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FINITE GROUPS WITH PRIME p TO THE FIRST POWER

BY

ZON-I CHANG(!)

ABSTRACT.   Earlier D. G. Higman classified the finite groups of order

n, such that n is divisible by 3 to the first power, with the assumption that the

centralizer CG(X) of X, where X is a subgroup of order 3, is a cyclic trivial in-

tersection set of even order 3s.   In this paper the theorem is generalized to in-

clude all prime numbers greater than 3.    With an additional assumption:

\NG(X) : CG(X) I = 2, we have proved that one of the following holds for these

groups, hereafter designated as G:

(A) G is isomorphic to L2(q), where q = 2ps ± 1;

(B) there exists a normal subgroup G0 of odd index in G, and a normal

subgroup N of G0 of index 2 such that G = Mo) where CG(X) = X x (a).

I. Introduction. The problem of finite simple groups has been investigated

by many workers. This paper is another effort in this general area. Earlier D. G.

Higman proved that a nonabelian simple group having a Sylow subgroup of

order 3 whose centralizer is a cyclic trivial intersection set of even order is iso-

morphic to L2iq) for suitable odd q.   In this paper the theorem is generalized

to include aU prime numbers greater than 3. More precisely, we have proved the

foUowing theorem.

Theorem. Let G be a finite group and p be a prime number greater than

3 such that pli \G\, and let X be a subgroup of order p. Assume that the central-

izer CGiX) of X in G is a cyclic trivial intersection set of even order ps, and that

\NGiX) : CGiX)\ = 2.  Then one of the following holds:

(A) G is isomorphic to L2iq), q = 2ps ± 1;

(B) there exists a normal subgroup G0 of odd index in G, and a normal

subgroup N of G0 of index 2 such that G = N(a) where CGiX) = X x (a).

The main theorem of this paper reduces to the theorem of Higman when

the prime p is three. We remark that if p = 3, the assumption \NGiX) : CGiX)\

= 2 can be dropped.  The only possibility for G other than (A) and (B) of the
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theorem is that G may have a normal 3-complement.

In the proof of the theorem we let X = <x>, CG(X) = X x (a), and 7r =

a4/2. There are two cases:

Case (1). The element xo is a product of two conjugates of rr.

In this case we show that G is isomorphic to I2(c7), q = 2ps ± 1, by an

application of a theorem of Brauer, Suzuki, and Wall [2]. This is done in §2.

Case (2). The element xa cannot be written as a product of two conjugates

of jr.

To deal with this case, in §3, we use two theorems of Curtis and Reiner

[7] to determine the characters of NG(X). In §4, by using Brauer's results [1]

for groups with prime p to the first power, and the assumption that CG(X) is

a trivial intersection set, we are able to determine the p-blocks of defect 1, and

obtain two columns in the character table of interest. Finally, in §5, by apply-

ing Burnside's theorem, we prove the existence of a normal subgroup G0 as de-

scribed in (B) of the theorem, with the property that, replacing G by G„, it can

be assumed that the fixed point group of NG(X)¡CG(X) acting on <a> has 2-powei

order.  The existence of the desired subgroup of index 2 is obtained by using the

p-blocks of defect 1 which are determined in §4, and applying the well-known

formula for the multiplication constants of the class algebra in terms of the char-

acters.

Unfortunately, at this moment the classification of the finite groups which

contain a self-centralizing subgroup of order p has not been determined, but the

classification has been achieved in interesting special cases in Leo J. Alex's papers

[8], [9], [10].

2. Proof of the theorem in Case (1).   We now begin the proof of the theo-

rem stated in the introduction. Assume the notations and hypotheses of the

theorem.

Let X = <x>, xp = 1, CG(X) = X x(o) = <xo> = (y), as = 1, and let rr =

os'2.

Before we start to prove the theorem in Case (1), first we prove the follow-

ing two general lemmas.

Lemma 2.1.   The centralizer Cg(tt) is equal to the normalizer NG(X).

Proof.  Since CG(X) is a trivial intersection set, we have CG(7r) Ç

NG(CG(X)).  Since CG(X) = X x (a), it follows that CG(tt)ÇNG(X).  Con-

versely, since CG(X) is cyclic, it has only one element of order 2.  Hence, since

CG(X) is a normal subgroup of NG(X), we see that NG(X) C CG(n).  It follows

that CG(rr) = NG(X).

Lemma2.2.  Let q be an odd prime divisor of \(y)\ and Q be a Sylow q-
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subgroup of{y).   Then NGiQ) = NGHy)) = CGin), and Q is a Sylow q-subgroup

ofG.

Proof.   Lemma 2.1 implies that CG(7r) ÇNGi(y)) ENGiQ). Since iy)

is a trivial intersection set, we see that NG(Q) ENGi<y)) ENGiX) = Cg(tt).

Hence NGiQ) = NGi<y)) = CG(7r).  Furthermore, since Q is a Sylow subgroup of

NGiQ), Q must be a Sylow subgroup of G.

Next, we are going to prove the theorem in Case (1).

In Case (1) we assume that y = xo is a product of two conjugates a and r

of JT.

In the following lemmas, except Lemma 2.5, we are going to use all the

above hypotheses and notations.

Lemma 2.3.   77ie centralizer CGin) is dihedral and CG(7r) = NGiX) =

<y, t), yT = y~l.

