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ABSTRACT. Given a Lie group G (not necessarily unimodular) and a
subgroup K of G (not necessarily compact), it is shown how to associate with
every finite-dimensional unitary irreducible representation § of K a class of
distributions analogous to the class of spherical functions of height § familiar
from the unimodular-maximal compact case. The two concepts agree as nearly
as possible. A number of familiar theorems are generalized to our situation.
As an application we obtain a generalization of the Frobenius reciprocity theo-
rem and of Plancherel’s theorem to arbitrary induced representations of Lie
groups.

I. Introduction. Let G be a Lie group (not necessarily unimodular) and K a
closed (but not necessarily compact!) subgroup. In this paper we show how to
associate with every finite-dimensional irreducible unitary representation § of XK a
class of distributions which is analogous to the class of spherical trace functions
of height & on a unimodular group having a large compact subgroup (see [1]).
We obtain generalizations of a large number of results familiar from the large
compact case. For example, we obtain an essentially one-to-one correspondence
between spherical distributions and certain representations of an algebra of X
central distributions.

In the unimodular-large compact case our concept agrees with the usual
concept of spherical trace function [1] to the extent that the distributions we
study are given via integration against spherical trace functions. However, we do
not, in general, obtain all spherical trace functions in this manner. The reason
for this is our insistence upon unitarity. It can be shown (although we will not
do so here) that a development of spherical functions entirely analogous to the
one adopted here can be carried out in the large compact unimodular case utiliz-
ing nonunitary induced representations, which does yield all spherical tract func-
tions.

It is interesting (although perhaps not surprising) that in the nonunimodular
case the nonunimodular trace operators Q, associated with the nonunimodular
Plancherel formula play a significant role.
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To motivate our generalization, suppose that G is compact. Let U be the
unitary representation of G induced by § acting via right translation in the space
H = {F € LG, Hj)| Flkx) = 8(k)F(x), k €K, x € G}. Let II be a projection
onto a maximal primary subspace of U. Then one can show (as in the proof of
Theorem 1 below) that there is a unique function Dy;: G — Hom,(H;, H;) such
that D(kxk') = §(k') " 1 D(x)5(k)~! (x € G, k, k' € K) for which nF(y) =
S Dn(x)F(xy) dx. One can also show that tr Dy( * ) = Dp( - ) is a spherical
trace function of height & and that Dy( - ) = f¢Dy(k - ¥ (k') dk. Furthermore,
every spherical trace function arises in this manner. Thus, spherical trace func-
tions are simply kernels (in the sense of integral operators) of certain intertwining
operators.

It is this point of view we adopt in this paper. There are a large number of
problems involved. If G is not compact, intertwining operators for U need no
longer be integral operators. However, it turns out that they are always convolu-
tion against distributions. Furthermore, U need have no primary subspaces. This
causes problems, but they are solvable due to the direct integral theory of unitary
representations.

Our techniques are C* vector techniques.

II. C™ vectors. In this section we gather together the results from C*
theory we shall need later. _

Let G be a Lie group and let U be a continuous unitary representation o
G in a separable Hilbert space H{. A vector v € H is said to be a C* vector for U
if the map g — U(g)v is a C* map of G into H. If X is an element of the Lie
algebra L of G, then dU(X) is defined to be d/dtl,_oU(exp tX) for v € C™(U).
The mapping X — dU(X) extends to a representation map of the enveloping al-
gebra ( into the operators on C™(U). We topologize C™(U) via the seminorms
BUX) - I, X € 0. C” is an invariant subspace of H{. The restriction U™ of U
to C™ is a differentiable representation in the C* topology. In text we will use
without specific reference many standard results on C* vectors. We refer the
reader to Poulsen [6] for such results.

In general, if T is a topological vector space we denote by T* the space of
conjugate linear continuous functionals on T. If A4: T, — T, is a continuous
linear mapping of two such spaces we denote by 4* its adjoint: 4%: T3 — T
If U is a representation of G in T,, we denote by U~ the representation U*(x) =
UG~1)~. If T has a continuous skew symmetric innerproduct ( , ) defined on it,
T is isomorphic with a subspace of T* which, if T is a Hilbert space, is all of T*.

We shall consistently indentify T with this subspace. These comments apply
in particular to H and to C™(U) relative to the restriction of the scalar product
on H to C™(U). We shall denote C*(U)* by C~"(U) and (U™)* by U™".
Note that under this identification U* = U.
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The following theorems are the main facts about C™ vectors we shall need

(21, [51.

THEOREM A (GOODMAN). Let U be decomposed into a direct integral
J M®U°‘ du(c) where U® are unitary representations of G realized in spaces H®.
Then v € C™(U) if v* € C™(U®) for a.e. & and o —> U(XW* I is integrable
forall X € ( and for a.e. a. In this case (QU(X))* = dU(X* for ae. a.

THEOREM B. In the above notation, if ¢ is a continuous functional on
C*=(U) then there exist a.e. unique functionals ¢* on C=(U®) such that p(v) =
" (*) du(e) for all v € C*(U) where the integral converges absolutely.

