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JOHN T. DALY AND PHILIP B. DOWNUM

ABSTRACT. Several characterizations are given for the Banach algebra
of (n — 1)-times continuously differentiable functions whose (n — 1)st deriva-
tive satisfies a bounded Lipschitz condition. The structure of the closed pri-
mary ideals is investigated and spectral synthesis is shown to be satisfied.

0. Introduction. The aim of this paper is to study the ideal structure of
the subalgebra of D"1[0, 1] (the algebra of (n — 1)-times continuously differ-
entiable functions on [0, 1]) consisting of functions whose (n — 1)st derivative
satisfies a bounded Lipschitz condition. We present several characterizations of
this algebra and then show that every closed ideal I is the intersection of primary
ideals determined by [; i.e., that spectral synthesis holds. We show further that
the closed primary ideals are determined by the differentiability properties of the
algebra.

We let D" (the interval [0, 1] is fixed throughout) be the algebra of func-
tions f for which there exists a sequence {fp};=l of functions f,, € D" such that
If, = fllpmy = 0 and sup,[If,ll, <o where || - ll, = Z}_ollf Pll./i! is the stan-
dard Banach algebra norm on D”. D" is a commutative Banach algebra under the
norm

Il = inf{sl;puf,,u,,: f, €D" and If, = fll,_, — 0}.

D" is easily seen to be regular since we have D" C D" C D™! by Theorem 1.3.

In [7] D. Sherbert studies Banach algebras of Lipschitz functions on metric
spaces. His work includes D! as a special case although the theorem on spectral
synthesis was obtained later by Waelbroeck [8] and independently by G. Glaeser
[3]. Henceforth we refer to D" as D.

1. Functions with bounded nth-order differences. This section is devoted
to the proof of Theorem 1.3 which characterizes D as an algebra of functions
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280 J. T. DALY AND P. B. DOWNUM

which satisfy a Lipschitz condition on the (n — 1)st derivative. We begin with
several preliminary definitions and lemmas.

The kth order divided difference of f(x) is defined inductively by setting

AN ) = f(x),  ALF(x) =f(x + h) - f(),
Abfo) = A fe + B) - AK 1 f(x) fork=2,3,... .
An easy induction yields
k
Abfy=Y ¥ (f)f(x + hi).
i=0

If f®)(x) exists, then

-1 B
:I_I::) hk _f( (x)’

but not conversely. (See [2, p. 65] or [5].)

LEMMA 1.1. Let f(x) be a continuous real-valued function defined on (a, b)
such that |A%f(x)| < Mh", M < oo, whenever a <x <x + nh <b. Then |A},
o A,‘,nf(x)l <Mh, - - - h, for any choice of x and n positive numbers h;
which satisfy a <x<x+h; +---+h, <b

PROOF. We set g(x) = Mx"/n! and observe that A}(g(x) % f(x)) > O since
ARg(x) = Mr". By [1, Lemma 1, p. 497] we have A}, - - - A, (5(x) £ fix)) > 0.
The desired inequality is immediate upon the substitution of the identity A,‘,l
-'°A,‘,ng(x)=Mh, +-+h,. O

Suppose now that lim,_, (AR f(x)/kP) = P)(x) exists on (g, b). Then

(Aﬁf(x + ik))
P

k k
kP = S () @x + iy = S 1F7( %) 1
24100 = £ 0} +109 = 3 €0(]) m

h—+0
AP f(x
= lim (Af;‘ ft )>.

h—>0 4
Hence if |A} f(x)| < Mh" for a <x < b, we have

A;'.A%"’f(x)> <ih

1 o(n—1) =1 _
a5 D)l ;x_%l( e

by the preceding remark and Lemma 1.1. We summarize these results in Lemma
1.2 for later reference.
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LemMa 12. If f® )(x) exists on (a, b), then

AL f(x)
w )

w0 (o

Moreover if |A} f(x)/h"| < M on (a, b), then |(A}/h)f (=Dx)| < M on (a, b).

The next theorem contains several characterizations of the functions in .
The proof presented here relies strongly on results obtained by Boas and Widder
[1]. The authors thank James Case for pointing out this reference.