Proof.  By Lemma 2.1, we have Cg(tt) = NGiX). It is easy to see that

(y) is a normal subgroup of {a, r>, yT = y~x, and ttt = tT1 = v. So r G Cg(?t).

Also it is clear that r ^ CGiX). This completes the proof of Lemma 2.3.

Lemma 2.4.    The classes of involutions in CG(7r) are represented by it, r,

and yr.

Proof.   By Lemma 2.3, Cg(tt) = (y, r), and yT = y~l. Hence every ele-

ment of Cg(7t) can be expressed in the form yW where / is a nonnegative inte-

ger, and / = 0 or 1. If / = 0, it is easy to see that the only class of involutions

which intersects (y) is {n}. If; = 1, then every element of the form y'r is an

involution.  Let m be a nonnegative integer, we see that y2mT and y2m + 1T are

conjugate to t and yr, respectively. Therefore, there are two classes of involu-

tions represented by r and yr in the case / = 1.  Hence the classes of involutions

in Cg(7t) are represented by n, r, and yr — arr = a. This completes the proof

of Lemma 2.4.

Lemma 2.5. Assume in general that CGin) is dihedral of order 2t for

some involution it in a finite group G.  Let y G CGiir) be of order t with it =

y*l2.  Then the following conditions are equivalent:

(1) the element y is a product of two conjugates ofn;

(2) the involutions in Cg(7t) are conjugate in G;

(3) G has just one class of involutions.

¿/(l)-(3) hold, then G has dihedral Sylow 2-subgroups.

Proof.   First we show that condition (1) implies condition (2). Suppose

that y = ar where a and r are conjugates of it. By Lemma 2.4, we know that
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the classes of involutions in Cg(tt) are represented by n, t, and a. Hence the

involutions in CG(7r) are conjugate in G.

Secondly we show that condition (2) implies condition (3). If p is an

involution in G which is not conjugate to it, then there exists an involution p

such that p G CG(7r) n CG(p). Then by (2), p is conjugate to 7r and hence p

is conjugate to p. It follows that p is conjugate to jr. This is a contradiction.

Finally we show that condition (3) implies condition (1).  Since CG(7r) is

dihedral, y is a product of two involutions.  It follows that if there is only one

class of involutions in G, then y is a product of two involutions which are conju-

gates of jr. Therefore, the three conditions stated in the lemma are equivalent.

If G has only one class of involutions, then the dihedral group Cg(jt) con-

tains a Sylow 2-subgroup of G.   Hence G has dihedral Sylow 2-subgroups.

Lemma 2.6.   In Case (1), G is isomorphic to L2(q) where q = 2ps ± 1.

Proof.   We show that G is simple.  Assume on the contrary that G is not

simple.  Let M be a nontrivial minimal normal subgroup of G.

By Lemma 2.3, we know that CG(7r) is dihedral, and Cg(tt) = {y, t), yT =

r1.
Now we show that A/nCG(rr)#{l}.  If M D Cg(jt) = {1}, then 7r acts

fixed point free on M, hence so do r and jtt. It follows that rr inverts every

element of M, and hence t and jtt invert every element of M.   Then if p E M,

we have p_1 = pnT = (ju-1)T = p. It follows that jit fixes p, which implies that

p — 1. Therefore, M = { 1}; this is a contradiction.

If \M\ is even, then there exists an involution in M. By Lemma 2.5, we

see that r and yr = a belong to M. From CG(it) = (y, t) and y = ar, we see

that CG(n)CM.

By assumption, we know that lCG(rr)l is not a 2-power. It follows that

there is an odd prime q dividing lAf n Cg(jt)I . Now let Q be a Sylow q-subgroup

of iy). By Lemma 2.2, we have NG(Q) = NG((y)) = CG(n), and Q is a Sylow

(/-subgroup of G.  It follows that M C\ Q is a Sylow (/-subgroup of M and M is

simple. By the same argument as Lemma 2.2, we see that NG(M n Q) = Cg(jt);

and hence G = MCg(ti). If \M\ is odd, then NM(M nQ) = Mn CG(ir) =

MC\(y) = CM(M n Q). By Burnside's theorem, M has a normal (/-complement. It

follows that M Ç Q Ç CG(n) and thus G = MCG(ir) = CG(n), which is impossible

since G has a single class of involutions.  Thus \M\   is even, so Cg(jt) CM, and

hence G = MCG(tr) = M.   Consequently, G is simple.  By the theorem of Brauer,

Suzuki, and Wall [2], we know that G is isomorphic to L2(q) where q — 2ps ± 1.

3. The characters of NQ(X).  In this section, we begin the preparations for

the proof in Case (2).   Again G is to be a finite group such that pll IGI and X is
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a subgroup of order p. We assume that CGiX) is a cyclic group of even order

ps and that \NGiX) : CGiX)\ = 2.

We have CGiX) = X x <a> = (y), X = (x), y = xo, where x is of order p,

and o is of order s. Also we have NGiX) = <Z, a, r> with xT = x-1, t2 G <a>,

aT = af, and r2 = 1 (mod s).

We proceed by proving the foUowing lemmas.

Lemma 3.1.   Let e be the least positive integer such that 0e is a generator

of the fixed point of r acting on (a). Also let f = (s, t - 1); here we use the

convention that (s, 0) = s.   Then ef=s.