Now, if V is another such representation let T(U, V) be the space of all
continuous intertwining operators from U to V. If 4 € I(U, V), it is easily seen
that A maps C*(U) into C*(¥) continuously. We shall denote this mapping by
A”. Ao A* €IV, V). Let A= = (A*))*, 4~ C”"(h)—=C~ "W).
Notice that the scalar product allows us to identify H with a subspace of C~*(U)
and that under this identification A~ extends 4.

Now, if U is irreducible, there is a natural Hilbert space structure on I(U, V).
In fact, if A, B € I(U, V), B*A € 1(U, U) and hence B4 = C(4, B) by Shure’s
lemma where ((4, B) €C. C(*, *) defines a Hermitian scalar product on
I(U, V) which is obviously complete (in fact C(B, B) is the square of the operator
norm of B).

III. Spherical functions. Let G be a (not necessarily unimodular) Lie group
and K any closed subgroup. Let Q and w be the respective modular functions
for right Haar measure (i.e. [ fiyx) dx = Q(r~!)f fix) dx). Let A = (w/Q)%.
Any locally integrable function f on G which satisfies fikx) = A?(k)f(x) defines a
Radon measure u(f) on K\G via the formula u(f o) = [ ¢ f(x)p(x) dx where
¢ € C(G), p(x) = [y o(k) dk.

If u(f) is finite we shall say that f is integrable and we shall write u(f }K\G)
= Sf(x) dx. We remark that f is integrable iff u(] f]) is a finite measure. We also
remark that if g say belongs to C,(G), then

s ( fKA'z(k)g(kx) dk)dx = [ e ax

If f is a locally integrable Hilbert space valued function which satisfies the
above transformation property, such that If{ - )l is integrable, we may define
Sf(x) dx by the requirement (Sfix)dx, w) = S(f{x), w)dx for all w in the space.

Now, let § be a finite N-dimensional unitary irreducible representation of K
in a Hilbert space H3. Let U be the representation of G which acts via right
translation in the space H of all locally integrable #{3-valued functions F which
satisfy
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M Flkx) = A(KY (K)F(x),
2 S(IFI?) < oo,

U is of course the unitary representation induced by 8.

Now, let 4 be a self-intertwining operator for U. We shall now associate
with 4 a matrix-valued distribution and a scalar-valued distribution in much the
same way as we associated matrix-valued functions with intertwining operators in
the compact case. Let us recall that if f € L!(G), the operator U(f) is defined by
I Fx)U(x) dx where f ) is the function fix~HQ(x~1). Also f*(x) is e,
fex=frx)andx-f=fix"! - )QUx"").

THEOREM 1. Let A: H — H be an intertwining operator for U, Then there
is a unique continuous linear map D ,: C. (G) — Hom/(H 8, 5) satisfying

D4k - ) = KD, (NW(K™1) for which
AUF(E) = S(D,(x - NHFE) d.
(Note that the integral makes sense.)
Proor. For f€ C.(G), let 7(f): H 8 — Hbe
() = fo(kx)A(k‘l)G(k") dk.

It is clear that 7(f) maps into C*(U). Hence A7(f) maps into C*(U). Since
C*=(U) consists of C*=-, H{5-valued functions, point evaluation is continuous
so we may define a linear mapping D4 (f) of H % into H5 by v — A(f)u(e).

LEMMA- DA(f)“ = DA “(f*).
PROOF. Let f, g € C°(G). Then, for v, w € H°,

Urtr, ew) = ( f Arerwe), 50 A Vele) ) d
®)

s( [ (Ar( ), wyadee)a=? (k) dk) dx
=S (fag(x)ATU)v(x) dx, w).

But
AT(fp(x) = (U)AT()Ne) = AU ())e)
= A7r(f - x)e) = D,(f - x).

Hence (*) equals (D,(f * g*)*v, w). Taking adjoints, (*) also equals
(v, D4 (g * f*)w). Letting g go through a partition of unity the result follows.

Q.E.D.
Now, from the lemma and its proof
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Do =) =Dyal(f* - x) =A% 1(F*)(x).

Hence
(SCD G5 + PRI, ) = SR, A (7)o
= (%, A*G*) = GF, 10*)
= 5( [0, £ 00 w) ak)

=5 ( J o= (R (04F ), v) dk) dx
=S ( fK(f(~loc)A‘2(k)AF‘(loc), v) dk) dx

= (f Fwmre) as, v)
= (U(N)AF(e), v).

This shows existence. Uniqueness follows by reversing the chain of equalities.
The continuity of f— D, (f) is clear. Q.E.D.

DEFINITION. D, is called the matrix kernel of A. Its trace is denoted D,
and is called the scalar kernel.

The lemma used in the above proof has the following simple but important
corollary.

COROLLARY. Forall k €K,
(@) D4( - k) = AK)K)D, (),
(b) Dy(k - - k)= A*(k)D4(f).

DEFINITION. Property (b) above is called K-centrality.

Let us also remark that if there were a locally integrable function D, (x)
valued in operators on H® which satisfied D, (k,xk,) = Ak, k7 ')o(k5 ")
D,()8(k7 ") for which

AFG) = [ D, G)FGy) dx

for a dense set of F in #, then (as the reader may easily verify) D, (f) =
Je D4 0)Ax) dx for all £ C C;°(G). Hence, we are justified in considering D, as
an analogue of the kernel of 4 in the compact case.

