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ON THE LOCAL STABILITY OF DIFFERENTIAL FORMS(})
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ABSTRACT. In this paper we determine which germs of differential s-
forms on an n-manifold are stable (in the sense of Martinet). We show that when
s # 1 or when s = 1 and n < 4 Martinet had found almost all of the possible
examples. The most interesting result states that for certain generic singularities
of 1-forms on 4-manifolds an infinite dimensional moduli space occurs in the
classification of the 1-forms with this given singularity type up to equivalence
by pull-back via a diffeomorphism.

In [4], Martinet proposed the following definition for stability of germs
of differential s-forms on an n-manifold M. (Note. Throughout this paper all
objects will be assumed to be C* differentiable.)

DEFINITION 0.1. Let w and w' be germs of s-forms on M at p and p’
respectively. Then (w, p) and (W', p') are equivalent if there exists a germ of a
diffeomorphism f: (M, p) — (M, p) such that f*w' = w as germs near p.

DEFINITION 0.2. Let w be an s-form on M at p. Then w is stable at p if
for any nbhd U of p there is a nbhd ¥ of w (in the C* topology on s-forms) such
that if w' is in ¥, then there is a point p’ in U such that (w, p) and (W', p') ire
equivalent germs.

Clearly this definition depends only on the germ of w at p.

Using this definition, Martinet constructs several examples of stable germs
of forms. We shall show, using results of Martinet and Hsiung [3], that when
s # 1 or when s = 1 and n <4 the examples of Martinet are essentially the only
examples of stable germs. The only new additions are in the case of (7 — 1)-forms.
We conjecture that in the remaining case when s = 1 and dim M > 4 Martinet’s
examples are the only examples of locally stable forms. We also show that there are
no stable germs of s-forms for 2 <s <n -2 (Theorem 3.1).

The most satisfactory case in the determination of stable germs of s-forms
occurs when s = n ~ 1 (Theorem 2.5). Here there is a reasonable theory which
classifies these stable forms according to singularity type. This classification is
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given by the order of contact at p of the line field Ker w with the hypersurface
{dw = 0} where w is the germ of the (n — 1)-form at p.

Clearly the classification of stable germs of differential forms is but a
small part of the determination of all the equivalence classes for these forms.
This larger classification problem makes its appearance when we try to show that
a given form is not stable. Usually we have had to exhibit small perturbations of
the original form which belong to different equivalence classes. In this regard,
the most interesting examples occur in the case of 1-forms on 4-manifolds. Here
we find that the various singularity types of germs of 1-forms (as described by
Martinet) give rise to a rich and rigid geometric structure. What we show is that,
except in the simplest cases, these singualrity types do not come close to
describing the equivalence classes of germs of 1-forms. In fact, for at least two
distinct types of singularities, an infinite dimensional moduli space appears in the
classification of equivalence classes of forms with the same singularity type.

See Proposition 4.7 and the proof of Theorem 4.11.

Our order is as follows: we start with 0- and n-forms, do (7 — 1)-forms,
then show that there are no locally stable s-forms when 2 <s <n -2, and end
with 1-forms.

First some notation. Let A} = A}(M) denote the vector space of exterior
s-forms on .M where T,M denotes the tangent space of M at p. Let D; =
Dy (M) denote the germs of differential s-forms on M at p, and let d: D’(M) —
DSt (M) denote exterior differentiation. Let w be an (s + 1)-form and ¥V a
vector field on M. Then V _| w denotes the s-form on M obtained by contracting
wby V.

DEFINITION 0.3. An invariant of the equivalence class of s-forms is an
assignment of a number, function, germ, etc. defined on some open set of germs
of s-forms which is identical for any two equivalent germs.

1. nforms and O-forms. Let w be an n-form on M. Martinet [4, p. 144]
and Hsiung [3, Theorem 2.2] show that w is stable at p iff either

(@ w, #0or

(®) w,=0and (dh)p # 0 where w = hv, h is the germ of a function
mapping (M, p) — (R, 0) and v is the germ of a volume form at p.

Furthermore there exist coordinates x,, . . . , x,, on M at p such that in
case

(@ w=dx; A---Adx, and in case

L) w=x,dx; A---Adx,.

A 0-form w is just a function. Clearly ifdw(p) = 0O then generically w is
a Morse function, so the critical point p is isolated. For such forms, the
critical value w(p) is an invariant of the equivalence class of w which is easily
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perturbed. So if dw(p) = 0, w is not stable at p. Conversely, if dw(p) # 0, then
w is stable at p.

2. (n — 1)-forms. Let w be the germ of an (n — 1)-form. The following
argument is mostly due to Hsiung [3, p. 8, Theorem 2.3].

LeEMMA 2.1. Suppose that w(p) = 0, then w is not stable at p.

Proor. First note that if w were stable at p, then the zero of w at p would
have to be transverse to the O-section in A" }(M) and thus be isolated. So if w’
is a small perturbation of w at p, then w’ would also have an isolated zero at some
point p' near p. Hence if f were a diffeomorphism such that w = f*w' as germs
at p, then f(p) =p'.

