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ABSTRACT. We study extensions of dymanical systems defined by co-
cycles into nilpotent Lie groups.

1. Introduction. An important class of flows in ergodic theory are those de-
fined by one-parameter subgroups acting on a homogeneous space of a locally
compact group. If the homogeneous space is actually a compact abelian group,
the resulting flows are a model for those with discrete spectrum and are reason-
ably well understood. The case in which the homogeneous space is a compact
nilmanifold was studied in detail in [1], and studies have subsequently been
made for the case of homogeneous spaces of solvable and semisimple Lie groups.
(See [2] and [8], for example.) It was pointed out by Mackey [7] that a natu-
ral generalization of this question was to begin with a fixed ergodic flow and to
consider cocycles of the flow taking values in various locally compact groups. In
this way, one obtains “homogeneous space extensions” of the original flow, in
which the fibers are a fixed homogeneous space. The case in which the homo-
geneous space is a quotient space of a compact group is of central importance in
the notions of relatively discrete spectrum and generalized discrete spectrum, dis-
cussed by the author in [10], [11]. In this paper, we begin consideration of the
case in which the homogeneous space is a compact nilmanifold. Two important
questions about nilflows considered in [1] are the (related) questions of ergodic-
ity and identification of the discrete spectrum. The point of this note is to ob-
tain analogous results concerning the questions of ergodicity of extensions and
identification of the relative discrete spectrum.

As is often the case in the study of extensions, the reader will gain by ex-
amining the results from the virtual subgroup viewpoint [7], although no special
knowledge of this notion is required for reading this paper. §2 below contains
preliminary material, concerning the space of finite dimensional subspaces of a
Hilbert space, which will be used in the main part of the paper, §3. §3 uses
many of the notions of [10], [11], and the reader is referred there for undefined
terms.
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2. The Borel space of finite dimensional subspaces. In this section, we ex-
amine properties of the space of finite dimensional subspaces of a separable Hil-
bert space H, with dimension less than a fixed integer. In particular, we will show
that it can be given the structure of a complete separable metric space, and that
the natural action of U(H), the unitary group of H, on this space is jointly con-
tinuous, if U(H) has the strong operator topology. Finally, we will show that for
certain subgroups of U(H), the quotient space under the natural action of this
subgroup is a standard Borel space. It is this type of result that will prove useful
in the study of ergodic extensions.

Let B be the closed unit ball in H. Then B is a bounded complete separable
metric space, with the metric d induced by the norm. Let C be the set of closed
nonempty subsets of B. Various notions of convergence in C have been investi-
gated. C is a complete metric space with the Hausdorff metric p defined by

p(E, F) = max {:161% d(x, F), ysgg d@y, E')}

(See [6, §§15.VII and 29.1V].) Another notion of convergence, which has been
investigated by Effros [3], can be described as follows: Let F,, be a sequence in
C. Define
liminf F,, = {x € B|x = limx,,, for some x, € F, },

and

limsup F, ={x €EB|x = limx,,l,

where x,, y €F, . for some subsequence F, . of F,}.

Finally, define F,, — F if F = limsup F,, = liminfF,,. As pointed out by Effros
[3, p. 930] it is easy to check that p(F,, F) — 0 implies F,, — F.

Now let F¥ be the set of subspaces of H of dimension < k and F, =
{(VveC|V=BnV forsome V' €FF}.

PRroPOSITION 2.1. Fy is closed in (C, p).

Proor. If V,, € F, and V,, — 4, 4 € (, it is straightforward that 4 is of
the form A" N B, where A’ C H is a subspace. To see that dim A’ < %, suppose
there are k + 1 orthonormal elements in 4, say v;, ..., V. Foreachi, v, =
lim, v;,, where v;, € V,,. Thus, given any e, we can find n with (v;, [v,,) <e
forallp#1i, 1 <i,p <k +1,and (v, lv,,) > 1 —¢. Since dim ¥, <k for all
n, this is clearly impossible.