D, determines A. We may in fact write 4 as a *“convolution” against D ,,
a fact that will be important later. To show this we need some notation. Let u
and n be measures on G for which either u or n has compact support or both are
finite. Then there exists a unique measure p such that for f € C,(G),
JIfxy) du(x) dn(y) = [Rz) dp(z). We write p = u * 5. We shall identify func-
tions g on K with the measure on G supported in K given by gdk on K. Thus
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fo8) = [, fok=")etk) ak,
g2 /)= [ Qe x) dk

Also let x5 (k) = N~! tr §(k) and let \;(k) = A~ (k)x; (k). A distribution ¢ on
G is said to transform on the left according to & if A; # f = 0 implies ¢(f) = 0
for f € C.°(G). Notice that we cannot say p(A; * f) = (f) since A; * f will not
usually have compact support.

LEMMA. D, transforms on the left according to §.
PrOOF. Let g € C°(G). If f € C.(G) satisfies A; # f = 0, then

D, (f*8) = [fox)D,(x - ) ax
= s( fx fkx)A~2(R)D , (kx - £) dkdx)
= 5[ MIAE1tr D, - 606 ).
But A; * f = 0 implies, by irreducibility,

ij(kx)A(k")&(k“)dk =0

Hence D, (f » g) = 0 for all g. Therefore D,(f) =0. Q.E.D.

Now, let C5'(G) = A; * C.°(G). If ¢ transforms according to A; on the
left, then ¢ defines a functional ¢’ on Cy'(G) via ¢'(A; * f) = ¢(f).

Let v, w € H{% and let v ® w be the operator ( -, wl. Since § is irreduc-
ible, it is completely irreducible. Thus there are finite sequences k; € K and
¢; € C such that N~1Zc,A~1(k)5(k)) = v ® w. Applying A~ (k)5(k)~! to
both sides and taking the trace we conclude that

A YE o, w) = e A (k™ kA2 (k).
It follows then from the definition of 7 that
UMW) = Teidy - k) + £ =% + (Sei ).
This is an element of C;*(G) and
D@0 R( ) w) = Dy (s * ek’ )
=D, (Zc,kr‘ -f) = tr Xe, A0, (B
= tr D, (NE ®W) = D (F W, W).
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Hence D, (f) is, in a sense, the integral of 7(f) against D ,.
Furthermore 0, (f) = A1(f)Xe). Hence

(AT (x), w) = (UX)AT(W(E), W) = (AT(f - X)fe), W)
=Dy ((r(f - x)( - ), w)) = Dy (A - x), W)).

Hence A7(f)u(x) is the “integral” of 7(f)u( - x) against D,. This determines A at
the dense set of elements of the form 7(f )( * ) and hence determines A.

The significance of these observations is that they may be turned into a
characterization of the distributions D,. We shall need to consider the norm de-
fined on C(G) by If by = S(supy |f(kx)I2A~2(k))dx. This is finite on Cz(G).
Now let ¢ be a K central distribution which transforms according to § on the left.
For f€ C5'(G), let [p : f1(x) = ¢'(f - x). We shall say that y is finite provided
the mapping of C; (G) into C(G) given via f — [y : f] is bounded in I - §;. Let
F5 be the space of such functionals.

THEOREM 2. A distribution g is of the form D, for some A € 1(U, U) iff
¢ € Fs.

PROOF. Let us note that if F € H, then A=2(k)IF(kx)¥;5 = IF(x)I ;.
Hence VUF(- )l 5 lx = IFl,

Now, consider [D), (A5 * f) * x)| = ID(f* x)|. This is bounded by a sum
of terms of the form

(D, - xp, w)l = I(A7(Fp(x), w)l
< Ur(f )l 5 Iwll.

Taking K norms, we see that I[D’, : A; * f]l; is bounded by a sum of
terms CllAr(fwly < C'lr(Fply.

Let wy, . . ., wy be an orthonormal basis for #i® and fix w = w;. Let ¢,
and k; be chosen as above. Then

(T R0), W) = g » (Z:cik;' -f) ).

Now if in the integral defining \; * (k;"! - f) we replace k by k; 'kk, and note
Ns (k7 1kk,)) = N, (K), we discover that A * (k7! - ) = k7! - 5 * (k). Tt
follows that r(fu( - ), w)llx <C, I\; * fllx. Since llr(f)v(x)lﬂs <

ZI((f p(x), w))l, we have shown that D/, is finite.

Conversely, if ¢ € F, the map (v, w) — ¢'((r(f)( - Jv, w)) is continuous
on H® x H® and hence there is an operator 0,(f) which represents it. Of course,
if 7(fp( - ) = 7(@)w( - ), then for all x, D, (f - xp = D, (g - x)w. This allows us
to define an operator 4 on the set of 7(fJu( * ) by A(T(fR)x) = D,(f - x). It is
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trivial that A(r(fu( - )) satisfies the transformation property of H. It follows from
the definition of ¢’ that, for all w € {{%,

IAGEEDC ), wlx < el (- ), W)l

where C is the bound on [y : - ].