THEOREM 1.3. Let f be a continuous complex-valued function defined on
[0, 11. The following statements are equivalent:

(a) fED"! and there exists a sequence &, C D" such that llgp, = fllp—q
— 0 and sup,lig,ll, =M <.

(b) There exists a sequence (g,) C D" such that llgp, = flle — 0 and
sup,ligpll, =M < e

(c) There exists M < = such that |AL f(x)| <Mh" (0 <x <x +nh <1).

() £ s absolutely continuous and |f™(x)| < M a.e. on [0, 1] for
some constant M < eo.

PrOOF. We can assume that f(x) is real-valued without loss of generality
since we can break f(x) up into its real and complex parts. We show that (a) =
(b) = (c) = (d) = (a). The implication (a) = (b) is immediate since ||fll,, <
I1A1l,_, for all f.

Suppose next that &, C D" is as in (b). Given x and & with 0 <x <x
+ nh <1, we have A} f(x) = lim,_, ,A}g,(x) by the uniform convergence of
(g,) to f. Thus

ALS(x)
hn

g, (%)

p—+oo

since 1A% g, (x)| = 184 (w, ,)i"| <M by hypothesis with w, , determined by
the mean value theorem for nth order divided differences [2, p. 65]. Thus (c)
holds and (b) = (c) is established.

We show next that (c) = (d). First consider the case n = 1. Given € > 0,
set 8 =¢/Mand let {[x,, y;]: 1 <i<r} be a finite collection of disjoint intervals
in [0, 1] with Z{|y, —x,| <§&. Setting h; = y; — x;, we have

3 10 ~ 7)1 = 3 18} 1)1 < 3 My <5 = e.
1 1 1
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Hence f is absolutely continuous on [0, 1] and thus f'(x) exists a.e. Moreover
LGl = llim,, (A} f(x)/h)] < M wherever f'(x) exists and (d) holds.

We now assume that (c) holds and that n > 2. Set g(x) = Mx"/n! where
M is the constant in (). As in the proof of Lemma 1.1, Aj(g £+ f) > 0. By [1,
Theorem, p. 497], (g £ £)(*2) are convex continuous functions. Consequently
the right- and left-hand derivatives (g £ £)¥~1) and (g £ £){"~1) exist, are nonde-
creasing, and satisfy (g £ f){*"D < (g £ P (see [5]). Thusf*~2) =
%[ + H®2) - (g — )"2)] exists and is continuous. Moreover

D = e+ NV 88T — (@ NPT —e )
=g+NEV-g+nHIrM =0

since g(""') exists. Note that the quantities in brackets yield the existence of
78D and £, Similarly, writing

- = gV - @ - N - B - - N

we obtain £ — f{"~1) <0 and thus that f§1) = 1) = f071),
We show next that f*~1) is absolutely continuous. Given € > 0, choose §

=¢/2M. Let {[x;, y;]: 1 <i <r} be a finite set of disjoint intervals with

zl: V(”—l)(y,) _f(n—l)(x1)| = ; lA’llif(n"l)(xi)l.

By Lemma 1.2

A (x)
- T 1 h i
A1) = lim A — e

hence there exists §; such that

Ay ARG
1 An— l £
lA"‘f(n l)(x,) - 1 !< 2

whenever 0 < h <§;. This can be written as

AL ;)
- € h i
'A'l'xf(" D)< 57+ |4, —ar for 0< h<3$,.

For 0 <h <hy =min{d,,5,,. .. ,8,} we have
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IO — 10l = T f 06

Ay () r
1 h i €
Ah,__h—l <2+;Mz,<e

n

e r
DT>

by Lemma 1.1. Thus f (n=1) js absolutely continuous and f () exists a.e. The
inequality If(")(x)l < M follows easily as in the n = 1 case since f (")(x) =
lim, o (AL FGR)/R™).

Thus it remains only to show that (d) = (a). Suppose f satisfies (d). Since
™ e L0, 1] and £ is essentially bounded by M, there exists a sequence
{p,) of polynomials with |Ip,ll, <M for all » which converges to f ™) in the L!
norm [6, p. 68]. We can write the Taylor expansion for f in the form

f6) = 2 o) ezt -

1), 1 /2(x - P71 (s d.

