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ABSTRACT. This paper uses methods from the spectral theory of
partially ordered sets to clarify and extend some recent results concerning
approximately finite-dimensional C*-algebras. An extremely explicit de-
scription is obtained of the Jacobson topology on the primitive ideal space,
and it is shown that this topology has a basis of quasi-compact open sets.
In addition, the main results of [4] are proved using only elementary
means,

Introduction. Bratteli [3] introduced the idea of an approximately finite-
dimensional C*-algebra (or AF C*-algebra)—one which is the limit of an induc-
tive system of finite-dimensional C*-algebras. In particular, [3] gives an analysis-
of the primitive ideals of an AF C*-algebra, relating them to certain subsets of
the diagram of A—a subset of N x N equipped with a binary relation, {. In
[4], this formalism is used to give some topological results on the space Prim A
of primitive ideals of A, equipped with the Jacobson topology. Bratteli notices
that the diagram may be considered a partially ordered set, but makes no real
use of this fact; his topological results are mostly proved by recourse to the
ideal theory of C*-algebras.

In this paper, I work entirely within the framework of the theory of
partially ordered sets, directly deducing topological results about Prim A. Use
of a notion of spectrum for a partially ordered set (related to that of [6])
enables one to give an extremely explicit description of the Jacobson topology
on Prim A. Given this description, I am able to reduce the proofs of the main
results on spectral theory in [4] to exercises in elementaty set theory. The
paper not only adds new methods, but also new results. For example, I show
that Prim A has a basis of quasi-compact open sets. Bratteli [S] has since
given a different proof of this result based on functional analytic methods.

This seems to be one of the very few classes of C*-algebras where, in the
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absence of Hausdorff separation for Prim A, a very explicit description of the
Jacobson topology is available. (Another is considered in [1].) The methods
of this paper may have applications to algebras which are limits in the category
of C*-algebras of systems more general than inductive systems.

The paper is organized as follows. §1 serves to recall some results of [3]
and to introduce the Bratteli poset D(A) of an AF C*-algebra A. §2, which con-
tains the bulk of the work, is independent of the other two sections; it deals with
the spectral theory of a class of partially ordered sets, a class which includes the
Bratteli posets. For each partially ordered set P of this class, I define a topo-
logical space Spec P whose topology is explicitly described. A number of results
are proved about the topology of Spec P. Finally, in §3, I combine the results
of the first two sections by means of a theorem which asserts that Prim A is
homeomorphic to Spec D(A), and deduce the main results of the paper.

I would like to thank Professor Karl H. Hofmann for suggesting the ideas
behind this research, and for his many helpful comments during its development.

CoNVENTIONS. If X is a topological space, I shall mean by a basis for the
topology of X a set B of open subsets of X such that every open set may be
expressed as a union of sets from B.

I shall only ever consider one topology on the C*-algebra A—the norm
topology. Thus a closed ideal of A will mean a norm-closed ideal, and so on.

1. Bratteli diagrams and Bratteli posets. I shall begin by recalling some
results of [3]. Let A be a C*-algebra (with identity), which is the inductive limit
of the system (A, j,), the A, being finite-dimensional C*-algebras, and j,: A,_;
— A, an embedding. Such an algebra is called an AF C*-algebra. One may
identify A with\J,_,A,. Since any finite-dimensional C*-algebra may be
uniquely decomposed as a direct sum of m x m matrix algebras, one can write
A, =®,’fg,M(,,,k), where each of the M, .y is an m x m matrix algebra for
some m. The embedding j, decomposes into its components j,_y &) (n k")
M(u-1 k) = M, ). Bratteli denotes by T(A) the set {(n, k)n €N, k=1,
.+, k,}, and defines a relation “}” on D(A) by (n, k) ¥ (n + 1, k') if
Jen k), (n+1,x") i8 nonzero. I shall call the set T(A) equipped with the relation
V, the Bratteli diagram of A.

In general, let D be a nonempty subset of N x N with the property that,
for eachn €N, {m|(n, m) € D} is finite, and (0, m) € D if and only if m = 0.
Suppose N is equipped with a binary relation { satisfying conditions (i), (ii) and
(iii) on p. 201 of [3]. Then (D, {) will be said to be a Bratteli diagram. In [3]
it is shown that every Bratteli diagram arises as the Bratteli diagram of A for some
AF-algebra A.