By reasoning similar to that done in the first part of the proof it follows
that 4 is bounded in H{ norm and hence extends uniquely to a bounded operator
on H which clearly intertwines U. It is obvious from the uniqueness of D, that
D,=¢. QED.

REMARKS. We could, if we so desired, define intrinsically an algebra struc-
ture on Fj that would make 4 — D 4 an algebra isomorphism of I(U, U) onto
Fs. However, since Fy is in one-to-one correspondence with I(U, U), we could
also define our algebra structure by requiring this map to be an isomorphism. We
take this latter course since we shall not need the intrinsic definition. The intrin-
sic definition is closely associated with convolution and is convolution when this
makes sense.

Now, if 4 were to be a projection onto a primary subpsace, it would be
logical, in view of the comments in §I, to call D, a spherical distribution. How-
ever, this would yield a rather trivial theory in the cases where U had a continuous
spectrum. We shall take a more general approach.

To motivate our discussion we prove a lemma. First some notation. Let ¥
be a unitary representation of G realized in L. Let f€ C.°(G) and consider V(f).
Since V(x)V(f) = V(f - x), it is easily verified that V(f): L — C~(V). Hence
V(f)*: C~=(V) — L. Also, Vx)V(f)* = V*(x - f) so as before V(f)* in fact
maps C~% (V) into C*(V). We shall denote V(f*)* by V~=(f) (it is in fact
the integral of ¥~ against f although we shall not need this fact). Then if
v, w € C~ (V) such expressions as (¥~ (f J, w) make sense. If v € C*(V) and
w € C~>(V), we define (w, v) to be the conjugate of (v, w) so that w, ¥V~ =(f)v)
is also meaningful. Also let € denote evaluation at e € C*(¥).

LEMMA. Let © be an orthogonal projection onto an invariant subspace H,
of H. Let V = UlH, and let €, = €|lC*(V) (= C*(U) N H,). Then forall f €
C:(G), Dﬂ(f) = e1|' V—“"(f)e;.

Proof. By definition, D,(f)v = enr(f. From the computation done at
the end of Theorem I, (eU(f)m)* = n*7(f*) = nr(f*). Hence by definition,

D (F) = ent(f) = €, (U *Im)* = €,(e, U *)m)*
= e U([f*) e = €,V "(f)er,

since 7* = . Q.E.D.
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Suppose U is type I. Let U be the C*-algebra generated by U and let M =
U* (the space of equivalence classes of irreducible representations of ( given the
Mackey-Borel structure; see [3]). Then there is a Borel measure ¢ on M such
that U= [ M@U"‘ du(a) where each U® is a primary representation which gener-
ates a von Neumann algebra of class « € I*. Let H® be the representation space
of (2.

By the finite dimensionality of H® and Theorem B of 811, e is a direct
integral of continuous maps €*: C*(U%) — H®.

DEFINITION. Let D*(f) = e*(U*)~ " (fXe*)* and let D*(f) = tr D*(f).
D* and D” are called, respectively, the matrix-valued and scalar-valued spherical
distributions of height & associated with the element @ € /*. (Notice that this
is really defined only a.e. with respect to u. Note also that if we replace u by a
measure in the same measure class we change D* and D* by constant multiples.
The D are, however, otherwise well defined.)

It is obvious from the uniqueness of the €* that they satisfy similar trans-
formation laws as does e. Hence, it is easily seen that D® and D satisfy the
same transformation properties as the 04 and D, did above.

It is natural to ask if D* has an expression as a trace of the restriction of
an irreducible representation of G to a K-invariant subspace analogous to the
usual definition (see [1]). This is the case, although it will take some work to
show it. Consider for a € M the map (€*)*: H* — C~=(U%). Let n* = (e*)*¢e*
and let K be the image of (¢*)*. K is invariant under (U*)~*|K and (e*)*
intertwines AU®|K and § (this is just a restatement of the transformation property
of €%). € has the property that the only U invariant subspace on which it is zero
is the zero subspace. Hence the €* are nonzero for a.e. a. It follows from Shure’s
lemma that (€*)* is invertible as a map of H® into K. Let j* be its inverse.
Then

() = (U)X~ = j*n* (U™~ (NG~

Hence D*(f) = tr a*(U*)™ " (f)IK®. Since n* maps onto K* and intertwines
A%(U*)~*|K, this is in form analogous to the usual definition of spherical func-
tion. The problem, however, is that U is only primary and not irreducible. The
fact that one can compute the spherical functions using any one of the irreducible
constituents of U* seems to be a deep fact and is our first main result.

THEOREM 3. Let « € M. Let T* be any irreducible unitary representation
quasi-equivalent to U® realized in L% Then for a.e. a there is a map o®: C*(T%)
— C~"(T*) which intertwines T*|K and A(T*)™*|K and which represents D*
in the following sense.

There is a canonical Hilbert space structure on the image L§ of o which
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makes AT*~"|K|L$ = T° unitary for which the map o®T*(f)|LS is trace class
for all f € C7(G). Then D*(f) = tr o®T*(f)™"|L§.

Furthermore, T° is the orthogonal direct sum in L§ of n copies of & where
n is the (possibly infinite) multiplicity of T in U®.