Set

0= % f""( e e W R L

1/2

It suffices to show that llg, = fll,_, — O since lg” ()| = Ip,(x)| < lIp,ll..
< M yields sup,liq,ll. <M <oo. We have

) - a0l = 61—_—%_—,‘)7 = TR0 - ) dtl

1
(n—-1-k)!
But this goes to zero with r since p, converges to f ™) in L. Thus lig, = fll,—;
— 0 and (a) holds. O

Several interesting observations follow directly from the theorem. First is
the fact that a sequence from D" with uniformly bounded nth derivative which
converges in supremum norm to a function in D"(D™) must actually converge in
the D"~ norm.

The second observation is the fact that we can characterize D as the set D
= {fecCio,1]:f (n=1) 5 absolutely continuous and If(")(x)l < M for some M
< oo whenever f(")(x) exists}. Consequently we have D" C D C D""!. Given
FEDset

< [ r®® - poldr foro<k<n-1,

I = Z 2PN + Ll
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where [||f]l] is the ess sup|f (")(x)l. It can be verified directly that || - ||' is a
Banach algebra norm on . Since D is semisimple, || - ||’ and || - || are equivalent
[4]. The natural injection ¥ of D™ into D is an isometry with respect to || - |I'.
The next proposition asserts that the same is true for || - ||.

ProposiTiON 14. [Ifll, = IF(NII.

PrOOF. Suppose f € D" and (fp C D™ with || fp = fllpmy —>0and B =
sup, [Ilfp Il <ee. Since fl(,") — &) uniformly for 0 < k < n, it suffices to
prove that B = |l|f]ll.

Suppose B < |lIflll = lf(”)(xo)| for some x, and set 2¢ = |f (")(xo)l -B.
Since A} f(xo)/n" — £™(x,), (AR fCxo)/H™ = f ()(xo)! < € for some h suffi-
ciently small. By the mean value theorem for nth order differences [2, p. 65],

AR 1, (o)) = 1) < IFI. < B,
and thus

[ARf(xg)/A"| = [lim(ALf, p(xo)/hn)| <B
which is contrary to the choice of . Thus B = |||f]l| and the proof is complete.

2. The structure of J(K) in D. In this section we introduce several closed
ideals which play a fundamental role in our treatment of the ideal structure of D.
These ideals are important in any regular Banach algebra (see for instance [4]).

The hull of an ideal J in D is the set H{I) = {x: f(x) = 0,f €I}. Since
each f €I is continuous, H(I) is a closed subset of [0, 1]. Given a closed set K
in [0, 1], the set M(K) = {f € D: f =0o0nK} is a closed ideal in D with hull X.
Moreover if I is any other ideal in D with H(I) = K then I C M(K).

By a theorem due to Silov [4] the smallest closed ideal J(K) with hull X
(closed) can be specified in a regular Banach algebra. Namely, J(K) is the closure
in D of the set of functions in D which vanish on an open neighborhood of K.
Thus any closed ideal I with hull X must satisfy J(K) C I C M(X).

In the event that K = {x} we will write M, and J for M(K) and J(K) re-
spectively. Here M, is precisely the maximal ideal of D at x. The maximal ideal
space of D is identifiable with [0, 1] in the natural way.

We turn now to the problem of characterizing J(K). Our results here are
the natural extensions of Sherbert’s Theorems 5.1, 5.2 and 5.3 [7]; the proofs
make use of these results and utilize similar techniques.

THEOREM 2.1. Let K be a closed set and f € 0. Then f € J(K) if and only

if f satisfies
@ fPx)=0foralxEKand 0<p<n-1,

o
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(i) ARS(x)/h" — 0as (x, k) — K x {0}.

PrOOF. We show first that the set S of f € D which satisfy (i) and (ii) of
the theorem is closed in D. Let W= {(x, h): x€EK,h>0andx + nh €
[0, 1]}. Given f € D, set ¥(f) = f* where f*(x, h) = (1/n)A} f(x)/h" for
(x, k) € W. W is norm decreasing and thus continuous from D to C(W), the
space of bounded continuous functions on W, since

ARf(x)
hn

1
* - —
I/ “w 1 sup

1
< plisn <A

where || - I, denotes sup norm on W. S, = {g € C(W): g(x, k) — 0 as (x, h)
— K x {0}} is closed in C(W). Thus S = ¥~!(S,) is closed in D.