Now suppose that dw(p) # 0. Then there exists a unique vector field V'
on M such that w = ¥ _| dw. Clearly ¥V has an isolated zero on M at p. Defining
V' similarly for w', we see that if f*w’ = w at p, then f, ¥ = V'. So the eigen-
values of the linear part of ¥ at p are invariants of the equivalence class of w at
p. We claim that a small perturbation of w will change these eigenvalues, so that
w is not stable at p. To see this, let w' = w + do where ¢ is the germ of an
(n - 2)-form on M at p and do(p) = 0. Then V' = V + W where W _| dw = do.
Since dw is a volume form and do is closed, the only restriction that we put on
the perturbation W is that it be a volume preserving vector field (relative to dw).
This means that the trace of the linear part of W at p is 0. Clearly there is a W
so that the eigenvalues of V' are different from those of V.

Next note that it is generically impossible for both w and dw to be 0 at p,
which finishes the lemma. But in certain applications of this lemma we will
have the situation where dw(p) is constrained to be zero. Even so the lemma is
true. Let & be any volume form on M. Then as above there is a unique vector
field ¥V on M at p such that w = ¥V _| Q. Had we chosen another volume form
€' then the corresponding vector field ¥’ would be a nonzero function multiple
of V. In this case the eigenvalues of the linear part of V are not invariants but
the various ratios of these eigenvalues are invariants. Clearly the perturbations
W are numerous enough to change these ratios. So w is not stable at p.

REMARK. We actually proved more than what was stated; namely if
w(p) = 0, then w is not stable at p under perturbations by closed forms.

Assuming that w is stable at p, we have two cases, dw(p) # 0 or dw(p) =
0. The first case is Martinet [4, p. 146].

LEMMA 2.2. If w(p) # 0 and dw(p) # O, then there exist coordinates
Xy, ...,X, 0nMatpsuch that w=(1 +x,)dx, A***Adx,.

So we may assume that dw(p) = 0 and w(p) # 0. Genericity implies that
we may choose coordinates on M at p such that dw = x,dx; A - -+ Adx,.
See Martinet [4, p. 144].
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Since w(p) # 0, there is a well-defined line field near p given by Ker w.
Let X = {dw = 0} = {x, = 0}. Again we have two cases: either Ker w/h X
at p or Ker w(p) C T,X

LeMMA 2.3 (MARTINET [4, p. 148]). Suppose that w(p) # 0, dw(p) = 0,
and Ker w & X at p. Then there exist coordinates x,, . . . , x,, on M at p such
that w=(1 £x}[2)dx, \ -+ - Adx,.

Note. The sign of the x§/2 term is determined geometrically as follows:
away from X dw is a volume form so there is a well-defined vector field ¥ such
that V _J dw = w. The sign of x}/2 is + if the one parameter group of ¥ moves
away from X and is — otherwise.

So now we may assume that w(p) # 0, dw(p) = 0, and Ker w, C T X.

Let J3*2(A™"1) be the manifold of (n + 2)jets of (n = 1) forms on M at
p. Let W" be the subset of J7+2(A""") defined as follows: w is in Wk if

) w(p) # 0 and dw(p) 0.

(2) The zero of dw is generic.

(3) Kerw(p) C T, X where X = {dw = 0}.

(4) The order of contact of the line field Ker w with X is k — 2.

LemMA 2.4. WY is a submanifold of Jp**(A"~ ") of codimension k — 1.
(We assume that k <n + 2.)

Proor. Choose coordinates x,, . . . , X, on M at p so that the line field

Ker w is generated by 9/dx,. Let V be the vector field—defined off X— such
that w=V | dw. Hence V Jw=V J(V 1 dw)=0off X. Sow = gdx; A

-+ Adx, _, off X. By continuity w = ¢dx; A ---Adx,_, on a nbhd of
p where ¢: (M, p) — R is C*. By a simple change of coordinates we may
assume that p(0) = 1. With these coordinates dw = £ (dp/dx,)dx, N - -+ N dx,.
So X is given by {dy/dx, = 0}. In particular 3p(0)/dx, = 0. The genericity of
the zero of dw implies that d(dp/dx,,)o # 0. The fact that Ker w(p) C T, X
implies that d(3¢/dx,,),(3/dx,) = 0 = 32¢(0)/dx2. The order of contact of the
line field Ker dw with X is given by the order of the zero of the function
d(dy/dx,)(@/3x,X0, . ..,0,x,). To say that the order of contact is k — 2 is
equivalent to

*) 3p(0)fox, = -+ = 3* 1 0)/axE~ =0

while 3%¢(0)/axk # 0. Thus W% is defined by k — 1 independent equations and
is a submanifold of codxmensxon k—1inJp*3an-1).

Let J®+2(A™~1) be the manifold of (n + 2)4ets of (n — 1) forms on M
and W* = U, W~. Then W is a submanifold of J"*2(A"~!) and codim W*
=k — 1. If w is the germ of a stable (n — 1)-form at p satisfying (1), (2), and
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(3), then j"*2w A& W* at p. In particular there is a k between 3 and n + 1
satisfying (*) since codim W**?2 is n + 1 and transversality implies null intersection.
Let w have the form gdx, A - - - Adx,_, and satisfy j**2w B W¥ at p
with 3 <k < n + 1. Think of v as an unfolding of the function ¢(0, ...,0,x,)

parametrized by x,, . .., X,_,. Using the unfolding theorem (see, for
example, [5, p. 375], [6], [7]) we can find functions Y(x,, ..., x,) and
N(xys ooy Xp_y) for 1 i< n—1 such that

@) ¥(0) =70 =0,

(®) pixy, - X)) =P+ 0 _0F 2+ -+ Y +1,and

©) ¥=Q@Q,...,\,_q, V) is a legitimate change of coordinates.

THEOREM 2.5. Suppose that w is stable at p, dw(p) = 0 and Ker w, C
T,X where X = {dw = 0}. Then there exists a k with 3 < k < n and coordinates
Xy,...,X, 0onMatp such that

w=@xk+x, xk 24+ xx 4+ Ddx, Ao Adx, .
Moreover these germs are stable at 0.

Notes. (1) When k is odd the + x,’f term can be assumed to be x,’: .

(2) The sign of xf, when k is even is determined as in the note after
Lemma 2.3.

(3) The statements of Lemmas 2.2 and 2.3 are given by Kk =1 and k = 2
respectively. The proof of this theorem can be adapted to prove these lemmas
as well.

(4) k — 2 is just the order of contact of the line field Ker w with the
hypersurface X.

Proor. From the discussion above, compute ¥*w =

G+ N V2 N+ DepQy, . A )dN A s A AN,y
where u(0) #0and 3 <k <n + 1.

fk<nletX,_, =fon=1uQ\,...,\,_, f)dt. In the coordinates
gy - -+ »Ay_2, Ny_1»> ¥) w has the appropriate form. Since the conditions
needed to obtain this normal form are all given by transversality statements,
these germs are stable.

To complete the proof of this theorem we need to show thatif k =n + 1,
then w is not stable at p. By the above we may choose coordinates x, y;, .. .,
Yn—y so that

w=@Ex"t 4y, x"1 4+ by x + Du@)dy

with u(0) # 0. Let w, = aw for some number a near but # 1. We claim that
at no point ¢ near 0 is the germ of w, at ¢ equivalent to the germ of w at 0.
Note that for both w and w,, 0 is the only point where the order of contact
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of the line field Ker w with X is n — 1; so if ¢ is a diffeomorphism satisfying
o*w = w,, then 0(0) = 0. Let o(x, y) = (f(x, ), &(x, y)) where f: (R", 0) —
(R, 0), and g: (R", 0) — (R®~!, 0) be such a diffeomorphism. First note that
o*w = w, implies that o (Ker w) = Ker w. So g = g(y). Hence o*w =w, is
equivalent to
@M 4, f7TN g f + DiR)det(d)

=axx"t 4y, x4y x + D)
Evaluating (*#) at O yields det(dg), = a while evaluating (**) at y = 0 yields
f(x, 0) = £ x. Finally differentiating (**) with respect to ; and settingy = 0
yields

(**)

g" ‘(O)x" 1y, a—‘(oy = .

Thus ag,(O)/ayi =+, and det(dg)o =+ 1. Since 2 # = 1 we have a contradic-
tion and no such diffeomorphism ¢ exists. Thus when ¥k =n + 1, w is not
stable at 0.

3. s-forms where 2 <s <n — 2. In this section we adapt Hsiung’s theorem
[3, p. 10, Theorem 2.6] that there are no infinitesimally stable s-forms (2 <s <
n = 2) to show

THEOREM 3.1. There are no stable germs of s-forms when 2 <s<n - 2.

Let w be a stable s-form at p. Let U be a coordinate nbhd of p in M. In
these coordinates we may assume that U = R" and p = 0. Since w is stable at
p there is a nbhd W of w in D(M) such that if w' is in W then there is a germ
of a diffeomorphism f: (U, p) — (U, p') with (f*w'), = w,,. Since Wisa
nbdh of w in the C* topology, it is also a nbhd of w in the C* topology on
D*(M) for all k large enough.

Let J "(A‘) = the k-jets of s-forms at p. Consider the map &: W x U —

"(A‘) given by W', a) ]"(a*w) where a in U is viewed as a diffeomor-
phism of U via translation in the coordmates of Uand j*(),: D* —J*(A%),, is
the k-jet extension map on sections. Let ®,,/(a) = (W', d). Let ©,, be the
orbit through w of the natural action of Diffp(M) = group of germs of diffeo-
morphisms mapping (M, p) — (M, p). Let ©f, =/%(8,),.

LEMMA 3.2. If w is stable, then Im &, N ©% # & for any w' in W, and
any k.

ProOF. Let w' be in W. Since w is stable, there is a diffeomorphism
f: (M, p) — (M, p") such that (f*w') = w as germs at p. Leta =p'. Note in
the coordinates on M at p, p = 0. Then w = f*w' = (—af)*a*w' as germs at
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p. Soa*w' =(f~!ea)*wand a*w' is in ©f,. Hence ,(a) = /*(@*w'), is in
ek.