PROPOSITION 2.2. F, is separable.

ProoF. Let S be a countable dense set of the boundary of B, and let T =
{A C S| card(4) <k}. Then T is also countable. For each A €T, let [4] =
span(A4) N B, so that [T] is a countable subset of F,. If V € F, let
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Uy, ...,V 1<k be an orthonormal basis of span(¥). For each j, choose
s; € S such that d(v;, i) < j~!. One can readily verify, using standard tech-
niques in the geometry of Hilbert space, that p([sy, . . . , s,;], V) — O as
j— . Thus Tis dense in Fy.

COROLLARY 2.3. F is a complete separable metric space with the Haus-
dorff metric.

F, thus becomes a standard Borel space, with the Borel structure induced
by the topology. It will be important for us to know when a map from a given
standard Borel space into F is Borel. The following result, though not precisely
in this form, is essentially due to Effros.

PROPOSITION 2.4. Let S be a standard Borel space and suppose v;:S — B,
i=1,...,p,p <Kk, such that {v(9)};=, ., is orthonormal for each s. Then
8 — F, defined by s — span ((v,(s)}) N B is Borel.

Proor. F¥ and F, each have a topology defined by the convergence
closed subsets [3, p. 929] and it is easy to see that the map r:F*¥ — Feo r(X) =
X N B, is a homeomorphism. Thus 7 is a Borel isomorphism for the correspond-
ing Borel structures, which we call the convergence Borel structures. Now the
proof of the theorem of [3, pp. 930, 931], shows that the convergence Borel
structure on F, is the same as the Borel structure induced by the Hausdorff
metric. Thus, to show s — span({v;(s)}) N B is Borel, it suffices to show that
S—Fk s— span({v;(s)}) is Borel, where F ¥ has the convergence Borel struc-
ture. The corollary to [4, Theorem 2] shows that this is Borel if there are
countably many Borel maps w;: S — H such that {w;(s)}; is dense in
(span{v;(s)})*. But for each wEH, w(s) =w— ={w [v;(s))v(s) is Borel and lies
in (span{v,(s)})l. Choosing a countable dense set of w’s in H produces the re-
quired functions.

We now examine the natural action of the unitary group on Fi.

PRrorosITION 2.5. Let U(H) be the unitary group of H. Then the left
action of U(H) on F, defined by U(H) x F,, — Fy, (U, V) — U(V) is jointly
continuous, where U(H) has the strong operator topology.

ProoF. Suppose U, — U and p(V,, V) — 0. We have p(U,(V,), U(V)) <
p(U,(V,), U, (V) + p(U,(V), U(V)). It is straightforward to check that
p(U,(V,), U,(W)) = p(V,, V) — 0. Hence, it suffices to show that
p(U,(M), U(V)) — 0. Letv,,..., v, be an orthonormal basis of span(¥), and
let € > 0. Then for n sufficiently large, we have d(U,v;, Uv)) < €/\/p for each
i=1,...,p. letx€UV),sox=2Zaq;Uy;. Letx, €U, (V)bex, =
Za;U,v;. Then
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lx =x,0l = || 34U~ Uyu) I
<(Zlai I2)1/2 (le U, - U,.v,llz) 1/2

<1-.(@pep)/? =e.

Hence, for n sufficiently large, d(x, U,(V)) < € for all x € U(V), and the same
argument shows that d(y, U(V)) < e for all y € U, (V) (n sufficiently large).
Hence p(U(V), U,(V)) — 0, completing the proof.

We now specialize to the case where H = L2(R"). Let U, (¢ € R") denote
the regular representation of R” on H.

LEMMA 2.6. Let g € L*(R™), ligll = 1, and V C L*(R") be a finite dimen-
sional subspace. Given any € > 0, there is an N such that ||t]| = N implies
WU, f—gl>1—¢, forall fEV with |Ifll = 1.

