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ABSTRACT. Let (¢, 7(t)) be a plane curve. Set H.yf(x, y) =
pv.[f(x—t,y —y())dtft for f € C:(Rz). For a large class of curves, the
authors prove IIH, fll, < 4,1l §/3 < p < 5/2. Various examples are
given to show that some condition on the curve (¢, y(t)) is necessary.

1. Introduction. In [NRW] it was shown that if o(t) is the curve in R
given by
ot) = (It"sga (@), - . . , 161" sgn(®),
with a; > 0, then the *“Hilbert transform along ¢” given by

776x) = pov. [ fex - o) &

is a bounded linear transformation on LP(R™) for 1 < p <o, In the same paper
it was shown that if ¥(7) is an odd continuous function of ¢, convex and in-
creasing for ¢ > 0, equal to #* for 0 <t <1, and equal to at + b for ¢ large,
with b # 0, then the Hilbert transform along the curve t — (¢, v(?))

O T, 5) = p. | f0x = 1,y =) &

is unbounded, even on L2(R2).

Thus it is clear that the convexity of a function y(¢) is not sufficient to
insure the boundedness of the operator T, defined by (1), on some LP(R?). The
main purpose of the present paper is to study operators of the form (1), and to
find sufficient conditions for the boundedness of the operator T.

We begin by giving conditions which guarantee that T is bounded on
L*(R?). Our first positive result is

THEOREM 2.1. Suppose y(t) is a continuous odd function of t, twice con-
tinuously differentiable and convex for t > 0. Suppose in addition that there
exists & > 0 so that t™*v'(¢) and (t7'(¢))’ are monotone increasing. Then T is
bounded on L*(R?).
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Theorem 2.1 covers a large class of functions () including
1O = It sgnt, v =sen@ [ = 1], or () =t V11,

However the theorem does not apply to y(¢) = tloglt|, and to deal with such
curves, we have

THEOREM 2.2. Suppose (1) is a continuous odd function of t, twice
continuously differentiable and convex for t > 0. Suppose in addition there are
constants C> 0 and « so that (i) ty'(t) — v(t) < Ct24"(¢), (ii) t*7"(?) is mono-
tone, and (iii) (t7'(t))’ is monotone increasing. Then T is bounded on L*(R?).

Both Theorems 2.1 and 2.2 are proved by showmg that the associated
multiplier m(x, y), defined by (Tf) (x y) = m(x, y) f (x, »), is uniformly
bounded on R?. (Here, and throughout this paper, * denotes the Fourier trans-
form.) These estimates are proved in §2.

In §3, we give sufficient conditions on the function v(¢) for the operator
T to be bounded on LP(R?) for some range of p about 2. Our main result is

THEOREM 3.1. Suppose that +(t) is a continuous odd function, twice con-
tinuously differentiable, increasing and convex for t > 0. Suppose in addition
that 7" (t) is monotone for t > 0 and that there exists C > 0 so that v'(f) <
Cty"(t) for t > 0. Then the operator T is bounded on LP(R?) for 5/3 <p <
5/2.

The proof of Theorem 3.1 uses Stein’s interpolation theorem, and is
similar to the proof of Theorem 1 in [NRW]. We show that certain “roughened”
operators remain bounded in L2(R?), while sufficiently “smoothed” operators
are bounded in LP(R?) for 1 < p < . In dealing with these improved operators,
we do not have kernels with appropriate homogeneity as in' [NRW], so we must
use the Marcinkiewicz multiplier theorem rather than a Calderon-Zygmund type
argument. In effect, this means that our kernels must be smoothed a definite
amount, rather than just € > 0, and this is why we obtain boundedness in
LP(R?) only for a proper subinterval of 1 <p < oo

It is clear that the hypotheses of Theorem 3.1 are stronger than those of
Theorem 2.2. In particular the function y(r) = tlogl|¢| satisfies the hypotheses
of Theorem 2.2 but not those of Theorem 3.1. We show in fact that the method
of proof of Theorem 3.1 definitely fails for zlog|¢| (Theorem 3.2). In some
sense, the difficulty is that zlog|¢] is very close to a straight line, and the esti-
mate 7'(¢) < Cty"(¢) no longer holds. However, in Theorem 3.3 we show that
certain roughened operators do remain bounded in L2(R?) when 7(¢) is very
close to a straight line.



