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NECESSARY AND SUFFICIENT CONDITIONS FOR THE
DERIVATION OF INTEGRALS OF L, -FUNCTIONS
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ABSTRACT. It has been shown recently that a necessary and sufficient
condition for a derivation basis to derive the u-integrals of all functions in
L@(u), where 1 < q < + o, and g is a o-finite measure, is that the basis possess
Vitali-like covering properties, with covering families having arbitrarily small
L(p)(u)-om!ap, where p"l + q"l = 1. The corresponding theorem for the
case p = 1, ¢ = + * was established by R. de Possel in 1936.

The present paper extends these results to more general dual Orlicz spaces.
Under suitable restrictions on the dual Orlicz functions ® and ¥, it is shown
that a necessary and sufficient condition for a basis to derive the u-integrals of
all functions in Ly,(u) is that the basis possess Vitali-like covering families
whose Lg(u)-overlap is arbitrarily small. Certain other conditions relating
Lg(u)-strength and derivability are also discussed.

1. General definitions and terminology. Our universe is a set of points
S. We shall agree that if A CSand BC S,then 4 =B = {x: (x €A4) A
(x&B)};thusA -B=A-ANB. If A CS,we shall denote the complement
of 4 in S by A. M denotes a fixed Boolean o-algebra of subsets of S, with S as
its unit; u denotes a fixed o-finite measure defined on M, and u* is the com-
pletion of u defined on the class M* of subsets of S. We let N and N* denote,
respectively, the families of - and u*-nullsets. We let i’ denote the outer
measure derived from u. If X C §, then X denotes a measure cover of X; it is
well known that (X N M) = u(X N M) holds for each set M € M and each
p-cover X of X. For any set X C S, we let Xx denote the characteristic function
of X.

A derivation basis B is defined as follows. We assume that to each point
x of a fixed subset E of X, called the domain of B, there correspond Moore-
Smith sequences of M-sets of positive u-measure, called constituents, which are
said to converge to x, and are denoted generically by {M(x)}. We further
assume (Fréchet’s convergence axiom) that each cofinal subsequence of an x-
converging sequence also converges to x. The elements of B are thus converg-
ing sequences together with corresponding convergence points. We denote by
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D the family of all B-constituents; i.e., the family of all sets belonging to one or
more of the sequences {M (x)} for some x € E. This family D is called the
spread of B.

If X is a real-valued function defined on D and x € E, then we define
D*\(x) and D \(x) by

A et
D*\(x) = sup [ﬁm sup ;1((M—:((35)] and Dy M\(x) = inf [ﬁm inf y((lt{:((:)){l

where the expressions in brackets mean, respectively, the limit superior and in-
ferior of any fixed x-converging sequence {M (x)}, and then the supremum and
infimum of these values are taken among all such sequences. D*\(x) and D \(x)
are called, respectively, the upper and lower B derivatives of \ at x. If D*\(x) =
D \(x) (whether finite or infinite), then their common value is denoted by
DX(x), and is called the B-derivative of X at x.

We say that \ is a u-finite u-integral iff there exists a u-measurable function
fsuch that —ee <NM) = [}, fdu < + oo whenever M € M and u(M) is finite.
We say that A is B-derivable iff DA(x) exists and coincides with f(x) for u*-
almost x € E.

By a subbasis of B we mean any basis B* whose associated sequences be-
long to B and which associates with these sequences the same convergence points
as does B. Clearly, the spread D* of B* is a subset of 0. The domain of B* is
the set of its associated points, which is a subset of E.

If X C E and B* is any subbasis of B such that the domain of B* includes
X (mod N*), then the spread V of B* is called a B-fine covering of X. Some-
times a B-fine covering of X is defined as any family {/ C D that contains, for
p*-almost all x € X, the sets of at least one sequence {M,(x)}. Although these
definitions differ slightly, in their applications they have the same effect, so we
may use them interchangeably.