(1.1) DEFINITION. Let (D, 4) be a Bratteli diagram. Define another rela-
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tion, “>” on D as follows: for x, y € D, x = y if there exists a finite sequence
{z;};=, of elements of D with z; =x,z, =y, and foreachi=1,...,r-1,
;¥ 244,

It is easily seen that (D, 2) is a partially ordered set with a maximum
element. Let d: D — N be the projection of D onto its first factor. I will call
(D, >) the Bratteli poset of (D, ), d its degree function. It is easy to verify the
truth of

(1.2) LemmA.  Let (D, ) be a Bratteli diagram, (D, =) the associated

Bratteli poset with degree function d. Then
() Ifx <y then d(x) = d(y).

(i) For all n €N, D™:=d~'(n) is a finite set.

(iii) Forallx,y €D, if x >y and x # y, then there exists z € P +1
withx 2z 2y.

(iv) D has no minimal elements.

Conversely, if (D, 2) is any partially ordered set with a maximum element,
equipped with a function d: D — N satisfying (i)—(iv) above, there exists a
Bratteli diagram whose associated Bratteli poset is isomorphic to (D, ).

Any partially ordered set (D, ), equipped with a function d: D — N
satisfying (1.2)(i)—(iv) will be called a Bratteli poset.
I shall require the following

(1.3) LeMMA. Let A be an AF C*-algebra, (I(A), {) its Bratteli diagram
and (D(A), =) its Bratteli poset. The following conditions are equivalent:
(i) A is abelian.
(i) For all x € [(A)]", n > 1, there is a unique y € (A)*~* with y { x.
(iii) For all x € D(A), {y |y = x} is a chain.

ProoF. The equivalence of (i) and (ii) is given in (3.1) of [4]; the equiva-
lence of (ii) and (iii) is simple verification and is left to the reader. 0O

2. The spectral theory of certain partially ordered sets.

(2.1) NOTATION. A poset is a set P together with a partial order, <, and
a greatest element, 1.

IfxeEP,Isettx={EPly=x},ix={y€EPly<x},x={y€
Ply is maximal in Jx\{x}}, x = {y € Ply is minimal in 1x\{x}}.

Ifx,yEPletxAy={zE€Plzismaximalin{x Ny}, xVy = {z €
P|z is minimal in tx N 1y}. Some of these sets may be empty.

(2.2) DEFINITION. A poset P is called co-well ordered if

(I) Every chain in P has a maximal element.
P is (weakly) well ordered if
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(D) Every chainin P which is bounded below has a minimal element.

A poset P is called graded if there is a poset morphism d: P—> N °P, where
N°P js the set of integers with reverse order, such that if x < y and d(x) = d(y)
then x = y, and d(1) = 0.

Thus, for x <y, d(x) = d(y). The sets P* = d1(n) are called the layers
of Pof degree n, and d is called the degree function associated with P. A
graded poset is laterally finite if all layers are finite.

The graded poset Pwith degree function d is said to be well-graded if for
all x € P d(x) = {d(x) + 1}.

A poset satisfying (I) will briefly be called a CW poset, one satisfying (I)
and (II), a WCW poset.

(2.3) ExampLES. (i) Let X be a set, Pthe set of all finite subsets under
reverse inclusion (i.e. 4 = B if A CB). Set d(F) = card F , for FE P. Then
(P, 2) is a well-graded WCW poset which is laterally finite if and only if X is
finite.

(ii) Let M be a module over a commutative ring R with 1, P the set of
finitely-generated submodules under reverse inclusion. If M satisfies the descend-
ing chain condition for finitely-generated submodules, then P is a CW poset. If
R is a field, then P is a well-graded WCW poset with gradation d(V) = dim V.

P is laterally finite if and only if dim M < oo,

(iii) A partially ordered set P is a Bratteli poset if and only if it is a well-
graded laterally finite poset with no minimal elements.

(24) ReMARKS. (i) Let S be a subset of the CW poset P. Then every
element of S is majorized by an element which is maximal in S. In particular, for
x € P, x = gif and only if {x = & if and only if x is minimal in P; and for
X, yEP,x ANy=g if and only if {x Ny =4.

(i) Let S be a subset of the WCW poset P which is bounded below. Then
every element of § is minimized by an element minimal in S. Hence, for any
xEP,x =gZifandonly ifx =1;and forallx, yEP, xVy +# 2.

[The proofs of (i) and (ii) are straightforward, using Zorn’s lemma.]

(iii) Every graded poset is automatically a WCW poset.

(2.5) DEFINITION. A filter in a CW poset P is a nonempty subset F
satisfying the following:

(i) Forallx EF,txCF.

(ii) Forallx,y€EF,(x AY)NF+# &.

A filter is called recursive if forall x EF, x =gorx NF # &.

Let F(P) denote the set of all filters in P, Spec P C H(P) the set of all
recursive filters. A filter which is maximal with respect to inclusion is called an
ultrafilter.
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The proof of the following lemma is an easy exercise in elementary set
theory, using (2.4)(i) and Definition (2.5).