LEMMA 3.3. For k large enough, codim @, in J* (A), is greater than n
when 2 <s<n-2. (We can assumen 2> 4.)

PROOF. Let Diffs*!(M) = group of invertible (k + 1)jets on M at p.
Clearly @}, is also given by the action of Difft*!(M) on J*(A") - So

dim €% < dim Diff **1() = n(" Tk 1>

and

codim €, = dim J*(A"), - dim ©f, > dim J¥(A%), -"<n ' I': ' l>
_(n\(ntk -n n+k+1
S n n

_tl- @+ D [(n)_n(n+k+l)]

ko1 s k+1

>(1+—']-;-> (1+%) [('21)_"(1+k11>]

when 2 < s <n-—2. Hence codim 9’:, = (1 + n/k)* when k is large and n >
4, Soask—»w,codimefv>e"—l 2n.

PROOF OF THEOREM 3.1. Consider ¥: J¥(A), x U — J¥(A®), defined
by ¥(v, @) = ®(w + v, a) where ® is as above. Since &(w + v, 0) = j*(w +v),,
W is a submersion near (0, 0) and ¥, A 0’:, Let ¥ (a) = ¥(v, a). By the
fundamental lemma on transversality (see [1, p. 54]) there is a dense set of param-
eters BC J* (A%), such that \Ilvll\efv when v is in B. Choose k large enough so
that codim f, > n. Since ¥,: U —> J¥(A%), and codim ©f, > n we have that
Im¥, N6, =g forallvin B. So for a set of germs w + v arbitrarily close to
w, w + v at p’ is not equivalent to w at p for any p' in U, Since for v small
enough w + v is in W, we have that w is not stable at p.

4. 1-forms. In this section we finish the classification of stable germs of
1-forms on manifolds of dimension < 4. We show, in fact, that there are no
examples except for the ones which Martinet computed.

§81 and 2 completed the classification of stable germs of 1-forms on mani-
folds of dimensions 1 and 2 respectively.

First we assume that n = dim M = 2k + 1. Martinet’s results are as
follows:
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LEMMA 4.1. Let w be the germ of a contact 1-form on M***! at p; that
is, w A(@w)*(p) # 0. Then there exist coordinates z, XiseoesXps Viseo s Vi
at p such that w =dz + x,dy, + -+ - + x,dy,.

The proof is classical; see, for example, [4, p. 152].

Let w be the germ of a 1-form on M2*¥+1! at p satisfying w A (dw)*(p) =
0. If w is stable, then we may assume that S = {g € M|w A (dw)*(q) = 0} is
a submanifold of codimension one. This is, of course, given by transversality.
Let I: § & M be the inclusion map.

LEMMA 4.2. Let w be the germ of a 1-form on M***! at p for which
w(p) # 0, w A (dw)* has a generic zero at p, and I*(dw)*(p) # 0. Then there
exist coordinates z, Xy, . . . , X, Y1, - -« » Y3 On M at p such that

w=ztzdz+(1+x)dy, +x,dy, +--- + x,dy;.

ProoF. See [4, p. 154]. Martinet actually assumes that w(p) # 0 without
stating it.

Note. The sign of zdz is given as follows: Let V be the vector field defined
off S by (dw)* = V I w A (dw)*. If the one parameter group of V flows
toward S, then the sign of zdz is —; otherwise it is +.

PROPOSITION 4.3. The only stable germs of 1-forms on M* at p are given
by Lemmas 4.1 and 4.2.

PrROOF. Let w be the germ of a stable 1-form on M3 at p. This implies
that dw(p) # 0. For if w is stable at p, then dw is stable amongst closed forms
at p. Since dw is a 2-form on a 3-manifold we can apply the Remark after
Lemma 2.1. By eliminating the case considered in Lemma 4.1, we may assume
that w Adw(p) = 0. As above S = {w A dw = 0} is a two-dimensional sub-
manifold of M. Let I: S <> M be the inclusion map. Then w stable at p
implies that I*w(p) # 0; since I*w is a 1-form on a 2-manifold we can apply the
same type of argument as in Lemma 2.1. Thus stability implies that w(p) # 0.

Eliminating the case considered in Lemma 4.2 yields the following situation;
w Adw(p) = 0,1%(dw)(p) = 0, I*w(p) # 0, and dw(p) # 0. Since dw(p) # 0 we can
choose coordinates x, y, and z on M at p such that dw = dxdy. Let w =adx + bdy
+ cdz. Since w A dw = cdxdydz, S is defined by ¢ = 0. By a small perturba-
tion of w, we can perturb the defining function for S, namely c, in any direction.
Let w' =w + dH. Then w' Adw' = (¢ + dH/dz)dxdydz. By choosing H
small we can perturb c¢ in any direction. View ¢ as an unfolding of the function
(0, 0, z) with parameters x and y. Using transversality and the unfolding theorem
[S, p. 375], [6], [7], there exist functions ¢(x, y, z), A(x, ¥), u(x, y) with
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¢(0) = 0 = A(0) = u(0) such that ¥ = (A, u, ) is a legitimate change of coor-
dinates and either