If H is any finite or countably infinite subfamily of M, then for any x € S,
we define n H(x) as the number of members of H to which x belongs. We de-
note the union of the family H by UH; it is clear that n ax)=0iffx €
(S = (UH)). We define e, (x) = n,(x) - 1 if x € UH, e, (x) = 0 for all other
x €S. Clearly e, (x) > 0 iff x belongs to at least two members of H. We note
that ny, and e, are u-measurable functions.

Henceforth, ¢ and ¢ will denote real-valued functions on [0, + <) subject
to the conditions

(a) ¢(0) = 0; ¢ is nondecreasing on [0, + );

(b) ¥(0) = 0; Y(u) = sup{x: ¢(x) <u} for each u, 0 <u < +oo,

We call ¥ the function inverse to ¢. If ¢ is strictly increasing, then y is
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the conventional inverse. It follows that .* is left-continuous on [0, + ) and
nondecreasing. We find it convenient to extend the comains of definitions of
¢ and Y to include + o, by agreeing that ¢(+0) = lim,,_, , . $(u) and Y(+) =
lim,,, , o ¥ ().

Next, we define ®(u) = f§(?) dt, Y(u) = [ ¥(t) dt for each u € [0, +oo].
Clearly, ® and W are nondecreasing and continuous on [0, +9). It follows easily
that if f is a u-measurable function, then ¢(If]), ¥ (1D, ®(If]), and ¥(|f]) are
also u-measurable. Moreover, Young’s inequality (cf. [7, pp. 76-78]),

w< oW+ YY),

holds for all u, v > 0, with equality iff v = ¢(u) or u = Y (V).
We define L:,(p) as the class of all y-measurable functions f for which
®(|f1) is u-summable over S. For any p-measurable function f we also define

11 = sip{ [ \1d: fwaenan<1l,

and we define L4 () as the class of all functions f with || fllg < +°°. Analo-
gously, we define the classes LE, (u) and Ly (1). Lg (1) and Ly, (1) are normed
linear spaces with respect to the norms || |l and || |l , and are called (dual)
Orlicz spaces. Young’s inequality yields

Il < [(@UfDdu+1 and ligly < [o¥(eNdu+1,

whence L (1) C Lg(u) and LY, (1) € Ly (). Moreover, if f € Ly (1) or f €
Ly (w), then |f] < +o° holds u-almost everywhere in S; if [|flly = 0 or | flly =
0, then f = 0 holds p-almost everywhere in S. These properties are used in the
work to follow. Proofs may be found in [7, pp. 78—82].

If B is a basis with domain E C S, then we say that B is L4,-strong iff for
each set X C E of finite fi-measure, each B-fine covering / of X, and each ¢ >
0, there exists a countable family H C V such that, setting H = (JH, we have

(S1) u(X —H) =0 (H is an O-covering of X, or H covers u*-almost all
of X),

(S2) u(H - X) < e (the poverflow of H with respect to X is less than ¢),

(S3) lle,llg <€ (the Ly-overlap of H is less than €).

It can be shown by an exhaustion process that an equivalent formulation
of this definition results if (S1) is replaced by

(S1)' u(X - H) < e (H is an e<covering of X).

2. Derivability implies L4 (u)-strength. Throughout this section, in ad-
dition to the general restrictions imposed on ¢ and { in §1, we shall assume:
(I) ¢ is continuous on (0, +<°) with lim,,_, , . ¢(u) = +eo. This implies
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that ¢(u) and Y(u) are finite for each u, 0 <u < +e0and lim,_, , . .Y (u) = +oo;
also, by the definition adopted in §1, ¢(+90) = Y(49) = +. Consequently,
FELGHW) C Lo(1) and ¢(f) € LY (1) C Ly (u) whenever f is a bounded p-
measurable function vanishing outside a set of finite u-measure.

(II) There exists a positive number M such that, for each u = 0, $(2u) <
Mo(u). This implies ¢(u) > O for each u > 0; in particular, ¢(1) > 0. More-
over, it can be shown that (a) L (1) = L (1); (b) given € > O there exists n > 0
such that || fllg < e whenever f¢®(|f1)du <n (cf. [7, pp. 81, 83]).

