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ABSTRACT. An abstract framework for dissipative scattering theory is
developed and then applied to two systems previously considered by P. Lax and
R. S. Phillips. Results relating the poles and zeroes of the scattering matrix to
the spectra of the infinitesimal generators A (which generates the semigroup
formed by mapping initial data into solution data at time #) and B (which gener-
ates a “local” semigroup) are proven. In particular these results are shown to
follow from the fact that the characteristic function of 4 (appropriately defined)
and the scattering matrix combine to form the characteristic function of B.

Introduction. In the early 1960’s P. D. Lax and R. S. Phillips developed a
scattering theory for energy conserving systems in an odd number of space dimen-
sions. (See [6] for details.) In their work major roles are played by two distin-
guished subspaces D, and D_. These subspaces are common to both the per-
turbed system, which operates on the Hilbert space H, and the unperturbed sys-
tem, which operates on the Hilbert space H,,. Let U{f) be the perturbed unitary
group determined by the wave equation in an exterior domain with conservative
boundary conditions, and let Uj(¢) be the unperturbed group determined by the
wave equation in free space. Lax and Phillips explicitly find a spectral represen-
tation for the unperturbed group Uy(z) on L2(R, N), the Hilbert space of square
integrable vector-valued functions on the real line; here N denotes an auxiliary
Hilbert space.

The scattering operator S also plays a major role in the Lax-Phillips theory.
It is defined as

) Sh = lim Uy(-0)JUQDI Uy(-t)h, h € H,,

t—>oo

where J;, and J are arbitrary unitary operators from H, to H and H to Hy, re-
spectively which when restricted to D, are the identity. The operator S on H,
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2 D. A. BONDY

commutes with Uy(¢); it follows that in the spectral representation the corre-
sponding operator, denoted by S, acts on L2(R, N) as multiplication:

(8N = S(0)f(0), [fEL*R N).

S(o) is called the scattering matrix. S(o) is shown to have a meromorphic ex-
tension to the entire plane which is analytic in the lower half plane. We denote
this extension by S(z).

For physical reasons Lax and Phillips studied a semigroup of operators
Z(t) defined by

9)) Z(tHh = PZGD+U(t)PgeD_h, hEH;t>0.

Here P% denotes the (orthogonal) projection of M onto N. Lax and Phillips
found that the semigroup Z(¢) is related to the scattering matrix S in the follow-
ing manner:

THEOREM 1. If B is the infinitesimal generator of Z(t), then z belongs to
the (point) spectrum of B if and only if —iz is a pole of S(2).

Shortly after the development of the Lax-Phillips theory, a relationship to
the theory of unitary dilations was discovered by V. M. Adamjan and D. Z. Arov.
(See [9] for details of the theory of unitary dilations.) Before explaining this
connection we recall some definitions. Let Z(¢) be an arbitrary contraction semi-
group defined on a Hilbert space D. We say U(¢), a unitary group defined on
H D D, is a unitary dilation of Z(¢) if

3) Z(Hd = PU(t)d foralld €D and t > 0.

To any contraction semigroup Z(f) we associate a contraction operator—namely
the Cayley transform of the infinitesimal generator of Z(f). Denote this opera-
tor by Z and call Z the cogenerator of Z(¢). We define the characteristic func-
tion of the contraction Z as

@ 0z = [-Z + \Dz.(I - \2%)~'D,l I

where D2 =1 —Z*Z. Actually, we define the characteristic function only up
to unitary equivalence.
For A = (z + i)/(z — i) we define the characteristic function of Z(¢) as

Q) Ozn(@) = 0,(N).

We note that ©, is an analytic operator-valued function in the unit disc while
Oz is analytic in the lower half plane. In [1], [2], and [3], Adamjan and Arov
show that for the energy conserving systems in odd space dimensions considered
by Lax and Phillips, U(¢) is the (minimal) unitary dilation of the semigroup Z(¢)
and



FUNCTIONAL OPERATOR MODELS 3

© 05 = SG);
where
(7) 9;(,)(x + l:y) = @z(t)(—'x + iy)*.

Using this relationship, Theorem 1 becomes a consequence of the Sz.-Nagy-
Foiag theory of unitary dilations. To see this we recall that Lax and Phillips
have shown that B has only point spectrum and S is meromorphic in the entire
plane. It is well known from the theory of unitary dilations that z belongs to
the point specturm of B if and only if iz is a zero of ©5(,). For the energy con-
serving Lax-Phillips system, S is unitary on the real axis. By (6) and (7) we see
that @7, is also unitary on the real axis. Thus we can use the Schwarz reflec-
tion principle and conclude that —iz is a pole of 92(0. By (6) we see that this
is the case if and only if —iz is a pole of S.

More recently in [8] Lax and Phillips have extended their theory to dissi-
pative systems in odd space dimensions. Again D, and D_ play major roles.

Let T(#) be the perturbed group determined by the wave equation in an exterior
domain with dissipative boundary conditions and let Uy(t) be the unperturbed
group. In analogy with the conservative case we define Z(f) and S as follows:

8) Z(t)h = P g D, TOPep b hEH;t>0,
©) Sh =1im Uy(-t)JTQROJ Uy(-Dh,  h € H,,.
t—+oo

Simple arguments show that Z() can no longer have S as its characteristic func-
tion. Nevertheless, Theorem 1 and the following theorem are shown to hold:

THEOREM 2. If A is the infinitesimal generator of T(t) and z bélongs to
the point spectrum of A, then —iz is a zero or possibly a pole of S.

This paper explains Theorems 1 and 2 in terms of dilation theory. §1,
due to Foiag, puts the Lax-Phillips dissipative theory into an equivalent discrete
framework. Let U(f) defined on K D H be the (minimal) unitary dilation of
T(r). In the discrete framework, instead of considering the semigroups U(t),
T(t), and Z(t), we consider their cogenerators U, T, and Z. The main result of
this section shows that S can be characterized as an orthogonal projection onto
a subspace of K.

In §2 the main theorems of the paper are proven. We explicitly construct
an operator T on a Hilbert space J C K which has S as its characteristic function.
We show U is a unitary dilation of £*, Z, and T. These results enable us to gen-
eralize (6). If we let © denote the characteristic function of T, the generaliza-
tion of (6) states (in essence) that



4 D. A. BONDY

gz (SO 2,0\ (-3
(10) Oz (U - 2)d = <921(7\) 700 ) <(U- T)d )

where dEH © (D_ © D,) and Q,,(N) and ©,,(?) are contraction operator-
valued analytic functions in the unit disc. At the end of this section we put
(10) into an alternative form:

(11 6, -2)d = S"W(U - Z*)d' ® ©,(A\(U - T)d"

whered=d' @ d".

In §3 we use (11) to find relationships between the poles and zeroes of
the characteristic functions of 7, Z, and the scattering matrix. These relation-
ships are actually discrete versions of Theorems 1 and 2.

In §4 we convert the discrete versions of Theorems 1 and 2 into their
continuous counterparts. We also show that the abstract framework considered
in § §1-3 applies to the systems considered in [7] and [8].

1. The discrete framework. In their paper on scattering for dissipative
systems (see [8]) Lax and Phillips consider the following abstract framework:

(i) Two strongly continuous groups of unitary operators U,(7) (t €R)
which operate on the Hilbert spaces H, and two distinguished subspaces D, C
H, which satisfy

(1.1) U 5D, CD,, t>0,
(12) tg U, (9D, = {0},
13) V U,(OD, = H,.

tER

(i) A strongly continuous semigroup of contractions T'(f) (¢ € R) which
operates on a Hilbert space H containing D, and satisfies

T(t)lp_'_ = U+(t)lp+; tER,,

(149)
T'(t)lp_ = U-(-t)lD_r t€ER,,
(1.5) 1o
slim PFop T*(0) =0,
t—>oco

where “slim” indicates the limit in the strong operator topology. We call the
preceding system a continuous framework.
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As in [3] and [5] we prefer to work in an equivalent discrete framework.
This section is largely concerned with showing the equivalence of these two sys-
tems. The material is due to C. Foiag and is included here only for completeness.

Let UAt), t €ER_, be the minimal unitary dilation of T'(f). Then U(¢) is,
by definition, a strongly continuous group of unitary operators acting on a Hil-
bert space K, which contains H as a subspace, satisfying the following conditions:

(1.6) () = PRUDI, tER,,
.7 K =V UnH.
tER

By (1.3) and (1.4) we can identify H, with \/ ,cgU(#)D, in such a way that
U, () coincides with U(t)lV:eRU(') p- Thus we can assume H, C K and

(1.8) H, =V U®)D,,
tER
(1.9 U,(t) =U®t)lzs, tER.

To find an equivalent discrete framework we need the following

LEMMA 1.1. Let T(f) be a contraction semigroup on H with cogenerator
T. Let D be any subspace of H. Consider the following statements:

(1.10) THODCD, t€ER,,
(1.11) T()lp is an isometry fort ER,
(1.12) N 1@)D = {0},
t€R,

>0
(1.14) TD C D,
(1.15) Ty, is an isometry,
(1.16) N 1D ={0} Z,={nn=>0}

nEZ+

1.17) slim P g pT" = 0.

n—+oo

Then the following relationships hold:
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(1.10) <= (1.14),
(1.10) & (1.11) = (1.14) & (1.15),
(1.10) & (1.11) & (1.12) = (1.14) & (1.15) & (1.16),
(1.10) & (1.11) & (1.12) & (1.13) <= (1.14) & (1.15) & (1.16) & (1.17).

PROOF. See [5].
For later reference we note that if we set
A+1
e,()\)=exp<t——’\_1 ), A<1,t€ER,,
oM =A-1+)A-1-51, N<I;s€ER,,

then by Theorem II1.8.1 of [9] we conclude
T(t) =e(T) =slime(yT), t€ER,.

71
(1.18) T = slim ¢,(7(s)).
s-o"

Let U be the cogenerator of U(f) and T be the cogenerator of T(f). Then
by §II1.9.1 of [9] we can conclude that U on K is the minimal unitary dilation
of T. Thus, by definition, we have

(1.19) T"=PRU"y, ne€lZ,
(120 K=V U"H
nez

LeEMMA 12. Let D C H be a subspace enjoying property (1.10). Then

(1.21) V U@®b= V U"D.
tER nEZ

Proor. See [5].

From the two preceding lemmas it is clear that by considering the cogen-
erators U and T of U(f) and T'(¢) respectively we arrive at the following com-
pletely equivalent discrete framework.

There is a contraction T on a Hilbert space H and two distinguished sub-
spaces D, C H such that

(122) ™D, CD,; T*D_CD_
(1.23) T|D+ and T*|, _ are isometries,
(1.24) N 1D, ={0}= N T*"D_,

n€Z+ nGZ_l_
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(1.25) slim Pliop T" = 0 = slim Pfjgp, T*".

n—»oo n=soo
In [8], under the assumptions of the continuous abstract framework, the
following wave operators are shown to exist.
W_ = slim U_(NP§_T*(2),

t—+o

W, = slim U, (NP5 _T(@).
t—>o0

—

(1.26)

By (1.8) and (1.9) in conjunction with (1.5) we arrive at

(1.27) W_ = f.l.l? u@OT*@),

W, = slim U-0)T().

oo
Now by Proposition II1.9.1 of [9] we conclude

W_ = slim U"T*",
(1.28) n—sco

W+ = S'lim U*nTn.
n-—>eo
We note that W_ is a contraction operator from H to H_, and W, is a contrac-
tion operator from H to H,. We define the scattering operator S as

(1.29) S=Ww,_w*
and note that S is a contraction operator from H_ to H, .

The remainder of this section is devoted to a closer study of S. If Tis a
contraction operator on H, and U, operating on K, is its minimal unitary dilation,
the structure of K is well known. (See Chapter II of [9].) In particular it is
known that
(1.30) L=WU-T)H and L,={-UT*H
are wandering subspaces for U i.e., U"L L L for all n € Z\{0} and similarly for
L,. If we let

(1.31) K,= V UH
nEZ+

it is well known that

1.32) K, =M, L,)OR=H® ML),
where
(1.33) R= N vk,

nEZ.,,

and for any subspace P
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M.® = V UP
nEZ+

We note that M, (L) =@ U"L since L is wandering. Furthermore if we define
(1.34) u, = U[K+

then U, is the minimal isometric dilation of T;i.e. U, satisfies

(1.35) T" = Pf,*U::IH, nez,,
(1.36) K,=V UH
n62+

The following relations also hold:

K
137 P1§+U+ =TPy*; T*=Utly
where we write U for (U,)*. We also have
(1.38) Petly = slim UnT*".
n—»oo

For a proof of (1.37) and (1.38) see Chapters 1.4 and II.3 respectively of [9].

LEMMA 13. Let D, be a subspace of H which satisfies (1.14), (1.15), and
(1.16) with respect to T* (instead of T). Then D, satisfies (1.17) with respect
to T* if and only if

def

(1.39) R=H, = V U"D,.
nez

ProoF. See [5].
Let R, denote the subspace of K corresponding to R in case we replace
T by T* and U by U*. Then we have

(1.40) K=ROMLYy) =R, ©ML)=M_(L*) D HO M_(L)

where M,(P) %' v nez,U"P for any subspace P, M(P) Wy, (P v M(P),
and L* = U*L,. We note that M(L) = @2, U"L since L is a wandering sub-
space.

We now state the main theorem of this section.

THEOREM 14. The wave operators W, defined by (1.28) are given by
(1.41) Wy =P Iy, W_=PRly.
Furthermore, the scattering operator S defined by (1.29) is given by
(1.42) S =P§ lg.
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PRroOOF. See [5].

2. A decomposition for ©,. We begin with a quick review of the basic
definitions and theorems from the theory of characteristic functions and func-
tional models. See Chapter VI of [9] for complete details.

Let T be an arbitrary contraction operator defined on a Hilbert space H
and define

@1 Dp=(-T*T)'?, D .=@-TT%'2
22) Or =DpH, Dps=Dg.H.

We call the contraction operator-valued function

(23) Or() = [T+ 2D (- AT* D], s WN<1,

the characteristic function of 7. We use the notation {D, D+, ©1(A)} to denote
the fact that ©,()\) maps from D... We say that the operator-valued analytic
functions{Dy., Dpe, ©7(A)}and {U, Uy, 2N} (IN < 1) coincide if there exists

a unitary mapping ¥ from D, to U and a unitary mapping V, from Dy, such
that

(24) QM) = V0,007, N<L.

Asin §1, we let U on K be the minimal unitary dilation of T on H. It is clear
that we can define unitary mappings ¥ and ¥V, as follows:

25) v 0p— LB TH
Dyh—> (U= T
and
Vai Do = Le def T -1,
(2.6)

Dyt (I- UT*)h

so that, {L, L, S(A)} defined by (2.4) coincides with ©4(). To simplify nota-
tion we will denote ©,()) and any other operator-valued analytic function
Q(\) which coincides with ©,()) by the same symbol, namely ©,()). Thus we
define ©,(7) only up to unitary equivalence.

For any analytic operator-valued function () we define

2.7 e~ =60* N<I.
It is well known that
(2.8 e .M=670), <L
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With {Dy., D+, ©7(A)} we associate the operator © from Lz(DT) (= square inte-
grable Dp-valued functions on the unit circle) to L2(DT +) defined by

9) (Ou)e') = O (™), ueL*(Dp)

Notice that the strong radial limits of ©()) exist almost everywhere on the unit
circle so that the right side of (2.9) is well defined.

Let V be a bilateral shift on a Hilbert space K. Then K = M(N) for some
subspace NV of K. We define a canonical unitary map &V from K (=M(N)) to
L%(N) by

(2.10) N iV"ak](t) =i e'*ta,

where, of course, 2, € N and Z||a, [|I> < . We note that &' turns ¥ on X into
multiplication by e on L2(N).
We now recall

LEMMA 2.1. Let V; and V, be bilateral shifts on the (complex, separable)
Hilbert spaces K, and K, with wandering subspaces N, and N, respectively. Let
Q be a contraction mapping K| into K, such that

(2.11) v, =V,0
(2.12) oM, (V,) C M, (I,).

Then there exists a contractive operator-valued analytic function {Ny, N,, &(A)}
in the unit disc such that

(2.13) oV1g=0¢"2.
We call {N,, N,, ©N)} the Fourier representation of Q with respect to N,
and N,.

COROLLARY 2.2. Under the assumptions of Lemma 2.1, let {N,, N,,
©(\)} be the Fourier representation of Q with respect to N, and N,. Let {V'l‘N ,
V3*N,, AN} be the Fourier representation of Q with respect to VEN, and
V3¥N, for k € Z,. Then the following relationship holds:

(2.14) 2o =6e(), n<I.

We recall that if T is an arbitrary contraction operator on H, it has a mini-
mal unitary dilation U defined on K. Defining L and L, as in (1.30), we recall
the following

PROPOSITION 2.3. IfQ = PM(L.)IM( L) then the Fourier representation of
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Q with respect to L, and L is given by (2.4)—(2.6) and therefore is (coincides
with) the characteristic function of T given by (2.3).

Since ©(}) is analytic in the unit disc it has a power series representation
(2.15) 0N = 2 \",.
n=0

It is well known that
(2.16) 0, =PL_U*"IL, n=0,1,2,...,

where for any h € H
—I - UT*)Th, n=0,

217)  ©,U-Th=
@1 {(1— UTHT* D%, n=1,2,....

Finally we shall need

PROPOSITION 24. Let T be a completely nonunitary contraction on H.
Denote by T'y the set of points p belonging to the open unit disc for which the
operator ©(u) is not boundedly invertible, together with those p on the unit
circle (denoted by C) not lying on any open arcs of C on which @f()) is a uni-
tary operator-valued analytic function of . Furthermore, denote by l"‘}, the
set of points u belonging to the open unit disc for which @1(u) is not invertible
at all. Then

o(T) =Ty and o,(T)= rd.

This concludes the review of the basic theorems from the theory of charac-
teristic functions and functional models.

We now apply these results to the discrete Lax-Phillips framework consid-
ered in §1. In their paper on scattering for dissipative systems (see [9]) Lax
and Phillips prove Theorems 1 and 2 of the Introduction for odd space dimen-
sions only. This restriction is equivalent to assuming

(2.18) D, LD

Unfortunately, for potential scattering in odd space dimensions (see [7] and
Chapter VI.2 of [6]) (2.18) no longer holds. In an attempt to make this abstract
framework applicable to potential scattering problems we do not assume (2.18).
Nevertheless, one cannot expect to obtain analytic functions without some kind
of orthogonality assumptions. So instead of (2.18) we make the following
(weaker) assumption:

There exist subspaces £, with the following properties:

(2.19) E,CD,,
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(2.20)4q T(E, CE,; T*DE_CE., 30,
(2.21) E,LE_.

We note that Lemma 1.1 allows us to rewrite (2.20),,, as
(220 TE, CE,; T*E.CE..

We note that E, satisfying the analogue of (1.16). To see this we note
that

{0}= N r™p,> N T1"E, {0}
nEZ,.. 'lez.'.

{o}= N T*"D_> N T*E_>{0}
n€Z, n€Z,

by (1.16) applied to D, and (2.19). Since by (1.15) T (resp. T*) is an isometry
on D_ (resp. D_) we see the above relations imply that T (resp. T*) is a uni-
lateral shift on D and E, (resp. D_ and E_). We will introduce the associated
wandering subspaces a little later.

We explicitly do not assume that E, satisfy the analogue of (1.17).

For the systems considered in [8],(2.18) holds and we can set
(2.22) E,=D,.
For such a choice of E,, it is clear that (2.19)—(2.20) hold.

For the case of potential scattering considered in [7] D, correspond to
what Lax and Phillips denote by D, while E, correspond to D". That (2.19)—
(2.20) are satisfied is proven in §3 of [7].

The reader is urged to keep these two examples in mind while we proceed
in a more general context.

We introduce the following notation:

(2.23) 0,(k) = U**E, oU**+VE,, ez,

(229) E (k) = U**E, <= é o,(,)>, kez,,
i=k

(2.25) E,k)=HO[E, (k) ® E_(K), Kk€Z,,

(2.26) N,(k)=U*D, o U***Y)p,, ez,

(2.27) D (k) = U**D, <= é Nt(i)), kEZ,.
i=k

We note that Oz(k) and N, (k) are wandering subspaces for U, the unitary dila-
tion of T.
By using (1.39) and (2.26) we can rewrite (1.45) as

(2.29) S =Py vy
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We suppress the suffix k since M(N_(k)) = M(N_())) forany j, k€ Z,.

At this point we would like to use Lemma 2.1 to obtain the Fourier repre-
sentation of S with tespect to N,. Unfortunately condition (2.12) is not in gen-
eral satisfied. We note that for the case of odd space dimensions considered by
Lax and Phillips in [8], (2.18) holds and this implies (2.12). In general we can
not expect the Fourier representation to be analytic.