1) xr.2) =9,

() ctxy,z)=tg*-2or

B) cxy,2) =¢* - M-
This is similar to the situation for (n — 1)-forms described in §2. In the coor-
dinates defined by ¥ we have that dw = f(x, y)dxdy for some function f and
w = adx + bdy + cdz where either

@ cx,y,2)=2,

(i) cx,y,2)=1% z? - X,

(i) ex,y,2)=23-xz-y.
In case (i), S = {z = 0} and I*dw =dxdy #0 on S. In both cases (ii) and
(iii), I*(dw)(p) = 0. These cases are distinguished as follows: There is a well-
defined line field given by Ker dw = (3/0z). For I*dw(p) to equal zero we must
have that Ker(dw), C T,,S. The order of contact of the line field Ker(dw) with
S distinguishes cases (ii) and (iii).

First we consider case (ii). From the above discussion, including the fact
that dw is independent of z, we have

w= (22 + x)dz + (z + b(x, y))dx + e(x, y)dy.

In coordinates, S = {x =+ z2}. Let T= {{*dw =0}. Then T= {x =z = 0}.
Let o be a diffeomorphism such that o*w = aw for a near but # 1. Then
04(Ker dw) = Ker dw which implies that ¢,(9/3z) = (3/3z). So if 0 = (f; g, h),
then 9f/0z = 9g/dz = 0. Since o(T) = T we have that (0, y) = 0 = k(0, y, 0).
Hence fy(O) =0 =h,(0).

Matching the dz terms in the equation ¢*w = aw yields

) &A% + Hh, = a(t2? + x).

Set x = 0 in (1) to obtain + h%h, =t az®. So h(0, y, z) = a'/3 and h,(0) =
a'/3. Next differentiate (1) by x and evaluate at 0 to obtain f,(0) = a*/3.

Now suppose e(0) = 0. Letj: T <> R3 be the inclusion map. Then
j*w = e(0, y)dy. So the set {j*w = 0} =e~!(0) N T. Generically this set is
just a point. Since o must preserve the set {j*w = 0} we have that o(0) = 0.
Matching coefficients on the dx term yields the equation

@) (1 + b(f, ), + e(f, 8)g, + (f £h*)h, = a(z + b(x, y)).

Evaluate (2) at 0 to yield b(0)f,.(0) = ab(0). Since w(0) # 0 and e(0) = 0, we
must have b(0) # 0. Thus f,(0) = @ which contradicts our calculation above,
since ¢ # 1. So w is not stable at p and we may assume that e(0) # 0.
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Consider the change of coordinates x = x, y = fje(x, 1)dt, z = z. This
is a legitimate change of coordinates since e(0) # 0. In these coordinates (drop-
ping the bars) w has the form

w=(z+b(x, y))dx +dy + (x £z®)dz.
Equation (2') now has the form

) (h +b(f, ), + &, + Eh: + N, =a(z + b(x, ).
Matching coefficients on dy yields

3) (h +b(f, ), +8&, + fth*h, =a.
The equation o*dw = adw yields

4 b,(f, &)det(d(f, &)(x,,)) = b,(x, »).

Evaluate (3) at 0 to obtain gy(O) = q. Thus det(d(f, g),) = a’/3 since £, 0) =
a3 and £,(0) = 0. All that we know about o(0) is that it must be in T. So
let gy = £(0). Evaluate (4) at O to see that b,(0, g,) = a~/3b,,(0). Next
differentiate (2) by y and evaluate at O to obtain

b(o’ go)fxy(o) + gxy(o) = by(o) [a - 1] M
Finally differentiate (3) by x and evaluate at 0 to obtain
b(oa go)fyx(o) + gyx(o) = 0'
Note that dw(0) # 0 implies that b,(0) #0. Soa = 1. This is a contradiction
so w is not stable at 0.
Finally we consider case (iii). We have that
w= (23 +xz + y)dz + (22/2 + b(x, y))dx + (z + e(x, y))dy.
Again, suppose that ¢ is a diffeomorphism such that o*w = aw for a near but #
1. Note that for both w and aw, 0 is the unique point where Ker dw = Ker adw

= (9/9z) has contact of order 1 with S, so 6(0) = 0. Let ¢ = (f, g, k). Since
o4(Ker dw) = Ker(dw) we have that 9f/dz = 9g/dz = 0. So o*w = aw yields

(5) ( + fh + g)h/dz = a(z® + xz + y),
p (h3+ﬂt+g)g—z +<§+b(ﬁg)>g§ +(h+emg))€a§7

a"l = a(z + (s, )
™ @ smrof+(Trova) g+ e vl

= a(zz—z + b(x, y)) .
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Evaluate (5) at x = y = 0 to yield (0, 0, z) = +a'/4z. Evaluate (6) and (7) at
0 to yield

©) 5(0)f,(0) + €(0)g,(0) = a(0),
and
(7 b(0)f,(0) + e(0)g,.(0) = ab(0).