We further assume that:

(III) B is a derivation basis with domain E C S that derives the u-integrals
of all functions in Ly (u) that vanish outside a set of finite u-measure. This
tacitly requires that if g € Ly(u) (= LY (1)) and g vanishes outside a set of finite
u-measure, then fglg| du < +eoo;ie., g has a p-finite p-integral.

2.1. LemMA. Ifliflle <1, then ¢(If]) E Ly.

ProoF. We first consider a function f, bounded, nonnegative, and vanish-
ing outside a set of finite u-measure. From (I), we have f € L4 (i) and ¢(f) €
Lg(u). From Young’s inequality in the special case u = f, v = ¢(f) we obtain

Joveumdu< [y@maun+ [endau= [rerdu,
whence we see (recall §1) that
16Ny < [¥@UNdn + 1< [(fo(rdu+1<1flp * 16Ny + 1.

By hypothesis, || fllg =k <1, so that the preceding inequality yields l|¢(f)lly <
1/(1 = k) < +oo.

In the general case, we may represent | f| as a limit of a nondecreasing se-
quence {f,} of nonnegative functions, each of which vanishes outside a set of
finite p-measure. Because f, 1 |f| on S, we see that || f,lle < IIflle =k <1
and so, by what was just proved, |¢(f,)llgy € 1/(1 =k) forn=1,2,... .
Using the facts that ¢(0) = 0, ¢ is continuous on (0, +o),and f,, * fasn —
+oo, we infer that ¢(f,)) t #(f) on S. Judiciously using the monotone con-
vergence theorem in conjunction with the definition of || [ly, it is essentially
routine now to infer that l|¢(|fDlly = lim,_, , LIl(f;)lly < 1/(1 = K); hence
(D € Ly ().

22. LEMMA. If A is an M-set of finite u-measure, then B derives the p-
integrals of x4 and X ...
A

ProoOF. It is clearly sufficient to show that B derives the p-integral of
X4 From (I) we see that ¢(x,4) € Ly (u); thus B derives the j-integral of
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#(x4). However, ¢(x,) = &(1)x, and ¢(1) > 0; hence B derives the p-integral
of x,.
2.3. LEMMA. If H is any finite or countably infinite subfamily of M, then

Js2@y)du <M [0, ) dn + 2WRUH).

PrOOF. Let 4 = {x: n,(x) > 2}, B = {x: n,(x) = 1} and note that for
x€A,2<ny(x) =e,(x) +1<2e,(x). Also,B C UH, so that using (II) we
obtain

[so@du= [, @0 du+ [ @0,) du <M [ Be,) du + 2OUH).
2.4. 1EMMA. Let H denote any finite or countably infinite subfamily of
M for which [s®(n,) du is finite. If W is any M-set and G= H U {W}, then
0< [ 0@y dus fo@ee,)au+ [, om,)an.

PrOOF. Let H =H. We note that e; (x) = e, (x) if x € (H — W);
eg(x) = 0if x € (W — H); and e (x) = n(x) if x € W N H. Then, because all
the following integrals are finite by virtue of our hypotheses, we have

o< sPlg)du= [, des)du+ [won®eq) du
= [aw®C) dut [, ®@,)du
= [ o) dn= [, o€ du+t [, &) du
= [l ) du+ [, @0y) -2, du.

Now [s®(n,) du is finite, so that n, and e, are finite p-almost every-
where in S. Hence, for p-almost all x € W N H, n(x) and e, (x) are positive
integers differing by 1. Applying the mean-value theorem to ® yields 0 <
B (x)) — Bl (x) = 9(), where e, (x) <& <, (x). Thus §(5) < 9, (),
and therefore

) 0< ®(ny) —Pley) < dny)

holds u-almost everywhere in W N H. The desired result is obtained by sub-
stituting (2) into the final term of (1) and then observing that fy,,¢(ny) du =
Jwdn H) du.

2.5. LEMMA. Suppose that X CE, X is any p-cover of X, 0 <pu(X) =
u(X) < +o0, and U is any B-fine covering of X. Suppose also that 0 < a < 1
and H is a finite or countably infinite subfamily of M subject to the conditions:

() Ss®(e,) du < ap(X 0 H), where H = UH;

)
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@ (1= )Zyeu(V) <uX N H);
ii) uX = H)>0;

(iV) ¢(n“) (S L\I’ .
Then there exists a set W such that

) WeV and ¢(—llj'fw¢(nH)du+u(W—A—’)< E(I—f‘;mu(m.