ProoFr. Letf,,..., fp be an orthonormal basis of V. We can choose
R >0 so that for A = {x|llx|| > R}, f, |f; ;| < e/2p* for all §, j and r >0
so that, for D = {x|llxll >r}, [ Ig|* <e/2. Suppose fE V and |IfIl = 1.
Write f = Z 4, f;, with |¢;| < 1. Then

2 _ 2 _ rRx
St = |Zanf =, |§aia;ﬁf;|
< 2 € _€
<Ef4 lf}f} I<p 2p? T2
Now choose N>R +r, and let t ER"” with |[¢]] >N. ThenR"-DCA -t
Since llU,f—gIl2 =2 -2l{U,flg)|, it suffices to show that [{U,flg}| <e.

But
| [v.r-8|< [ 10r1g1+ [ 01U S1lel

<ULty (1wt
(L 0P (S )

<IU SIS +5lgl <e.

PropoSITION 2.7. Let R act on F . by R"” x Fi — Fi., (1, V) — U(V).
Then the action is jointly continuous and the orbits are locally closed.

Proor. Continuity follows from Proposition 2.4 and the strong continuity
of the regular representation. To see that the orbits are locally closed, let ¥ €
F.. If V = {0}, the orbit of V is clearly closed. So suppose ¥ # {0}, and let
Q be the open set F, — {0}. We claim orbit(¥) N  is closed in §2, which suf-
fices to conclude the result. So suppose there is a sequence L€ R” such that
p(U,i(V), W) — 0 as j — o, for some W € Q. Choose x EW, llx|l = 1. Then
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there is a sequence v; € ¥ with U, (v;) — x in norm. Dividing v; by lly;ll if neces-
sary, we can assume Ilvjll = 1. Suppose {ti} is unbounded. Then, by Lemma

2.6, for some subsequence tik)> We will have || Ut;(k)(”l(k)) —x|| = %, which is
impossible. Thus {¢;} is bounded, and hence has a subsequence converging to

some ¢. But then W = U, (V) € orbit(V).

COROLLARY 2.8. Let fk be the space of orbits in F, under the action
of R". Then fk is a standard Borel space with the quotient Borel structure.

Proor. This follows immediately from [5, Theorem 2.9].

3. Cocycles into nilpotent groups. We now turn to the subject proper of
this paper, compact nilmanifold extensions.

We review some basic facts concerning extensions, cocycles, and cocycle
representations [7], [10]. Let G be a locally compact (second countable) group
and let S be an ergodic Lebesgue G-space. Thus, there is a Borel right G-action
on S and a probability measure y on S invariant and ergodic under G. Suppose
M is a standard Borel group. Then a function a:S x G — M is called a cocycle
if for all g, h € G, ofs, gh) = ofs, g)a(sg, k) for almost all s €S. If M = U(H),
then a is called a cocycle representation of S x G. Two cocycles a, §:S x G
—> M are called equivalent or cohomologous if there is a Borel function ¢:5 —
M such that, for each g € G, ¢(s)afs, £)¢(sg)~! = (s, g) a.e. As pointed out
by Mackey, the collection of (equivalence classes of) cocycle representations of a
fixed G-space has a similar structure to the (equivalence classes of) unitary repre-
sentations of a group. For example, if «:S x G — U(H;) and :S x G —
UH,),a®p:5S xG — UH,; ® H,) is defined by (a ® f)(s, &) =a(s g) D
B(s, g). Infinite direct sums and tensor products can be similarly defined. We
say that a is a subcocycle representation of v if 4y is equivalent to a @ f for some
B. If v has no subcocycle representations v is called irreducible. On the other
hand, if ¥ = =%, where 7; are finite dimensional, we say that y has discrete
spectrum. Another, perhaps more geometric, way of looking at cocycle represen-
tations is as follows. If y:S x G — U(H), we let H, = [gH ds = L*(S; H).
Then v induces a unitary representation U” of G on H,, defined by (U7)(s) =
v(s, g)f(sg). This is simply translation by the G-action combined with a “twist”
defined by 7. Then subcocycle representations are in one-one correspondence
with U7-invariant fields of subspaces in f® H ds.