Functions which vanish in a neighborhood of X satisfy conditions (i) and
(ii) and thus are in S. Since these functions are dense in J(K) and S is closed, we
have J(K) C S.

To obtain the opposite inclusion we choose f € S and show first that
£ € JY(K), the corresponding ideal in D*. We have f(»~1) € D! by Theo-
rem 1.3. Since £~ vanishes on K it suffices to show that Alf =1 (x)/p —
0 as (x, ) — K x {0} [7, Theorem 5.1, p. 251]. Given (x, h), set

AR f(x)
" |

M(x, ) = sup
0<5<h

By Lemma 1.1 [(A}/h)(AF " f(x)/6" )| < M(x, k) whenever & satisfies h +

(n-1)6 <nh. By Lemma 1.2
A, (A’g"f(x)) _ l Al ( o Az"‘f(x)>'
Tl h \s»o &1 |
= [(ALRXF" D)) < M(x, h).

s»o | B\ &
Since M(x, k) — 0 as (x, k) = K x {0}, ALf1) (x)/h does also and we have
oY e ).
Thus there is a sequence (gp) C D! such that each & vanishes on a neigh-
borhood Up of K and Ilgp -f ("—l)lh)l —> 0. The assumption that f satisfies con-
dition (i) enables us to write Taylor’s Theorem in the form

f&x) = (n_;z)!f:o(x -0 D@ dr  for x, €K

Set
hy(x) = (n_-IT)T _[:o(x ~ g () dt
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and note that f, = h;, vanishes on U, since h,, is constant on the components of
u p- The convergence of fp to fin D follows from the observation that

P ~£Olle = =gy | 6~ ey 0 - D)
<Klg, - /"Dl <Klig, =f*Vllp —0 for0<i<n-2

together with the D! convergence of gp to f (n=1) " This establishes that fe
J(K) and completes the proof. ©

We will denote the pth power of an ideal I by IP. The elements of the
ideal I” are finite sums of products IT"_ f}i from I where i, +i, +---+1i, =
b, i; positive. An easy application of Leibnitz’ Rule for differentiating products
shows that if f € MP(K), then £ vanishes on K for 0 <r < min(p - 1,n - 1).
It is a consequence of Theorem 4.6 on spectral synthesis that MP(K) s precisely
the set of f € D for which f() vanishes on K for 0 <r <p <n. Theorem 2.4
states that M"+1(K) = J(K). Since J(K) is the smallest closed ideal with hull K
we have MY(K)=J(K) forallg =>n + 1.

The proof of Theorem 2.4 is based on the following lemmas. We begin by
noting that

L _ )
i) = X () Ah s ete + ).
This is Leibnitz’ Rule for nth order differences; it is easily established by induc-
tion.

LEMMA 22. Assume that f € M(K). Then Ak fP(x)/h* — 0 as (x, ) —
K x {0} forallk<p<n+1.

ProoF. We will proceed by induction on p. The result is clear forp =1
since Ag f(x) = f(x). Assume now that the result holds for p — 1 and apply
Leibnitz’ Rule to fP~!(x) - f(x). This yields

AP | | & kY AP ARG + i)
H* - ,‘::0 (i ) K At

AFlf(x + in)
hk-i

.

k-1 Al gp—1
('.‘ ) a0 fGx + kh)l

<
i§0 ! 4

Ak P71 (x) '
=

AL IfGe + kR

k=1 7\ | AL ()
<i§0(i ) A
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The sum tends to zero by the induction hypothesis while the last term tends to
zero since fE M(K). O

LEMMA 2.3. Assume thatfl,fz, ce ,f, € M(X) and that i, ... ,i,are
positive integers with sum p. Then A =1 fl’l WH* — 0 as (x, k) — K x {0}
foreachk <p<n+1.