Moreover, if W is any set satisfying (v) and if we set G= H U {W},G =JG,
then

(vi) SsPleg) du <ap(X N G)and

(i) (1 - ) Zyegu(V) < uX N G).

ProOF. From (ii) and the fact that u(X) < +oo, we see that u(H) is
finite; (iv) and Lemma 2.2 ensure that B derives the p-integrals of both ¢(n,)

and x.. Thus, if we define
X

ND = s [y, #n) du+ w@t - X)

for each set M € M, then B derives A\. Consequently, because of (iii) and the
fact that U/ is a B-fine covering of X, there must exist a point z € (X — H) with
DX(2) = 0 and a set W associated with z satisfying (v).

Now suppose that W is an arbitrary set satisfying (v). Then

M) w@ - -H) =¥ 0 X UH) <p® -X) + W N H);
also ¢(Dxyng = ¥ Xwnr) < ¢y * Xw), and therefore
HDuW NHY< [, 6(n,) du.
Substituting this last inequality into (1) yields

W = X —H) <u® -X)+ i [, 80n,) du
@
< ’2'(1—:_“45(1—)) u(W) <7 u(W),

which easily yields in turn
3) (1-o/QuW)<pWN X -H) and p@W)<2uW N X - H)).

From (3) and (v) we see that

@ f wy) dn < TZ(_I-)«-i-—l)l)- r(W) < ap(W N (X - H)).

We have seen that u(H) is finite; and [g®(e, ) du is finite by (i); therefore
Ss®(ny) du is finite by Lemma 2.3. From (i), (4), and Lemma 2.4 we obtain
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fSQ(eG)dp<fs<I>(eH) du+ [, 9(ny) du

<auX NH) +pWn X -H)] =apX N G),
which establishes (vi). Finally, from (ii) and (3) we have

(1-0) X p(V)=(1-09) ZH p(V) + (1 - ouW)
ve

VeEG
<pX NH)+ (1 -%) M)

<u@ NH)+pW N0 X -H)) =pX N G),
which confirms (vii).

2.6. THEOREM. B is Ly-strong.

PrROOF. We choose an arbitrary set X C F with 0 < I(X) < +oo, select
any p-cover X of X, let I denote an arbitrary B-fine covering of X, and suppose
given € > 0. We may and do assume e < 1.

Next, we determine 7 > 0 so that, in accordance with (II) (b), liflle <
€/2 <1/2 whenever [¢®(|f[) du <n. We may and do suppose that n <e.
Finally we choose a so that 0 <a <1, an(i’) <nand [e/(1 - a)]u()-(_') <n.

We define A(M) = u(M — X) for each set M € M. From Lemma 2.2 we
know that B derives A. Thus, because u(X) > 0 and V/ is a B-fine covering of
X, there must exist a point z € X with DA(z) = 0 and a set W associated with
z for which

1) WeEV and pW-X)<auW)/2.

We let F; denote the family of all sets W for which (1) holds. Then F, #
@; also, it follows from (1) that u(W) < 2p(}? ) whenever W € F,. Hence, if we
set §; = supyc Flu(W), then 0 < §; < +oo, We choose a member ¥V, of F;
with u(V,) > %¢, and set H, = {V,},H, = UH, = V,. From (1) and the
nature of H,, it follows readily that H, satisfies (i), (ii) and (iv) of Lemma 2.5.

We proceed inductively. We suppose k > 1 and that the family H, =
Vy, Va, ..., Vi) satisfies conditions (i), (ii), and (iv) of Lemma 2.5 with
Hy, = UH,. If u(X - H,) = 0, then we define Hy 4, = Hy, Hy 4, = Hy, 50
that H, ., also satisfies (i), (ii), and (iv) of Lemma 2.5.