Cocycle representations arise naturally in the study of extensions of ergodic
actions. Namely, suppose ¢ : (X, p) — (Y, v) is a measure preserving Borel map
of G-spaces where Y is ergodic. Decomposing u with respect to v over the fibers
of ¢, L2(X) becomes a Hilbert bundle over Y, and there corresponds a naturally
defined Y x G cocycle representation [10, §2]. One then hopes to study the
extension X — Y by means of this cocycle. In particular, [10] and [11] were
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devoted to studying the situation in which the cocycle has subcocycle representa-
tions with discrete spectrum. The direct sum of the finite dimensional subcocy-

cles is called the relatively discrete spectral part of X over Y, and if this is all of

L?(X), we say that X has relatively discrete spectrum over Y.

Examples of extensions arise from cocycles into locally compact groups.
Thus, if @: S x G — H is a cocycle with H locally compact, and Hy C H is a
closed subgroup, then a defines an action of G on S x H/H,, given (almost
everywhere; see [10, Proposition 3.2 ff.]) by (s, [4])g = (sg, [#] a(s, g)). In
this case, L>(S x H/H,) = f§ L*(H/H,) ds and the natural § x G cocycle repre-
sentation of this extension is just Toa:S x G — U(Lz(H/Ho)) where 7 is the
natural representation of H on L2(H/Ho), i.e. the representation induced by the
one dimensional identity representation of Hy. If H is compact, then S x H/H,,
has relatively discrete spectrum over S. However, for noncompact H, this is no
longer true in general.

In this paper, we consider the case in which H = N, a connected, simply
connected nilpotent Lie group, and D C N is a uniform discrete subgroup. We
suppose that «: S x G — N is a cocycle, so that S x N/D is a G-space extension
of S.

The two questions we shall consider here are (i) to obtain criteria for the
ergodicity of S x N/D, and (ii) to identify the relatively discrete spectrum of
S x N/D as an extension of S [10, Definition 5.1]. Our approach is to apply
results on the irreducible representations of nilpotent Lie groups to cocycles into
these groups in a fashion similar to the way in which these results were applied
to one-parameter subgroups in [1, Chapter V].

When S is one point and G = R, the cocycle defines a nilflow, and [1, The-
orem V.4.2] shows that the nilflow on N/D is ergodic if and only if the factor
flow on N/D[N, N] is ergodic, and that the subspace of L2(N/D) generated by
the eigenfunctions of the flow is precisely L2(N/D[N, N]). Corollaries 3.4 and
3.5 below are the natural generalization to extensions of these results. The
reader is referred to [1] for unexplained results and notation about nilmanifolds.

We begin with a result we shall need about cocycles into R".

PROPOSITION 3.1. Suppose a:S x G— R" isa cocycleand y=Uo° a
where U is the regular representation of R". Then if v has a subcocycle with
discrete spectrum [10, §4], then a is equivalent to the zero cocycle.

Proor. If v has a subcocycle with discrete spectrum, then there is a G-in-
variant sub-Hilbert bundle, s — V(s), of the product bundle s — L2(R"), where
V(s) is finite dimensional for all 5. By virtue of ergodicity, dim ¥ (s) is constant
on a conull Borel set, so changing ¥(s) on a null Borel set, if necessary, we can
assume dim V(s) = k, for some k <. By Proposition 2.4, ¥V:S — F is Borel.