Nevertheless we can continue to deal with analytic functions by defining

(2.29) a=Pyw oy B=Phomw )
If we set

(2.30) Sreq = BSa

then it is easy to see that

(231) Scea = Plico )0 )

Taking adjoints we see

(2:31), Stea = Pho_)mco_y

CLAIM 25. «, B, and S, 4 have analytic Fourier representations which
we denote as follows:

(2.32) {0_(k), 0,k -1), )y, k=1,2,...,
(233) {N,(k-1),0,(k-1), PN, k=12,...,
(2.34) {0_(K), N_(k), &N}, k=1,2,....

Further ofe’®) and §*(e’) are isometric almost everywhere on the unit circle.
ProoF. To prove that a, B, and S, 4 have analytic Fourier representations
we apply Lemma 2.1. First we prove (2.33) and (2.34). With the notation as in
Lemma 2.1 let Q = a (resp. f) given by (2.29) and let K; = M(0_) (resp.
M(N,)) and K, = M(N_) (resp. M(0,)). Let ¥, = V, = U, the minimal uni-
tary dilation of T. It is clear that U acts as a bilateral shift on M(0,) and
M(N,). Itis also clear that these subspaces reduce U. Since Q (i.e. @ (resp. B))
is a projection we see that (2.11) is satisfied. Thus to apply Lemma 2.1 we need
only show that (2.12) is satisfied.

To this end we note that
D (k=1 LE (k—-1); E_(k)1D_(k)*
fork=1,2,.... Werecall (2.23), (2.24), (2.26), (2.27) and rewrite the pre-
vious relationships as
(235) M_(N,(k-1) LM (0, (=1); M(O_(K) L M,(N_(K))

where we define M,(P) = @*"__'“U"P for any unitary operator U and any wan-
dering subspace P. From (2.35) and (2.29) we see
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(2.36) BM (Np (k- 1) CML (0 (k= 1)); oM (0-(K) C M, (N_(K)).

for k=1,2,.... Thus we see that (2.12) is satisfied and we can conclude that
a and B have analytic Fourier representations.

To prove the last statement of the claim we note that by (2.19) M(0,) C
M(N,); M(O_) C M(N_) and so f* and « are isometries. Thus their Fourier
representations, considered as mappings from L2(0 +k-1)to L*(V +k=1)
and L2(0_(k)) to L2(NV_(k)) respectively, must also be isometries. By a simple
localization argument we see that o(e’’) and f(e’®) are isometric almost every-
where on the unit circle.

We now proceed to the proof of (2.32). Again we use the notation of
Lemma 2.1. Let Q =S4 which is defined by (2.31). Let K, = M(0), K,
=M(0,). Finally let V| =V, = U*. Clearly U* acts a bilateral shift on the
U*-reducing subspaces M(0,). Since Q (i.e. S;.4) is a projection involving these
subspaces we conclude that (2.11) holds. We now show that (2.12) holds also.
We recall that the action of U and T coincide on D, while the action of U*
and T* coincide on D_. Since E, C D, we can rewrite (2.20) as

(2.37) UE, CE,, U*E_CE..

Thus it is clear from (2.24) that
(2.38) E,(k-1)L1E(K), k=12,....

Now (2.38) can be rewritten as
M_(0_(K)) LM, (0, (k- 1)).

Recalling the definition of S, .4 we see that this implies
(2.39) SpeaM_(0_(K))) CM_(0,(k — 1))

which is precisely (2.11) with the appropriate substitutions. This concludes the
proof of (2.32) and Claim 2.5.

We note that the Fourier representations of Claim 2.5 depend upon k =1,
2,.... By Corollary 2.2 we see that the different ngg()\) vary only by factors
of \. Similar statements apply to a®)(2) and *)(N).

Having introduced S_,4, we have no further need of D, in this section
and will deal with E, from here on.

We now construct an operator Z(k) which has S&)(\) as its characteristic
function. To this end let

J(k) = [M(O_) VM(0,)] © [E,(k) ® E_(K)], kEZ,,

2(k) = PJ ) U*I(K).
Fork=1,2,3,...we have

(2.40)
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[U* - Z(R)V(K) = [ - Py UV )
= [ - P, JUX{M(0_) v M(0,) © [E, (k) ® E_(K)]}
= [I - P54 {M(0_) VM(0,) O[E, (k — 1) ® E_(k - )]}
= 0_(k).

Similarly we can consider the adjoint case. We conclude that

[U* - Z(K))(k) =0_(k), k=12,...,
(2.41)

[U-Z(k)* (k) =0, k), k=12,....
By (2.19), (2.21), (2.41) we see that
(242) Py U*PE 00Uy = 0-
We also note that
(2.43) J(k) ® E, (k) ® E_(k) =M(0,) vV M(0.)

and is thus clearly a reducing subspace of U. For any x € M(0,) V M(0O_) we
have

(249 Plo_ywmo W** = U™
Combining (2.42)—(2.44) we conclude
(245) Z(R)" = PluyU* ;)" = PRy U™l yyy M E=1,2,....

Now just as we defined in (1.30)—(1.33) and (1.20) the spaces X, L, L,,
R, and R, associated with the dilation U of the arbitrary contraction 7, we can
consider their analogues denoted by K(Z(k)), L(Z(k)), L.(Z(k)), etc. for the
contraction Z(k) defined on the Hilbert space J(k). We note that (2.45) shows
that U* on K, the minimal unitary dilation of T*, is a unitary dilation for
Z(k)if k=1,2,.... By replacing T by Z(k) and U by U* in (1.30) and com-
paring this with (2.41) we conclude that fork=1,2,...

(2.46) L(Z(k) = 0_(k); Le(Z(K)) = O (k- 1).

By applying (1.40) for Z(k) and U* instead of for the arbitrary contraction T
and its unitary dilation U we see

KCEEK) =M_(0,. (k) ® J(k)® M (0_(K)), k=1,23,...,
=E (k) ® J(K) ® E_(k), k=1,2,3,....
Thus by (2.43) we see
(247) K(Z(k) =M@©O,) VMO.), k=1,2,3,....
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Thus U*IM(0+)V M(o_) is the minimal unitary dilation of Z(k) for k = 1, 2,
. ... Also from (1.40) we see

R(E(k)) = K(E(k)) e M(0+)a k = 19 2’ LR ]
RJZ() = KCEkK) © MO.), k=1,2,....

From (2.46) and (2.47) we see K(Z(k)) = M(L(Z(k))) V M(L(Z(k))). We can
conclude from Proposition II.1.4 of [9] that Z(k) is completely nonunitary for
k=1,2,.... In other words, there is no nonzero reducing subspace of Z(k)
on which Z(k) is unitary.

We claim Z(k) has S()(A) as its characteristic function. By Proposition
2.3 the characteristic function of Z(k) is given by the Fourier representation of
Pyrcr .z () ML (2 (kyy) With respect to Ly(2(k)) and L(Z(k)). Using (2.46)
we see that the characteristic function of Z(k) is given by the Fourier repre-
sentation of

(249) Pyo o)

with respect to O, (k — 1) and O_(k), k = 1,2, .... Denote this representa-
tion by

(2.48)

(2°50) {0-(k)1 0+(k - l)’ 6IJ(IC)(R)}a k=12,....
Comparing (2.49) and (2.50) with (2.31) and (2.32) we see
(2.51) SEIM =0:,N, W<,

and so we have proven the following
THEOREM 2.6. The Fourier representation of the reduced scattering oper-

ator Sﬁf(), with respect to O_(k) and O, (k — 1) is the characteristic function of
the completely nonunitary operator (k) fork = 1,2, .. ..

CoROLLARY 27. Fork=1,2,...

~

(2.52) {0, (k= 1), 0_(k), SN} = {0,(k - 1), 0_(k), O &y * V).
PRrROOF. Apply (2.8) to (2.51) with the arbitrary contraction T replaced
by Z(k).

Before proceeding to the main result of this section we need to make some
definitions. In [8] a major role is played by a local semigroup Z(r) defined by

(2.53) Z() = Pyop , T®Pyep_ t>0.

That Z(¢) is a semigroup follows from the fact that in [8] (2.15) is satisfied. In
analogy with (2.53) we define for k€ Z

(2.54) z®@ = P"'HGE+(k)T(t)I”HeE_(,,). t>0.
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That Z®)(F) is a semigroup follows from (2.20) and (2.21).
We prefer to work in the discrete framework. By defining Z(k) as the co-
generator of Z(*)(¢) and applying (1.18) we see

(2.5 Z(k) = P}f,eg+(k)rﬂ’,,eg_(,‘), kEZ

The reader is cautioned that Z(k) denotes a contraction operator as opposed to
a semigroup. We may consider Z(k) as an operator defined on Ey(k) by noting
that Z(k)E,(k) = 0. We now prove some preliminary propositions about Z(k).

PROPOSITION 28. The minimal unitary dilation U on K for the contrac-
tion T is a dilation of Z(k) for k€ Z,.

ProoF. To verify the proposition it suffices to show
(2.56) 2Ky =P 1)Ul lg gy M kK EZy.
To see this we note that

Z("h = Plop, iyTPHos_a)™ by (255)
= PHHeE,,,(k)T"PZeE_(k)h by (2.20)
= Pzes.,,(k)(PlfrUlH)"Pzes_(k)h
Pk, oPRUPEU " VP or_aoyh
= HeE_,_(k)U(Pl’SUlH)(n-l)PHHSE,_(k)h
= PIKJgE,,,(k)U(P U VP o ot
since U"H C K. We note that by (1.32)
ARY Sl

Thus
@ST)  ZW'h =Pybe, @ U0 - Byt o U VPop o
Expand the right side of (2.57) by the binomial formula. Since
Pibe,UPhayV! =0 1€Zy,
we arrive at
Z(k)'n = P§$E+(x)U "Phor_mfs K nEZ,.

By restricting to E¢(k) and noting that the above expression is unchanged if X,
is replaced by K we see that (2.56) holds.
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PROPOSITION 29. U on K is the minimal unitary dilation of Z(k) for k
=1,2,3,....

Note. Actually Proposition 2.9 is true for k = 0 also but the proof is a
little more involved. Since we do not need this fact, we omit the proof for
this case.

PROOF. To show K is a minimal unitary dilation for Z(k) we must show

= n
Clearly it suffices to show H C V,c,U"E (k) since V,czH"H = K. We claim
(2.59) E,(k)C V U"Ey(k); E_(R)C V U"Ey().
nEZ+ nGZ_
Since H = E (k) ® Ey(k) © E_(k) this would suffice to prove the proposition.
To prove the first part of (2.59) we note that, for k >1,0,(k—1) C Ey (k).
Now clearly
V U"0,(k-1) D E.(k);
nEZ+

so the first part of (2.59) is proven. The second part follows similarly.