HILBERT TRANSFORMS ASSOCIATED WITH PLANE CURVES 237

Given 0 < g < b < o, we can always decompose the operator T defined
in (1) by writing:

Tfx, y) = pv. f_‘af(x —ty- 7(0)%’- + f

a<iti<pf&E ~ 6y~ 7(&)%

+ p'v'J‘|t|>bf(x =Ly -Kt))%

= Tlf(x’y) + TZf(x’y) + T3f(x’y)’

The operator T, is convolution with a finite measure, and hence is bounded on
LP(R?) for 1 < p < . In particular, this shows that only the behavior of ()
near zero and near infinity can affect the boundedness of the operator T. While
we have stated Theorems 2.1, 2.2, and 3.1 so that they apply only to the full
operator T, an examination of the proofs will show that they apply as well to
the truncated operators T, or T;. Thus in checking that a function y(f) satisfies
the hypotheses of one of our theorems, it is only necessary to check that the
appropriate estimates hold near zero and near infinity.

In particular, it follows from Theorem 3.1 that if y(¢) is real analytic, the
truncated operator T, is bounded on LP(R?) for 5/3 <p < 5/2. Thusit is
reasonable to ask if sufficient smoothness of the function y(¢) near 0 implies
the boundedness of the truncated operator T;. However in §4 we show

THEOREM 4.1. There is an odd, C”-function y(t), defined for -1 <t <
+ 1, increasing and convex for t > 0 such that

T,f(x,y) = pv. f f,’f(x —tLy- 7(0)%5
is unbounded on L?(R?).

Again, it might be asked, especially in view of the counterexample in
[NRW], if sufficiently rapid growth of v"(¢) as ¢ gets large insures the bounded-
ness of the operator T;. However, we show

THEOREM 4.2. Let Y(t) be any increasing function of t. Then there exists
an odd, C™-function %(t), increasing and convex for t > 0, with ¥"(t) = ¥(¢)
such that T3f(x,y) = pV.f |y, f (& = t,y = ¥(1)) dt/t is unbounded on L*(R?).

The examples for Theorems 4.1 and 4.2 are constructed by using “partition
of unity” type arguments. However, it is not necessary to leave the class of ele-
mentary functions to find cases where T; is unbounded. We show, for example,
that

dt
570, 3) = p. 150 fO6 = 1,7 — se0(OVloglt 1) -

is unbounded in L2(R?). (In contrast, note that the arguments of Theorem 3.1
show that
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= - It] Q
RfGe, ) = pv.f,  fx, £,y = sen(e! ™) %

is bounded on LP(R?) for 5/3 <p < 5/2.) We also show that the associated
maximal function

Mf(x, )= sup 57 [V 1fGx ~ 1,y ~ log leDdt
)= s |, .y ~log

does not define a bounded operator on any LP(R?), p < e.

2. Boundedness in L2(R?). In this section, we obtain sufficient con-
ditions for the operator T defined in (1) to be bounded on L2(R?). Through-
out this section, y(¢) will denote a continuous odd function of ¢, which is con-
vex, and twice continuously differentiable for £ > 0. Our main results are:

THEOREM 2.1. Suppose there exists « > 0 so that t™*v'(f) and (t7'(t))’
are monotone increasing. Then T is bounded on L*(R?).

THEOREM 2.2. Suppose that there are constants C > 0 and a so that
@ ') -1 <),
(i) t*+"(¢) is monotone increasing,
(iii) (¢9'(t))’ is monotone increasing.
Then the operator T is bounded on L*(R?).

Both of these results will be obtained as corollaries of the more general
result:

THEOREM 2.3. Suppose there exists C > 0 so that for all £ > 0 and all
t >0 with t & [h¢, 2¢],

O] @) -y <ClY@E)- Y@L

Suppose also that (tv'(£))' is monotone increasing. Then T is bounded on
L?(R?).