PrROOF. The previous lemma is the case 7 = 1. Assume now that the re-
sult holds for all s < r. Leibnitz’ Rule applied to the product (f {1)(n;=2 f,’i)
yields

AT ) _ (¥ (A&.ff‘(x))( A, 17 +Jk)>
i

H* = Y h""
Hence
AT ) |0 AL
S|k (5]
aka_, 1)

Y (;‘)ufilu-

j=iy

Al

Each sum goes to zero, the first by Lemma 2.2, the second by the induction hy-
pothesis. O

THEOREM 24. Let K be closed. Then M**1(K) = J(K).

PrROOF. Lemma 2.3 and the comments preceding Lemma 2.2 show that
products of the form I}_, fli € M"*1(K) satisfy conditions (i) and (if) of Theo-
rem 2.1. It follows 1mmed1ately that M*+1(K) C J(K). Since J(K) is the small-

est closed ideal in D with hull K, J(K) = M"*1(K). ©
We now state a result which will be useful in the next section. It is the

statement for D of Sherbert’s Theorem 5.3 [7, p. 253]; the proof is the same
once Leibnitz’ Rule is used to establish condition (ii) of Theorem 2.1.

PROPOSITION 2.5. Let K = {x}. A closed linear subspace L of D which
satisfies J, C L C S is an ideal where S". = {f€D: D) =0,0<i<n}.

3. Higher order point derivations and primary ideals. In this section we
examine the connection between closed primary ideals in D and nth order sys-
tems of point derivations on D. An ideal I in a Banach algebra is primary at x if
its hull is precisely {x}. Thus a closed ideal I in D is primary at x if and only if
J,CICM,. Aset of n + 1 linear functionals {d,, d,, ...,d,} is a system
of point derivations of order n at x if for each k, 0 <k <n, d satisfies Leibnitz’
Rule,
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kK rk
40 =3, ( ,.)d,-wk_,-tz),
=0

for all f, g € D and if dy(f) = f(x) for all fE D. A linear functional d on D is
an nth order point derivation at x if {dy, d,, ...,d,_,, d} is a system of
point derivations of order n at x where d;(f) = f (x )(x). We consider only con-
tinuous point derivations in this paper.

Let I be a closed ideal in D. For each j, 0 <j < n, set H/(I) = {x|f P(x)
=0,i=0,1,...,j~1,f€I}. Thus H'(I) = H({I) is the hull of I. Let D,
denote the set of nth order point derivations at x and let D (I) = I In D, =
{de€D,:df=0forall fETI}. D,(I)is a weak-star closed subset of D, (see
[7, p. 263]).

We begin with a slight extension of a result of Singer and Wermer [7,

p- 262] which states that d € D* is a point derivation at x if and only if it van-
ishes on Mi and the identity 1 €D. Let S% = {(f€D. f ‘i)(x) =0,0<j<p}
for 0 <p <n. S% is a closed primary ideal at x and M, C S2. Clearly S,l‘ =
M, ; Proposition 3.5 shows that S£ = M, for all p.

LeMMA 3.1. Suppose that d € D* vanishes on £5_ @ Cz - x) ® J,
and d[(z = x)"] =\ #0. Then ad €D, where « =n\"!.

ProoOF. It suffices to verify that ad satisfies Leibnitz’ Rule. We can ex-
press f € D in terms of its Taylor expansion about x in the form

10="% 196 L3 + Fe)
where
Fo) = oyl - or s ae
Thus for f, g € D we have

u—z( > OV k)

#0= 3% - )(z - 1) + f()G() + 8 () - FR)GE).

it+j=k

It is easily checked that F and G are in S” and that (z —x)” € S2™!. We obtain
OYRW()
dR)= X ! (35, (x) d(z —x)" + d(fG + gF - FG)
i+j=n

£P0)ePx)

l']'

i+j=n
since d(F) = df and d(G) = d(g) by the hypothesis on d. Substituting ad for d,
we get

A + flx)d(g) + g(x)d(f)
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n-1
(i) = rexed + 2. ()00 + sexedn

and thusad €D,. ©
We can now characterize the closed primary ideal J, in terms of D, and
the vanishing of the first n — 1 derivatives.

PROPOSITION 32. J, =Dl NS2. That is, D,(J,) = D,.

