 k=1|j=m+1
Integrating and using Lemma 4, we obtain the following estimate, which implies
the lemma.

f: n2S%(f,, m, n, x)dx << i n(m + n)® (1 + lgg—(%i-l—)) +niy 2t
k=1

2
+niy et

ProOF OF THEOREM 2. By Lemmas 6 and 7, it suffices to choose for
n=1,2,...the numbers v = v(n), t = t(n) and v = y(n) so that

(25) r, + vyt << ny(n),

(26) n(m + n)*(log(n + 1)log(t + 1) + £) + n2y 21t << n?7%(m + n)ny(n).

Choose t = [n*] where 0 <A <1—-a;y=n" where 0 <u<A/2,and v =
[n°], where 0 <@ < u. Then since Enl([nal)/n converges by the integral test,
(25) follows; (26) is true also. This completes the proof of Theorem 2.

4. Proof of Theorem 3. This depends on a general lemma whose proof
is another variant of the dyadic method. The underlying idea is due to Schmidt
[14].

LEMMA 8. LetE,,E,, . .. be measurable sets in [a, B] with indicator
functions X, X,, . .. ; let Y(1), ¥(2), be numbers in [0, 1] such that ¥(n) =
B, ¥()) — . Define hy(x) = X;(x) = V(). If

kK | 8
@7 i; l I h,h,,dxl << YK
then for every € > 0
3 1) = O (¥* ()log®+ /2w ()
=1
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for almost all x in [a, £] .

PrOOF. This is a repetition almost verbatim of the proof of Theorem 3
of [12], starting at equation (3).

LEMMA 9. LetJ,,J,, . . . be intervals in [0, 1) and let
= {x € [a, B]: {g;(x))} € J;}.
Deﬁneh, as in Lemma 8 with Y(j) = |J;l. Thenforj =1,k >1,
8 6 8 &x)
h@)hX)de | <| T |{5— +4 | —dx].
fomomea] <1 (65 +4 (155
PRrOOF. This is a slight variant of Lemma 2 of [3].
PrRoOOF OF THEOREM 3 (a). Let &, (%) be as in Lemma 9.

It suffices to show that (27) holds w1th V(&) = [Ty |
But by Lemma 9 and (9),

(28) E | N h,(x)hk(x)dxl A ( f ;}_:18::() ><< Al

(1t is obvious that gi(a) >> k.)

LEMMA 10. Let hj(x) be defined as in Lemma 8 forj =1,2,....
Assume instead of (27) that

] n 2
Ja (1)) & << etz
then

29) ?—il 1) = o(¥(n))

for almost all x in [a, B].

PRoOOF. There is a sequence of integers 1 <m, <m, < +++ such that
m,,,/m,—1asr— o and

3 olm) <.
r=1

For a neat proof of this see [5, p. 312]. Let n; <n, < ++- be integers such
that [¥(n,)] = m,, then for every € > 0,

n,

Z h,-(x)
From this inequality we readlly deduce that for almost all x in [a, ],
(30) Z hi(x) = o(¥(n,)) asr—> oo

<L € 2p(m,).

gxe [o, B]:

>e¥(n,) $
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In view of ¥(n,, ;) ~ ¥(n,), (30) implies (29) and Lemma 10 is proved.
PROOF OF THEOREM 3(b). Write J, =J{1) U -« UJ( %) Where the
I are disjoint intervals in [0, 1). Deﬁne E, and hy as in Lemma 9, then

hy(x) = 2 H(x)
where h,(,') is defined like h, w1th Ji "' replacmg Ji- Thus

f hiG)hy (x) dx = z zf HOn®) dx

r=1s=1
) g;(x)dx
(s) 6 p._i__..
<t,‘leJ I<k()+4f°’ @ >

and

3>

k=1 j=1

f f hi(x)hy (x) dx | <L ¥mMp([¥m)]) kZ"Z 1|
=1

<< V(o ([¥(m)])

by the hypotheses on #; and p(n). Theorem 3(b) now follows on application of
Lemma 10.