If u(X —H,)> 0, we use Lemma 2.5 to see that the family F ., con-
sisting of those sets W satisfying the relation

@ weV and E(%fw«nﬂk)du+u(w—f)< -z—(li-——mp(W),

is nonempty. Using (2) and following the line of proof of Lemma 2.5 down
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to (3) of that lemma, we find that u(W) < 2u(W N X ) < 40 whenever W €
Fi+1- Thus, setting §; 14 = supyer, ,  H(W), we see that 0 <&y < oo
We select a member V., of F,, such that u(V; . ) > %$; 44, and we define
Hisr = He U (Vigy b Hi oy = UHg . Tt follows that if we put Hy,; =G
then H, ., satisfies (vi) and (vii) of Lemma 2.5. Also, because ¢(nHk“) is
bounded, u(H,, , ) < u(H;) + u(Vy 4,) < +o°, and Mt vanishes outside of
Hyeyy, we see that ¢(ny ) € Ly (). Thus Hey, satisfies @), (ii), and (iv) of
Lemma 2.5; and this is true regardless of whether p(X -H)=0or u(X Hy)
>0.

We thus obtain inductively a nested sequence {H,} of finite subfamilies of
V each satisfying (i), (ii), and (iv) of Lemma 2.5. We let H =Ujgp= Hy,. H =
UH. Applying the monotone convergence theorem to (i) and (ii) yields

[s®(ey) du<an®X NH)< ap(X)<n and

©) _ _
(1-uEH) <1 -0) 3 V) <p@ NH)<SpX) <+
VEH
Recalling our conditions on a and 7, (3) implies
lleylle <2lleylly =l2eylly <€<1 and
@

pH - X)<op@E) < l—f&- pX)<n<e.

Thus H satisfies conditions (S2) and (S3) of Lg-strength (cf. §1). It re-
mains to be shown that H covers u*-almost all of X. Suppose, on the contrary,
p(X —H) =T(X - H)>0. Then p(X —H,) > p(X —H)>O0fork=1,2,...,
which means that the inductive process does not stop producing new sets, and
so H is a countably infinite family of sets {V;, V5, ..., V4, ...} chosen from
V, satisfying (3); i.e., (i) and (ii), as well as (iii), of Lemma 2.5.

We wish to show that H also satisfies (iv) of that lemma. To this end, we
setA={x:n(x)=1},B= {x: n,(x) > 2} and note that ny = x, + nyxg <
X4 T 2ey, so that ¢(ny) < #(x, + 2e,) = #(x,4) + #(2ey). Now x, is bounded,
A CH, and u(A) < u(H) < +o, and therefore x, € Ly . Also, from (4) and
Lemma 2.1, we conclude that ¢(2¢,) € Ly,. Accordingly ¢(x,) + #(2¢,) € Ly
and therefore ¢(n,) € Ly .

We are now free to apply Lemma 2.5 to produce a set W € V such that

1 - o
(5) m’)‘ ¢("H) dp + p(W X)< 2(1 + ¢(l)) “(W)
From (5) and the fact that Y, 1 ny as k — oo, it follows that the relation

ﬁ Jong) du+ w0 -6 < 55y H#)



DERIVATION OF INTEGRALS OF Ly,-FUNCTIONS 393

holds fork =1, 2, ..., and therefore W € F, , , for each such k. Hence 0 <
BW) <$pq <2u(Viyq) fork=1,2,.... However, from (3) we infer that
(V) — 0 as k — +oo, This contradiction forces us to conclude that n()_( -H)
= 0 and completes the proof of the theorem.

Theorem 2.6 can be applied in many situations; in particular, if ¢(u) =
uP~! for all u > 0, where p > 1, we find that ®u) = uP and ¥(u) = u? (to
within multiplicative constants) for all u > 0, and q satisfies the relation p~! +
g ! = 1. We can assert that if B derives the u-integrals of all functions in
L@(y), then B is LP)(u)strong. (Cf. [1], [2], [4] and [5, pp. 35—40] for
results on this and related problems.)