Proof.  Since (oe) is a subgroup of <a>, so els.  By assumption, we have

ioe)T = oe. Since aT = a*, we have ae* = oeoret = e (mod s). This is equiv-

alent to saying e(s, t — 1) is divisible by s.  That is, e(s, r - 1) = sn, for some

positive integer n.  Since we want e to be the least positive integer so that oe is

a generator of the fixed point group of r acting on <a>, hence e(s, t - 1) = s,

that is, ef = s.

Remark.  By Lemma 3.1, we know that (oe) is of order /.  Since t fixes

involutions in (a), fis certainly even.

Lemma 3.2. The positive integer e is equal to (s, (r + l))/d where d = 1

ift2-lp0 (mod 2s), and d = 2ift2-1=0 (mod 2s).

Proof.  Clearly we have sl(s, t + l)(s, t - 1).  It follows that

is, t + l)(s, r - 1) = sn, where n is a positive integer. We want to show that n

= 1 if r2 - 1 $ 0 (mod 2s), and n « 2 if t2 - 1 = 0 (mod 2s).

First, if r2 - 1 ̂  0 (mod 2s), then n is odd.  But clearly (r + 1, t - 1) = 2.

Hence n = 1, since every prime divisor of n would be a divisor of s.

Next, if r2 - 1 = 0 (mod 2s), then n is even. By reasoning just as in the

first case we find that n = 2. This completes the proof of the lemma.

Let f be a primitive sth root of unity so that <¡>¡io') = f'', 0 < i, j < s, de-

fine s distinct linear characters of <a>.

Let 03 be a primitive pth root of unity so that pm(x) = com and pmix) =

wm, 0 < m < ip - l)/2, define the p distinct linear characters of X = 0c>, where

the bar denotes the complex conjugate.

Let I be a primitive psth root of unity so that 6kiy) = %k, 0 < k < ps,

define the ps distinct linear characters of CGiX) = (y). We may choose %, f, and

03 so that % = cof and dp¡ = <p¡, 0 < / < s.

Now since yT = yr for some positive integer r, we have ixof = (xa)r.  It

follows that x-1af = xV; hence r = p - 1 (mod p) and r = r (mod s). Also, we

know that for given », i = it (mod s) if and only if /(r - 1) = 0 (mod s); this last
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condition is equivalent to eli because s = ef and f = (s, t - 1).

We will use ~ to denote induction to NG(X).

Lemma 3.3.  The character 0 • = l<¡>¡, 0 < i < s, is irreducible if and only

ife\l

Proof.   By [7, Theorem 47.8], we know that 0 • is irreducible if and

only if lipi) ^pi (mod ps), which leads to the equivalent conditions:  ri f^i

(mod s), ti pi (mod s), and i(t - 1) # 0 (mod s).  The last condition then gives

us the desired equivalent result, e \ i.

Lemma 3.4.   77ie character 8pei = 10/e, 0 < i <f, decomposes into \iX 4-

X|2, where \ix and \i2 are distinct linear characters ofNG(X).

ft*

Proof.  Lemma 3.3 implies that 0    . is reducible; also since \NG(X) :

CG(X)\ = 2, we see that the degree of 7   ¡ is 2. It follows that 'Ó   , = \x +

Xi2, 0 < i </, where Xa and X/2 are linear characters of NG(X).  Furthermore,

since 0pe/(r) = 0, we see that Xn and X/2, 0 < i </, are distinct.

ft* ft* .

Lemma 3.5.   The characters 0    • and 0     < are orthogonal if i ¥= i where

0<i,i'<f.

Proof.  Since

(epei' dpei')NG(X) = (dpe¡> ö^pe«'lCG(X))cG(X) = 0,

0pel and Bpei-, 0 < i, i </, are orthogonal if / # /'. This completes the proof

of the lemma.
f* ^^"

Remark.   From Lemma 3.4 and Lemma 3.5, we know that 0    . = \<¡>ie =

Xfl + Xi2, 0 < i </, give 2/distinct linear characters of NG(X).

Lemma 3.6.   77ie character l(¡>¡, 0 < i < s, is irreducible of degree 2 if

e Í /.  77iese give (s - f)/2 distinct irreducible characters.

Proof.  By Lemma 3.3 and Lemma 3.4, we know that l<¡>¡, 0 < i < s,

e -f i, is irreducible of degree 2.

By [7, Theorem 47.9], we know that for i i* i', 0 < i, i < s, 10f is inequiv-

alent to 10,-' if and only if r(pí) ppi' (mod ps), which is equivalent to ri f*i'

(mod s), and then ti p i' (mod s).

If 10,-j is equivalent to 10,-2, and 10,-2 is equivalent to 10,-3, then it is ob-

vious that ft', = i2 (mod s) and f/2 = i3 (mod s).  It now follows that i, = f /, =

ti2 = i3 (mod s).  Therefore, 10f, 0 < i < s, e \ i, give (s - f)\2 distinct irreduc-

ible characters.

Lemma 3.7.   77¡e character pm0,-, 0<i'<s, 1 <m<(p- l)/2, is irreduc-
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ible of degree 2.  These give the remaining sip - l)/2 irreducible characters of

NGiX).

Proof.  The linear characters pm<t>¡ and y? —► Pm0/G'OT are distinct since

m > 1. Hence, by [7, Corollary 45.5], pmq)¡ is irreducible of degree 2 when 1 <

m<ip- l)/2, 0 < / < s.
We have

2ps = \NGiX)\= (2/)(l2) + Us ~/)/2)(22) + isip - 1)/2X22)

= 2/+ 2(s -f) + 2sip - 1) = 2ps.