LEMMA 11. Let 0 <A, <A, < +*- be a sequence of integers. LetJ,,
J3, - . . be intervals in [0, 1). Define h; as in Lemma 9 with g;(x) = \;x. Then
forjz1,k2>1,
< 200, N

1 )
(1) | fo By dx o Vil

Proor. This is essentially the result of section 1 of [11]. For a differ-
ent proof see Lemma 10 of [14] where Schmidt’s argument easily adapts to
prove our lemma.

Theorem 3(c) can now be proved in the same way as parts (a) and (b)
by using (31) instead of (27). Lemma 8 can also be used to prove

THEOREM 6. Let 0< VY, (j)<1(r=1,...,h,j=1,2,...)whereh
is a positive integer. Suppose N(n,x,, ...,x,,0,,...,0,)denotes the
number of solutions of {jx,—0,} <Y, (j)forr=1,2,...,hwith1 <j<n.
Let € > 0, then for almost all (x,...,X,,0,,...,0,) in the sense of Le-
besgue measure in R*",

N, xy, ..., %, 0,,...,0,)=¥@)+ 0 ¥* (n)log*/2*w(n)).
Here ¥(n) = z;"=1 Vi(j) oo 'ph(i)°

This is a quantitative version of a theorem of Cassels [2] that
N, x,,...,x,,04,...,0,)is bounded or unbounded with ¥(n) almost



430 R. C. BAKER

everywhere. The proof is obtained by adjoining Lemma 8 to the calculations in
[2], and may be left to the reader.

5. Two examples. We first give a new example of a sequence of integers
0 <A, <A, < -e- satisfying (12). Several examples were given in [11]; in
particular (12) holds if A; has O(1) divisors.

Letp,,..., p, be a gwen finite set of primes and let (7\,) be the se-
quence of integers pl p (xl > 0 <%, 20 mtegers) enumerated in in-
creasing order. We fix \; = p "-p, ,and let)\i p p T

For reasons of symmetry we need only sum ()\7 )\k)k;;‘ over those 7\1
with
(32) Xy >0y, Xy >, X 41 Shgyys X, SA

where 0 < g <t. Let M = M(xq“ » - - - » X,) be the number of lattice points
(xy5 - - . , xz) which satisfy (32) and

(e; —ay)log py + ++* + (x, —a,)log p,

< (@44 —.7t'q‘,~,)log})q+l + +oe + (3, — x,)log p,.
We have
M <L (@41 —Xg41) + oo + (@, ~x)N

<K @41 ~Xg11 t 1)7 eee (@, —x, +1)7
where the implied constant depends only on p,, . . ., p,. But clearly, where
7\, takes all values permitted by (32),

- -a x—a
0NN = > Mg gy, ... )P okt 0¥t o it
j 0<xr<ar(r=q +1,...,t)

ay
<< H > (+ 1) L1,
r=q+1 y=0

which establishes (12).
Our other example is a complement to Theorem 3.

THEOREM 7. If 0 <A, <A, <+ is a sequence of integers such that
NNy (72 1) there is a finite union J; of disjoint intervals in [0,1) forj=
1,2,...such that ¥(n) = 2,"':1 IJ,I —> oo, but the inequalities

33 {Ax} €
have at most finitely many solutions j for almost all real x.
ProOF. Write n714 = {x € [0, 1): {nx} € A} if A is a measurable set
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in [0, 1) and # is a positive integer. Notice that [n~14| = |4].
Let 1 <a<2. Define I, = [0,1/2(k + 1)*] (k=0,1,.. ). Ifk2 <
j < (k + 1)? for some k = 0 define

- —1
Ii (’\(k+l)2 INY Ly

Then Ji is a finite union of disjoint intervals in [0, 1) and

(k+1)%-k2
Zm Lwy =

On the other hand (33) has mﬁrutely many solutions precisely when
{A X} EIL

(k+1)

has infinitely many solutions k, and Theorem 7 now follows from the Borel-
Cantelli lemma.
Suppose m Theorem 7 that \; = 2/. Then if k> <j < (k + 1)?, J; con-

sists of 20+~ < 92/% intervals, while
YGY>> 3 e >> e >> j-a)2,

r<k
Thus in the notation of Theorem 3,
(34) f<< eV

where & (a) — 0 as a — 1. It would be interesting to close the gap between
(34) and t; << ¥(Np([¥()))-
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