Just as we defined R(Z(k)), L(Z(k)), and L,(Z(k)) in (1.20) and (1.30)—
(1.33) previously, we now denote the analogous subspaces for Z(k) by R(Z(k)),

L(Z(k)), and L(Z(K)).
ProrosITION 2.10. R(Z(k)) CRNK (Z(k)),kEZ,.

PRrOOF. Let U, on K, be the minimal isometric dilation of T on H and
let V. on K(Z(k)) be the minimal isometric dilation of Z(k). We note that
Uik  zaen = Vs Then from Theorem II1.2.1 of [9] we know

R={x €K [IU"xll = lxl,n €Z,},
R(Z(k)) = {x EK,ENIVY"xIl = lIxll, n €Z .}

Since K, (Z(k)) is invariant under U, K © K (Z(k)) is invariant under U 1.
Thus

(2.60) PﬁI(Z(k))U‘i"IK+(Z(k)) =V
Let x € R(Z(k)). Then by (2.60) we see
Iell = 17351 = 1Pk * 2 V2" ke , czain™!
<l oyl = 1071 < Dl

We conclude that |ix|]| = [[U}"x|| forn €Z,_. Thus x € R. Since R(Z(k)) C
K, (Z(k)) the proposition follows.
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LeEmMMA 2.11. For k = 1,2, 3, ... the projection Pf{(o_) defines a map-
ping from L (Z(k)) onto UO_(k) in the following manner:

K
Lu@) —2192, yo_),

(2.61),
ULU* - Z(k)*]eq(k) > ULT* = Z(k)*]eg ()

where ey(k) € E (k).
Similarly the projection Pf,(o+) defines a mapping from L(Z(k)) onto
0, (k) as follows:

P
Lzt —294) , 0, k),

(2.61) (U - ZE)eok) > [T = Z(K)leo(k)

where ey(k) € E (k).

Proor. To prove (2.61), we make use of the following general proposi-
tion concerning orthogonal projections:

(2.62) Phx=y=(x-y)1B

Applying this to the case considered in (2.61), We have U[U* — Z(k)*]Jeo(k) —
U[T* — Z(k)*leo(k) = U[U* — T*]eo(k) € L,. But by (143) L, LR. By
(1.38) and the adjoint of relation (1.15) applied to E_ we have

PG *e_ll = lim [IT*"e_ll = lle_Il

n—»>oo
foralle_ € E_. Thus £_ C R and so
(2.63) M(_) = M(E_) C M(R) =R.

We conclude that L, L M(0_) and a fortiori that U(U* — T*)ey(k) L M(O_).
Thus (2.61), holds. To show that the mapping is onto UO_(k) we note that

[T* = Z(k)*leo(k) = [PuU* = Pg 1y U*Ieo(®)
=Pg_wer, (tU"eo®)-
Since UE (k) C E (k) and Ey(k) L E (k) we sce that
(2.64) [T* = Z(K)*IEq(K) = Pg_iyU*Eq(R).

Fork=1,2,3,...wehave [Eo(k) N E_(k — 1)] = O_(k — 1). Since U* acts
as a bilateral shift on M(0_), U*O_(k — 1) = O_(k). Thus substituting into
(2.64) we have
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UIT* - Z()*1E(K) 2 UPg_(3yU*[Eo(K) N E_(k — 1)]

2 UPE_(k)U*O_(k - l) 2 UPE_(k)O_(k) = UO_(k)

and the mapping defined in (2.61), is onto.
The adjoint case considered in (2.61) is proven similarly.

LEMMA 2.12. Fork =1,2, 3, ... the projection Pf,(L.) defines a map-
ping from L (Z(k)) to L, given by

P
Ly(Zh) —=22s g,

ULU* - Z(K)*Jeo(K) — ULU* = T*]eq (k)

(2.65)«

where ey(k) € Ey(k).
Similarly the projection Pf“ 1. defines a mapping from L(Z(k)) to L given by

K
Py

LZ®) L
[U - Z()leg(k) > [U - Tleg(k)

(2.65)

where eg(k) € E(k).
PROOF. Again using (2.62) we see
UU* - Z(k)*)eq(k) — U(U* — T*)eg(k) = U(T* - Z(k)*)eo(%)
= U(T‘ - PHGE_(k)T*)eO(k) = []PE_(k)T*eo(k) GM(E_) = M(O_).

By (2.63) we see that M(O_) C R. Since R 1 M(L,) by (1.40) we conclude that
u(r* - Z(k)*)eo(k) 1 M(L,).

Thus (2.70), holds.
The adjoint case considered in (2.65) in proven similarly.
We now come to the main result of this section.

THEOREM 2.13. Fork=1,2,...and |\ <1 let

(2.66) {LZ(K)), LoZ(E)): Oz(y (N}
(2.67) {0,.(k), O_(K), Og (x)«(N},
(2.68) {L, L*’ GT()\)}

denote the characteristic functions of Z(k), Z(k)*, and T respectively. Then
there exist analytic (contraction) operator-valued functions

(2.69) {0, (), Ly, 8N}
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(2.70) {L, 0_(k), 2V}
such that for any ey(k) € Ey(k)
0206 VLU = Z(k)leg (k)
@.11) Oz QM) (1T - ZK)leo (k)
) < oM em) ([U - Tleo(®) ) '

ProOOF. Let

Oz(N) = Zo N'Ozqhy  MN<1,
n=

ez(k)‘()‘) = Zo )\"Gz(k)..n, A<,
n=

;) = X \'Or,, <1
n=0
To prove the theorem it clearly suffices to show that there exist contractions
Q9 and QY such that

Oz yrn BPN
Q7)) Oyuyn= < ”k‘"’ " . n=0,1,....
le),n 9T(x)

Before proceeding with the proof we describe the overall plan of attack.
The idea of the proof is to decompose the domain of @) ,,, into two orthog-
onal subspaces which are the domains of Oy 4ys ,, and Oy, respectively.
With this decomposition we prove that (2.72) holds for any vector in either the
domain of Oy (s ,, or the domain of @y, ,,. Linearity then implies the result.

With the help of Lemma 2.11 and (2.15)—(2.17) (applied to Z(k)), we
can construct the following diagrams form =1,2,3,...

e = /i
L(z(k) —2Em—2EED 1 (z(0)

@13 Pio,| U5 Wke® U= VZOZE " Dqreo(s)
° +

Pff(o_)
0.(%) Uo_(x)
[T-Z00eg®)  [UT* - Z0* 2™ D peo(®)
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e = pK
L)) ———22 ZCE) L (20

Py [U - Z(K)]eo(k) ———— —U[U* -Z(k)*1Z(K)eo (k)
(274 + Koy
0, Vol
[T - Z(k)]ey(K) —U[T* -Z(k)*1Z(k)e,(K)

By Lemma 2.11 Pf“o_) defines a mapping from L, to UO_(k). The right-hand
side assertion of (2.73) is therefore a consequence of (2.61), with ey (k) replaced
by Z(k)*'"_‘Dﬁ(k)eo(k). Similarly to check the mapping by Pf,(o_) in (2.74)
we note that this is just (2.61), with ey(k) replaced by Z(k)ey(k).

Before proceeding we prove two important identities. First we claim that

Q75 P§o_yU*™(U — Z(K)eo(k) = U(T* = Z(kY*)Z(k)*™ " D% 1 ye0 (K)-
To verify this we note
(U*™(U - Z(k)eg(k) = UT* = Z(k)*)Z(k)*™ ™' Dy xyeo(k), UO_(K))
= ([U*™ - U*™*1Z(k) - T*Z(k)*™ "' D} 4,
+ Z(K)*Z(k)*™ 1 Dy 1y leo k), O_(K))
= ([U*™ - U*m1Z(k) — T*Z(k)*™ ! + T*Z(k)*™Z(k)
+ Z(k)y*™ = Z(k)*™ * 1 Z(K)]eo k), O_(K))
= ([U*™ - U*m*+1Z(k) - T*Z(k)*™ !
+ T*Z(k)*™ Z(k)]eo(k), O_(k))
= ((U*™ = T*Z(k)*™ ey (k)
+ [T*Z()*™ Z(k) — U*™+ 1 Z(k)leo (k), O_(K)
= ([T*™ — T*Z(k)*™Jeo (k)
+ [T*Z(k)*™Z(k) — T*™* 1 Z(K)]eo(k), O_(K))
= ([T*™71 = Z(k)*™ e (k) + [Z(k)*™ — T*™)Z(K)eq(k), TO_(K))-

Now the right-hand side of this inner product is in Ey(k) while the left-hand side
is an element of E_(k). By (2.25) we conclude (2.75).
Second we claim that
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Q76) Py olU = ZM0leo(®) = ~UT* - ZK)*IZ(R)eq k).

To verify this we note that
(LU - Z(K)Jeo (k) + U[T* - Z(k)*1Z(k)eo(k), UO_(X))

= ([ - U*Z(k) + T*Z(k) — Z(k)*Z(K)]eo(k), O_(K))
= ([ - U*Z(k) +T*Z(k)]eo(k), O_(K))

= (eo(k), O_(K)) — ([U* — T*]Z(k)ey(k), O_(K))-
By (2.26) the first term is zero and by (1.40) the second term is zero. We will
use (2.75) and (2.76) later in the proof.
As noted in Lemma 2.11, M(O_) C R. By (1.40), (2.61), and (2.65) we
see that for any ey(k) EEg(k) and k€ Z

Q7)) [U-Z®leo®) = [U- Tleg(k) ® [T - Z®)leo(k).

This decomposes L(Z(k)) into orthogonal vectors in L and O (k).
Now suppose that we restrict our attention to those (k) € E,(k) whose
first component in (2.77) is zero. Then we have

(278) [U - Z(K)Jeo(k) = [T - Z(K)]eo (k).

Then substituting (2.78) into the left-hand side of (2.75) we conclude

(2.79) Pfo_gnyU*™ (T = Z(K))eg(k) = UT* ~ Z(KY*)Z(k)*™ 1 D% 1ye0 (k).
Recalling (2.46) we see

(2.46)* Ly(Z(k)*) = UO_(k);  L(Z(K)*) = O, (k).

Thus we conclude
P,z U* ™ Lz oy T — Z(R)]eg ()

= U(T* - Z(k)*)Z(k)*™ ' D% 1 yeo (k).
By (2.16) applied to Z(k)* we see that form =1,2,...