So p^>¡, 1 < m < ip - l)/2, 0 < i < s, are the remaining sip - l)/2 irreducible

characters of NG(X).

Lemma 3.8.   The character pm<t>¡, 1 < m < (p - l)/2, 0 < /' < s, is equiv-

alent to p^>ti.

Proof.   Both of the characters pm<t>¡ and pm<¡>t¡ vanish on NGiX) -

CGiX).  Furthermore, their restrictions to CGiX) have exactly the same consti-

tuents.  Hence they are equal.

The is +/)/2 p-blocks of NGiX) (aU of defect 1) are

bie = ihi. \-2> u iP^JieI 1< « < Ö» - l)/2},

where 0 < / < /, and

b¡ = btl = {H¡} U {í^.l 1 <m <ip - 1)12}

uÍPmí-1 1 < m < (p - l)/2}

where e -f" i, 0 < i < s.

Next we are going to compute some of the characters of NGiX) that wiU

be needed later.

By Clifford's theorem, we have

Pm^e'cctr) = pM0te + pm<V,

WcG(x) = #/ + 0ff;

~Pm^CG(X) = Pm^CG(X) = Pm^i + Pm^if



274 ZON-I CHANG

By using this information, the part of the character table of NG(X) that is

of interest to us is obtained as follows:

Table I

vn

x..12

r*m rii

10,

Pm$i

Pm<k

¿je

2£Ve

f+si¡t
?I/ + fI/f

xo'

?'e 0<i<f

?'e Km<(p-l)l2

(wm + <¿rm)fe

fi + ft ejci

comfí/+ w_mf//f     0<í<s

oTm^ + wmr'7í     1 < m < (p - l)/2

4. The characters of G. In this section, we add to the assumption of §3

the condition that CG(X) is a trivial intersection set.

Let

maij = 1<P¡ - Pm*t>    md    nfill = l*t ~ Pm$j>

where 0 < i, j < s, K m < (p - l)/2.

We will use * to denote induction to G. Again, as in §3, we proceed by

proving a series of lemmas.

Lemma 4.1.   For 0 < i </, 1 <m<(p- l)/2, we have

ma*e,ie=P& + Ti9rX?)>

where \, 8¡, and xm are distinct irreducible characters of G, and p¡ = ± 1, t¡

= ±1.

Proof. We have

\maie,ie> npHe.ie' ~ *maie,ie> mrieje'

= 0-^- Pm<l>ie>l<t>ie- Pm^ie)

= (hl +\-2 -Pm^fe» hi + hi ~ Pm^ie)

= 3.

Hence mafe ¡e is reducible, and

^.te-W+W + W
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where 0 < i </, 1 < m < ip - l)/2, and e£ = ± 1, 1 < n < 3, and Xm,6m,

and xT are distinct irreducible characters of G.

Let m ¥= m'; then by the method used above we have imafe ie, m>afe ie) =

2.  Hence we may assume that ef, \m, e^, 6m are independent of m, i.e.,

maie,ie = ^\ + ^i + ^3xT-

Also, since mafe je(l) - m<afe /e(l) = 0, we may assume that e™ is independent

of m. Therefore,

mate,ie = ei1h + £i2ei+ei3^T-

Now since mafe ¡eil) = 0, so e,j, e¡2, and e,-3 cannot be all positive and also can-

not be aU negative.  Let us take e¡. = p¡, e¡2 = p¡r¡, and e,-3 = -p¡ where p¡ =

± 1, and t¡ = ±1, Therefore,

m°?e,ie=P&+TfirXn

This completes the proof of the lemma.

Lemma 4.2.  For 0 < i < s, e\i, 1 < m < ip - l)/2, we have

n& = *&t-Í7)>    ™<*     mß* =*&,-*?),

where \pt, %m, and r\m are distinct irreducible characters of G and e¡ = ±1.

Proof.   By the same argument as Lemma 4.1, we get the desired con-

clusion.

By using the result of Brauer [1], we know that the (s + /)/2 p-blocks of

G of defect 1 are seen to be

b% = Bie = {\.} U {0.} U {xT 11 <m <ip - l)/2},

where 0 < / < /; and

bf =B¡ =Btí = {^.}U{$"ll <m<(p- l)/2}U{rf 11 <m<ip- l)/2},

where 0 < i <s, e\i.

Since mafjiTi) = (l<fy - p^0;)(7r) = 0, for all it E (a), and for aU /, 0 </

< s, also for aU m, 1 < m < ip - l)/2, we have

(i) W + Tfifib-xTto-o*

where n E <a>, 0 < / </, 1 < m < ip - l)/2; and

(2) U«) = ET« = <(«)>

where it E <a>, e-fi, 0</<s, 1 <m<(p- l)/2.

Again by using the result of Brauer [1], we obtain the foUowing table for
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G in which the entries under the column under a1 are intended to be modulo a

prime divisor of the integer p in an appropriate algebraic number field.

Table II

xo'

h
•i
v" 2Piîiie

ltf"e 0<i</

ViT¡?ie K m < (p - l)/2

p,(com + <J-m)V'e

*i

nm

e.(f// + j-f/f) 0 < i < s

e/(comr/ + w_mf//f)    K m < (p - l)/2

Moreover, every irreducible character of defect 0 vanishes on CG(X) -

(a). In fact, it can be seen from Corollaries 4.6, and 4.9 and Lemma 4.10 that

characters of defect 0 vanish on CG(X) - { 1}.

Now we are going to determine the column under jt = o*'2 by using the

assumption that CG(X) is a trivial intersection set.

Lemma4.3.  For 0 <i,/<s, and 1 <m<(p- l)/2, we have

m"ij = m%,jt and Jttmm*Ur

Proof. This is a direct consequence of Lemma 3.8.

Lemma 4.4.   For 0 < i, /, k, n < s, and 1 < m, m < (p - l)/2, we have

(maîj<m'a*n) = riik+àmm'Sjn>

W* m<„) = »*« + *mm*1t,n>

and

(mah m'ßkn) = v5ik + *mm*j.nt>

here v = 2 if i = 0 (mod e), and v = 1 1/1 # 0 (mod e).

Proof.

(ma*j> m<n) m 0*f ~ Pm*i> l*k ~ Pm'<t>n) = v5ik + «mm'8/«'

where j» takes the values given in the lemma.
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The second and third equations of the lemma are proved by the same

method together with the use of Lemma 4.3.

Lemma 4.5.   // 0 < i, j < s, i # 0,/ # 0 (mod e), and 1 < m < ip - l)/2,

thenma% = efl,-effî.

Proof.   By Lemma 4.2, we may assume / ¥>j.  By Lemma 4.4, we have

imaîj' ma*j) = 2>        (ma*j> m O = L

imaij> m'ßii) = l + dmm\it>     and     La*' m'a//) = 8mm'-

From above we know that maf¡ is a difference of two irreducible characters

and has one common character with each of m -0$ and m -ßfj.  Since there are at

least 2ip - l)/2 > 4 characters to compare, ma*¡ contains e¡^/¡.  From

ima*j> maP = 1 » « follows that ma*- contains e/i/// or - e^f. If ma:i contains e^,,

then ima*¡, „/a?) > 1 for m =£ m'; this is not the case. Therefore,ma*, = e¡ii¡ -

Corollary 4.6.   // 0 < /, /' < s, i # 0, / p 0 (mod e), and 1 < m <

(p - l)/2, then e¡ = e;- in the notation of Lemma 4.2. Set e¡ = 5 /or all i, we have

ma^j = 8i^i-^),whereS=±l.

Proof.  By Table I, we have mo:1*(l) = 0. By Lemma 4.5, we have

0 = m^(l) = ^(l)-e/lf(l).

It follows that e,- = e,. This completes the proof of the lemma.

Corollary 4.7. If0<i<s,ip0 (mod e), and 1 < m < (p - l)/2,

then ma*Xi = 8^x - %m).

Proof.   This is just a special case of Corollary 4.6.

Lemma4.8.  If0<i<f, 0 <j <s,j £0 (mod e),and 1 <m <

ip-l)/2, then

Proof.  By Lemma 4.4, we have imafej,   mafe f) - 3. Thus mafef is a

sum of three irreducible characters.  From imafe -, m'a.y) = 8mm', we know that

mafej contains -§£y". Moreover, from imafe ,, m'a£ /e) = 2, we know that

mafe/. contains p¡i\ + t¡6¡). Consequently,

nAj-Hfa + Tfii)-^.

Corollary 4.9. For 0 < / < /, we have p¡ = 5 in the notation of
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Lemma 4.1. So we see that mafej = 5(X,- + Tfi¡ - %f), where 0 < i </, 0 <

/ < s, / # 0 (mod e), 1 < m < (p - l)/2.

Proof. Since mafe ¡(I) = 0, p¡ = 5.

Lemma 4.10. // 0 < i, j <f, and 1 < w < (p - l)/2, fÄen mo£ /e =

Si^. + rA-xT1).

Proof.     By Lemma 4.1, we may assume that i =£ /.    From

(maîe je mafe je) ~ 3> it is known that mctfe je is a sum of three irreducible char-

acters.  If/' f 0 (mod e), we have (mafeJe, „•(*%;•) = 2.

By Corollary 4.9, we know that mafe¿e contains 5(X(- + t¡6¡).  And

(«</*. m'aje,je) = 5mm'' yields that ma*e,je contains "5Xf.  It follows that

8(\ + TA-x/m).

JK*   • .      'CV*   • ^vm   ie,/e' m    ¡e,]e'

a* ■   =m   ¡e,je

Corollary 4.11. If i = 0 /« Lemma 4.1, /Ac« we farve the following two

cases:

Case (A):   X0 = 1, p0 = 1, t0 = 1, Le., ma%0 = 1 + 0O - x™;

Case (B):   0O = 1, p0 = -1, r0 = -1, i.e., maJ0 = 1 - X0 + Xq •

Proof.   This is an immediate consequence of Lemma 4.1.

Combining Corollaries 4.7, 4.9, and 4.11 and Lemma 4.10, we obtain the

following table.

Table III

Case (A)

p0 =6 = 1,X0 = 1

'o = l

Case (B)

po = 6=-l,0o = l,

rQ=-\

mali

i f 0 (mod e), 0 < i < s

1 < m < (p - 1)12
*i - *ï" •0i +¡-7

ma01

Km<(p- l)/2 i + 0o-sr i-Xo + ̂ r

*
ma0,/e

0<I</

K m < (p - l)/2
i + öo-xr i-Xo+xr
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Lemma 4.12. Ifit = (fl2, and 0 < i, / < s, and 1 < m < ip - l)/2, then

ma*.i*)=2[i-l)i-i-iy].