ProoF. We show first that J = D} N S7 is a closed ideal primary at x.
Since J is clearly a closed subspace with hull {x}, it suffices to show that fg €J
forf€J and g € D. Givend € D, we have

n—1

) =T (7)rOese) + ) + alete) = 0

since f € S and d(f) = 0. Since fg € S}, J is an ideal.

Since J, C J it remains to prove that J CJ,.. Thus we suppose that f ¢
J,. By the Hahn-Banach Theorem we can choose d € D* which vanishes on
JxQE;;fo & C(z - x)P but not on f or (z —x)". Thus by Lemma 3.1 od €D,
for some & # 0. But then (ad)(f) # 0 shows that f ¢J and thus that J =J,. O

If I is a closed ideal in D, then for each x € H(J) the primary component
of I at x is the smallest closed primary ideal at x which contains I, This ideal
will be denoted by I,. We turn now to the problem of characterizing I.. Given
a weak-star closed subset H of D_, we set I(H) = H'N S;'.

LemMA 33. I(H) is a closed primary ideal at x.

PROOF. It is easily seen that I(H) is a closed subspace and that I(H) C S¥.
Since H C D, H* O D} and thus I(H) = H' N S7 D J,, by Proposition 3.2.
The conclusion now follows from Proposition 2.5. O

PROPOSITION 34. Suppose that 1 is a closed ideal in D and that x € H(I).
Then I, = I(D,(I)). In particular S} = M.

x

PROOF. Lemma 3.3 shows that I, = I(D,(I)) is a closed primary ideal at
x. Since I C I, it follows that I, C I,. Asin the proof of Proposition 3.2 given
f €I, we can use the Hahn-Banach Theorem and Lemma 3.1 to find d € D,(I)
with d(f) #0. But then f¢ 1, and thusI; =1,. O

This proposition describes I, in the event that x € H"(I). It remains to
examine the primary ideals J at x where x € HP(I) but not in HP*(I) where 0
<p<n-1. We note first that I C S? and that IS} C S?*! where IS, is the
standard product ideal. By hypothesis we can choose f € I with f (p)(x) #0.
Let d2*! be any (p + 1)th order point derivation at x (d2*1(f) = F@+V(x) if
p + 1 <n) and apply it to fg where g € S} satisfies g'(x) # 0. We have d2*(fg)
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= (p + 1)fP)(x)g'(x) # 0 by Leibnitz’ Rule and thus that ISi is not annihilated
by any (p + 1)th order point derivation at x. Suppose now that p =n — 1.
Proposition 3.4 combined with the last result shows that S5~ D ID IS, =S
= My The quotient spaces SP/SP*! are 1.dimensional since f + S2+! —
fP)(x) is a vector space isomorphism from S?/S*! to the complex numbers.
Since f € I has fP)(x) # 0, it follows from the above that I = S771.

We repeat this argument with p = n — 2 and obtain "2 DD IS} =
5™~ since there are no primary ideals between S7~! and S™2. It then follows
as before that I = S;"‘z. Proceeding in this manner, one step at a time, we show
that SP is the only primary ideal at x with x € HP(I) and x € HP*1(I). We
state these results as a proposition.

PROPOSITION 3.5. Suppose that I is a closed ideal in D. If x € HP(I) and
x EHPYY(D),1<p<n—1,thenI, = MP=SP

The primary components of a closed ideal can thus be described in terms
of the vanishing of lower order derivatives and sets of nth order point derivations.
It also follows from Propositions 3.4 and 3.5 that an ideal I is primary at x if
and only if I is of the form AT;’ ,1<p<n,orI=ID,{I)). By Proposition 2.5
I has the latter form if and only if I is a closed linear subspace between M7, and
J.

.
We conclude this section by showing that the sets D, have essentially the
same structure that Sherbert [7] found for the corresponding sets D; of point
derivations at x on Lipschitz algebras. This will follow directly from the next
lemma which states that M—:/Jx is isomorphic to the corresponding quotient

M2 [J% in Sherbert’s algebra D*.

LEMMA 3.6. Let K be a connected set. Then M"(K)J(K) is isomorphic to
M (&) (K).