PROOF. Let
L% = span{d~"e*(v)l4 € I(U% T),v € H°}.
Before describing the Hilbert structure on L§ we need a lemma.

LEMMA. Suppose A,, ..., Ax € T(U% T*) are linearly independent and
suppose vy, . . . , vy € H® satisfy TK A7 =(€)*(v) = 0. Thenv, =v, =
cee=y =0,

PrOOF. We proceed by induction on K. We omit the K = 1 case since it
is analogous to the induction step. Since the set of W such that —A,}:le"“(u’)
= ZK A7 ™" (W,) for some W, € H® is §-invariant and nonzero (v, , belongs
to it!), it is all of H5. For all W there are elements W; = (W) which satisfy the
above. By the induction hypothesis the W, are unique. It follows that the 7; are
linear and intertwine & and hence 7; = ¢, Hence —-Ax7,(e*)*() =
ZK (G AT T(€) () for all v, ie. —e*Ag | = e*(Z ;). Now €* has the
property that e*(U*(g)v) = 0 for all g implies v = 0 (v € C™(U%)) (Theorem IV
of [5]). Applying U*(g) on the right in the above equation and using the com-
muting property of the A4;, we see that A, ; = Z¢,4,, contradicting indepen-
dence and thus the fact that vy, , #0. Q.E.D.

We will use the lemma in the form of the following corollary.

COROLLARY. Ife,,. .., e, are linearly independent elements of H® and
Ay, ..., Ay € I(U% T*)are such that ZA; "(e*)*(e) =0, then A, =0, i =
1...,d

PROOF. Let By, ..., By be a basis for the vector space spanned by the
{4;}. Write 47" = Z¢;B ™. Then

0= ;jciiB; T(€)*e) = ;Bi(e")“ (Zi:c,-,e,).

Hence, by the above E,c,iei =0,i.e., C = 0. Hence 4; =0 for alli. Q.E.D.

Now, let e;, ..., e, be an orthonormal basis for H®. Let L =
{A="e*"(¢,)lA € T(U%, T*)}. By the above corollary L§ is the direct sum of
the [4. From the same corollary, the map 4 — 4~ "¢* “(e,) is 1-1. Hence we
may define an innerproduct (, ) on L§ by setting

(Ear=emer Zame@); ~Zaur 5



SPHERICAL DISTRIBUTIONS 877

where C is the innerproduct I(T*, U*) defined in §II. Notice that under this
innerproduct L$ ~ I(T®, U*)?. Hence completeness follows. Notice also that
for 4, € I(U*, T), v, € H8,i=1,2, we have

ATTe**(v)), 43 7" *(v,))5 = CA5, ATy, vy).

Hence the scalar product does not depend on the choice of basis for {{®. The
above equality and the fact that A; “€¢*” intertwines A(T®)~"|K and § show
that A(T®)~ "X is unitary on L. The injection of L into C~*(7™) is contin-
uous since 4, “€* " (e;) converges to A~¢**(e,) iff A, converges to A* in
C(, ) which is equivalent to A tending to A* uniformly. This implies that
A7 " — A~ uniformly on bounded subsets of C~=(T) and hence that, in
C™"(T*), A;"€*"(e;) — A~"¢*"(e,). Thus the natural injection of L§ into
C~=(T") is continuous. Let p® denote the injection and let ¢*: C*(T*) — L§
be its adjoint. (C* is reflexive!)

Now, we are finally in a position to prove the trace formula. Let E;,j=
1, ..., be an orthonormal basis of T(T, U®). It is easily seen that E| are iso-
metries and that H* is the orthogonal direct sum of the images of the E;. It
follows that the maps m; = E;E;* are orthogonal projections onto invariant irre-
ducible subspaces of H* and Z;m, = I. Hence, for f € C;(G),

D*(f) = tr D*(f) = tr (U~ "(f}(eH)*
= E tr #m(U*)~"(f ) (eM)*
i
= zl:u EEENUS™ (XD

= ; tr €E(T*)™“(XES) ™" (eM)™.
But
EELT) "(XES) " () e €)
= (T "¢ XEPY (€)%, EF)=(€)"e) = (*T*) ("), F)t»
where Fy; = (Ef*)” "(e“)“(ei). .
Note that the series of operators on H®, Ze*n(U*)~"(f)(e*)*, converges

pointwise since Zm; converges in C*(U®) and hence it converges in any norm by
finite dimensionality. Hence

as claimed.
To finish the proof we need only compute the multiplicity of & in T°.
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However, if E; are as above v — (E*)™ " (%) (v) intertwines & and T°. Since
the ranges of these maps are orthogonal and clearly span L§ topologically, the
multiplicity of § in T° is the dimension of the span of the E; which is the multi-
plicity of T® in U®. Q.E.D.

Now, if K is compact, the above can be made considerably more precise.
Notice that in this case QIK = w = 1. Let N = dim H;.