COMPACT NILMANIFOLD EXTENSIONS OF ERGODIC ACTIONS 403

Furthermore, G-invariance of {¥(s)} implies that, for each g, (s, &) (V' (sg)) =
V(s) for almost all s. This can be written

™ afs, g) - V(sg) = V(9),

where the left side denotes the action defined in Proposition 2.7. Let p:F, —
f,, be the quotient map onto the space of orbits. Then p o V is Borel, and it
follows from () that, for each g, (p ° V) (s) = (p o V)(sg) for almost all s. By
Corollary 2.8, ? x is standard, and it follows from the ergodicity of G on S that
p ° V is constant on a conull Borel set Sy C S. Thus, there is some R"-orbit

A C F with V(s) €A for all s €S,. Changing ¥ on S — S, we can assume
V(s) € A for all s. Now R" acts transitively on A4, so we can choose a Borel
function X : 4 — R", such that, for all 2 € 4, \a) - @ = a,,, for some fixed

a4y €A. Letc:S— R" bec=N\e V. Then c is Borel and c(s) « V(s) = g, for
all s €S. Define B(s, g) = c(s) + a(s, g) — c(sg). Then B is a cocycle equivalent
to a, and we claim that, for each g, U(B(s, g))(ay) = a, for almost all 5. The
left side is [c(s) + a(s, &) — c(sg)] - ap = [c(5) + a(s, &)] - V(sg) = c(s) - V(5)
=a,. However, g, is a finite dimensional subspace of L2(R"), and the only ele-
ment of R” that leaves a finite dimensional subspace invariant is 0. (This follows
from Lemma 2.6, for example.) So, for each g, (s, g) = 0 for almost all s, and
this suffices to conclude the result.

Now let a:S x G — N be a cocycle and let ¢ be the representation of N
induced by the one dimensional identity representation of D. Then ¢ is the direct
sum of irreducible representations of N, which are either one dimensional or infinite
dimensional. Our main results will follow from

THEOREM 3.2. Let m be an infinite dimensional irreducible subrepresenta-
tion of o, acting in a Hilbert space H. Then if the cocycle representation 1t o a:
S x G — U(H) has a finite dimensional subcocycle representation, the action of
Gon S x N/D[N, N] is not ergodic.

We first prove a lemma.

LEMMA 3.3. Let A, B be locally compact groups and h: A — B a surjec-
tive homomorphism. Suppose a:S x G — A is a cocycle and that h o o is
equivalent to the cocycle into the identity. Then a is equivalent to a cocycle in-
to ker(h).

PROOF. Let A:B — A be a Borel section of 4. Let b:S — B be a Borel
map such that, for each g, b(s)(h © a)(s, g)b(sg)~! = e for almost all . Let
¢ =2Ao b Then for each g we have c(s)a(s, g) C (sg)~! € ker(h) for almost
all s.

PROOF OF THEOREM 3.2. There is a subgroup N, of N with [N, N] C
Ny C N such that N/N, = R", and = is induced by a one dimensional representa-
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tion x of Ny [1, Corollary V.3.2]. Furthermore, we can assume that the scale is
chosen in R" such that the quotient map q : N — R" = N/N,, satisfies q,(D) # 0,
q,(D) C Z, the group of integers, where gq,, is the nth coordinate function of q.
Let B:R™ x N— T! (the unit circle) be a cocycle corresponding to the represen-
tation x of Ny [9, Theorem 8.27]. Then we can realize the cocycle p =7 o @

as follows: H = L2(R™), and for each f € H, t ER",

o, N® = BE, a@, D + q(a®, 9)).

Now let U be the regular representation of R™ and define the cocycle
y="Uoqoai.e. for fELXR™), (YO, &) (D) = f(t + q(a(y, £))). Since
BB = 1, it follows in a straightforward manner that p ® p =y ® ¥ on L2(R")
® L%(R™) = L2(R" x R™). It follows from [10, Lemma 2.13] that p has a
finite dimensional subcocycle representation if and only if y does. However
qe a:S x G— R" is a cocycle, and Proposition 3.1 implies that g © a must be
equivalent to the zero cocycle. From Lemma 3.3, we then conclude that a must
be equivalent to a cocycle ¢ taking values in K = ker(g). To show that the action
on S x N/D[N, N] defined by a is not ergodic, it suffices to show that the ac-
tion defined by c is not ergodic [10, Corollary 3.4]. D[N, N] is a normal sub-
group of N and we let ¢: N — N/D[N, N] be the quotient homomorphism. To
show that the action defined by c is not ergodic, it suffices to show that
(¢ ° c)(S x G) is contained in a proper closed subgroup of N/D[N, N] [10, Cor-
ollary 3.8].