ProoF. By Theorem 1.3, f € D implies that f (n=1) € p! and thus that ¥
defined by setting (/) = £~ maps D to D! linearly. Moreover ¥(M"(K))

C M'(K) and ¥(J(K)) C J!(K); hence the induced quotient map ¥ maps
MY(K)IJ(K) to M (K)/J 1(K) linearly. The fact that W is multiplicative follows
easily since both quotients are algebraically trivial in the sense that all products
are zero.

It remains to show that ¥ is a bijection. Suppose ¥(f + J(K)) =f (n-1)
+J1(K) = 0 for some f € M"(K) and thus that f®#~1) € J'(K). An application
of Lemma 1.2 shows that f € J(K) and thus that f + J(K) = 0. Hence ¥ is an
injection. Finally given f + J!(K) in M* (K)IJ* (K), set

80) = T o 6 - 0T de
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where x, is chosen in K. It is easily checked that g € M—EZI?) and that
¥(g + J(K)) = f + J'(K). Therefore ¥ is also a surjection and thus an algebra
isomorphism. O

We now construct 1-1 correspondences which are inverse to each other be-
tween D, and DL. In particular, given d. € D}, set d(f) = dL(F®™D) for f€
D. Conversely, given d,, € D, and f € D', set d1(f) = d (¥~ (f-fix) +J5)
where d, is defined on M—:/Jx in the natural way. It is easily checked that d,,
and d}, so defined are in D, and DY, respectively.

We conclude this section by noting that the hypothesis that K be connected
in Lemma 3.6 is used only to establish that ¥ is onto. Without this restriction
Lemma 3.6 together with the spectral synthesis theorem in D! ([3] or [8])
would yield an easy proof of the spectral synthesis theorem in 7). The best we
can say using 3.6 is that spectral synthesis, namely, I = N xerle I closed,
holds when H(I) is connected. This result is established in general in the next
section.

4. Spectral synthesis in 0. In this section we verify that D has spectral
synthesis. Our proof is related to a technique used by Glaeser [3] to prove spec-
tral synthesis for the algebra of Lipschitz functions. A more general proof of a
different nature was also given by Waelbroeck [8]. We state some preliminary
definitions and observations.

DEFINITION 4.1.  An f € D belongs locally to the ideal I at x if and only
if there exists g, € I such that f— g €J,.

Let I, denote the ideal of functions which belong locally to a closed ideal
I at x, and I, as before denote the smallest closed primary ideal at x which con-
tains L

LEMMA 42. For each closed ideal Iin D, I, = I_;

PROOF. I, C I since I C I and I has hull {x}. If fE€ I, then f—g,
€J,CI, whereg €ICI sol, CI,. O

We note that if x € H(J) then I, = D since D is a regular algebra. The fol-
lowing will be used in the proof of our main theorem and are generalizations of
results in [3].

REMARK 4.3. If @ is a closed interval in [0, 1] and x € & where f “)(x) =
0,i=0,...,n—1,then |Ifll,—; <d : KIlIflll (norms over ®) where K =
2}';3(1”"'"1/1’! and d = diam(®). For any y € ®,

FO0) = IrP6) - P < ly - xl IfE D), i=0,...,n-1,

over ® and [f?|l,, <dIIf¢*V)|,. Also [f*~ D)l = [f®-D(p) - fr~D(x)| <
diliflll, and thus [Ifll,,_, <d - KIIIf1Il.
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REMARK 44. If ® is a compact set, then for f, g € D
HIf - gl < Ul - Wiglll + lglee = WA + Clflpey - Ngllpey,  C€>0,

over ®. This is an application of the mean value theorem and the following:

@ V) - (V)

izl = f:g x-y
_ n=1 rn f(i)g(n—i)(x) f(i) n—f)(y)
=52 |5 ()
Lo =m0 +f")(y) [0 - g<"">(y)]
-3 |5 ()} 2
7000 +47700) [0 =1%) H
x-y
22 o\ | F90) +190) | eny o
<[5 ()L e

(n—i) (n—i)
+ £ ';8 0 . f“'“’(f)%

() + £&) [g<""’(x) —g‘"“"(y)]
2 xX-y

+ Sup
x#+y

, 20 +20) [1" V@ -f"'"’(v)]l
2 L xX-y

< 2: ( ) APl - 1 D, + g, - 1/ L)