Clearly, the boundedness of the operator T on L2(R?) is equivalent to the
uniform boundedness of the corresponding multiplier m(x, y), where (7¥) ° x,)
=m(x, y)f (x, ). An easy calculation shows that

- . dt
m(x, y) = p.v.f o SInGz +yy(M) .
We shall need the following elementary result:

LEMMA 2.1. Let A <B,let h € L™((4, B)) N C'((4, B)) and suppose
(h()/t)' = O has at most k roots in (A, B) = (— 1, 1). Then

[2snh % l< @ + 4R)lhl...
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ProOOF. We certainly have |f1!sin()h(¢)dt/t] < 2|\hll,,. Next, if Ly sy
are successive roots of (4(t)/f)' = 0, so that A (t)/t is monotone on (¢; 1), the
second mean value theorem gives

@) :
f] —=2d( cos(t))|<2llhll (It,I +|f+1|)

J? l+

[ sin(O)h() &

The lemma follows by adding these estimates.
We turn now to the proof of Theorem 2.3. Suppose that x, y > 0, and
consider

mex, ) = [ sinGxt = ) E = [ +

where £ satisfies v'(£) = x/y. Note that [f2% v sin(xt — yy(8))dt/t] < log(4), while
(xt — yv(2)) is monotone increasing on the interval (0, %£), and monotone de-
creasing on the interval (2¢, ). Hence the function s(f) = xt — y(t) has an
inverse on each of these intervals, and we write this inverse as ¢ = u(s) in both
cases. We then have:

hE _ dr _ -\'(Vt) sp(s)
fo sinGxt =) ()[ “(s)]

[resinGer =) eE <[ 7 sinGo) [s“((?]

Note that on (0, s(}2£)) and on (= o, s(2£)), (1'(s)/u(s))’ = (logu(s))” = O has a
root if and only if (xe’ — y7y(e?))" = 0 has a root, and this last equation has at
most one root for any value of x and y by the hypothesis on (£7'(f))’. It thus
follows by Lemma 2.1 that to show that m(x, ) is bounded, it suffices to show
that (s p'(s)/u(s)) is uniformly bounded for s & [s(14£), s(2£)]. This is the same
as showing that (xt — yy(£))/t(x — y7'(¢)) is uniformly bounded (independent of
x and y) for t & [%§, 2¢]. But

xt-yy®) _ _Gmt=v® _ Y®t=10)
te=yr@®) tlEM-YOl -0

ty'(t) — ()

tY'®-rY@Or
The hypothesis of Theorem 2.3 thus shows that m(x, y) is uniformly bounded
if x 20,y <0. The quadrant where x <0, y = 0 is handled similarly, and the
two quadrants where x and y have the same sign are even easier, since then xt +
»7(2) is then monotone on (0, ). Thus Theorem 2.3 is proved.

We turn next to the proofs of Theorems 2.1 and 2.2. To prove Theorem
2.1, suppose t~7'(¢) is monotone increasing. If ¢t < %£, we have t™v'(f) <

=1+
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£ 7/(¥) and hence 7'(¥) > (¢/D*7'() = 2*7'(¢). But then

O -1 _ YO -1 1
th'®) -1 o'®k=-1] 22-1

A similar argument works if ¢ > 2§, and thus ~*v'(f) monotone increasing
implies condition (). Thus Theorem 2.1 is proved.

To prove Theorem 2.2, suppose that

@) t7'(®) - 1) <C2+"(1), and

(i) t*v"(¢) is monotone increasing.

Note that

2

') -y _ | - EY' () — () _ vy — (ke
') - 17') HE-60 YO-7®°
By the generalized mean value theorem, the last of these three terms is, in ab-
solute value, equal to |(n7'(n) — Y())/m*7"(n)| where n is between ¢ and £, and
this is uniformly bounded by (i). But the second term in (2) is the same as the
left-hand side of (2), with the roles of £ and ¢ interchanged. Hence it suffices to
show that (27'(t) — (D)) (t7'(®) — t7'(a)) is bounded when ¢ < %a.

Now assume that t*y"(f) is monotone increasing. Without loss of gen-

erality, a > 1, we have

1@ -70)= [, 70> ev'o) [ ds
_ 1 " _(a 1-a 1- 2""' ”
-apreli-(3)7]> () o
') — () a=1\t'® -0
0 0 < <C
|r7 O-0® <1 - 21-*!) 29"(t)
by hypothesis (i), and this completes the proof of Theorem 2.2.

3. Boundedness in LP(R?). In this section, we show that there is a large
class of curves y(f) such that the operator T defined in (1) is bounded on LP(R?)
for a range of p about 2. Throughout this section we shall make the following
hypotheses about the function y(f):

(i) 7(?) is a continuous, odd function, convex and increasing

for t > 0.
™) (ii) 7 is twice continuously differentiable for £ >0, y"(£) >

0, and 7"(¢) is monotone for ¢ > 0.