To this end, we let K, = ker(g,,); we claim DK, is closed. So suppose
d; €D, x; €K, and d;x; — x €EN. Then q,(D) C Z and q,,(K,) = 0, s0
4,(d)) = q,(d;x;) — q,(x). Thus q,(d;) is eventually constant, so we can in
fact assume it is constant. Let e; € N with d; = d,e;. Then ¢; € K, and d, ¢:x;
— x. Thus e;x; — dy 'x, and since K, is closed, dy 'x € K. Hence x € DK,,
showing the latter is closed. Since K, D [N, N], DK, O D[N, N], it follows
that ¢(DK,) is a closed subgroup of N/D[N, N]. Since DK, # N (otherwise
g,(N) C Z, which is impossible by the connectedness of N), $(DK,) # N/D[N, M.
Lastly, it is clear that (¢ o ¢)(S x G) C ¢(DKy). This completes the proof.

COROLLARY 3.4. S x N/D is ergodic if and only if S x N/D[N, N} is
ergodic.

ProOF. We can write L2(S x N/D) = H ® L%(S x N/D[N, N]) where
H =Z°L%(S; H), and H, is the subspace of L2(N/D) corresponding to an infinite
dimensional irreducible subrepresentation =, of 0. Suppose that S x N/D is not
ergodic, so there is a nonconstant G-invariant f € L2(S x N/D). If S x N/D[N, M
is ergodic, then f & L3(S x N/D[N, N]) and hence, for some i, the orthogonal
projection of f onto L%(S; H)), say f', will be nonzero. Then f' is also G-invariant,
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and it is straightforward that this implies that 7, o a contains the identity co-
cycle. By Theorem 3.2, this is impossible. Hence S x N/D[N, N] is not ergodic.
The converse assertion is clear.

We remark that conditions under which S x N/D[N, N] is ergodic are given
in [10, Corollary 3.8], as N/D[N, N] is a compact abelian group.

COROLLARY 3.5. Suppose a:S x G —* N, and that S x N/D is ergodic.
Then the subspace of L*(S x N/D) corresponding to the relative discrete spec-
trum of S x N/D over S [10, Definition 5.1] is precisely L*(S x N/D[N, N1).
In particular, every finite dimensional subcocycle of o © a is one dimensional.

PROOF. Let s — VAs) be a finite dimensional G-invariant subbundle of the
product bundle s — L2(N/D). If the orthogonal projection of ¥(s) onto H;is
nonzero on a nonnull set, then m; ° a contains a finite dimensional subcocycle
representation which contradicts Theorem 3.2. Thus

W(s) C L*(N/DIN, N1)

for almost all s. Conversely, one can see, as in [10, Example 4.1] that
L%(S x N/D[N, N]) has relatively discrete spectrum over S.
For completeness, we include the following result.

PRrOPOSITION 3.6. Suppose a:S x G— N is a cocycle and S x N/D is
ergodic. Then S x N/D has generalized discrete spectrum over S [11, Definition
84].

PROOF. Let A4, be a decreasing sequence of neighborhoods of [e] in N/D
with N A;={[e]}. Then it follows from the fact that N acts distally on N/D
[1, Theorem IV.3] (see also the remark in [11, Example 9.7]) that A, is a rela-
tive separating sieve for § x N/D over § [11, Definition 8.5]. The result now
follows from [11, Theorem 8.7].
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