Proof.   Since t2 = 1 (mod s), it foUows that r is odd.  From Table I, we

have

mafjin) = nfiiji«)

= l</.1.(7T)-pm0/(7r)

_ ßi»/2  4. f'if/2) _ fW*/a  + f/"/2)

= [(-iy + (-i)'']-[(-iy' + (-iy7]

= 2[(-i)'-(-iy].

We shall set it = os'2 here. We now apply these results and proceed by

considering Cases (A) and (B) separately.

Case (A) with e> 1:

Lemma 4.13.   For 0 < i < s, i # 0 (mod e), we have

^W, if i is odd,

#iOO + 4,   if i is even.
U«) -

/n addition, for 0 < / < / and 1 < m < (p - l)/2, we nave

(#i00> if ie is odd,
X,M00 = j

(^1(7t) + 4,   if ie is even.

Proof.   From Lemma 4.12, it is known that

!0,      if /' is odd,

-4,   if i is even.

If 0 < i < s, i # 0 (mod e), by the first line of Table III and formula (2),

we must have

m«ifit) = IM*) - TO - *i to - H«)-

Then

!#i(ff), if fis odd,

^ito + 4,   if/is even.

By Lemma 4.12, we have ma*,xiir) = 4. From the second line of Table III,

we get
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ma*1(7r)=l+0o(rr)-?7'(7r) = 4.

Formula (1) gives us 1 + 6Q(ir) - Xo"(jr) = 0.  It follows that

Xo» = 1 + W = 4 + S?(jt).

By formula (2), we obtain Xo 00 = 4 4- 0,(rr).  Again by Lemma 4.12, we see

that

( 4,   if ie is odd,

mao,ie^) = \n     .f.   .
( 0,   if ie is even.

Now if 0 < i </and 1 < m < (p - l)/2, then by the last line of Table III,

we have

It follows that

Hence

ra«s>)=i + w-xrw

xr(JT) = 4 + 01(n)-ma*>I.e(TT).

!0,(jr), if ie is odd,

0j(jt) + 4,   if ie is even.

Lemma 4.14.  We have

where

2ps - g   [X^jr)2 + 6i(n)2] + [(p - l>//2] 0,(jt)2

+ [(p- 1)0/2] (0,(jt) + 4)2

+ (p/2)[c01(TT)2+if(01(jr) + 4)2],

«=#{/l0</</, ieisodd}

1//2,   if eis odd,

(0,     if e is even;

b — #{i I 0 < i </, ie is even}

!//2,   if eis odd,

f      if eis even;

c = #{il0 < i < s, i p0 (mod e), i is odd}

j(s-/)/2,   if eis odd,

(s/2, if eis even;

and
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d = #{ 110 < i < s, i* ̂ 0 (mod e), i is even }

\(s-f)l2,    if eis odd,

(s/2)-f,    if eis even.

Proof.   Since CG(n) = NG(X), we have
/-l /-l   (p-D/2

2ps =Z  [X,.(7r)2 + 6i(n)2] + Z     Z     (x»)2
i= 1 i— 0    m = 1

+ (1/2)        £       0,(rr)2
/^0 (mod e)

0<i<s

+ (1/2)      £    (P'£12 K*¡»)2 + (COO)2]
i*p) (mod e)     m = l

0</<s

/-I /-l  (p-D/2

= z i\oo + w i + z z (*roo)2
i=0 i'=0    m = l

+ (Pl2)       Z W2
i^O (mod e)

0<i<s

= Z  [\W2 + Bfii)2] + [(P- l¥2]0,(jr)2
i=0

+ [(p-l)ô/2](0,OO + 4)2

+ (p/2)[c0,(jr)24-íí(0,(jr) + 4)2]

where a, b, c, and d are the quantities stated in the lemma.

Lemma 4.15. IfO<i<s, i #0 (mod e), then 0,00 = 2(-1)''; andifO< i

</, Km < (p - l)/2, fAe/i X/m00 = 2(~ l/e.

Proof.   We prove this lemma by showing that 0,(jt) =-2. If eis odd,

by Lemma 4.14, we have

2p* = Z  ¡Kfirf + et<jr)2] + [(p- l)/2](//2)(0,(jr))2
i=0

+ [(p-l)/2](//2)(0,(Tr)4-4)2

+ (Pl2)[{(s -/)/2}01(tt)2 + {($ -/)/2}(0,(jt) + 4)2]

= Z Wir)2 + fl/ir)2] + [(ps-/)/2]0,(jr)2
f=0

+ 2(ps-/>//,00 + 4ps-4/-.
Then

and hence

[(ps -f)l2] 0,(jr)2 + 2(ps -/)«>,(») < -2ps + 4/< 0;
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*itoKCps -f)/2}^xin) + 2(ps -/)] < 0.

It follows that -4 < \pxin) < 0.

By Table II, we have

*i to = ?'2 + rf/2 (mod p) =• (-1) + (-1) (mod p)

= - 2 (mod p).

Hence tpj(7r) = -2 as required.

In the second case where e is even, the same argument again shows that

-4 < i/'1(tt) < 0; and hence \¡/xin) = -2. Therefore, in both cases, \pxin) = -2.

Now an application of Lemma 4.13 completes the proof of Lemma 4.15.

Lemma4.16.   For0<i<f, we have X/jt) = (-l)ie, and 6¡in) = r¿-l)ie.