Differentiate (5) with respect to y and evaluate at 0 to obtain 9g(0)/dy = a/4.
Differentiate (5) with respect to x and evaluate at x = y = 0. Now equate the
coefficients of the linear terms to obtain dg(0)/3x = 0 and 3f(0)/ax = a'/2.
Substitute in (7') to obtain b(0) = 0, since @ # 1. Now (6') implies that e(0) =
0. Since we assumed that w(0) # 0, we have a contradiction and w is not stable
at 0.

We now investigate what happens on even manifolds. So let n = dim M =
2k.

LEMMA 4.4. Let w be a 1-form on M*¥ at p such that w(p) = 0. Then
w is not stable at p.

ProoF. Generically, if w(p) = 0, then p is an isolated zero for w and
(d@w)*(p) # 0. Otherwise we would require more than n functions to be
simultaneously zero on a manifold of dimension n. Then dw is symplectic near
p and there is a unique vector field ¥ such that w = ¥V _| dw. Also V has an
isolated zero at p. As in Lemma 2.1, the eigenvalues of the linear point of ¥ at
p are invariants of ¥ under changes of coordinates. By perturbing w by arbitrary
closed forms, we can perturb V arbitrarily amongst Hamiltonian vector fields.

In this way we can change the eigenvalues of the linear part of ¥ by using a
small perturbation of w. Thus w is not stable at p.
We now describe Martinet’s results in this case.

LEMMA 4.5 [4, p. 153]. Let w be the germ of a 1-form on M*¥ at p with
w(p) # 0 and (dw)*(p) # 0; then there exist coordinates X Vise oo s Xp Vi
on M at p such that

w=(1+x,)dy, +x,dy, +--+x,dy,.
LEMMA 4.6 [4, p. 154]. Let w be a 1-form on M** at p with w(p) # 0,

(dw)*(p) = 0 (generically), and w A\ (dw)*~1(p) # 0. Then there exist coordi-
nates xy, ¥y, - - - » X, ¥, on M?* at p such that

w=(1£x2/2)dy, +x,dy, + -+ +x, dy,.

Note. Let X be the hypersurface defined by (dw)* = 0. Then off X dw
is symplectic and there is a unique vector field ¥ such that w = ¥V _] dw. The
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sign of x§/2 is determined by whether the one parameter group of ¥V flows toward
(-) or away from (+) X.

Now let w be the germ of a stable 1-form on M2¥ at p. Using Lemmas
44,45, and 4.6 we may assume that

(A) w(p)#0,

(B) @w)*()=0,

(©) wA@w)(p)=0.
Next we assume that

(D) @wy~'(p)#0.
The stability of w implies that (B) holds transversely. Let X2¥—! = {g e M|
(dw)*(¢) = 0} and let i: X <> M be the inclusion map. Transversality implies
that X is a hypersurface in M. We also assume

(E) i*(dw) has the maximum rank possible; that is i*(dw)*~1(p) # 0.
Martinet calls a singularity of dw at p satisfying (B), (D), and (E) a Z, , singular-
ity and proves the following: There exist coordinates X, ..., X,, V15 -+ -V,
on M at p such that dw = x, dx, dy, +dx,dy, + * -+ +dx, dy,. See [4,
p. 157].

So we may assume that X = {x;, = 0} and that i*w =x,dy, + -+
x, dy, + df where f: (X, p) — (R, 0). Now let

T= {q €Xli*(w A @w)*~!Xgq) = 0}

and j: T < M be the inclusion map. In coordinates T = {3f /dy, = 0 = x,}.
The stability of w implies that the zeroes of i*(w A (dw)* ') occur generically, so
T is a submanifold of codimension one in X. Moreover, d(3f/3y, Xp) # 0.
Assume

(F) j*@w)*~'() #0.
Now (F) is equivalent to Ker i*(dw) 4 T at p. Since Ker i*(dw) = (3/9y,) we
have that d(3f/9y,),(3/3y,) # 0, or 3%f(p)/ay? # 0. Note that (F) implies (E)
when X and T are submanifolds.

PRrROPOSITION 4.7. Let w be the germ of a 1-form satisfying (A)—(F).
Then w is not stable at p.

Note. For w to be stable it would have to satisfy these conditions
generically (where applicable); so the discussion above holds.

LEMMA 4.8. Under the above hypotheses there exists a unique vector
field V on X such that

(@ V. i*dw)=0,and

®) VI@EwXW)] =+1.
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PROOF. As above we assume that dw = x, dx, dy, +dx,dy, + -+
dx; dy,. So Ker i*dw = (3/dy,); if V exists (a) implies that ¥V = /3y, for
some function a. Since i*w = x,dy, + * * * +x, dy, + df we have that