(iii) There exists C > 0 so that 7'(f) < Cty"(¢) for ¢ > 0.

We note that condition (iii) follows from condition (ii) if ~4"(t) is monotone
increasing, but does not follow in general if y"(¢) is decreasing (as for example
in the case v(f) = tloglt|). We also note that since ~'(f) is monotone increasing,
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we obtain the additional estimates:
(@) ) <CY'(H) and (1) < Cr2y"(t) for some C > 0.
The main result of this section is

THEOREM 3.1. Under the hypotheses (i), (ii), and (iii), the operator T, de-
fined in (1), is bounded on LP(R?) for 5/3 <p < 5/2.

In proving Theorem 3.1, we shall need the following lemmas:

LEMMA 3.1 (VAN DER CoRrPUT). Let f(t) be a twice continuously differ-
entiable function ona <t <b.
() Iff'(9) is monotone, and |f'(£)| =\ fora <t <b, then

b
f _expif(f)de| <.

(i) IfIf'(t)| > ufora <t <b, then

f :exp if()dr

Here C is a constant independent of a, b, and f. A proof of this lemma
can be found in [Z, Vol. 1, p. 197].

<cul?,

LEMMA 3.2. Let g(t) be a function of t satisfying

@) 1) <4, ltl for ltI < 1.

(b) eI <A, tI™" for |t| = 1 and some n > 0.
Then there exists C > 0, independent of x, y, a, b, so that

[Lexpilxt + yr() sov) &

< Cl4, +4,].

Proor. For y fixed, choose t5 > 0 (depending on y) so that |y |y(ty) =
1. Now

f:exp ifxt + yy(1)] 80’7(‘))4;{' < f : 120(1) '%{I

- fltl<to:t€[c,b) + fltl>ro;te[a.b]'
Now using (a),

o dt Yo dt
I, wovon & <4191, 0%
fo ,
<4,Cly [, 7Odr by @
=4,C.
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Using (b),

b
Jia 1807 <y 1y [

b
SAC I, 9@ Y @de by ()
b
<4 Cly )t < A,

This completes the proof.

LEMMA 3.3. Let g(¢) be an even, differentiable function of t satisfying
(@ ls@)I<Ay, foritI<]1,
(b) £'(t) = 0 has only a finite number of roots for |t| <1,
© lg®)| <A,lt|" for |t] =1 and some n € (— o, + %),
@ 18O <A;le1™ for 111> 1.
Then there exists C > 0, independent of x, y, and a, so that:

pv.f j:expi[xt + y7()] g(yy(t))%’ll <CA, +4, + 43].

ProOF. Again for y fixed, choose ¢z, > 0 so that |y|y(¢,) = 1. For any
€ <t,, we have:

J.< ei<r, Pl + J"Y(’)]g(y‘f(f))g;t' , < | fcine toeXpi[xt]g(y'y(t))itt-

+ fe<ltl<toly| @l sy(®)I %tl

The second integral is easily seen to be bounded by CA,, by using hypothesis
(a), and estimate (iv). On the other hand, for |¢| < ¢, the function t — g(y¥(f))
is uniformly bounded, and piecewise monotone by hypothesis (b), so by the
second mean value theorem, the first integral is bounded by CA,.

We next deal with the part of the integral where |¢| > t,. If ¥"(¢) is
monotone increasing, put

o) =~ f , expilxs +yv()] ds,
while if ¥"(¢) is monotone decreasing, put
t
o) = f . eXpi [xs + yv(s)] ds.
(}

Then dy(t)/dt = expi[xt + yy(t)], and Lemma 3.1 shows that in either case
le@®| < C(y1y"(®)™%. Now
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f o dt 2 0607) % = o()507) 1 )

£ !! ‘@) _ 20v(®)
-f, ¢(t)[ Dy —gt;’ ]dt

For the boundary terms we have
lo(MYOE IS Cly My @)™ 4, Ly ()" - 1/t
< CA, Iy "% by ().

Since n < %, and v(?) is increasing, this shows that the contribution from the
boundary terms is bounded by CA,. On the other hand, the integral term is
bounded by

A3y MOy () Ay Iy @e)"
a 12 mp-1/2 123
cf, e [ ; |
< CA,lym1? f YOV 2o ()t + Cay |y [ 'r(t)"’3’ 2y (t)dt
<C4, +C4,.