THEOREM 4. Let K be compact and let notation be as above. Let T*(X;)
= [ Xs (K~ D)T*(k)dk. Let L§ be the image of L* under T*(x;) (so L* is the
space of vectors which transform according to § under T*). Then there is a con-
tinuous map Q*: C=(T*)— C™(T®) such that L§ = (Q*)*(L$) and such that
N=%Q%~ is q unitary isomorphism of Lg onto L§. Furthermore

o* = N"H(Q@*)*T(x;)Q"

and D*(f) = N=1 tr Q*T*(x; * f)Q*ILS. Q* can be chosen so that it is form-
ally selfadjoint on C*(T®) and satisfies Q%(U*)*(g) = (2))*(U%)~(g)Q* for
all g € G. This uniquely determines Q% In fact Q% is the nonunimodular weight
function of Moore. In particular, if G is unimodular Q% = I and D*(f) =

tr N™1T%(x )T (F)I LS.

ProoF. Before proceeding, let us recall some facts about tensor products
of Hilbert spaces. If H is a Hilbert space let {{* denote the conjugate space (i.e.
yi with scalar multiplication given by ¢ * v = cv). Then H** = {. If H, and H,
are Hilbert spaces, H, ® Hi, is the space of Hilbert-Schmidt mappings of {} into
H,. fvE d, and w € H,, thenv @ w € H; @ H, is the map (v, * )w. The
tensor product is associative. In fact, by definition (H, ® H,)* = Hf ® #if. If
F: i} ® il§ — 3 belongs to (H; ® H,) ® H; and v € HT we obtain from F a
map Fy: HY — i3 glven by Fj,(w) = Flv ®w). Then F, € H, ® {3 and v —>
F, defines an element Feii 1 ® (H, ® H3). The mapping F —> Fis a unitary
isomorphism.

If A;: t; — H; are continuous linear operators, i = 1, 2, then 4, ® 4, is
the operator on H; ® i, given by F — A,FA} (A} is A; considered as an oper-
ator on H¥). If V, are representations of G in H;, V; ® V,(b) = V,(>~1) ®
V,(b).

We shall need the following lemma, which is known.

LEMMA. Let T be an irreducible unitary representation of G in L and let I
be the identity representation in {. Then I(T, I ® T) is the space of operators
v—>w®u weEHi

Now, let H = L2(G, dx, H%) and let R and I be, respectively, the left and
right regular unitary representations of G in H Ge. LO)F(x) = Q)R 1x)
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and R(y)F(x) = F(x) for all y, x € G, F € {f). Then, by compactness of K, i
is set theoretically and norm-wise just the space of all functions F in H which
satisfy (k™ !)F = 8(K)F for all k € K. The map I = [, 8(K)L(k) dk is easily
seen to be a projection onto {{ which commutes with R. Also U= RIH.

The harmonic analysis of R is essentially equivalent to that of the L? regu-
lar representations. Let R and L denote, respectively, the L? right and left unit-
ary representations of G in L2(G, dx). The map v ® f —> uf{ * ) sets up a unitary
isomorphism between H® ® L? and H. Itsinverse is given by considering F € i
to be a map of (H®)* into L2 given via v — (F( - ), v). Under this isomorphism
R becomes ] ® R, L becomes I ® L and T = [ 8(k) ® L(k)dk. Also C*(R) =
1% ® C*(R). If F € H® ® C(R) and p represents evaluation at e in C*(R)
(which is continuous) then v — p(F(v)) defines an element ?(F) of (H®)* = .
The functional F — ?{F) is easily seen to correspond to evaluation at e in fi.

In [S] we obtained the following description of the harmonic analysis of R.

THEOREM C. There is a measure space M, a Borel measure i on M and a
measurable family T* of irreducible unitary representations of G in spaces L*
indexed by M such that

L*G) ~ fM®(L°‘)‘ ® L* du(a).
Under this isomorphism

R= [ ©I°* @ T* du(e),

L= f M®(T°‘)‘ ®I%du(e) (I* = identity on L%).

Furthermore there is an essentially selfadjoint operator g%: C*(T'*) —
C*(T*) continuously such that for all F € C*(/** ® T*), Q°F is bounded and
of trace class. In this case p = f@p® du(a) where p® is the functional F —
tr Q°F on C*(I** ® T).

If f € C;(G), then T*(f)Q* is a bounded Hilbert-Schmidt operator of L*
into L* for which f — T*(f)Q* extends to a unitary isomorphism of L? onto
the above direct integral which intertwines (/%)* ® T and R and (T%)* ® I*
and L.

Furthermore, Q% satisfies T*()Q% = Q= %(g)Q°T*(g) on C™(T®) and is
uniquely determined up to scalars by this property.

Now, from the general theory of direct integrals, tensor products factor
through direct integrals. Hence

W= [ O ®(L™* ® L) du(e)

~ f M®(H6 ® (L") ® L® du(a).
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Let H* = (1° ® (19" ® L%, R*=(®I*)® T*, T* = (1 ® (TO)*) ® I°.
Let I* = [ 8(k) ® T**(k)dk and let T = r® ® I (so that I' is the direct in-
tegral of T®). € also factors as a direct integral of maps € C“(k“) — ®
given via (e2F, w) = p*(Fw) for FE C*R), w € Hs. Here we are considering
FEi{{® ® (L*)* ® L%). (This follows from the uniqueness in Theorem B of
the introduction.)