Proof.  If e is odd, we have

2ps = Z  l\in)2 + 0f(7r)2 + [ip - l)/2](//2)4
f=0

+ [0-0/2] (//2)4

+ (p/2)[{(s -/)/2}4 + {is -/)/2}4]

= ¿  [\-to2 + Ö/rr)2 ] + 2ip - 1)/ + 2p(s -/).
1=0

Hence

Z  [\-to2 + Bfrf] = 2/
i=0

In the second case where e is even, the same argument again shows that

Î; t\to2 + o Ay)2] = 2/
i=0

Since

\to = f,ie/2=(-iy'e(modp),

and

e Ay) = T¡tisei2= ta:-i)ieimodp),

hence X^) = (- l)ie and 0f(7r) = t,(- l)'e for 0 < / < /.  This completes the

proof of Lemma 4.16.

Case (A) with e = 1:

Lemma 4.17.   ¿or 0 < i < s, and Km<ip - l)/2, we have
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|Xoto-4.   if i is odd,

Xo"to. if i is even.

Proof.   By Lemma 4.12, we have

!4,   if i is odd,

0,   if i is even.

By formula (1), we have 1 + 0o(tt) - Xqto = 0- Hence x^to = 1 +

0o(7t). By the last line of Table III, we have

w«S/(jr)=l+fl0(ff)-x?,to,

and hence ma*,Ay) = Xo"to ~ X/"to-  Therefore,

(Xo>)~4>   if lis odd,
X,Mto = i

(Xo"to. if/'is even.

Lemma 4.18.   For 0 < /' < s, and 1 < m < (p - l)/2, we nave X/"to =

2(-l)'.

Proof.   Since e = l,c = d = 0. Then we have

2ps = £ [XXff)2 + dt{n)2] + [ip- l)/2](s/2)[Xr» - 4]2
i=0

+ Kp-l)/2](s/2)Xo»2

= 2  [\to2 + W2] + Kjtt-s)/2]Xr»2
f=o

-20s-s)x¡Tto + 40s-s).
Then

[ips - s)l2]Xo»2 - 2ips - s)Xo» < -2ps + 4s < 0;

and hence

xJtoKCfw - i)/2}x?to - 2(ps - s)] < 0.

It foUows that 0 < x%i*) < 4.

Since Xo to - 2 (mod p), x^to = 2.  By Lemma 4.17, we get x^to =
2(-l)'.

Lemma 4.19.  For 0 < i < s, X/tt) = (-1)'' and Bfit) = rfr 1)''.

Proof.  From Lemma 4.18, we have

£  [\-to2 + H«?] = 2ps - [(P - l>/4]4 -[(p- l>/4]4 = 2s.
i=0

Since
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W)-?"2 =(-0''   (modp),

0/(jr) = r/r/2=rJ.(-l)i   (modp),

hence \fit) = (-1)'' and 6fit) = rfi- if.
The above results combined yield the following table for Case (A).

Table IV

= a*l2it = a

X/

(-If
Ti(-\)ie

2(-\f

0<i<f

Km<(p- l)/2

#1

»?r

2(-l/

2(-iy

2(-l)'

i # 0 (mod e)

0 < i < s

1 <m<(p- l)/2

r 0

Here f denotes the characters of defect 0.

The computations used in Case (A) can be applied to Case (B) as well. The

results can be tabulated as follows:

Table V

JT = as'2

x?

(-i)ie+1

T,-(-lf+1

2(-l)ie+1

0<i</

1 <m<(p-\)l2

*i

vT

2(-l)'+1

2(-l)'+1

2(-l)/+1

0

i ^ 0 (mod e)

0 < i < s

1 <m<(p-l)/2

Here f denotes the characters of defect 0.
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5. Completion of the proof of the theorem in Case (2). In this section,

we assume that the hypotheses of the theorem and the notations of §4 hold.

Lemma 5.1. Assume the hypotheses of the theorem hold. Let F = <ae>

be the fixed point group of t acting on <a>. Write F = F0 x Fx where \F01 is

a 2-power and \FX I is odd.   Then there is a normal complement G0 for Fx in G.

Proof. Let q be an odd prime divisor of \CGiX)\, and Q be a Sylow q-

subgroup of CGiX). By Lemma 2.2, we see that A/G(ß) = NGi(y)) = CGiir) =

NGiX), and Q is a Sylow g-subgroup of G.

Let q be a prime number such that q\\Fx\, and Q be a Sylow c7-subgroup

of Fx. Now we show that Q is a Sylow t7-subgroup of <a>. By Lemmas 3.1 and

3.2, we have e = (s, t + l)/d and /= (s, t - 1). It follows that the greatest

common divisor of e and /has no odd prime factors. Therefore, Q is a Sylow

c7-subgroup of <a>.  It then follows that Q is a Sylow ¿/-subgroup of G, and

NGiQ) - NGiX).  Since Q is cyclic, and Q is fixed by t, we have Q E ZiNGiX))

= ZiNGiQ)). By Burnside's theorem, Q has a normal ^-complement M  in G.

Let
g0= n m

ijllFjl

It is clear that G0 is a normal subgroup of G.  Since each Mq is a normal q-

complement of G, the order of G0 is not divisible by each q dividing iFj I.

Hence G0 n Fx = { 1}. On the other hand, the index IG : G01 divides iFj I.

Hence we have GQFX = G.  Thus, G0 is a normal complement of Fx in G.

Remark.   In order to complete the proof of the main theorem in Case

(2), By Lemma 5.1, we can replace G by G0 for the rest of our discussion.  This

amounts merely to the introduction of the assumption that /= IFI is a 2-power

in Lemma 5.2. Moreover, the conclusion of. the main theorem follows immedi-

ately from Lemmas 5.1 and 5.2.

Lemma 5.2.   Assume the hypotheses of the theorem hold.  Let F= (oe)

be the fixed point group of r acting on <a>. /// = Ifl is a 2-power and xa can-

not be written as a product of two conjugates ofn = osl2, then G contains a

normal subgroup of index 2.

Proof.   Evaluating the appropriate multiplication constant for the class

algebra of G, we get

y%jxo)m2   _Q

f       *(D
We have two cases.

Case (A). From Table IV and by block theory of modular representation,

we have
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Ç? ((-l)fe)V     f-t (r,.(-l)'e)2r,.rte

¡efc? (P-i)/2 (2(-l)'e)2(co'n + OTT'6
+ E    Z -^-= o-

/=0     m = \ X7(l)

Since X(npZ\)/2(o}m + uTm) = -1, we have

&(    \      ,    Ti 4 f/e = 0.

Since fe is a primitive /th root of unity, and fis even,

/1 + _i_i_\_/_L_    ^2_1_\     0
V      W   XrTOV    VW1)     M1)     x/"/2(1)^       '

Since ma*/e(l) = 0, by Table III, we have 1 + 0O(1) - x¡"0) = 0, 0 < 1 </,

1 < m < (p - l)/2. Hence Xo 0) " 1 + 0O(O = X//20). lt follows that

1+-!_!_^?_ = o
e00) VM1) W1)

Since 1 + 0O(1) - XoO) = 0, 0OO) = X%(1) " 1-  By formula (1) of §4, we

have X//2(l) + r//20//2(l) - x#2(l) = 0.  Hence X//2(l) = x^O) - t//2ô//2(1).

Then

1+__L_ =-!-+ .T"2

xyo)-!  x70)-T//2fl//2(D 0//2O)'
and hence

Xo"(D  _        V/2x7(i)

Xo"(i)-i   sfl2xm(i)-Tfl2ef/2(i)2'

Since Xo (O ^ °> we have

ö//2d)Xo"(l) - rmem(\)2 - r//ax?(l) + Tf/2 = 0.

By multiplying both sides by jy;2, we have

0//2(D2 - Tmx%Mfl2(i) + xJO) -1=0,

from which it follows that jy,2 = 1. Hence

MO2 - xSW/zaO)+ Xo 0)-i = o,

and thus

[0//2d)-i][0//2(i)-(xf;(i)-i)]=o.
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Therefore, 0//2(l) = 1 or 0//2(l) - x^O) ~ »•  If 0,/aO) = xJO) " 1, then

V/aO) = Xo W ~ Ö//2(1) = *o 0) - Xo (0 + 1-1. Thus one of X//2, 0//2
is linear.  Let N be its kernel. Since \f,2ix) = 6^,2ix) = 1, and X^,2(a) =

6fi2io) — -1 (mod p) which implies that X^,2(a) = 0^;2(a) = -1, we know that

je G Af and o$N. Since x G N, X is a Sylow p-subgroup of N. By Frattini's

argument, we have G = NNGiX).  It foUows that G = NNGiX) = Mx, o, t>

= JV<a, t>. If N n <a, t> C <a>, we see that IG :N(a)\ = 2. Otherwise we can

assume that t EN. Next we show that o* EN.  We have X^-,2(a-0 = j/ e'2 = 1

(mod p).  Let co = X^,2(a^). We know that go is an nth root of unity where n

is a positive integer and (n, p) = 1. If co = 1, then a? E N. Assume on the con-

trary that to ¥= 1. Let q be a prime number dividing n and let f = 03nlq. Then

f is a primitive qth root of unity, and f =£ 1.    From f = 1, we have

(f - IX?*-1 + F~2 + ■ • ' + 1) = 0. Since f # 1, f7-1 + f7-2 + • • • + 1 =

0. Taking module p on both sides, we get q = 0 (mod p).  This is a contradic-

tion.  Hence a* EN, and thus G = N(oe). By the isomorphism theorem, we

have IG:N\ = \{ae): ioe) n N\. Since the order of <ae> is a 2-power by as-

sumption, we conclude that the index of N is a power of 2. Since TV is a proper

subgroup, G contains a normal subgroup of index 2.

Case (B). From Table V, we have

/-i (p-D/2-(2(-iye+1)2(com +co_m)f/e
+ Z   ¿ —^-— = o.

1=0    m = l X,- (1)

Procedures sirrular to Case (A) yield

0//2(l)2 - r//2X?0)Ö//2(l) - X7(D "1=0.

If 7y,2 = 1, then

[0//2(l)+l][0//2(l)-(l+Xo"O))]=O.

Since 0//2(l) + 1 * 0, so 0//2(l) = 1 + Xo (0- It foUows that X//2(l) =

Xo1(l)-0//2(l) = Xo'(1)- l -Xon(0=-l; this is a contradiction. Therefore,

Tf,2 = -1. Then we have

i0//2O)-i][0//2(i)+i+XonO)]=o.

Since 0//2(l) + 1 + Xoil) * 0, so 0//2(l) = 1. Thus 0//2 is a linear character.

Now by the same argument as Case (A), we get the desired conclusion.
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