The integral f ‘o (dy(r)ydt)g (ry(t))dt/t is handled similarly, and this completes
the proof of Lemma 33.

LEMMA 3.4. Let g(1) be a function of t such that [=_l|g(t)|dt < C. Then
b !
| J2 expilxt + (0] 37 08 ®) dtl <c.
PrROOF.

f : expilxt + yy()] 7' (Og(rv(t)dt I < f: Y IY@®lgGr@)lat.

Now making the change of variables # = yy(t), we obtain the required estimate.

We now turn to the proof of Theorem 3.1. Our argument is similar to
that in the proof of Theorem 1 in [NRW]. We introduce an analytic family of
operators T, determined by

(T,N "6, ») = m(x, )7 (x, )

where
m,(x,) = pv.[_expilst + 1] (1 + Yoy L

Thus my,, is the multiplier corresponding to our original operator T. We will
show:

(A) If € > 0 and if Re(z) = % — €, the operator T, is still bounded on
L%(R?) with operator norm lszlle < C,(1 + |Im(z)[), where C, depends only
on €.
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(B) If Re(z) < — 1, the operator T, is bounded on LP(R?) for 1 <p <
oo, with operator norm ||T, IIL p S C(1 + |Im(2)|) where C depends only on
Re(2).

The theorem follows from (A) and (B) by using Stein’s complex inter-
polation theorem (see [SW, p. 205]). To prove (A), let g(t) = (1 + £2)*. Then
£(?) satisfies Lemma 3.3 with 7 = 2Re(z), 4, and A4, constants depending only
on Re(z), and 4; < C(Re(z) + |Im(2)]). It then follows from Lemma 3.3 that
if Re(z) = % — €, m,(x, y) is uniformly bounded on R2, with bound C(1 + {Im(z)[)
where C depends only on €. This is equivalent to statement (A).

To prove statement (B), we will show that for Re(z) <2 — 1, the functions

om, om, o‘m,
mz(x,y)’x—a_x_(x’y)ay_ay_ (x,»), and xy w x,»)

are uniformly bounded on R2. It then follows from the Marcinkiewicz multiplier
theorem that T, is bounded on LP(R?), 1 <p <. (See [S, p. 96].)

Using the definition of m,(x, ), we see that we must show that each of
the following six integrals is uniformly bounded in x and y if Re(z) <-1:

W pf T ewilxt + O1A + 0 L,

@ py.f ;exp ifxt + yy(O1x(1 + y24(6)2F dt,

@ pvf expilst + OIOTON + 5102 L,

@ pvf expilet + 370120 + 2 1@PF - 2 0R £,
©) P""f :.exP ixt + yyOlxGy@OX1 + Y2 v(O?) at,

©  pv. [ expilxt + yr®)]x(l + Y@ - BP0 d.

The boundedness of (1) follows from Lemma 3.3 with g(f) = (1 + £2)*.
The boundedness of (3) and (4) follows from Lemma 3.2 with g(¢) = ¢(1 + £2)*
or g(f) = 2zt*(1 + £2)*~1. To take care of (2), (5), and (6) we note that they
all can be written

p.f " (N Onp(e)dt

with h(f) respectively (1 + £2)%, t(1 + £2)7, and 2z¢2(1 + £2)*~!. Integrating
by parts, we obtain

expifxt + YY)l O () 2w

—pv. [ expilxt + y7®] DY ORGAE) + 37 OF G¥@O)] de.
As long as h(¢) is uniformly bounded, the contribution from the boundary terms
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is bounded. The boundedness of the integrated terms follows from Lemma 3.4,
with g(f) = h(f) or g(t) = h'(t). Note that g(¢) is integrable provided 1 + 2Re(2)
< -1 or Re(z) < -1. This then completes the proof of the theorem.

It is clear from our proof that the same theorem holds for the truncated
operators T, or T, defined in the introduction. In particular, we obtain

COROLLARY. Let ¥(t) be a real analytic function on [0, 1], with ¥(0) =
0. Then

TG, y) = pv.f ) 1= 1,y = sa@n(e) S

is bounded on LP(R?) for 5/3 <p <5/2.

ProOF. After making a change of variables in x and y, we can assume
7'(0) = 0. We can write y(t) = t¥y(f) where N > 2, ¢(?) is real analytic, and
¢(0) # 0. Without loss of generality, we can assume ¢(0) > 0. Then since ¢ is
real analytic, we can find an interval (0, a) on which we have ¢'(¥) > 0, ¢"(f) >
0, ¢'(t) < Ctp"(#). The Corollary then follows from Theorem 3.1.