Unfortunately, the theorem is inapplicable in the classic case ¥(u) =
u(log*u)*! that arises in connection with the interval basis in Euclidean n-
space, n = 2. Here, it turns out that ®(u) is an exponential function for u suf-
ficiently large, and so fails to satisfy (I). Attempts by the writer to circumvent
this difficulty have been unsuccessful. A. Cordoba [1] has some results in this
connection.

3. Some additional conditions related to L, -strength and derivability. As
in §2, B denotes a derivation basis with domain E C S.

3.1. DEFINITION. If X C S then a point x € S is said to be totally in-
terior to X (with respect to B) iff for each x-converging sequence {M,(x)} there
exists some index ¢y such that M,(x) C X whenever ¢ >¢,. We let 7(X) denote
the set of points that are totally interior to X. If G is such a subset of S that
E N G CI(G) (mod N*), then G is called a D-open set (named after A. Denjoy).
We let G denote the family of all such sets.

3.2. DEFINITION. We say that condition (G,) holds iff S is the union of
a nondecreasing sequence {G2} of G-sets such that GO € M and u(G9) < +eo
forn=1,2,....

In what follows we shall quote, without proof, several theorems taken from
[3]. These were proved under a definition of (G,) slightly more restrictive than
the one given in 3.2; however, those theorems are valid under the slightly weaker
form of (G,) above.

3.3. THEOREM. If(G,) holds and B is L (u)strong, then B derives the
k-integrals of all functions in Ly, (1), whose p-integrals are p-finite.

From Theorems 2.6 and 3.3, we obtain

34. CoroLLARY. If ¢ and ® satisfy the conditions of §2 and G,)
holds, then L y(u)strength of B is equivalent to the B-derivability of all func-
tions in Ly, (1) whose p-integrals are p-finite.
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35. DEFINITION. If H is any countable subfamily of M and 0 < a < +o9,
then we define H(c) as the family of those members V of H for which
Sy ¥(e,) du < au(V); also, we define H'(@) = H - H(a).

3.6. DEFINITION. Condition (C1). To each € > 0, each a > 0, each set
X C E of finite fi-measure, each z > u(X) and each B-fine covering |/ of X,
there exists a finite family { C V for which, setting H = {JH, we have

pX -H)<e Y p)<z pUH'@)<e.
VEH
3.7. DeFINITION. Condition (C2). To each € > 0, each set X C E of
finite Z-measure, and each B-fine covering / of X, there exists a finite family
H C V for which, putting H = UH, we have

pX -~ <e uH-X)<e fSeH¢(eH)du<e.

3.8. THEOREM. If ¢ and ® satisfy the conditions of §2 and (G,) holds,
then (C1) — (C2) — B is Ly (u)-strong.

39. DEFINITION. Let U be a nonempty subfamily of M whose members
are of positive u-measure, and suppose that § is a positive real-valued function
on U. Let E denote the set of points x in S for which there exists at least one
ordinary sequence {V,} withx € V,, ¥V, €U, n=1,2,...,and
lim,_, , .8(V,) = 0. We define a basis B by associating with each x € E the
totality of sequences just described. The domain of B is clearly E and its spread
is a subset of . We call such a basis B a [U, §]-basis [S, p. 8].

3.10. THEOREM. If Bis a [U, 8]-basis, (G,) holds, ¢ satisfies the con-
ditions of §2, and both & and ¥ satisfy condition (II) of §2, then (C1) «—
(C2) «—> Bis Ly (u)strong.

As a result of Corollary 3.4, we obtain the following:

3.11. COROLLARY. Under the assumptions of Theorem 3.10, (C1) «—>
(C2) «—> Bis L4 (u)ystrong +—> B derives the -integrals of all functions in
Ly (1) whose p-integrals are p-finite.

We note that Corollary 3.4 establishes the equivalence of L%)(u)-strength
of B and the B-derivability of the p-integrals of all L(@)(u)-functions, where
p~! +4q7! = 1. Also, because in this case &) = uP, ¥(u) = u? (to within
constant multipliers) and both & and ¥ satisfy (II) of §1, it follows from
Corollary 3.11 that if Bis a [U, 6] -basis as well, then all four conditions named
in that corollary are equivalent.
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