(2.81) Og(kys mlT — Z(K)]eg(k) = UT* - Z(k)*)Z(k)‘""‘D}(,,)eo(k).
Substituting (2.78) into the left-hand side of (2.76) we conclude

(282)  Pho_i[T = Z(®)leg(k) = ~UT* - ZU))Z(K)eo (k).

Again by (2.46)* since [T — Z(K)]E(k) = O (k) we see

(283) PL,zylLcz oo — Z0))eo(k) = —UT* — ZE))Z(k)e(k)-
By (2.16) applied to Z(k)* we see

(2.80)
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Oz (kye ol T — Z(K)leo (k) = —U(T* — Z(k)*)Z(K)eo (k).
We now define for all ey (k) satisfying (2.78) and n €Z_
(2.84) QRIT - Z(®)leo(k) = PLO2 k) oLU — Z(K)eq (k).
We claim
UU* - THZ(R)*" Dy yeo®), n=1,2,...,

-U(U* - T*)Z(k)ey(k), n=0.
To see this it suffices to show

(UU* - Z(k)"Z(K)* ™1 D 1 ye0(K)
= U(U* - THZ(KY*™ ' D xyeo(k), Ls) = 0

Qg’;),n[T ‘Z(k)]eo(k) = {

and
CUWU* - ZE)*)Z(K)eg(K) + UU* - T*)Z(k)eo(K), L) = 0.

We omit this simple calculation.
We now proceed to the second column of the matrix in (2.72). It is easy
to check the validity of the following diagrams:

8z(xym =FL,zaenV*"

L(Z(k)) > Lo(Z(K))
Pgy| 19 ZBeoh) > [ = U2 ™ D eya®)
(2.85) l Py
L ] L,
[U - Tleg(®) [ - UT*12()™ 2 D ye0(8)
mz21
L2E) 82010 = PL.z(x) 20
| U Z®le® —— ~UIU* - ZEERee®)
(2.86) e ] P
L Ly
[U - Tleo(®) ~UTU* - T*12(k)eo(k)

For example to check the mapping by Pf,( L,) in (2.85) we note that this
is just (2.65), with eq(k) replaced by Z(k)*™ ' D} xyeq(k). Similarly to check
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the mapping by Py, ) in (2.86) we note that this is just (2.65), with e,(k)

replaced by Z(k)ey(k).
We claim
@87 P U™ (U - Z(K))eo(k) = [I — UT*}Z(Ky*™ ' D% 1 ye0(k),
and m=12,...,

(2.88) P} [U - Z(K)leg(k) = —ULU* = T*|Z(ky*ey (k).

The calculations are similar to those done for column one and are omitted.
We now limit our attention to those ey(k) € E(k) whose second compo-
nent in (2.77) is zero. For these e,(k)’s we have

(289 [U - Z()leg(k) = [U - Tleo (k).

Substituting (2.89) into the left-hand side of (2.87) we conclude

(290) P U*™[U- Tleo(k) = [ - UT*1Z(k)*™ ' D% ;. \eo (k).

By (2.16) we see

(291) O7,mlU = Tleg(k) = I = UT*1Z(k)* ™ D} yye0(A).
Substituting (2.89) into the left-hand side of (2.88) we see by (2.16) that
(2.92) Or olU — Tley(k) = —ULU* = T*12(k)*eq (k).

So far we have shown that the theorem holds for those eq(k) € E((k)
which are of a special form. In particular we have shown that the theorem
holds for those ey(k) which cause the first or second component of (2.77) to
be zero. We now piece together these results and conclude that the theorem
holds for all eq(k) € Ey (k).

We decompose Ey(k) for k = 1,2, 3, . .. as follows

Eg(k) = Eg(k = 1) ® [Eo(k) © Eo(k - 1)].
This allows us to write
(293) eo(k) = eq(k) © ej(k)

where eg(k) € Eq(k — 1) and eg(K) € Eo(k) © Eg(k — 1). We claim eg(k)
satisfies (2.83) and e (k) satisfies (2.94). To see this we note that

eo(k) EEy(k) © Eg(k = 1) CE (k- 1) ® E_(k - 1).

For k=2, 3, ... the actions of U and T on E,(k — 1) coincide; thus (2.78)
is satisfied by eg(k). With regard to ey(k) we note that fork =1, 2, ...
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TE(k — 1) C Eo(k)

and so the actions of T and Z coincide on Eg(k — 1). Thus ep(k) satisfies (2.89).
Since

O2(k),nlU = ZK)]eg(k) = Ozx) olU = Z(K)Jeg(K) + Oy a[U — Z(K)]eg (k)

we can use the linearity of (2.72) to conclude the theorem. We note that
(2.89) appears to imply that ®p, ,, depends on k. This is not so since
(U-TE,(k)=0fork=1,2,.... Finally we observe that (2.84) and (2.91)
imply that Qi(i" J\), i, j =1, 2;i #j, are contraction-valued functions as claimed.

COROLLARY 2.14. For IN<1,k=2,3,...,and ey(k) € Ey(K)
B2y (VLU — Z(k)]ey (k)
= Og () WIT = Z(k)]eo (k) ® OLN[U - Tley(k)
@94 = UIT* - Z(®)* 1T - MZ(R)* T (X ~ Z(R)]eo ()
® U[U* - T*I - M(R)* T [\ - Z(R)]eo (K).

PrROOF. By (2.93) we see
©2(ky,0lU — Z(K)]eq(k) = Ok o[U — Z(K))(eg(k) + eg(k))

<92(k)-,o ﬂi’;’,o> ([T—Z(k)le:,(k)>
%P e,/ \ - TR

< ~UT* - Z()*)Z(K)eo (k)
~U(U* - THZ(K)e (k)

]

Forn=1,2,3,... we have
Oz(ky,nlU = ZW)leo(k) = Oz(x) [V = Z(K)N(e (k) + € (k)
Ozkyem UPn\ (1T - Z(Reg®)
) ( o, e, )( [U-Tle'®) >
U(T* = Z(k)*)Z(k)*"~ D 1y eo (k)
<U(U* - TOZR* DYy (k) ) '

(295)

Thus a simple calculation shows
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Oy MU ~ZW]es® = Z. X074l = ZWleo®)

) ( UT* - ZEMI-Z(R) + NI - w(k)*)“D§<k)1eo(k)>

(2.96) UU* - TH-2Z(K) + NI - M2(6)*) ™ D% i leo (k)

(U(T* = Z(M W - MR (- Z(k))eo(k)>
U(U* - T*XT = 2Z(k)*) ' (\ - Z(K))eq (k)
From the calculation in (2.95) we see

O () OIT = ZH)leg(k) = {PMNIU = Tleg(®)
and

O7(NIU - Tleg(k) = Q4P WIT - ZW)leo (k).
Thus we can identify each row of (2.96) as
(91: ey MIT - Z(k)]eo(k))'

O, (MU ~ Tley(k)
The corollary now follows by noting that the columns of (2.96) are orthogonal.

COROLLARY 2.15. For INI<1,k=2,3,...,and ey(k) € Ey(k)

297 O2(yMLU ~ Z(K)]eq (k)
= SEYNIT - Z(K)Jeo(k) ® O N[ = Tley(k).

Proor. Apply Corollary 2.7 to Corollary 2.14.
LEMMA 2.16. For k € Z, and ey(k) € Ey(k)

(U = Z(&)*)eo (BNl = (T = Z(K))ey (KNI
PROOF.

I = Z0*)eo®IP = IPg_ yo_qiyVeoI®
= ||Pg +(k)er(k)"2 = (Pg +(")Ue°(k)' Tey(K))
= IPg, iy Teo(®I? = IT = Z(kYeo()IP.

COROLLARY 2.17. For A< 1,k =2,3,...,and ey(k) € Ey(k)
Oz 1)U — Z(K)]eo (%)

= Og () + MU = Z(k)* 1o (k) ® OLN[U — Tley (k).

(2.98)
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PrROOF. Use Lemma 2.16 and the fact that characteristic functions are de-
fined only up to unitary equivalence.

Finally by considering the dual system generated by T* we obtain the fol-
lowing

COROLLARY 2.18. For INI< 1,k =2,3,...and ey(k) € Ey(k)
Oz (k) (N[U* ~ Z(k)* Jeo (k)
= SEUNIT* = Z(k*1eo(k) ® O (N[U* - T*]eo(k)
= UX(T = Z()I - MZ(K) 1 (A = Z(k)*)eo(k)

® UXU - T)(I - AZ(K)) "' (A = Z(k)*)eq (k).

REMARK. In Theorem 2.15 if various (rather strong) assumptions are
placed on ©z,(A) we can conclude that there exists a meromorphic operator-
valued function, Q()), defined in the exterior of the unit disc, so that the radial
limits of §§§()1(?\) and Q(A) agree almost everywhere on the unit circle. If this
is the case §§§3(7\) is said to have a meromorphic pseudo-analytic extension to
the exterior of the unit disc. See [4] for details; we mention here only that one
sufficient asumption on ©;)(A) is that it be matrix-valued.

We now make an additional assumption on the E,. We assume

(2.100) ME,) = M(D,).

This assumption is satisfied by the systems which Lax and Phillips consider. To
see this we prove that (2.100) is equivalent to the following (equivalent) state-
ments:

(299)

(2.101) slimZ(k)" = 0 =slim Z(k)*",
n—o n-»co
(2.101) 4, slim Z®)(f) = 0 = slim Z(*)(p)*,
t—>o0 t—>oo

PROPOSITION 2.19. We have the following equivalences:

(2.100) <= (2.101) == (2.101)

cts*®

PrROOF. The equivalence of (2.101) and (2.101),,, is just Proposition
I1.9.1 of [9]. To see the first equivalence we note that (2.101) holds if and only
ifforalh€H
(2.102) slim P g, T"h=0=slim Pjlor T*"h.

n—»oco n-+oo

By Lemma 1.3 applied to £, and U*! instead of Dy and U* we see that (2.102)
holds if and only if R = M(E_), R = M(E,). But R=H_=M(D_)and Ry =
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H, = M(D,) by Lemma 1.3 and the energy decay assumptions for D,, i..
(1.25). Thus M(D,) = M(E,) as required.

We note that (2.101) implies (by Theorem II.1.2 of [9]) that R(Z(k)) =
R,(Z(k)) = {0}. This result is stronger than Proposition 2.10, but of course we
need to assume more—namely (2.100).

We next find another equivalent form of (2.101).

ProPOSITION 220. {L(2), L4(Z), ©z(N}is inner if and only if lim,,_, .Z*"h
=0 forallh €EH.
{L(Z), Le(2), ©7(\)} is *-inner if and only if lim, , ., Z"h =0 forall h € H.

PRrROOF. See Proposition VI.3.5 of [9].
COROLLARY 221. Fork=1,2,... 92(,‘)()\) is inner and *-inner.

PRrRoOOF. By assumption (2.100) holds. Proposition 2.19 implies that
(2.101) holds. Proposition 2.20, applied to Z(k), implies the corollary.

REMARK. By (2.100) it is clear that a and 8 defined by (2.29) are uni-
tary maps. Using the same localization procedure as in Claim 2.5, we can show
o(e’) and B(e’") are unitary almost everywhere on the unit circle.

3. The location of the poles and zeroes of S, 4. In this section we apply
Theorem 2.13 and its corollaries and derive discrete versions of Theorems 2 and
3 found in the Introduction. The continuous analogue is proven in §4. Before
proceeding we need two technical lemmas which allow us to relate ©7;,(\),
k=0,1,2,.... We denote Z(0) by Z, Ey(0) by E,, 0,(0) by O,, etc.

LEMMA 3.1, Let 0<|A|<1landk=0,1,2,.... Then Oz ) is
an isomorphism (i.e. one-to-one, onto, and bicontinuous) if and only if ©,(\)
is an isomorphism.

PRrooF. Corresponding to the decomposition

3.0 Eyk) =F_(k) ® E, ® F (k)
where
k-1 k-1
(3.2) F_(k) = @ 0_0)) F. +(k) = @ 0...(’)
i=0 =0
we have a decomposition for Z(k) as
Z,, % =
(33) Z={o z =
0 0 Z,,

where
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Z,y: F() —F(k), k=0,1,2,...,
Z: Ey—E,,

Zy F,() > F,(K), k=0,1,2,..

The stars denote contraction operators and the zeroes are due to the invariance

of the subspaces in (3.1) under Z(k).
Let ©;;,,(N), ©(N), 2N, Q%)) denote the characteristic functions
of Z(k), Z, Z44, and Z, , respectively. Then by applying Theorem VII.2.1 of

[9] to
YA * *
( 1 Z.
0 Z and
0 2
0 Z3,

successively we obtain the following factorization of ©4,(N):

34 020N = 65 (Ve e
where
( AL )
e = ,
22 () ( 0 o,m
nw oo
@3 efyo = ( :
0o ao®n

g oo
e =
0o o

and Vg‘), i =1, 2,3 are unitary operators. Now Z,, and Z,, are very simple
operators and we can determine Qg")O\) explicitly. For any contraction T we

have

(3.6) o;(\) = [—T+ > N'DT.T*"-IDT]lpT, IN< 1.
n=1

Recalling that Z;, and Z,, are right shifts, we can apply (3.6) to Z;, and Z5,
to obtain

3.7 QB =NrP, k=012...,

for some unitary operators Vg"). Thus after successively substituting (3.7) into
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(3.5) and (3.5) into (3.4) we obtain the lemma.

We note that by Lemma 3.1, for A #0, Oz is invertible if and only if
©z() is invertible. At A = 0 we see by (3.4) and (3.5) that ©;y(A) has a
zero of order at least 2k. Thus except for A = 0 we can use Oz(ky(N) to study
the zeroes of ©,(A).

The next lemma enables us to avoid this problem at A = 0.

We say an operator T on H belongs to C, (i.e. T€ C, ) if T"x — 0 for
all x € H. Similarly we say T € C if T*"x —> 0 for all x € H. Now let

T,=(T-aX/-aT)', lal<1,

(3.8) -
=(T-al) Y aTY.
=0

Any invariant subspace D of T is clearly invariant for T,. Since (T,)_, = T the
converse is true. Thus T and T, have the same mvarxant subspaces

Let D be invariant for T. Then T has the form ( ) where 4: D — D;
B: D — D; X: D — D. Clearly

T,=(T-a)l-aT)!

A -al) X U -a4) -ax \!
=< 0 B—aI) ( 0 (I—EB)>
@9 fa-ay  x ((1 2! -2y @) - aBy!
B ( 0 B- al)) 0 (-aB)! )

<Aa Y>
0 B,
Y =A,aX( 2By + X( - aB)™! = @A, + NXJ -aB)L.

Thus by (3.8) and (3.9) we see
(3.]0) TGID =Aa =(TID)4'

where

Now if T}, is an isometry we know (see §1.4.4 of [9]) that (Tlp), is an isometry.
Thus by (3.10) we see T,|, is an isometry. Suppose in addition that T, is
completely nonunitary. Then Tl € C (ie. (TIp)*" — 0 as n — ). By
Proposition 2.20 we see that this is equwalent to O, (A) being inner. But then
®T| ((\—a)/(1 —aN)is also inner. By §VI.1.3 of [9?we see that this implies
G(TID)aO\) is inner or equivalently that (T1,), € C,. By (3.10) we see T,l, €
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C, and is therefore completely nonunitary.

Finally assume Y = PD lﬂo 1L € Cy. (i.e. positive powers of the operator
converge strongly to zero). Again by Proposition 2.20 we see that ©,(Q) is *-
inner. Thus Oy ((A —a)/(1 —aN) = Gya()\) is *-inner and we have (by the same
proposition) (PD 1T|D 1)a € Cy. Now by (3.9) we see

PD -'-TalD L=8B, = (PD lTID Da

Thus we conclude P.T |1 € Co-

By these calculations we see that T and T, both satisfy (1.22)—(1.25). We
note that (1.24) is satisfied since we have shown T,|, is an isometry and T|, €
C,. We conclude from the Wold decomposition (see Theorem 1.11 of [9]) that
T,|p is unilateral shift. From this it follows easily that (1.24) holds. By Propo-
sition 1.4.3 of [9] we see that U, is the minimal unitary dilation of T,. Since
U, is also the minimal unitary dilation of Pgo(k)TaP’g (k) (see Proposition 2.9)
we can apply Proposition 1.4.3 of [9] to conclude thato

Z(k), =P Eo(k)Tano(ky

Similarly U, lyro_yv M(©,) is the minimal unitary dilation of Py, U, |y (x)»

and we can conclude from Proposition 1.4.3 of [9] that Z(k), = Pj(xyU,ls(x)-
Thus all theorems previously proven about the T, Z(k), Z(k) system apply equally
well to the T,, Z(k),, Z(k), system. We record this as

LEMMA 3.2. The discrete framework generated by T on H is equivalent to
the discrete framework generated by T, on H.

In particular we can restate Corollary 2.14 in the T, framework as
02 (x), MUz = Z(*)leo (k)

(3.11)
= Oz (k)sMWIT, = Z(k),Jeo(k) + 67, MU, — Toleo(k)-

If we replace A with A = (u — a)/(1 —@u), by §VI.1.3 of [9] we have
Oz(x) WL, — Z(k),1eg (k)

= Bz (k) +WIT, — Z(k),leg(k) + O[T, = T,leg(k).

We see that (3.11), a theorem given in terms of the T, system, can be re-
placed, as in (3.12), by a theorem involving the T system. What is important to
note is that the points symmetric with respect to the unit circle remain symmetric
after applying the fractional linear transformation A = (u — a)/(1 —@u). Thus
theorems involving symmetric points and Corollary 2.14 can be stated in either
the T or T, framework. We use this fact to advantage later.

We next prove discrete versions of Theorems 2 and 3 of the Introduction.

3.12)
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THEOREM 33. Fork=2,3,...let 9z(k)(7\) have an analytic extension
through (part of) the unit circle to a connected open set T containing the open
unit disc. Then §§L‘?,()\) and ©,()) have analytic extensions to T. Assume |\y|
< 1and 1/A, belongs to the closure of T'* where * denotes reflection through
the x-axis. If 1/\y is a pole or essential singularity of SE)(\) then Ay is not a
point where ©z;\(\) is an isomorphism.

PROOF. By assumption ©(A) has an analytic extension to I'. We de-
note the extension by the same symbol. By Corollary 2.14 it is clear that both
O, and '§£3(7\) can be extended analytically to I'. Again we use the same
symbol to denote these extensions. Clearly Sff‘),()\) has an analytic extension to
I'*. Since 1/A, belongs to the closure of I'** and is a pole or essential singularity
of S&)(N), we conclude 1/X, belongs to the closure of I" and is a pole or essen-
tial of S&}(A). From Corollary 2.14 we see that 1/X, is a pole or essential
singularity of ©z,)(A). Since ©z() is inner and *-inner (see Corollary 2.21),
it is unitary almost everywhere on the unit circle. By appealing to the Schwarz
reflection principle for operator-valued functions (see Chapter III of [6]) we see

A, is not a point where ©z(xy(A) is an isomorphism.

THEOREM 34. Fork =2,3,...let ©z)(\) have an analytic extension
through (part of) the unit circle to an open connected set T containing the open
unit disc. Assume |\ly <1and 1/\g ET. Then 1/\, is a point where S}
is injective if and only if N, is a point where ©,()) is injective.

PRrROOF. The proof proceeds by a (finite) sequence of claims.
CLAM 1. Let ¢: Eg(k) — Ey(k) be defined by

(3.14) $odeo(k) = (I = XeZ(KIM) ' (Ng = Z(R))ey (k).

Then ¢(},) is an isomorphism.
Proor. By Corollary 2.21 we can apply the Schwarz reflection principle to
©zcxyM). Since 1) €T we conclude

(3.15) 9z(k)(xo) = lez(k)(lfxo).]—l-

The mapping inside the square brackets is bounded since 1/7\0 €T and has a
bounded everywhere defined inverse—namely ©)(Ag). Thus 8z(,,(}) is an
isomorphism at A = Ay. By Proposition 2.4 we conclude that A, belongs to the
resolvent set of Z(k). Since [A,] <1 it is clear that ¢ defined by (3.14) is an
isomorphism.