It was pointed out in the introduction that the curve y(f) = tlog|¢| sat-
isfies the hypotheses of Theorem 2.2 but not those of Theorem 3.1. We now
show that the method of proof of Theorem 3.1 is sharp in the sense that for
() = tlog|t|, the worsened operators fail to be bounded in L2(R?). More pre-
cisely, we show

THEOREM 3.2. Let 6 > 0. Then
_ - . 221002 1¢1)° &
mg(x, y) = pv.|__expilxt + ytloglt|] (1 +y*t"log®|21)° =
is unbounded on R2.

ProoF. If we make the change of variables ¢ = sex/” ,and if we let r =
ye"‘/—" , R = —x/y, we obtain

mg(x,y) = f :sin(rslogs)(l + Ps?(log(s) + R)?)® g:-
We shall show that for each fixed 7,
mg(x, y) = c(DR*°r*® + o(R?®)
as R tends to infinity, where
c(r)= f :sin(rslogs)s““s"l ds.

We shall then complete the proof by showing that ¢(r) tends to infinity as r
approaches zero, and hence c(7) is not identically zero.
Write
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R1/4 ds
mg(x,y) = f o Sin(mslog)(l + r?s?(log(s) + R)’)‘5 -

+ f;lmsm(r‘ﬂ‘)gs)(l + r2s(log(s) + R)z)a dS
= A(r, R) + B(r, R).
Then
— R1/4 A 1 log(s) 2)s ds
A= (rR)28fo sm(rslogs)‘Rzr282 + < R + 1) 528 2

R
= (rR)”f0 sin(rslogs)s?® -dsi+ o(R*®) asR —> oo,

By Van der Corput’s lemma (Lemma 3.1), we have

C
f sin(rslogs)ds < —— Flogt *

Hence an integration by parts shows that
™ 5/2—-1/4
: 26—1 g0 = 0 JROIZT T
leMsm(rslogs)s ds 0{ ToaR }

as R — oo, Hence

A(r, R) = /R)*%c(r) + o(R?®) asR — oo,
It remains to show that B(r, R) = o(R?%). This is proved similarly, by using
Van der Corput’s lemma, and integrating by parts. Hence to complete the proof
of the theorem, it only remains to show that ¢(r) tends to infinity as 7 tends to

zero.
Clearly, as r tends to zero,

cn=0Q1)+ fwsin [rslogs] 5281 ds

x26-—l
=0(1)+ = f TR0 & (1 - cos(rs log s))ds

=0(1) + %f:(l ~ cos(rslogs))

A1 - 28y2672 4 S d__
1+ log(s)§ 1 + log(s)

Now for any positive €, this last integral is larger than

amt-e

) $20-2-€4s > £ for some n > 0.

N
This shows that ¢(r) tends to infinity, and completes the proof of Theorem 3.2.
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Thus we see that when v is very close to a straight line, and in particular,
when the estimate /() < Cty"(f) fails, the worsened operators in Theorem 3.1
can fail to be bounded in L2(R?). It is possible, however, to prove L2(R?)
boundedness for certain modified worsened operators for curves close to a straight
line. For simplicity, we shall only deal with the case of Im(z) = 0

THEOREM 3.3. Let y(t) be a continuous odd function of t, twice contin-
uously differentiable and convex for t > 0. Suppose there exists C > 0 and
a <2 5o that

@) ¥"(9) is monotone decreasing for t > 0,

(i) t*y"(¢?) is monotone increasing for t > 0,

(iii) #Y'(t) = ¥(t) < Cy"(t) for t > 0,

@iv) (¢v'(t))' is monotone increasing for t > 0.

Let € > 0, and define

m(x, y) = p.v. f "~ expilxt + yyO1 (1 + YA ()R

Then m(x, y) is uniformly bounded on L*(R?).

dt
-

PrOOF. For each fixed y, let ty, > 0 satisfy |y |£37"(ty) = 1, and write
mE,3) = B fugy P, =THIL

Now (1 + y2t%y"(£)*)*/4~¢ is monotone increasing in ¢ and is uniformly bound-
ed for || <t,. Hence by the second mean value theorem, and Theorem 2.2,
the integral I is uniformly bounded in x and y.

Next, set H(t) = f, expi[xs + yy(s)] ds. Since 7" is monotone decreas-
ing, Van der Corput’s lemma (Lemma 3.1) gives |[H(#)| < C(ly 1v"(£))"!/2. Hence
integrating by parts in II we obtain

dt

MG S C Ji (1@ 17" @) 2 22

"o =Y 2. m1-Y-2e D o 2 m dt
A SR CA ARG B Le40) ZOrT O
=R +S.
Now
« 1 dt
rR<e| —mM——%
f’° [yl ®]% !

C it dt
by (ii)
[l)’“a n(to)]zg Lo tl+(2—a)2e

¢
[Iy1827"(t,)1 ¢
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" 2." oo
@dn(Iy1fr’ @) o o - L du _ o~
o [Iylry @11t ul*e
This completes the proof.

S<C

4. Examples. In this section, we construct the examples, mentioned in
the introduction, of curves y(f) for which the truncated operators T, or T fail
to be bounded, even on L2(R?).

THEOREM 4.1. There exists an odd, C™-function y(t), defined for -1 <
t < +1, with ¥"(t) > 0 for t > 0 such that

+1 dt
T fGx,») = p-V-f_, fe—ty—vO)F
is not bounded on L*(R?).

PRroOF. Choose a sequence of positive numbers {a,} such that a; <1
and a,,, <a,/4n + 1). Let ¢(?) be an odd C*-function on [-1, +1] such
that

@) v(@)=0fora, <t<na,aln=1,

(i) ¢(t)>0for(n+ 1a,,, <t<a,aln>=1.

Put y(r) = [} J§ ¢(r)drds so that v"(£) = ¢(f) on [-1, +1]. Note that v is odd
and C* on [-1, +1]. Clearly v, along with all its derivatives, vanishes at ¢ = 0,
so we obtain

(@) 7() <Ct? fort>0.

Also, since ¥"(f) = 0 on [a,, na,], there are real numbers A,,, 1,, so that
(b) v(®) =A,t+n,o0n [a,,na,].
To prove the theorem, it suffices to show that
m,(x,y) = p.v.fjll expi[xt + yy(t)] %t- = (20) f ; sin(xt + y(£)) d—tt-
is unbounded on R2. To do this, we will show that there exists C > 0 so that,
for each n there exists (x,,, y,) so that

na

fe,

n dt
sin(x,? +y,v(0) 7~ = log(n)
while

. dt
f:e[o,n it La, ma ] sin(x, ¢ + ¥, 7(?)) Tl <C.

First note that if we let x = -\, y, then

na

Ja,

"sner + 1) E = | ::" sin(yn,) & = sin(yn,) log(n)
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and we can find arbitrarily large y so that sin(yn,) = +1. Thus we are reduced
to showing that for y sufficiently large

Jo

n dt
sin(-\,, yt + yv(9)) T <C

and
f. ' sin (A, +y*r(t))g,£ <cC.
nan
Note that
1 d N d 1IN
fo ysm(")\nyt"'}")'(t))?tl < fo ysm(—)\nyt)Tt +|y|f° y‘y(t)gtﬁ

<C by(a).
Also note that | f ;:; | and | fi:a" | are each bounded by log2. Hence we are
reduced to studying" g
hay dt 1 . dt
fl N yXP i\, yt + yv(O] 3 and I 2m'nexp i[-\, yt + yv(2)] T

Now -\, y + y7'(?) is monotone increasing and negative on the interval AL,
%a,]. Hence if we put

0= [, exp i\, yt + Y O],

Van der Corput’s lemma (Lemma 3.1) shows that |¢(s)| < C/1y7'(s) = ¥, l.
Thus, by the second mean value theorem we obtain

c

< .
1y %17 (4a,) - 2, 1)

han dt
J 1y TP IR 2t + 270

Since 7" is strictly positive on ((n + 1)a,, ,, a,), 17'(%a,) — A\, > 0, and hence

this integral is uniformly bounded for all sufficiently large y. The term '

s ; na. SXPi[-Npt + yv(t)) dt/t| is handled similarly. This completes the proof.
n

THEOREM 4.2. Let Y(t) be any given positive increasing function of t.
There exists an odd C*-function (1) defined for |t| > 1 such that ¥"(t) > ¥(t)
for t > 0 and such that

" dt
TyfGc,3) = B J oy G~ 1,7 = 1O
is unbounded on L*(R?).