Under the above isomorphism of % ® ((L*)* ® L%) with (4% ® (1**)®
L*, this becomes e*(W ® v) = W*(Q%). (It is clear that v € C*(T®) if W ®
v € C=(R).) In fact, as a map of ({°)* into (L%)* ® L% W ® v becomes
¢ —> W(p) ® v. Now for p € (H®)*, p*(W(y) ® v) = tr 0 o (W(y) ® v) =
(Q@%v, W(p)) = (W*Q%, ¢). This shows our claim.

Let #* = T%(H%) and U* = R®|i{*. Then H = [, @®H*dp(a). This is
the primary decomposition of U and each U® is quasi-equivalent to 7. Now, let
A€ (T, 71'“). Since I ® I® = I by the above Lemma, A4 is of the form v —
W ® v for some W€ #® ® (LY)*.

Now, L§ is by the proof of Theorem 3 the space of functionals
A*~"(e*) (W), w € £%, A € I(T®, U%), i.e. the functionals x — (eAx, w) =
(€W ® x), w) = (W~Q%, w) = (x, (Q%)*W*W) (x € C™(T®)). (Here (Q%)*
maps C~(T®) into C~=(T*) and W*w is thought of as an element of C~*(T%).)

A € I(T®, U%) iff T%4 = A, ie. iff T*W = W. This is equivalent to W
intertwining 8* and (T*)*|K which is equivalent to W* intertwining § and T*|K.
Hence L is the image under (Q*)* of the space of vectors W*w (w and W vary-
ing) which is just the image under (Q*)* of the space T*(x;)(L*). This proves
the first part of our claim.

To compute I(Q*)*W*wl note that by definition it is c(4, 4)Iwi?. How-
ever, A~ is the map of (H® ® (L%)*) ® L® into L given by F ® v — v(F, W).
Hence A*A(x) = (W, W)x. Thus (4, A) = (W, W) = tr WAW. But W*W inter-
twines 8* so WAW = dI. Furthermore dN = tr WAW = (W, W) so c(4, A)Iwl?
= Ndlwl?. Hence diwl?® = (W*w, W*w) = Iw*wl?. Thus @) *w*wlf =
N* w*wl, proving the unitarity.

To compute D* we need 0®. ¢® is the adjoint of the injection i of L§ into
C2(T*). If (@*)*(x) € L§, x € T(x5)L*, and if v € C™(T*), then

@, (@) @) = (@, x) = (T°(X:)2", x)
= (@) T ()2, (@) )z N1,

Hence o® = N~1(0*)*T*(x%)Q°.
It follows that

ND(f) = Q™) T (s ) T ()ILE
= tr T%(4s)Q%(T®)~ = (F Q)" ILE
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by unitary invariance of the trace. Also, on C™(T®), T*(f)@* = (T*)~"(NQM)*
by the selfadjointness of Q%. Hence T*(f)Q* has a bounded extension. Further-
more Q =1 on K and hence Q% commutes with T%|K. Thus D* =
N=1Q°T(x®)T*(F)Q@°|LE. This finishes the theorem. Q.E.D.

REMARKS. Theorem 3 can be considered both a generalization of the
Frobenius reciprocity theorem and a generalization of the Plancherel theorem. In
fact, the first statement is obvious. To see the second, note that by definition

D) = EWU) (X" s0
[, P00 dute) = U (e = (7 Xe).

Theorem 3 then says that corresponding to a.e. irreducible representation T*
occurring in the decomposition of U there is a subspace L§ of C~*(U) and a
Hilbert structure defined on L§ for which tr 7(f)}(€) = [y tr o*T*(f)IL§ du().
Note also that although the Hilbert structure on L is difficult to describe theo-
retically, the definition of L§ given in the proof of Theorem 3 depends only on
the unitary equivalence class of T in the sense that if 7% is unitarily equivalent
to S%, then the unitary equivalence gives rise to a unitary isomorphism of the
corresponding L§, as the reader may easily verify. L§ depends on the measure
1 to the extent that changing u multiplies the scalar product by a positive con-
stant. It would of course be desirable to have an intrinsic description of L§ such
as is available in the K-compact case. We do not know of such a description ex-
cept in certain specific cases which will be described in a later work.

From Theorem 4 we obtain the consistency of our concept of spherical
function and Godement’s.

COROLLARY. If K is a large compact subgroup of G and G is unimodular
then almost every D* is given via integration against a spherical function in the
sense of Godement [1].

Now, still assuming K is compact, let I, 5 be the space of all functions in
C,(G) which satisfy (i) flkxk~ ) = fix) and (ii) x; * f= /£ It is well known
that /, 5 plays an important role in the study of spherical functions. To see why
this is so first note that every such f, when identified with the distribution fdx
transforms on the left according to A; (= X, in this case) and is K central. fis
also finite. In fact, A is the operator F — [ flx)F(x - )dx. Hence I 5 C Fs.
The significant fact about I 4 is the following

LEMMA. The set of A s f €1, s is strong operator dense in I O GrK
is compact).