CLAIM 2. ©,(}) is injective at A = A, if and only if

B16) (U -2ZKy*) ' (g ~ Z(kNker (U = Tl ) = ker(U* = TH)ig x).
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ProOOF. We recall a part of (2.94):
(G17)  O(\IU - Tleg(k) = ULU* = T*III = AZ(R)*17* [Ag — Z(M)]eo(R).
Since ©1(Ay)0 = 0 we always have the inclusion

(318 (- )\oz(k)*)_l()\o —Z(k))ker(U - T)IEo(k) C ker(U* - T*)IEo(k)'
Using (3.14) we can rewrite (3.17) and (3.18) respectively as

(3.19) 8,(0)IU - Tleo(B) = U(U* - THé(\)eo(k)
and
(3.20) «Ro)ker(U- T)lfo(k) C ker(U* - p)IEo(k)'

Since ¢(A,) is onto by Claim 1, the inclusion in (3.20) is proper if and only if
there exists an ey(k) € Ey(k) with the following two properties:

(3.21) eo(k) & ker (U = Tlg (xy»

(322) $Agleq(k) Eker (U* = THIg (y)-

By (3.22) and (3.19) we see ey(k) enjoys properties (3.21) and (3.22) if and
only if

(3.23) 0, (\)IU — Tleg(k) = 0,

324 [U-Tley(k) #0
i.e. if and only if ©4(},) is not injective. This concludes the proof of Claim 2.
Cram 3. SY(N) is injective at X = 1/, if and only if

(325) (I = 2NZ(K)*) (A — Z(K))ker (T — Z(K)) = ker(T* - Z(K)*).
PrROOF. We recall a part of (2.99):
(3:26) SEYNIT* - Z(k)*1e(k) = UH(T ~ Z(OXT = MZ(K) (X = Z(K)*)e, (R).

Since S&¥)(A)0 = 0 we always have the inclusion

(3.27) U= 2MZ(R)I (A = Z(R))ker (T* = ZIK))ig xy € ker(T = Z(kDlg o xy-

Letting A = 1/A and applying (3.14) we rewrite (3.26) and (3.27) as
(328)  SEIUMIT* - Z(k)*1eg(K) = UX(T - Z(k)$™  (Ng)eo(k),

(3.29) «ko)-lkef(T* - Z(k)*)lEo(k) C kel’(T - Z(k))lEo(k)'
Since ¢'l()\o) is onto by Claim 1 the inclusion in (3.29) is proper if and only if
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there exists an ey (k) € Ey(k) with the following two properties

(3.30) eo(k) & ker(T™ = Z(k)*) g (x)»

(3.31) 97! (Aodeg(k) € ker (T - Z(k) g, r)-

Applying (3.31) to (3.28) we see e (k) enjoys properties (3.30) and (3.31) if
and only if

(332) SEYAMIT* - Z(K)*Jeg(k) = 0,

(333) [T* - Z(k)*]ey(k) # O
i.e. if and only if S(")(l/)\o) is not injective.

red

CLAIM 4. @4+ (D) is injective at X = 1/)y if and only if
(7 = 2 ZH) ™! (g = Z(RY ket (U* = Z(k)*) g x)

334
( ) = kel'(U— Z(k))lEo(k)’
ProOF. We recall a part of (2.99):
Gz(k)a(l)[u* - Z(k)* ]eo(k)

= U*(U = Z( = MZ(R)) ™' (A = Z(ky*e (k).

(3.35)

Since ©z(xy+(A)0 = 0 we always have the inclusion

(336) (I~ NZ(R) A~ Z(Ry*ker (U* = Z(0)*)g ry € ker (U - Z(R))I o)
Letting A = 1/, we can rewrite (3.35) and (3.36) as

(B37) Oz (1MIU* - Z(R)*1eg(k) = UU - Z(N™ Aodeo R,

(338) ¢ Qo)ker(U* ~ Z())lg ) C Kex(U = Z(Dlg ,ry.

Since ¢! is onto by Claim 1 the inclusion in (3.38) is proper if and only if
there exists an ey(k) € E(k) with the following two properties:

(3.39) eq(k) & ker(U* - Z(k)*)lEo(k,,
(3.40) 7' (oo (k) € ker (U~ Z(k) I 1.

Applying (3.40) to (3.35) we see e,(k) enjoys properties (3.39) and (3.40) if
and only if

(341) Oz(ky(1NQ[U* — Z(K)*Jey (k) = O,
(342) [U* - Z(k)*Je,(k) # 0
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ie. if and only if ©z;)s(1/Ao) is not injective.

CLAM 5. If 1/Xy € T, then ©7;)+(}) is injective at A = 1/Aq.

PrOOF. Assumel/X,€T. By Corollary 2.21 and the Schwarz reflection
principle we can write

(343) 02y A)* =[O0y (1A

The mapping inside the square brackets is bounded since 1 /'io €Tand hasa
bounded everywhere defined inverse—namely ©;)(Ao)*. Thus ©7(;,(A) is an
isomorphism at A = 1/7\0. By (2.8) applied to Z(k) we have

Gz(k).(l /RO) = ®Z(k)( ll—ko)*.

Since the adjoint of an isomorphism is injective the result follows immediately.
We are now ready to prove the only if part of the theorem. We assume
1/Aq €T. By Claims 5 and 4 we conclude (3.34), i.c.,

(3.44) dker(U - Z(k))lg o) = ker(U* - Z(k)*) lEo(k)’

Since we are assuming that ©,(),) is injective we can also apply Claim 2 to con-
clude (3.16), i.e.,

(3.45) g(ker(U = Dlg (1)) = ker(U* = T*)g x)-

We note that

and

(3.47) ker (U* - Z(k)*)lso(,‘) = ker(U* - T*)IEo(k) Nker (T* —Z(k)*)lEo(,,).
Since ¢ is an isomorphism it is clear from (3.44) and (3.45) that

(3.48) ¢[ker(U — T)\ker(U - Z(k))] = [ker(U* — T*)\ker(U* — Z(k)*)].

In (3.48) “\” denotes set complementation; we have omitted the symbols
“Ig o(")” and will continue to do so for the rest of this proof. To prove the
only if part of the theorem it suffices, by Claim 3, to show

(3.49) d(ker(T — Z(k)) = ker(T* — Z(k)*).

To this end we note that T = U on E, (k) and Z(k) = T on Ey(k) for k = 2, 3,
. ... We conclude that

650 Eo(K) = ker (U — T) + ker(T - Z(k)),
3.50
Eg(k) = ker(U* — T*) + ker (T* - Z(K)*).

Thus by (3.46) and (3.47) we can decompose and ey(k) € Eo(K) as eq(k) = x
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+ y where x € ker (U — T)\ker (U - Z(k)), y € ker (T — Z(k)). This decompo-
sition is not unique. Nevertheless applying ¢ to x we see by (3.48) that ¢x €
ker (U* — T*)\ker (T* — Z(k)*). Since ¢ is an isomorphism ¢x # O unless x =
0. Thus by (3.46), (3.47), and (3.50) we conclude that for any ey (k) € E(k),
peq(k) € ker (T* — Z(k)*) if and only if x = 0, i.e., if and only if eo(k) €

ker (T = Z(k)). Thus since ¢ maps onto E(k) we conclude (3.49). The con-
verse is proven similarly.

THEOREM 3.5. Fork=2,3,...let Oz (k)N have an analytic extension
through (part of) the unit circle to a connected open set T" containing the open
unit disc. Let |\g| <1 and 1/\, belong to the closure of T'*. Finally assume
T has no eigenvectors which are contained in E,, (=Eo(0)). Thenif Ay isa
zero of ©z(;y(N), 1/Ay is a pole or essential singularity of Sff‘)l(')\).

PROOF. If A, is a zero of @,;(X), then by Proposition 2.4 we see A,
€ 0,(Z(k)). Since [Nyl <1 we know [1/Ay — Z(k)]! is an isomorphism and
for u near Ay, [1/u — Z(K)]™! is uniformly bounded by some constant M. Let
f be a unit eigenvector associated with A, € 0,(Z(k)). Then (u - Zk)f=
fl(n —Ag). From (2.99) we have

SEAUDIT* = Z()*Jeg(k) = UH(T - ZWNu ~Z(0)) (I - 1Z(K)Meg(¥)

and so
SEAUDIT =209 = 20*)) = ek S UNT - 200

Thus to show 1/A, is a pole or essential singularity of S)()\) we need only
show that (T — Z(k)) does not kill the eigenspace of Z(k) at Ao- Let Ey(k) =
+(k) ® E, ® F_(k) where the notation is as in (3.1). Since f € Ey(k) and
Nf= Z(k)’f we see the F_(k) part of f is zero.
Now assume that (T — Z(k)) kills the eigeuspace of Z(k) at Ao- Then
(T-Z(k)f =0, ie., Tf = Z(k)f = Aof. Let (g)j denote the O (j) component of

g Then we have forj€Z
(f),' = (Tf)j-(-l = (Z(k)f);-n = xo(f)j.;.p

Since 0 < [Aol <1 we see that either {(f);};Z, & 12, or (), = O for all j. If
the latter occurs we see f € E and this contradicts the fact that T has no eigen-
vectors in Ey. Thus (T — Z(k)) does not kill £, and the theorem is proven.

We conclude this section with

THEOREM 36. If ©,(}) is inner and *-inner, ©,()) has an analytic exten-
sion through an arc (y) contained in the unit circle, if and only if o(z) N (y) =2.

PROOF. By assumption G)Z(e") is unitary almost everywhere on the unit
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circle. If ©,()) has an analytic extension through (7) it is clearly unitary for
all e € (). But then by Proposition 2.4 we see o(z) N () = &.

Conversely if 6(Z2) N (y) = & we see by the same theorem that @z(e")
is unitary for all e* € (v), and that ©,(}) is boundedly invertible for [A] <1
and sufficiently close to compact subsets of (7). Now [|©,(A)"!|| is a continu-
ous function on this compact set and is thus uniformly bounded. By Lemma
I11.1.3 of [6] we see ®(A) can be extended through (7).

4. Applications to Lax-Phillips scattering theory. In this section we find
continuous versions of Theorems 3.3—3.5. We then show how these results ap-
ply to some systems considered by Lax and Phillips. In particular we show
§§1-3 of this paper provide an abstract framework for the systems considered
in [7] and [8].

We now translate Theorems 3.3—3.5 into a continuous framework. Consid-
er the fractional linear transformation

@“.1) T:Arz=00+ 1D/A-1)

which maps the unit disc onto the left half plane. For any contraction T and
its Cayley transform A4 define

4.2) 0,(2) =0,

whenever A belongs to the domain of analyticity of ©,. Since ©®(}) is analytic
in the disc, © 4(2) is analytic in the left half plane. For any operator-valued
function y(e') defined on the circle we can define (o) on the imaginary axis
by setting 7(0) = 1(e’?). Let

é43) 0,() =0,@)*
Then by (4.2) it is easy to see that
4.4) 0,4+(2) = ©4(2).

By Theorem 2.4 if |Ay| <1 then Ay € o(T) if and only if @,(A,) is not
an isomorphism. Since A = (T + I(T —I)"! we see by the spectral mapping
theorem and (4.1) that if z; = 7(A,) then z, € o(4) if and only if ©7(},) is
not an isomorphism. Let A = 7' = {7(A\)I\ €T}. Then clearly ©4(}) has an
analytic extension to I' if and only if © ,(z) has an analytic extension to A.

Let A4, B(k), and C(k) denote the Cayley transforms of T, Z(k), and Z(k)
respectively. If we recall (see Corollary 2.7) that §§§3(7\) = 9;(,‘)(7\) we can
apply these ideas to all three characteristic functions in Theorems 3.3—3.5.

For all of these theorems the case z, = —1(A, = 0) presents special prob-
lems. Because Op;y(z) hasa zeroatzy =-1fork=1,2,... (recall (3.5)
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and (4.1)) we see by Corollary 2.21 and the Schwarz reflection principle that 1
& A. Thus the point 1 never satisfies the hypotheses of these theorems.

To avoid this “blindspot™ we proceed as follows. Consider the discrete
framework and denote Z(0) by Z, 35230\) by S,cq(N), etc. For the moment
assume zero is a point of isomorphism for ®,(0), S..4(A), and OL(A). We will
show later that this assumption can be replaced by a much weaker assumption.

By (3.4) we see that except for A = 0,0,()) and Ozy Mk =1,2,...,
are isomorphic at exactly the same points of the complex plane. Similarly by
Corollary 2.2 we see that, except for A =0, S, 4(?) and 355‘)1(7\)’ k=1,2,...,are
isomorphic at exactly the same points of the complex plane. Thus we can re-
place any statement in Theorems 3.3—3.5 concerning the nonisomorphic points
of ©z¢)(N) and SEY), k = 2,3, ..., by the same statements with
O )N replaced by ©(2) and ngc)l()\) replaced by S_.4(A). The “problem”
at zero disappears since we have assumed that all the operator-valued analytic
functions are isomorphisms there. As before we can now translate these theorems
into the continuous framework (i.e. the left half plane). When we do this the
special problems with z, = -1 disappear.

Before stating the resulting theorems we show that it is alway possible to as-
sume A = 0 is a point of isomorphism for @,(), S, 4(), and ©,(\)—at least for
all systems which satisfy a mild regularity condition. We assume that we can
find an a with =1 <a <1 such that 2 ¢ o(T), a & o(Z), and Oy ()(@) is an
isomorphism. In all the systems considered by Lax and Phillips this condition
is certainly satisfied. We come back to this point later. From now on we make
the standing assumption that this condition is satisfied.

Now consider the discrete framework involving 7,. By Lemma 3.2 we
see the T, system satisfies the same properties as the discrete T system. The
one important difference is that zero is now a point of isomorphism for
G)Za()\), @Ta()\), and S 4 ,(\). To see this we use Proposition 2.4 and the
spectral mapping theorem. We can thus apply our previous discussion to the
T, system instead of the T system. We conclude, by recalling the remark after
Lemma 3.2, that the special problems involving z, = -1 can be avoided.

Some final notes are in order. First by Theorem 3.6 A can be explicitly
computed once o(B) is known. Since any analytic extension of ©4(z) is given
by the Schwarz reflection principle we can apply Proposition 2.4 and conclude
that A is the component of

“4.5) {z=x+iylx —iy € p(B)} U{z|Re z < 0}

which contains the left half plane. In the applications considered by Lax and
Phillips the spectrum of B is discrete and contained in the open left half plane.
Thus C\A is discrete.
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Second Lax and Phillips choose the lower half plane as the half plane
where S(2) is analytic. This differs from our choice by an angle of 7/2. We
now restate Theorems 3.3—3.5 with the preceeding remarks in mind.

THEOREM 4.1. Sf::l(z) has an analytic extension to all but a discrete set
of points in the upper half plane where it may have poles or essential singulari-
ties. If z is a pole or essential singularity of S¢i%(z), then iz, € o(B).

THEOREM 4.2. Ifzy =xq + iy, xo <0,and -xy +iyy € A, then —iz,
is a zero of SE¥3(2) if and only if zy € o(A).

THEOREM 4.3. Assume A has no eigenvectors which are contained in E|,.
Then if iz, € o(B), z, is a pole or essential singularity of St (2).

We now restate Theorem 4.2 slightly. Clearly —x, + iy, € A if and only
if xo + iy & o(B). By Theorems 4.1 and 4.3 z, = x,, + iy, € o(B) if and
only if —iz, is a pole or essential singularity of Sﬁ:f,(z). Thus we can restate
Theorem 4.2 as

THEOREM 44. If z, € o(B) and Im zy <0, then —iz, is a zero or possi-
bly a pole or essential singularity of SE(2).

Theorems 4.1, 4.3, and 4.4. are similar to Theorems 1 and 2 of the Intro-
duction.

We now discuss the application of these results to the system considered
in [8]. In [8] Lax and Phillips consider the acoustic equation in an exterior
domain G C R27+1

u, =Au ingG,

4.6)
outau,=0, a=>0o0ndG.

They embed the problem in a Hilbert space H which consists of all initial data
of finite energy in G. We define H, T(t), and D, as in [8]. T(t) is shown to

be isometric on D, and T'(¢)* is shown to be isometric on D_. Following the
material in the Appendix of [8], we construct H,. H, satisfy (1.1)<(1.3). In
[8] Lax and Phillips show that (1.4) and (1.5) are satisfied by 7(¢). Thus the
abstract framework applies to [8]. We note that [8] satisfies one additional very
important property, namely (2.18). Thus in §2 we can take D, = E,. Clearly
then a, oe’), B, and f(e’*), defined by (2.29), (2.33), and (2.34), become iden-
tity maps. Thus by (2.30) we see

4.7 SEN =s®W), kez,,

where S®)(2) is the Fourier representation of S with respect to N (k). In order
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to conclude Theorems 4.1, 4.3, and 4.4 we will show that C\A (defined by
(4.5)) is discrete.

In Chapter 5 of [6] it is shown that Z(t}(x — B)™! is compact for some
choices of ¢ and k. In [6] and [8] this fact is shown to have the following con-
sequences:

(i) B has only discrete point spectra which lies in the open left half plane,

(i) (z — B)™! is meromorphic in C.

By (i) we see that C\A is discrete. We claim that (ii) implies S(z) has no essen-
tial singularites. To see this transform to the discrete framework. Then (A —2)~!
is meromorphic away from A = 1. Thus by Proposition VI.42 of [9] we

see that, for [A| <1, @Z()\)“ is meromorphic. Since ©,(\) and Oz(x)(N) are
related by (3.4), we see that ('Bz(k)O\)'1 is meromorphic in the open unit disc.
Now by assumption ©2(xy(M) has an analytic extension through the circle. This
is given by the Schwarz reflection principle; i.e.,

Ozy(1/N) = [ez(k)o\)_l]*, AI<I.

Clearly then ©;(A) is meromorphic on C except possibly at A = 1. Thus by
(2.97) SSL‘C)I()\) is also meromorphic in the same domain. Now switching to the
continuous framework we see S¢¥(z) is meromorphic in C.

In [8] the spectral points of 4 in the open left half plane are shown to be
discrete point spectra for A. Also, in the same paper S(z) is shown to be of the
form I + K(z) where K(z) is compact. As mentioned there, this is sufficient to
insure that the set of nonisomorphic points of S(z) is isolated. Thus we see, by
mapping the left half plane to the unit disc, that the mild regularity conditions
which we assumed in order to prove Theorems 4.7, 4.9, and 4.10 are satisfied.
Finally in [8], 4 is shown to have no eigenvectors which lie in H © (D_ @ D).

If we restate Theorems 4.1, 4.3, and 4.4 with the preceding comments in
mind we obtain Theorems 1 and 2 of the Introduction.

We now turn our attention to the system considered in [7]. We show

that § §1-3 of this paper apply to this system also. In [7] Lax and Phillips
consider the acoustic equation with a potential g which is zero outside a compact
set. They consider

4.8) Uy, =Au—qu

over a domain G C R? exterior to a bounded obstacle. On the boundary of G

u satisfies

(49) d,u +ou=0.

The functions ¢ and q are taken to be real valued. Using the notation of [7] we
can set
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H=H, D,=D.,,

(4.10) ! U
T() = U(t), E, =Dl

With these definitions Lax and Phillips prove that H, T(¢), D,, and E,
satisfy the assumptions of §2. Since D, is not orthogonal to D_ we will be
working with S_, 4 instead of S (as was the case for the systems in [8] consid-
ered previously); also o{e’®) and B(e’®) are no longer identity maps. Since Lax
and Phillips use notation which differs from the notation that we have used in
§2, we provide the following dictionary:

Sa =5 S =S"C),

4.11) a=S_, of0) = S_(0), o real,

B=S,, B(o) =S,(0), o real.

In [7] E, and D, (resp. E_ and D_) are shown to be outgoing (resp. incoming)
for H. Thus M(E,) = M(D,) = H and thus by (2.29) (since M(E,) = M(0,)
and M(D,) = M(N,)) we see S, 4, « and f are identity maps.

The Fourier representation of a unitary operator must be unitary almost
everywhere on the unit circle. Thus S°'(0), S£t5(0), o(0), and f(0) are unitary
almost everywhere on the real axis.

By applying Claim 2.5 and then Cayley transforming we see that SS'(0),
of0), and B(0) all have analytic extension to the lower half plane.

All three operators are actually meromorphic in the entire plane. To show
that S¢:5(z) is meromorphic in C define Z(¢) as in (2.55). In [7] Z(2p)(x — B!
is shown to be compact. We then argue as we did previously for [8] to conclude
that Theorem 1 of the Introduction holds for this system also. We note that
Theorem 2 of the Introduction is trivial since 4 is skew selfadjoint and thus has
no spectrum in the open left half plane.

To show that ofz) is meromorphic in the complex plane, we first show that
it is, after transformation onto the unit disc, a characteristic function of an oper-
ator Z defined on D_ © E_ by

(4.12) z=pl iUPgeE_ .

Since D* and E_ are orthogonal this is a semigroup. To show that 0, =awe
apply Theorem 2.6 after noting that D! and E_ have the necessary properties to
replace the £ and E_ of the theorem while a, given by (2.29), can replace the
S;eq Of the theorem. With these replacements the conclusion of the theorem is
precisely that a]), |A| < 1, is the characteristic function of Z given by (4.12).
Lemma 2.4 of [7] shows that D_ © E_ is finite dimensional. Thus by
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Proposition 2.4 and the Schwarz reflection principle we conclude that ofz) is
meromorphic in the complex plane with only a finite number of zeroes and
poles. Since

8@ = F1(2)S;ea@ 7! (2)

we see that S(z) is meromorphic in the entire plane with only a finite number
of poles below the real axis.
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