+ 1flle * NI + Nglle * LA
n=z IFON [ n=2 ug<""+”u..>
<K[<£ ] ><,=Zl CETEa]

n-1 ng<"“>u..> < n=2 |If¢+O, )
+ ( ,-‘:"; (n-i) 1§1 it

+ 111l - Highl + llglle * HIAN
and the result follows.
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REMARK 4.5 (PARTITION OF UNITY). Following Glaeser [3] we construct
a partition of unity for a covering of R! in the following manner. Each open
set of the cover is a translate of a fixed open interval () of a predetermined
length. Each associated function is the corresponding translate of a fixed D"
function »(x) with support contained in (). The construction can be carried out
by defining g(x) to be zero off [-1, 4] and determined on [~1, 4] by

befema/fe-oma, seo.
h(x) =
l, X € [1, 2]’

and by symmetry about 3/2 on [2, 4]. We next contract [-1, 4] to 0 and g(x)
to ¥(x). The desired covering is obtained by overlapping translates of (0 by 1/3
their length. The following properties are easily verified.

(1) lw,ll, = v, for each .

(2) On 0; N 041, 9(x) +y4,(x) = 1.

In the proof of our main theorem we use K throughout to denote the vari-
ous constants which result from our inequalities and & denotes [0, 1].

THEOREM 4.6 (SPECTRAL SYNTHESIS). If I is a closed ideal in D then I =
nxetb]x'

ProoF. Since I C nlx it suffices to prove that f € nlx can be approxi-
mated by elements of . Let € > 0 be given. For each x € ® there exists h, €
I, such that [If - h |l <e. Letg, €I whereg, —h, €J,. Let f(x, 8)C {y €
®: |AL(g, — h,)/H"| <€} be a Euclidean neighborhood of x of radius § =
8(x, € h,). Extract a finite subcover {B;(x;,5;)}}=, of ® and let 7 > 0 denote
the Lebesgue number of the subcover. We next replace the covering with a re-
finement { 0,};"=l which satisfies diam(O,-) < 7/3 and which has an associated
partition of unity {y;};2, as in Remark 4.5. Each (; C §; for some i and by
relabeling we can associate a pair (h;, g;) with each (; where |llg; _hlmb} <e.
We next approximate f by an element of I. Following Glaeser [3] we consider
0,- to be of type I if its closure intersects H(I) in which case in D"},

I\ = gillal. <dKe by Remark 4.3, where | - "51' means the norm || - ||,,_, restricted to
0. For 0; of type I (0; N H(I) = &) we have v; EJHU)) C I Letg, =
g + Iyl he = Zihy + Zyyf.

Now g, €I and let 0 be an element of our covering; then restricted to 0,
he — g = Zyy(h; —g;) is nontrivial on at most 3 (;’s because of our method of
overlapping. Thus



294 J. T. DALY AND P. B. DOWNUM
ik, - el = || £t - ]
<3 m}iX{CIIv;IIa-], . Ilh,- —g,-lla-i + Ilv,-ll.,., - ik -g,lllal.
+ Illv,-lllai : Ilh,- "g,-llai}
<Ke

by our previous observations. Also |k, — g llg <dKlllh, - glll5 (Remark 4.3)
and we have ||, — g,ll,,_; <Ked as 0 varies throughout our cover.

Again for ( in our covering, we have f — h, = Elvj(f = h;) restricted to 0
nontrivial on at most 3 ();’s and so

If =iz = l Zl)v,-(f-h,-)

< 3 max(llyll - IIf = B;ll) <Ke.
0

Thus we obtain |If — |l < Ke as 0 varies throughout the covering. By the pre-
vious results we have ||z, —g.lllg <Ke and ||k, —gll,—; <dKe. Now let x, y
belong to ®. In case x, ¥ do not belong to the same () then [x — y| > k where
k is the length of our overlap (chosen as 1/3 length of basic interval). Then
(D) — ¢ D) - BIV0) -8V 0)
x=y
<k Rl — gy

<k™-d-2lh, -g,, <Ke

since k™! - d < 3. Thus ||h, — gl <Ke and it follows that f € I by the triangle
inequality.
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