% = _a_a_ i 2 _3_2£
Vi@*w)(V)] =a ;. +a ayf .
Letting b = a? yields
oy =L &
VI*wx V)] 2oy, oy, +b ay§ .
The lemma reduces to the following; does there exist a unique solution to the
differential equation
(*tt) l.ill ..éf.. + bﬁ
20y, 9y, ay?
with B(0) > 0? If so, let 2 =+/b. This depends on f, of course. Solving the
corresponding homogeneous differential equation by separation of variables
yields b = K/(3f/3y,)* whe. K =K(Xy, ..., X5 Vg5 - - - Vi) Aswe saw
above, 9f(p)/dy, = 0. So these solutions are undefined at p = O unless K =0,
and if a solution to (*#*) exists, it is unique.
We can now solve (#*#) by variation of parameters. Let b = K/(3f/3y,)*
where K depends on y, as well. Then

1o o 3 1 _él_f/.?;
2 9y, oy, ay? 2 o,/ o,
Define ¢(x,, . . . , ;) implicitly by
@ffoy )@, x5, ..., ¥,)=0 and ¢0)=0.
This is possible since 32f(0)/dy? # 0. Then let

_ of
k=2 P(xg5mee¥ ) By, t xg, ..., yp)dt

By construction b = K/(3f/dy,)? is defined at O (since 3%f(p)/3y} # 0) and
solves the equation
2
1o
2 9y, Oy, 3yl

Now b(0) = (3%f(p)/ay})~! # 0. If b(0) > O, then a = +/b solves (+##) and
we are done. If not ¢ = — b solves the differential equation

Lo o W

c
2 9, %, i

=1.

==-1
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with ¢(0) = — b5(0) > 0. So there is precisely one vector field ¥ on X satisfying
(a) and (b).

LEMMA 4.9. Under the hypotheses above, there exist vector fields Y and
Z on M such that

(1) Z_1dw=0o0nX,

(2) Y is an extension of Von X,

() Zdw(Z, Y)=1o0n X.
Moreover any two choices of Z satisfying (1), (2), and (3) differ by some multiple
of Von X.

Proor. For existence, let Y = a9/dy, (as in the previous lemma) and Z =
a2 9/dx, in the local coordinates chosen above for M. Note that da/dx; =0
and check that (1), (2), and (3) are satisfied.

Now let Y and Z be any vector fields satisfying (1), (2), and (3). Then

Y =ad/0y, +x,Y, by (2)
and
Z = bd[dx, + cdfoy, +x,Z, by (1)
where g, b, and ¢ are independent of x; and a is as above. To prove the more-

over part of the lemma we need only show that b is uniquely determined on X.
For this, look at (3). In particular

dw(Z, Y) = abx, + x31,
for some function / and
Z[dw)Z, Y)] =ab* on X = {x, = 0}.
So b =a"1/2 on X. (Recall that a(0) > O from the last lemma.)

LEMMA 4.10. Let Z be a vector field satisfying the hypotheses of
Lemma 4.9. Let g: T — R be defined by g = w(Z)|T. Then g is defined in-
dependently of the choice of Z. Moreover if w' = h*w where h: (M, p') —
(M, p) is some diffeomorphism, then the corresponding g': T' — R is given
bygd =goh

Proor. On T we have that
0=V _i*(w A @w)*"1) = (V 1 i*w) A i*(dw)*1.

So V'l i*w=0on T. Since V is tangent to X it follows that ¥ 1 w= 0 on
T. Apply the moreover part of Lemma 4.9 to see that g is well defined on T.
The moreover part of this lemma is an easy functorial diagram chase.
PrROOF OF PROPOSITION 4.7. Letj: T <> M be the inclusion map.
There are two possibilities; either
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(G1) j*w(p) #0, or

(G2) j*w(p) = 0.

We assume that (G1) holds first. Thus there is a nonzero vector field Uon T
such that j*w = U _| j*dw. U exists since j*dw is symplectic on T by (F) and

is nonzero by (G1). Let ¢,: T —> T be the infinitesimal generator for U. Define
g » R—Rby ,(t)=g(¢,(p)). We claim that the germ of g, at 0 is an invariant
of the equivalence class of w; that is, if w' = h*w for some diffeomorphism

h: (M, p') — (M, p), then g, = g+ . This is true since U = hU'andg =goh
by Lemma 4.10.

Let J 2¥(R, R), = (2k)-ets of mappings of R — R with source 0. Then
the form w defines a map ¥,: T — J 2*(R, R), defined by ¢ > j2*(z)(q)-
We claim that w can be perturbed by an arbitrarily small perturbation to a 1-
form w' so that the new ¥ is transverse to any given submanifold W of
J2%(R, R),. Note that if the perturbation is small enough ¥ is well defined.
This will be enough to prove that any w satisfying the hypotheses of this propo-
sition and (G1) will not be stable at p. To see this, let W = the point jz"(g_p)(p).
Then the codimension of W in J2¥(R, R), is 2k + 1. So ¥+ & W implies that
¥, (T") N W = & since dim T = 2k — 2. Hence at no point of T’ is the
(2k)jet of g 'q for w' equal to the (2k)et of g, at 0 for w. So w at p is not
equivalent to w’ at any point ¢ in T'. Since any diffeomorphism & for which
h*w' = w must satisfy #(T') = T we have that w is not stable at p.