ProoF. Let notation be as in the previous proof. Since R=1I® R, the
space I(R, R) is the set of operators of the form B ® A where 4 € I(R, R) and
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B € Hom (H 8. {%). From the general results of von Neumann algebras, I(R, R)
is the von Neumann algebra generated by {L(x)lx € G}. Hence, {L()IfEC; (G)}
is strong operator dense in I(R, R), and thus the operators B ® L(f) are strong
operator dense in I(TQ', ﬁ). In terms of H these are just the operators F —>

Jc8(x)BF(x * ) dx.
Composing with T' we cenclude that the operators on # given by

A:F— [ [ ge)p(BFek ) dkdx
= [ ] stek)oIB dk Fx - ) dx
= fK\G f K fK gk’ xk)s(k)BF(k'x + ) dk dk' dx
= f K\G f X f S XK (R)BE(KIFx - ) dk dk' dx

are dense in I(U, U). Let H(x) = [y [y 8(k'xk)s(k)BS (k") dk dk’ and let h(x) =
tr H(x). It is easily seen that A is K central, compactly supported and transforms
on the left according to A;.

Furthermore,

J oo k) die = [ tr HOoxp k) e

= [ tHERE ) dk = HE)-
Thus
fG hGOF(x) dx = fK\G fK h(kox)F(kx) dk

- fK\G J, M 0Fe) ax = |, 6 HEG: +) dx

= A(F).

This proves our claim. Q.E.D.
As an almost immediate corollary to this we have the following.

THEOREM 5. There is an almost everywhere defined one-to-one correspon-
dence between spherical distributions of height 8 and certain irreducible repre-
sentations of I,

PROOF. Let notation be as in the proof of Theorem 3. Since I(U, U) is
the commutator of U and we are dealing with the central decomposition, I(U, U)
decomposes as the direct integral of commutators of the U®. Furthermore, this
decomposition has the property that for a.e. a the mapping 7*: 4 — 4% is a
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* representation of I(U, U). Also, any countable dense subset of I(U, U) hasa
strong operator dense image under n* for a.e. a. Since I, 5 contains a countable
dense set, its image under #* is, for a.e. a, dense. Since U® is primary, the alge-
bra I(U® U%) has a faithful irreducible representation which is continuous in the
strong operator topology. In fact the left action of T(U®, U®) on the Hilbert
space I(T*, U%) given via composition is easily seen to define such a representa-
tion. Call this representation A*. Then A*n® is an irreducible representation of
I(U, V) and the image of I, ; under it is strongly dense in its image. Hence
A*n*|l,, 5 is still irreducible. Note also that A*n® acts on I(T, U®) and hence
its dimension is dim I(7%, U®) which by Theorem 3 is the number of times &
occurs in L§. Q.E.D.

REMARKS. If K is not compact we can, with considerably less work, prove
the same theorem with F in place of I, 5, since F; is isomorphic with I(U, U).

However, what we cannot prove for K general is the following theorem.

THEOREM 6. If G is unimodular, D* is a spherical distribution of height §
which corresponds to the representation A* of 1(U, U), then for all f € I, 5(G),
A°(f) is trace class and D*(f) = C* tr A*(f) for some C* € C.

ProOF. Let us not initially assume G unimodular. Then for f € C; (G),
by Theorem 4,

D*(f)=N~1 tr Q°T*(x; * N)Q*ILG
=N"1tr Q°T%(x; * £)Q°T*(xs) = N~1 tr Q°T*(x; * f*x5)Q%.

If fE€1, 5 this becomes N~! tr Q*T*(f)Q*. If G is unimodular we may take
the g* = I°.

Now, consider H C ?{' = {5 ® L? asin the proof of Theorem 4. Then, by
the proof of Theorem 4 and the lemma, the restriction to H® of the space of
operators T*(f)* ® I, f €1, 5 is strongly dense in I(U® U®). Hence the rep-
resentation 7 of the above proof, when restricted to I, 5 is the map f —
T*(f)* ® I*IH*. Now, for fEI, 5, the map

T*(f)* @ I— T*(f)* @ IIH*

is 1-1 since T*(f)* commutes with I'*. The von Neumann algebra generated by
T*(h)* ® I (h € C,(G)) has a semifinite trace 7 given by 7(T*(h)* ® I) =

tr T*(h)* which is (for a.e. a) finite for & € C;'(G). Hence the algebra generated
by T*(f)* ® I1H® has a semifinite trace. Since this algebra is type I and is a
factor (it is the commutator of the algebra generated by U%), we conclude that
if A% is any irreducible * representation of it, then tr A*(T*(f)* ® I) is finite
for f €1, ; and is a multiple of 7(T*(f)* ® ) = tr T*(f)*. Since this is just
7*(f), we are done. Q.E.D.
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REMARKS. In the K compact case one could almost certainly prove

results similar to the above without the assumption that G is a Lie group. How-
ever, in the noncompact case one cannot so easily do without C™ vector techni-
ques, even in the unimodular case. In fact, there exist examples of nilpotent Lie
groups G and cocompact discrete subgroups I' for which no unitary infinite-dim-
ensional irreducible representations contain vectors invariant under I'. In particu-
lar, if & is the identity representation of T', then for “most” @, L§ C C™*(U%) ~
C*(U®). In a subsequent paper we will give “integral formulas” for the spherical
functions in this case.
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