ProoF. Pick a sequence of positive numbers a, so thate, > 1 and q,,,,
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>4na,. For each n, choose ¢, so that Y(r) <c, for a, <t < na,. Let p(?)
be an odd C*-function defined for all ¢, which satisfies:

(@ w2 y@)fort=1.

(®) 80(1‘)"0 fora, <t<na,.

@© f%a p(s)ds = c,a, + (n* - 1)c,a®,n=1,2,.

n*n?
2
(d) fa:a" p(s)ds = (n? - l)cnan.
(€) Synsp(s)ds >mnic,al.

Let ¥(1) = J§ So9(r)drds, so that y"(f) = ¢(¢). To prove the theorem it suffices
to show that

my(x,y) = f: sin(xt + yy(1)) gf-

is unbounded on R2.
For each n, we can write

2na,
my(x,y) = f Ya, + f,, fzna,,

ap
=[4+MN+1I+IV+V,

Clearly |II| and |IV| are bounded by log(2). We will show that there exists
Yn € (1/(n? - Daic,, 2/(n® - 1)ac,) so that if X, =Y, U:” ¢(9ds —cpa,l,
then |IlI(x,,, y,)| = Clog(n), while |I(x,,, ¥,)| < C and |V(x,, y,)| < C, where
C is independent of n.

For I and V, we consider fexpi[x,t + y,7()] dt/t where the integral is
taken over the appropriate interval. The derivative of f(f) = x,t + y,7(?) is
x, + y,7'(¢) which is negative and monotone increasing in [1, %a,]. Hence
using the second mean value theorem, and Van der Corput’s lemma (Lemma 3.1)
we have
1y Y < S = <

n = a q /2
1%, +y,7(%a,)l v le,a, - f °n¢(s)ds + f o ¢(s)ds|

C
= ———F < by ()

2 _ )2
In sz a 0(s)ds —c,a, | Yal(n® = Dagcy)

<C

since y, € (1/(n? — 1)a’c,, 2/(n* — 1)a3c,).
Similarly, [V(x,, ,)| is bounded by
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C C
N = 2na a '
1%, +yp7 (2nay)| ”, f , " o(s)ds - fo" o(s)ds + c,a,
C C
< —m, <— o2 (by (@)
) I OL = Deaty
<C

if y, = 1/(n* - DaZe,.
Finally, for ¢ € [a,,, na, ], we have

1 n 1 an
¥(@) = 2—cnt2 + [fo o(s)ds — cnan] t+ [5 c,,a,’, —fo s.p(s)ds] .

Hence
na

fannsin(xnt + y,7(1) %t- = fa nSin(l-l,.(t)) é}'

where
1 n
By(8) =, [5 c,t® + (% cnat - fo scp(s)ds)] .

The change in u,,(f) over [a,, na,] is 4y,c,(n* = 1)a2 <1 for any y, €
(1/(n® = 1)aZe,,, 2/(n* - 1)a2c,). On the other hand,

an

H@y) =Yn Ena: ‘f 0 stP(S)ds] < y,m(n? - 1)c,a5.

Hence we can find y, € (1/(n* - 1)a2c,, 2/(n* — 1)a3c,) so that [sin(u,(1))| >
8 > 0 on the whole interval ¢, < ¢ < na,. This shows that [IlI(x,, y,)| >
& log (n) and this completes the proof of the theorem.

Finally, we consider the operator T associated to the curve t — (¢, log|t|).
For ¢t > 1, we shall show, in fact, that the associated maximal function

h
MrGx,) = sup 5 ety ~logt)at

is unbounded on LP(R?) for p < e, To see this, let f(x, y) be the characteristic
function of the rectangle I, = {(x, »)I0 <x <N, 0<y < 1}. Then for every
point (x,y) suchthat y K0 and 0<x +e? <Nand0<x +el™V <N, we
have Mf(x, y) > 1 = ¢!, If M were bounded on LP(R?) we would have

m{Gx, M, ») > 1 -1} < CIAP < .

But an easy calculation shows that the measure of the set of points when y <
0,0<x+e Y <Nand 0<x +e'™” <N is bigger than CNlog (V). Hence
M is unbounded on LP(R?). One can show that the operator
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dt
Tyfx,y) = p-V-L,,>,f(x ~t,y -~ logltl)
is unbounded on LP(R?) in a similar way.
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