To prove the claim, let / be a function on M such that I(X) = 0 and (dIX2)
=1 near p. Let w, = w + d(lk) for some function k. Define ¥, as in Lemma
4.8. But ¥, = V since i*w, = i*w, and X; = X since dw,, = dw. Similarly we
can let Z, = Z; 50 g, = wi(Z)IT. Now w, =w + kdl on X; thus g =g+k.
Since j*w, = j*w, U, = U. Therefore we can perturb Ep arbitrarily. Thus the
map T x J¥(R, R), — J*(R, R), given by (g, k) = ¥, ,,(q) is a submersion.
By the fundamental transversality lemma (see [1, Remark, p. 54] there is a dense
set of parameters k near O for which ¥, A a given submanifold W of
J¥(R, R),. This proves the claim.

Next assume that w satisfies the hypotheses of the lemma and (G2); i.e.,
(*w)(p) = 0. Again the assumed stability of w forces the zero of j*w to be
generic and thus isolated. Similarly for any small perturbation w' of w,
G)*(w')P") = 0 is isolated. Thus any diffeomorphism & satisfying h*w' =w at
p must satisfy A(p) = p'. As above, the value g(p) depends only on the equiva-
lence class of w at p; that is g'(p") = g(p) if h*w’ = w at p. Yet the above perturba-
tions make it easy to change the value g'(p) while keeping the isolated zero of j*w’
at p. Thus, if w satisfies (G2), it also is not stable. Q.E.D.



220 MARTIN GOLUBITSKY AND DAVID TISCHLER

THEOREM 4.11. On a 4-manifold M®, any germ of a 1-form at p satisfy-
ing (A), (B), and (C) is not stable.

Note. As a consequence of this theorem, we see that there are only two
types of stable germs of 1-forms on 4-manifolds and they were given by
Martinet as in Lemmas 4.5 and 4.6. We strongly suspect that this is the case on
all even-dimensional manifolds.

PRrROOF. Since dw has six coordinate functions, generically they cannot all
be zero [4, p. 107]. So if w is stable, assumption (D) must hold. If (E) and (F)
hold, then Proposition 4.7 states that w is not stable at p. Next assume (E) fails;
that is, i*(dw)(p) = 0. Since i*(dw) is a 2-form on the 3-manifold X, we may
apply the reasoning in Lemma 2.1 to show that this cannot happen stably.

Finally assume that (E) holds while (F) fails. So j*dw(p) = 0. Let W =
{q € T|j*dw(q) = 0}. Generically W is a submanifold of dimension one. Let
S = {q €TIw Adw(q) = 0}. Generically S is also a submanifold of T of dimen-
sion one. We claim that if w is stable, then W R S at p. Letw' =w +
d(x, k) for some function k with k(0) = 0. Then dw' =dw and i*w' = i*w,so T’
=T. Also W' = W. ButS'is given by w' A dw' = 0, which we compute by
noting that

w Adw' | X = (w + kdx,)dx, dy,.
Thus we can change the coefficient of the term dx, dx, dy, arbitrarily on T.
This is enough to change the direction of S’ at p and proves the claim. Note
that now the point p is distinguished by W N S = {p}.

Next we claim that j*w(p) # 0. For j*w is a 1-form on the 2-manifold 7.
Applying the reasoning in Lemma 2.1 again we see that j*w cannot equal zero
at p stably.

Since j*w(p) # 0, Ker j*w is a well-defined line field on 7. We claim that
if w is stable, then Ker j*w & W at p and Ker j*w A& S at p. Using the perturba-
tion above; namely, w' =w + d(x, k), we see that j*w' = j*w while S’ can be
rotated arbitrarily from S. So we have that stability implies that Ker j*w & §
at p. Suppose that Ker j*w(p) = T,W. Stability implies that the line field
Ker j*w be tangent to W at an isolated point. Thus p is the unique point where
W meets S and where Ker j*w = TW. Both of these properties are preserved
under pull-back via a diffeomorphism. Use the same type of perturbation. As
before j*w’ = j*w, so W' = W. Yet if we assume that k(0) # 0, then w' A dw'|X
is not zero at p, so p is not in S. Now S N W #* {p} while Ker j*w(p) = T, W.
So stability also implies that Ker j*w & W at p.

We have the following situation: If w is stable at p, then there exist one-
dimensional submanifolds W and S of T with W NS = {p} and a nonzero line
field Ker j*w transverse to both W and S at p. Let m: T — S be the projection
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map defined by Ker j*w. Then n|W: W — S is a germ of a diffeomorphism on
W at p. There also exist natural coordinates on both Wand S. Letk: § <M
and I: W <> M be the respective inclusion maps. Then k*w and /*w are both
not zero at p since Ker j*w A S and W at p. So there exist functions x on W
and y on S such that x(p) = y(p) = 0, dx = *w, and dy = k*w. Using these
coordinates w|W yields the germ of a diffeomorphism g: (R, 0) — (R, 0). This
germ is an invariant of the equivalence class of w as it is defined in a totally
functional way. Since the perturbations described above give a way of rotating
S while fixing W and the line field Ker j*w, we can change the diffeomorphism
£ by small perturbations of w. So in this case, too,w is not stable at p. Q.E.D.
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