LEMMA. Let F € HP). Then

() 1€F.

(i) If x € F is such that x N F =g then x is the smallest element of F.
(iii) If F is an ultrafilter, F is recursive.

Topology on Spec P. 1 will always assume that P satisfies at least (I).

For a € P, define S (a) C Spec P by S(a)= {F € Spec Pl a € F}.

(2.7) ReMARks. (i) Leta, b € P. ThenS(@@) N S(B) = U, p5S()-
[Let F € Spec P. By 2.5(i) and (ii), a € F and b € F if and only if there exists
¢ €a Absuch that c €F.]

(ii) Let F, G € Spec P. If F ¢ G, then there is an @ € P such that F €
S(a) but G & S(a).

Thus, the sets S(a), a € P, form a basis for the open sets of a T,,-topology
on Spec P. This topology will be called the natural topology and denoted by o.

(2.8) Let X be a topological space. A subset C of X is called irreducible
if it is closed and not contained in the union of two proper closed subsets of
itself.

LEMMA. Let C C Spec P be o-closed, and set Foe = UgeoF. The
following statements are equivalent:

(i) C s irreducible.

(ii) Leta, b € P. Then C N S(a) + 2 # C N S(b) implies that there
exists c €a N\ b such that S(c) N C #42.

(iii) Leta, b € P. Then if there exist F, GECwitha €F, b € G then
there exists HECwitha Ab NH+ @.

(iv) F, € Spec P.

If these conditions are satisfied, then for all a € P, F . € S(a) if and only
ifS@NC+#%.

Proor. (i) = (ii) If C does not satisfy (ii), one may choose a, b with C N
S@ #Z+CNSD)butforallc€EaAb, S(c) NC= @& By (2.7)(i), the
latter statement implies that [S(a) N S(b)] N C =@. Hence C N [S(@)]° #2
#C N [SB)]€ and ([S@)]° N C)V ([S(®)]° N C) =C. Thus C is not irreduc-
ible.

(ii) = (iii) = (iv) is trivial.

(iv) = (v) Suppose F, € Spec P. If Cis not irreducible, there exist a, b
€ P with ([S@)]°NC) VU ([S®)°NC)=Chut [S@]°NC#*L+*
[S(®)]¢ N C. By the former statement (via 2.7(i)), S(c) NC=g forall ¢ €
a A b; by the latter a € F, and b € F, which implies (z A b)) N F # @. This
is a contradiction.
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The last statement of the lemma is clear. O

THEOREM. For every CW poset P, the natural topology on Spec P has
the property that every irreducible set is a singleton closure.

PROOF. Let C be an irreducible set, and define F, as in the lemma. The
lemma assures us that C is in fact the closure of {F}. O
Acyclic CW posets.

(2.9) ProprosITION. Let P be a CW poset. The following statements
are equivalent:
(i) Forallx,y € P such that x Ny #+ Zeither x <y ory <X.
(ii) For all x € P, tx is totally ordered.
(iii) Every filter is totally ordered.
(iv) Every recursive filter is totally ordered.

ProoF. (iii) = (ii) = (i) = (iv) is straightforward using (2.5). For (iv) =
(iii), note that every filter is contained in an ultrafilter and apply (2.6)(iii). O

The CW poset P is called acyclic if it satisfies the equivalent conditions of
the above proposition.

(2.10) LEMMA. In an acyclic CW poset P every maximal chain is a
recursive filter. If P is further a WCW poset, the converse is also true and
Spec P is precisely equal to the set of maximal chains in P.

ProoF. The first statement follows from (2.6)(iii) and (2.9). For the
second, suppose P is an acyclic WCW poset, F € Spec P. Then F is a chain. If
F is not maximal, choose y € P\F such that F U {y} is a chain. (2.5)(i) shows
that y is a lower bound for F, and hence by (II), F has a minimum element x,,
2y, xo #y. By 2.4)() and (2.5), x5 N F # @, a contradiction. O

(2.11) LEMMA. A CW poset P is acyclic if

(v) Foralla € P, [S@]¢ = Ube[uufa]cs(b)-

If Pis further a WCW poset, the converse is also true;viz. if P is acyclic,
P satisfies (v).

PROOF. (v) = (2.9)(iv) Let F € Spec P. Then forx, y € F, S(x) N
S@) = 2, so by (v), U{S®)Ib € [ty U Iy]°}D S(x). Hence x €1y U iy.
The second statement follows from (2.10). O

THEOREM. Let P be an acyclic WCW poset. Then the natural topology is
a zero-dimensional Hausdorff topology.

Duality theorems for well-graded acyclic posets.

(2.12) