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FINITE GROUPS WITH PRIME p TO THE FIRST POWER
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ABSTRACT. Earlier D. G. Higman classified the finite groups of order
n, such that n is divisible by 3 to the first power, with the assumption that the
centralizer CG(X) of X, where X is a subgroup of order 3, is a cyclic trivial in-
tersection set of even order 3s. In this paper the theorem is generalized to in-
clude all prime numbers greater than 3. With an additional assumption:
ING(X) : CG(X)I = 2, we have proved that one of the following holds for these
groups, hereafter designated as G:

(A) G is isomorphic to L,(q), where ¢ = 2ps ¢ 1;

(B) there exists a normal subgroup G, of odd index in G, and a normal
subgroup N of Go of index 2 such that G = N(o) where CG(X) = X X (o).

1. Introduction. The problem of finite simple groups has been investigated
by many workers. This paper is another effort in this general area. Earlier D. G.
Higman proved that a nonabelian simple group having a Sylow subgroup of
order 3 whose centralizer is a cyclic trivial intersection set of even order is iso-
morphic to L,(q) for suitable odd ¢. In this paper the theorem is generalized
to include all prime numbers greater than 3. More precisely, we have proved the
following theorem.

THEOREM. Let G be a finite group and p be a prime number greater than
3 such that pl1G|, and let X be a subgroup of order p. Assume that the central-
izer Co(X) of X in G is a cyclic trivial intersection set of even order ps, and that
INg(X): Co(X)| = 2. Then one of the following holds:

(A) G is isomorphic to L,(q),q =2ps £ 1;

(B) there exists a normal subgroup G, of odd index in G, and a normal
subgroup N of G, of index 2 such that G = No) where Cg(X) = X x (o).

The main theorem of this paper reduces to the theorem of Higman when
the prime p is three. We remark that if p = 3, the assumption INg(X): Co(X)!
= 2 can be dropped. The only possibility for G other than (A) and (B) of the
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268 ZON-I CHANG

theorem is that G may have a normal 3-complement.

In the proof of the theorem we let X = (x), C5(X) = X x (o), and 7 =
0%/2. There are two cases:

Case (1). The element xg is a product of two conjugates of .

In this case we show that G is isomorphic to L,(g),q = 2ps t 1, by an
application of a theorem of Brauer, Suzuki, and Wall [2]. This is done in §2.

Case (2). The element xo cannot be written as a product of two conjugates
of =.

To deal with this case, in §3, we use two theorems of Curtis and Reiner
[7] to determine the characters of Ng(X). In §4, by using Brauer’s results [1]
for groups with prime p to the first power, and the assumption that C,(X) is
a trivial intersection set, we are able to determine the p-blocks of defect 1, and
obtain two columns in the character table of interest. Finally, in §5, by apply-
ing Burnside’s theorem, we prove the existence of a normal subgroup G, as de-
scribed in (B) of the theorem, with the property that, replacing G by G,, it can
be assumed that the fixed point group of N;(X)/Cg(X) acting on (o) has 2-power
order. The existence of the desired subgroup of index 2 is obtained by using the
p-blocks of defect 1 which are determined in §4, and applying the well-known
formula for the multiplication constants of the class algebra in terms of the char-
acters.

Unfortunately, at this moment the classification of the finite groups which
contain a self-centralizing subgroup of order p has not been determined, but the
classification has been achieved in interesting special cases in Leo J. Alex’s papers

(81, [91, [10].

2. Proof of the theorem in Case (1). We now begin the proof of the theo-
rem stated in the introduction. Assume the notations and hypotheses of the
theorem.

Let X=(x) xP = 1,Co(X) = X x (o) =(xa)=(y),0°=1,and let 7 =
0*/2,

Before we start to prove the theorem in Case (1), first we prove the follow-

ing two general lemmas.
LEMMA 2.1. The centralizer Cg () is equal to the normalizer Ng(X).

ProoF. Since C;(X) is a trivial intersection set, we have Cg(m) C
Ng(Ce(X)). Since Ci(X) = X x (o), it follows that Cg(m) CNg(X). Con-
versely, since Cg(X) is cyclic, it has only one element of order 2. Hence, since
Cg(X) is a normal subgroup of Ng(X), we see that N(X) C Cg (). It follows

that Cg(m) = Ng(X).
LEMMA 2.2. Let q be an odd prime divisor of {y}| and Q be a Sylow q-
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subgroup of y). Then Ny(Q) = Ng(»y)) = Cg(m), and Q is a Sylow q-subgroup
of G.

PrOOF. Lemma 2.1 implies that C;(m) CN;((»)) CNg(Q). Since (y)
is a trivial intersection set, we see that Ng(Q) CNg((y)) SN (X) = Cg(m).
Hence Ng(Q) = Ng({»)) = C;(m). Furthermore, since Q is a Sylow subgroup of
N;(Q), Q@ must be a Sylow subgroup of G.

Next, we are going to prove the theorem in Case (1).

In Case (1) we assume that y = xo is a product of two conjugates a and 7
of .

In the following lemmas, except Lemma 2.5, we are going to use all the
above hypotheses and notations.

LEMMA 2.3. The centralizer Cg() is dihedral and Cg(m) = Ng(X) =
b,y =y L

ProoF. By Lemma 2.1, we have C(m) = Ng(X). It is easy to see that
() is a normal subgroup of {a, 7), y" =y}, and 7" = 7! =1. Sor € C;(n).
Also it is clear that 7 & C;(X). This completes the proof of Lemma 2.3.

LEMMA 24. The classes of involutions in Cg(m) are represented by , 1,
and yt.

ProoF. By Lemma 2.3, Cg(m) =y, 7), and y™ = y~1. Hence every ele-
ment of Cg() can be expressed in the form y7’ where i is a nonnegative inte-
ger,and j = 0or 1. Ifj =0, it is easy to see that the only class of involutions
which intersects (y) is {w}. If j = 1, then every element of the form y'r is an
involution. Let m be a nonnegative integer, we see that y2™r and y*™* 17 are
conjugate to 7 and yr, respectively. Therefore, there are two classes of involu-
tions represented by r and y7 in the case j = 1. Hence the classes of involutions
in C5(m) are represented by m, 7, and y7 = arr = a. This completes the proof
of Lemma 2.4.

LEMMA 2.5. Assume in general that Cg(n) is dihedral of order 2t for
some involution m in a finite group G. Let y € C(m) be of order t with n =
Y12, Then the Jollowing conditions are equivalent:

(1) the element y is a product of two conjugates of T;

(2) the involutions in Cg(m) are conjugate in G;

(3) G has just one class of involutions.

If (1)—(3) hold, then G has dihedral Sylow 2-subgroups.

ProoF. First we show that condition (1) implies condition (2). Suppose
that y = ar where a and 7 are conjugates of 7. By Lemma 2.4, we know that
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the classes of involutions in C(m) are represented by m, 7, and . Hence the
involutions in Cg () are conjugate in G.

Secondly we show that condition (2) implies condition (3). If u is an
involution in G which is not conjugate to m, then there exists an involution p
such that p € Cg(m) N Cg(n). Then by (2), p is conjugate to 7 and hence u
is conjugate to p. It follows that u is conjugate to m. This is a contradiction.

Finally we show that condition (3) implies condition (1). Since Cg(m) is
dihedral, y is a product of two involutions. It follows that if there is only one
class of involutions in G, then y is a product of two involutions which are conju-
gates of m. Therefore, the three conditions stated in the lemma are equivalent.

If G has only one class of involutions, then the dihedral group C(m) con-
tains a Sylow 2-subgroup of G. Hence G has dihedral Sylow 2-subgroups.

LEMMA 2.6. In Case (1), G is isomorphic to L,(q) where q = 2ps * 1.

Proor. We show that G is simple. Assume on the contrary that G is not
simple. Let M be a nontrivial minimal normal subgroup of G.
By Lemma 2.3, we know that C(n) is dihedral, and Cg(m) = ¢y, 1), y™ =

y—l

Now we show that M N Cg(m) # {1}. If M N Cg(n) = {1}, then m acts
fixed point free on M, hence so do 7 and nr. It follows that = inverts every
element of M, and hence 7 and 77 invert every element of M. Then if u € M,
we have ™! = ™" = (u!)" = u. It follows that mr7 fixes y, which implies that
u = 1. Therefore, M = {1}, this is a contradiction.

If IM| is even, then there exists an involution in M. By Lemma 2.5, we
see that 7 and y7 = a belong to M. From Cg(m) =y, 7} and y = ar, we see
that C;(m) CM.

By assumption, we know that 1C;(m)l is not a 2-power. It follows that
there is an odd prime q dividing |M N Cg(n)l. Now let Q be a Sylow g-subgroup
of {y). By Lemma 2.2, we have N;(Q) = N;({»)) = Cg(m), and Q is a Sylow
g-subgroup of G. It follows that M N Q is a Sylow g-subgroup of M and M is
simple. By the same argument as Lemma 2.2, we see that NoM N Q) = Cy(n);
and hence G = MCg(m). If IM| is odd, then Npy(M N Q) = M N Cy(m) =
Mn )= Cy(MN Q). By Burnside’s theorem, M has a normal g-complement. It
follows that M C Q C Cy;(m) and thus G = MCy(n) = Cg(m), which is impossible
since G has a single class of involutions. Thus IMI is even, so C4(m) C M, and
hence G = MC;(m) = M. Consequently, G is simple. By the theorem of Brauer,
Suzuki, and Wall [2], we know that G is isomorphic to L,(q) where ¢ = 2ps + 1.

3. The characters of N;(X). In this section, we begin the preparations for
the proofin Case (2). Again G is to be a finite group such that pll |G| and X is
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a subgroup of order p. We assume that C;(X) is a cyclic group of even order
ps and that IN;(X): Ce(X)] = 2.

We have C;(X) = X x (o) = (y), X = (x), y = x0, where x is of order p,
and o is of order s. Also we have Ng(X) = (X, o, 7) with x™ = x~1, 72 € (0),
0" = 0%, and 2 = 1 (mod s).

We proceed by proving the following lemmas.

LEMMA 3.1. Let e be the least positive integer such that of is a generator
of the fixed point of T acting on {c). Also let f = (s, t — 1); here we use the
convention that (s, 0) =s. Thenef =s.

ProOOF. Since {0f) is a subgroup of (o), so els. By assumption, we have
(0%)" = ¢°. Since o7 = o', we have 0! = 0¢ or et = e (mod s). This is equiv-
alent to saying e(s, ¢ — 1) is divisible by s. That is, e(s, ¢ — 1) = sn, for some
positive integer n. Since we want e to be the least positive integer so that ¢° is
a generator of the fixed point group of 7 acting on o), hence e(s, t — 1) = s,
that is, ef = s.

REMARK. By Lemma 3.1, we know that {¢¢) is of order f. Since 7 fixes
involutions in (o), f is certainly even.

LEMMA 3.2. The positive integer e is equal to (s, (¢t + 1))/d where d = 1
ift2 = 1% 0 (mod 2s),and d = 2 if t* = 1 = 0 (mod 2s).

Proor. Clearly we have sl(s, ¢ + 1)(s, £ — 1). It follows that
(s, t + 1)(s, t — 1) = sn, where n is a positive integer. We want to show that n
=1if 2 -1%0 (mod 25),and n = 2 if £2 — 1 =0 (mod 2s).

First, if #2 — 1 % 0 (mod 2s), then n is odd. But clearly (z + 1,2 —1) = 2.
Hence n = 1, since every prime divisor of n would be a divisor of s.

Next, if 2 = 1 =0 (mod 2s), then n is even. By reasoning just as in the
first case we find that n = 2. This completes the proof of the lemma.

Let ¢ be a primitive sth root of unity so that ¢,(6) = {7, 0 <1, j <s, de-
fine s distinct linear characters of (o).

Let w be a primitive pth root of unity so that p,,(x) = w™ and p,, (x) =
W™, 0 < m < (p— 1)/2, define the p distinct linear characters of X = (x), where
the bar denotes the complex conjugate.

Let £ be a primitive psth root of unity so that §,(y) = £*, 0 <k <ps,
define the ps distinct linear characters of C(X) = (y). We may choose &, {, and
wsothat {=cwfand 0,,=¢,0<i<s

Now since y” = y” for some positive integer r, we have (x0)” = (xo)". It
follows that x"1o? = x"6"; hence r =p — 1 (mod p) and r = ¢ (mod 5). Also, we
know that for given i, i = it (mod s) if and only if i(z — 1) = 0 (mod s); this last
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condition is equivalent to eli because s = ef and f = (s, ¢ — 1).
We will use ~ to denote induction to Ng(X).

LEMMA 3.3. The character '5' l¢,, 0 <i<s, is irreducible if and only

Ve*i

Proor. By [7, Theorem 47.8], we know that 5;,. is irreducible if and
only if r(pi) #pi (mod ps), which leads to the equivalent conditions: ri #i
(mod 5), ti #i (mod s), and i(z — 1) #0 (mod s). The last condition then gives
us the desired equivalent result, e 1 i.

LEMMA 34. The character § pei Ttiie, 0 < i <f, decomposes into \;; +
A

i2» Where N,y and \;, are distinct linear characters of Ng(X).

PrRoOF. Lemma 3.3 implies that (2 pei 18 reducible; also since ING(X)
Co(X)| = 2, we see that the degree of opei is 2. It follows that Ope, Ay
A;3, 0 <i <f, where A;; and A;, are linear characters of Ng(X). Furthermore,

since Bpe,(r) = 0, we see that A;; and A;,, 0 <i </, are distinct.

LEMMA 3.5. The characters '5;, e and '5;, ei’ @re orthogonal if i # i’ where
0<ii<f.

ProOF. Since

(epei’ epei’)NG(X) = (opei’ epei'lcc(x))CG(X) =0,

(] pei and Opei ,0<, i <f,are orthogonal if i # i'. This completes the proof
of the lemma.

REMARK. From Lemma 3.4 and Lemma 3.5, we know that 'é'pe,. = fp; =
Ay + N2, 0 <i<f, give 2f distinct linear characters of Ng(X).

LEMMA 3.6. The character TJ,, 0 <i<s, is irreducible of degree 2 if
e ti. These give (s — f)/2 distinct irreducible characters.

Proor. By Lemma 3.3 and Lemma 3.4, we know that T&;, 0<i<s,
e i, is irreducible of degree 2.

By [7, Theorem 47.9], we know that for i #i',0 <i i < s, ‘l;i is inequiv-
alent to 1¢;: if and only if #(pi) # pi’ (mod ps), which is equivalent to ri #i'
(mod s), and then #i #i' (mod s).

If 1¢11 is equivalent to 1¢,2, and l¢,2 is equivalent to l¢,3, then it is ob-
vious that #i; =i, (mod s5) and nz =i, (mod s). It now follows that i; = =2 i =
ti, =iy (mod s). Therefore, l¢ 0<i<s, eti,give (s — f)/2 distinct irreduc-
ible characters.

LEMMA 3.7. The character ;;;71:‘., 0<i<s, 1 <m<(p-1)2,is irreduc-



FINITE GROUPS 273

ible of degree 2. These give the remaining s(p — 1)/2 irreducible characters of
N G (DQ

PrROOF. The linear characters p,,¢; and y/ — p,_ ¢,(y)" are distinct since
m = 1. Hence, by [7, Corollary 45.5], ;;,:é, is irreducible of degree 2 when 1 <
m<(@p-1)2,0<i<s

We have

2ps = ING(X)|= 2N(12) + (6 = £)I2)(2?) + (s(p — 1)/2)(2%)
=2f+2(s—f)+ 2s(p— 1) = 2ps.

So 5;«3,, 1<m<(p-1)/2,0<i<s,are the remaining s(p — 1)/2 irreducible
characters of N;(X).

~

LEMMA 38. The character p,,¢;, 1 <m < (p —1)/2,0 <i<s, is equiv-
alent to p:ar“..

Proor. Both of the characters ﬁ:qs, and ;):a“ vanish on Ng(X) -
C(X). Furthermore, their restrictions to Cg;(X) have exactly the same consti-
tuents. Hence they are equal.

The (s + f)/2 p-blucks of Ng(X) (all of defect 1) are

-
bie = N1, A\ U {p, 00l L <m<(p-1)2},
where 0 <i <f, and
—— ~
by=b,={1¢;} U {p,, ;| 1 <m<(p—1)/2}
N
U {0, 1 <m<(p-1)2}
wheree 4i,0<i<s
Next we are going to compute some of the characters of N(X) that will
be needed later.

By Clifford’s theorem, we have

~
l¢ieIC'G(X) = 2¢ie;
~ _
Pm¢ie|Co(X) = Pmbie T Pm%Pies
~~
1¢,-|CG(X) =¢; + ¢
~— -
Pm¢i|CG(X) =Pt P s

~~ ~~ _
Pmbilcg(x) = Pm®rilcg(x) = Pm®i + Pbir-
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By using this information, the part of the character table of N;(X) that is
of interest to us is obtained as follows:

TaBLE

o/ xao!
Ny | gie 0<i<f
Ny o |87 gie 1<sm<@p-1)2
Pmbie 24 e (W™ + w ™)l
1, gt |4 gie eti
;:‘;i I+ 80t Yomed + o™it 0<i<s
oot |87+ 80 | gmel + it 1< m< (- 12

4. The characters of G. In this section, we add to the assumption of §3
the condition that Cg(X) is a trivial intersection set.

Let
=1¢, -

m% =16, — p,,9;, and B, 5,,,¢,,

where 0<i,j<s,1<m<(p-1)2.
We will use * to denote induction to G. Again, as in §3, we proceed by

proving a series of lemmas.

For0<i<f,l<m<(p-
w10, - XM,

where \;, 0, and x]" are distinct irreducible characters of G, and ;= 1,7,
=%].

LEMMA 4.1, 1)/2, we have

m 1e e =

ProoF. We have

(maie ie> maie ze)

( ale ie>m wie)

~Y Y
= (1¢ie - pm¢ie’ ¢, — PmBie)
~o [
=Ql'l + )‘12 _pm¢1e9 xj] + )\iz - pm¢ie)
=3,
Hence a}“e ;e is reducible, and

e;';)‘im + e;nem + e'gx, >

e ie = 2V
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where 0<i<f,1<m<(p-—1)/2,and e;:’l =+1,1<n<3,and \]", 67",
and x[* are distinct irreducible characters of G.

Let m # m'; then by the method used above we have ( m%e.ie> m'%e ie) =
2. Hence we may assume that €], A", €[, 0;" are independent of m, ie.,

mait,ie = eilxi + 61'201’ + e:gx;"
Also, since 0% ;.(1) =, a% ;. (1) = 0, we may assume that €] is independent
of m. Therefore,

m% i = €\ T €,0; + €7
Now since ,, aff, ;.(1) = 0, s0 €;,, €;,, and €;, cannot be all positive and also can-

not be all negative. Let us take €;, = ;, €, = u;7;, and €i3 = —M; Where y; =
t1,and 7, = +1, Therefore,

m%e,ie = KO\ + 70, = X[").
This completes the proof of the lemma.
LEMMA 42. For 0<i<s, eti,1 <m <(p - 1)/2, we have
moG =W = &), and B = (¥, — 0],
where Y, £, and 0" are distinct irreducible characters of G and €; = %1.

PrROOF. By the same argument as Lemma 4.1, we get the desired con-
clusion.

By using the result of Brauer [1], we know that the (s + f)/2 p-blocks of
G of defect 1 are seen to be

=B, ={N}U{8}u{x"l1<m<(-1)2},
where 0 <i<f;and
b =B;=B,; ={Y;}U {1 <m<(p- DR}V {1 <m<(- 12},

where 0<i<s, eti
Since 0% (m) = (l¢ pm¢ )m) = 0, for all # € (o), and for all j, 0 <;j
<s, also for all m, 1 < m < (p — 1)/2, we have

) Am+18,m-x"(@)=0,
where 7 €(0),0<i<f,1<m<(p-1)/2;and
?)) Y, (m) = £ (m) = o (m),

where 1 €¢0), e1i,0<i<s, 1<m<(p-1)2.
Again by using the result of Brauer [1], we obtain the following table for
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G in which the entries under the column under ¢/ are intended to be modulo a
prime divisor of the integer p in an appropriate algebraic number field.

TABLE Il

o xo!
N uge usre 0<i<f
9; e e 1<m<(@-1)
X;” 2“i§iie “,'(wm + w—-m)g-ije
¥, e + 1) €7 + ¢ 0<i<s
g (7 + ¢t W™+ W) 1<m<(p-1)2
ot G+ e(w s + WM

Moreover, every irreducible character of defect O vanishes on C;(X) -
(o). In fact, it can be seen from Corollaries 4.6, and 4.9 and Lemma 4.10 that
characters of defect 0 vanish on C;(X) — {1}.

Now we are going to determine the column under # = ¢
assumption that C;(X) is a trivial intersection set.

LEMMA 43. For0<i,j<s,and 1 <m<(p — 1)/2, we have

5/2 by using the

m% = mPije and By = @y
Proor. This is a direct consequence of Lemma 3.8.

LEMMA 44. For 0<i,j k,n<s,and 1 <m, m' < (p - 1)/2, we have

(ma;"i’ m'al‘:n) =vh, + 6mm'ajn’

* £ 3 —
(m i’ m'%n) = oy + 5mm'aix',n’

and

(ma;" m'ﬁ:n) = vaik + amm'aj,nt;
herev=2ifi=0(mod e),and v =1 if i £0 (mod e).

ProOF.
~ SN N ~~
ma;."]-, m'a:n) = (l¢t - pm¢j’ 1¢; —pm'¢n) = vaik + smm'ain'

where v takes the values given in the lemma.
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The second and third equations of the lemma are proved by the same
method together with the use of Lemma 4.3.

LEMMA 45. If0<i,j<s, i#0,j#0(mode),and 1 <m<(p-1)/2,

* — — m
then m% = €Y, eE

ProOF. By Lemma 4.2, we may assume i #j. By Lemma 4.4, we have

(% i m) = 2, G e =1

B =1+8,,"%; and (,,«

mm “j,it>

(m ij> m' m u’m II)—8

From above we know that ma;']‘ is a difference of two irreducible characters
and has one common character with each of m'a;'; and , -B%. Since there are at
least 2(p — 1)/2 > 4 characters to compare, ,, o7 contams €y;. From
(o ma;‘; = 1, it follows that ma;',‘ contains €;; or — £ . If ,,af contains €Y,
then (,,, 0% s m ”) > 1 for m # m'; this is not the case. Therefore,m % =€ d/i
€.

COROLLARY 46. If0<i,j<s,i#0,j#0(mode),and 1 <m<
@-1)2,thene; = €; in the notation of Lemma 4.2. Set €; = 8 for all i, we have

mog = 8(¥; - Sl'-”), where § = £1.
Proor. By Table I, we have ,, ,l(l) = 0. By Lemma 4.5, we have
It follows that €; = ¢;. This completes the proof of the lemma.

COROLLARY 47. If0<i<s, i¥EO(mode),and 1 <m < (p - 1)/2,
then 0%, =8(Y; — &").

Proor. This is just a special case of Corollary 4.6.

LEMMA 48. If0<i<[f,0<j<s,j¥O(mode),and 1 <m <
(» - 1)/2, then

m%iej = w10 - 551”' :

PrROOF. By Lemma 4.4, we have (,,a
sum of three irreducible characters. From (&
mQe,j contains —8£7". Moreover, from (,,,0% ;, '
m®e,; contains u,()\ + 7,0;). Consequently,

m%e,;) = 3- Thus isa

m w]
m 0% i» m'%}) = 8,y ', we know that

of i) = 2, we know that

lel’

m 181_“1()\ *tr ')_5571.

CorOLLARY 4.9. For 0 <i<f, we have u; = § in the notation of
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Lemma 4.1. So we see that =8\ + 79, — "), where 0 <i<f,0<

m te}

J<s,jEO(mode), 1 <m<(p-1)2.
PrOOF. Since o, (1) =0, y; = 5.

LeMMA 4.10. If0<i,j<f and 1 <m < (p - 1)/2, then 0% ;, =
SOy + 70, — X).

Proor. By Lemma 4.1, we may assume that i # j. From
(e jer ma;'; je) = 3, it is known that o, . is a sum of three irreducible char-
acters. If j' # 0 (mod e), we have ( a,e le’ m'®e) = 2.

By Corollary 4.9, we know that contains §(A; + 7,6,;). And

contains —8)(;". It follows that

m 1e le
(m ze,]e’ m' ]e ]e) = 8mm ) y]elds that
= 5 + 7.0, ~ X™).

ze, je

m te;e

COROLLARY 4.11. Ifi = 0in Lemma 4.1, then we have the following two
cases:

Case (A): Ng=1l,py=1,7¢=1l,ie, 0o =1+0,-x7;

Case (B): 0o =1,pg==1,7g =—1,ie, 08 =1-25 +x7.

ProoF. This is an immediate consequence of Lemma 4.1.
Combining Corollaries 4.7, 4.9, and 4.11 and Lemma 4.10, we obtain the
following table.

TABLE Il
Case (A) Case (B)
Bo=8=1,2=1 Me=08=-1,0,=1,
To=1 To =1
m“f:
i£0(mode),0<i<s v, - & -y, +§
1I<Sm<@P-1)2
m%01
1<Sm<(@-1)2 1+6, &7 1=2 +£7
mag,z’e
0<i<f 1+0,-x" 1=2 +xI"
1<m<@P-1)2
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LEMMA 4.12. If 1= 02, and 0<i,j <s, and 1 <m <(p — 1)/2, then
m(® = 2[(- 1 = 1],

PrOOF. Since 2 =1 (mod s), it follows that ¢ is odd. From Table I, we
have

mo (M) = m’o\f,-,-(ﬂ)
N\
= 1g/m) - b/
= (;-is/Z + g—lst/Z) - (s-]'.\‘/Z + g-fst/2)
= [ + )] - (1) + (1))
=2[-1) - 1)].

We shall set 7 = 0°/2 here. We now apply these results and proceed by
considering Cases (A) and (B) separately.
Case (A) with e > 1:
LEMMA 4.13. For 0 <i<s, i #0 (mod e), we have
¥,(m), if i is odd,
‘pi(ﬂ) = .
v, (m)+4, ifiiseven.

In addition, for 0<i<f,and 1 < m < (p — 1)/2, we have

¥,(m), if ie is odd,
X; (@)=
V(M) + 4, ifieis even.

ProoFr. From Lemma 4.12, it is known that

0, ifiisodd,
m@1i(m) =

-4, ifiiseven.

If 0<i<s, i £0 (mod e), by the first line of Table III and formula (2),
we must have

m@®1i{m) = ¥, (@) = £ (m) = Y, (m) = Y,(m).
Then

¥, (m), if i is odd,
Yn) =
Y,(m) + 4, ifiiseven.

By Lemma 4.12, we have , a8, (7) = 4. From the second line of Table III,
we get



280 ZON-I CHANG

mo (M =1+ 04— T (m) =4.
Formula (1) gives us 1 + 0,(7) = Xg'(r) = 0. It follows that
Xo (M) =1+ 0o(m) = 4 + £7'(m).
By formula (2), we obtain xg'(m) =4 + ¥, (7). Again by Lemma 4.12, we see
that
4, if ie is odd,

m®0,ie(™) = o
0, if ie is even.

Now if 0 <i<fand 1 <m < (p— 1)/2, then by the last line of Table III,
we have

m®0,ie(m) =1+ 84(m) = x;" ().

It follows that

Xi'(@) =4 + ¢, (1) ~ &G ()

Hence

m Y, (m), if ie is odd,
xi (ﬂ) = . o .
Y (@ + 4, if ie is even.

LEMMA 4.14. We have

-1
2ps = i}: I @)? + 0,m)?] + [(p — 1a/2] ¥, ()
=0
+ [(p - DB/2] (¥, (m) + 4)°
+ (pI2)[ey, (m)? + d(¥,(m) + 4)?],
where
a=#{il0<i<f, ieis odd}
;flz, if e is odd,
- 0, ifeiseven;
b=#{il0<i<[, ieis even}
_{fl2, if e is odd,
- L, if e is even;
c=#{il0<i<s, i#0 (mod e),iis odd}
g -2, ifeisodd,
- s/2, if e is even;
and
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d=#{il0<i<s, i £0 (mod e), i is even}
(s—-N2, ifeisodd,

(s/2) - f, ifeis even.

PROOF. Smce Cg(m) = Ng(X), we have
-1 (p—1)/2
2ps = Z @R +0 @]+ S Y o)

i=0 m=1

+(1) X Y
i#0 (mod e)
0<i<s
-1)/2

(r
+(1/2 m 2 m 2
( )m (mZo:d N mz__:l [E"@)* + (@' (m))*]
0<i<s
-1 (p-1)/
= 2 [@)? +6,(m)?] + z > e

m=1

+@2) X Y@’
iF0 (mod e)
0<i<ls

-1
= ;) INm? + 6,m?] + [(p - 1)a/2] ¥, (7)?

+ [0 = DB/2] (Y, (m) + 4)?
+ @2) ey, (@) + d(¥,(m) + 4)*]

where g, b, ¢, and d are the quantities stated in the lemma.

LemMA 4.15. If0<i<s, i £0 (mod ), then Y(m) = 2(-1);and if 0 < i
<f 1<m<(p-1)2, then x["(m) = 2(—1)".

ProoF. We prove this lemma by showing that ¢, (7) = —2. If e is odd,
by Lemma 4.14, we have

f.—
=T DR + 071 + [ - DI, @
i=0

+ [ - D2](f12)(W, (m) + 4)*
+ @G = NI2W @) + {(s = N2} Y, (m) + 4)*]

-1
= z_‘a N@? +0,m)?] + [(ps = 2]y, (m)?

+ 2(ps — )Y, (m) + 4ps — 4f.
Then
[(os = £)I21¥, (@) + 2(ps = )Y, (m) < —2ps + 4f < 0;

and hence
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¥imHes ~ /21, () + 2ps - £)] <0.

It follows that —4 < ¢, (7) <O0.
By Table II, we have
Yi(m) =812 + 112 (mod p) = (- 1) + (= 1) (mod p)
=-2 (mod p).

Hence ¢, (7) = —2 as required.

In the second case where e is even, the same argument again shows that
=4 < ¢,(m) <0; and hence Y, (7) = —2. Therefore, in both cases, Y, (1) =—2.
Now an application of Lemma 4.13 completes the proof of Lemma 4.15.

LEMMA 4.16. For 0 <i < f, we have A(m) = (- 1), and 0,(r) = (- 1)’.

Proor. If e is odd, we have

s =5 Iy + 6,7 + (o - D/21(12)4
i=0

+ [ - 1)/2](f12)4
+ @) - /234 + {(s - )/2}4]
1
= ,_Zo @? + 0,2 +2(p - 1)f + 2p(s - f).

Hence
-1

2 \N@? +0,m)?] =2r.

i=0
In the second case where e is even, the same argument again shows that

-1
Z [)\i(”)z + 0,'(77)2] = 2f.
i=0
Since
)\i(ﬂ) = giselz = (__ l)ie (mod p)’
and
0(m) = Tifiselz =r- l)ie (mod p),
hence A(m) = (~1)" and 6,(m) = 7,(~1)"® for 0 <i <f. This completes the
proof of Lemma 4.16.
Case (A) with e = 1:
LeEmMMA 4.17. For 0<i<s,and 1 <m < (p — 1)/2, we have
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Xo (m)—4, ifiis odd,
X{"(m) = L
Xg (T), if i is even.
ProoF. By Lemma 4.12, we have
4, ifiis odd,
m@m=7
if i is even.

By formula (1), we have 1 + 00(1r) Xo (M) = 0. Hence xg'(m) =1+
0o(m). By the last line of Table III, we have

m@0i(m) =1+ 6,(m) = X" (m),
and hence ,, a3(m) = xg' (7) — x"(7). Therefore,
) = 2)(6”(10 -4, ifiisodd,
Xo (), if i is even.

LEMMA 4.18. For 0<i<s,and 1 <m < (p — 1)/2, we have x}' (1) =
2(-1).
ProOF. Since e =1,c =d = 0. Then we have
2ps = sf \G@)? + 6,m?] + [ - D/216/) [xg(m) - 4]
n [(p = D/2)(/2)xg ()
= ): m? +6,m)*] + [(ps — )21 x T (n)?

- 2(ps = xg (M) + 4(ps - s).
Then

[(os — )21 X (m)? = 2(ps — s)xg (M) < —2ps + 45 <O;
and hence

X (m (s — 9)/2}xg (1) = 2ps = 5)] <O0.

It follows that 0 < xg'(m) < 4.
Since xg'(m) = 2 (mod p), xg'(m) = 2. By Lemma 4.17, we get x*(n) =
2(-1).

LEMMA 4.19. For 0<i<s N(m) = (- 1Y and 0,(m) =1, 1y,
ProoF. From Lemma 4.18, we have

s—1
> )P +0,m)*] = 2ps - [(p - 1)s/4]4 — [(p — 1)s/4] 4 = 2s.
i=0

Since
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Mm@ =52 =(=1) (mod p),
and
0,m) =18/ = 11§ (mod p),
hence A () = (- 1)’ and 0,(m) =1, 1)\,
The above results combined yield the following table for Case (A).

TABLE IV
T = 0s/2

N 1) 0<i<f
0; (- 1)¢ 1<Sm<@-1)2
xP 2-1)*
¥ 2-1y i £0 (mod e)
& 2-1y 0<i<s
" 2(-1) 1<Sm<@-1)2
¢ 0

Here ¢ denotes the characters of defect 0.

The computations used in Case (A) can be applied to Case (B) as well. The
results can be tabulated as follows:

TABLE V
7= ¢%?

A et! 0<i<f
9, T(-1)et! 1<Sm<@-12
x;n 2(_l)ie+l
7 2-1)y*1 i £0 (mod e)
gm 2(-1)i+! 0<i<s
" 2(-1)*1 1<Sm<(@-1)2
¢ 0

Here ¢ denotes the characters of defect 0.



FINITE GROUPS 285

5. Completion of the proof of the theorem in Case (2). In this section,
we assume that the hypotheses of the theorem and the notations of §4 hold.

LEMMA 5.1.  Assume the hypotheses of the theorem hold. Let F = {a®)
be the fixed point group of T acting on {o). Write F = Fy x F, where |F,| is
a 2-power and |F, | is odd. Then there is a normal complement G for F, in G.

PrOOF. Let q be an odd prime divisor of 1C;(X)!, and Q be a Sylow g-
subgroup of C;(X). By Lemma 2.2, we see that N(Q) = Ng((»)) = Cg(m) =
N;(X), and Q is a Sylow g-subgroup of G.

Let g be a prime number such that qlIF, |, and Q be a Sylow g-subgroup
of F;. Now we show that Q is a Sylow g-subgroup of (o). By Lemmas 3.1 and
32,wehavee = (s, ¢t + 1)/d and f = (5, £ — 1). It follows that the greatest
common divisor of e and f has no odd prime factors. Therefore, Q is a Sylow
g-subgroup of {g). It then follows that Q is a Sylow g-subgroup of G, and
Ng(Q) = Ng(X). Since Q is cyclic, and Q is fixed by 7, we have Q C Z(N (X))
=Z(N;(Q)). By Burnside’s theorem, Q has a normal g-complement M, in G.
Let

Go= N M,
qliF |
It is clear that G, is a normal subgroup of G. Since each M, is a normal g-
complement of G, the order of G is not divisible by each ¢ dividing 1F; |.
Hence Gy N F; = {1}. On the other hand, the index 1G: G, | divides IF,I.
Hence we have GoF; = G. Thus, G, is a normal complement of F, in G.

REMARK. In order to complete the proof of the main theorem in Case
(2), By Lemma 5.1, we can replace G by G|, for the rest of our discussion. This
amounts merely to the introduction of the assumption that f = |F| is a 2-power
in Lemma 5.2. Moreover, the conclusion of. the main theorem follows immedi-
ately from Lemmas 5.1 and 5.2.

LEMMA 5.2. Assume the hypotheses of the theorem hold. Let F = (g€)
be the fixed point group of T acting on o). If f=|F| is a 2-power and xo can-
not be written as a product of two conjugates of m = o%/2, then G contains a
normal subgroup of index 2.

Proor. Evaluating the appropriate multiplication constant for the class
algebra of G, we get

§!x0’!§!ﬂ!2 -
250 T

We have two cases.
Case (A). From Table IV and by block theory of modular representation,
we have
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S1EDP | 2 e
& A0 T&T 60

(»-1)/2 Q-1 )le)2(wm + w—m)fle
0 m=1 Xm(l)

Since Z@Z1/2(w™ + w™) = -1, we have

Vime 1 Ti e
Z (k,(l) * 041)  xr(1) ) g =

Since ¢ is a primitive fth root of unity, and f is even,

=0.

MH

+

-
Il

1 4 1 Tt12 4 )
1+ —=- - + 0.
( 8o(1) x:,"(l)> <"f/z(1) 672D X7 ()
Since a8 ;.(1) = 0, by Table III, we have 1 + 8,(1) = x;"(1) =0,0<i </,
1<m<(p-1)/2. Hence xg'(1) =1+ 0,(1) = x?lz(l). It follows that
1 1 T
0o(1)  App(1)  055(1)
Since 1 + 0,(1) — xg'(1) =0, 6,(1) = xg'(1) — 1. By formula (1) of §4, we

l;;ve Af/z(l) + Tf/zof'lz(l) xf/2(1) 0. Hence )\flz(l) = Xg‘(l) - Tf/zo)elz(l).
en

1+ =0.

pe—L 1 12
XpM) =1 xg(1) = 17265,(1)  Op2(1)°
and hence
xg() Ts2X0 (1)
xo (1)1 B ef/z)(:)"(l) - Tf/zef/z(l)z |
Since xg'(1) # 0, we have

By multiplying both sides by Tj2» We have
of/z(l)2 - Tf/zxi,"(l)@f,z(l) +xo(1)-1=0,
from which it follows that Tr2 = 1. Hence
of/2(1)2 - )(81(1)01-/2(1) + Xg‘(l) -1=0,
and thus
[0172(1) - 1] [of/z(l) - (X:)"(l) -] =0.
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Therefore, 0,/,(1) = 1 or 6,(1) = xog(M-1. If 0,2(1) = Xg (1) = 1, then
A1) = xo (1) - 0r2(1) = Xo (1) = xg'(1) + 1 = 1. Thus one of A2 Oga
is linear. Let N be its kernel. Since Aflz(x) = Gﬂz(x) =1, and Ap(@ =
07/2(0) = —1 (mod p) which implies that Ar2(0) = 04/5(0) = —1, we know that
x €N and 0 ¢ N. Since x €N, X is a Sylow p-subgroup of N. By Frattini’s
argument, we have G = NN;(X). It follows that G = NN4(X) = Mx, o, 7)
= N{o, 7). If NN (g, 7) C{0), we see that |G :N{(o)l = 2. Otherwise we can
assume that 7 € N. Next we show that ¢/ € N. We have )\ﬂz(of) =¢f Ze/2 =
(mod p). Let w = )\flz(of ). We know that w is an nth root of unity where n
is a positive integer and (n, p) = 1. If w = 1, then o/ € N. Assume on the con-
trary that w # 1. Let q be a prime number dividing # and let { = w"/9. Then
¢ is a primitive qth root of unity, and ¢ # 1. From ¢? = 1, we have
C-DE T+ 2+.--4+1)=0. Since t #1,{9 1 +9 2 4. 41 =
0. Taking module p on both sides, we get ¢ = 0 (mod p). This is a contradic-
tion. Hence o/ €N, and thus G = N{o®). By the isomorphism theorem, we
have IG: NI = () :{a®) N NI. Since the order of (g°) is a 2-power by as-
sumption, we conclude that the index of NV is a power of 2. Since N is a proper
subgroup, G contains a normal subgroup of index 2.

Case (B). From Table V, we have

B EDREE) | S a1 )

+
i=0 )\i(l) i=0 0‘(1)

21 - )2 = 1) (™ + WM
4PIAP> -

p 0.
i=0 m=1 Xi 0))

Procedures similar to Case (A) yield

87/2(1)* = 752x5 (1)0,(1) = xG(1) — 1 = 0.

If 7, = 1, then
[0,72(1) + 11[6,,5(1) = (1 + X)) = 0.

Since 6,/,(1) + 1 #0, so Gf/z(l) =1+ xg' (1). It follows that )\ﬂz(l) =
Xo (1) = 07/,(1) = xg'(1) = 1 = xg'(1) =~1; this is a contradiction. Therefore,
Tr2 = — 1. Then we have

[6,/,(1) = 11[0;,(1) + 1 + xJ(1)] = .

Since Gﬂz(l) + 1+ x3(1)#0,s0 07/5(1) = 1. Thus 0/, is a linear character.
Now by the same argument as Case (A), we get the desired conclusion.
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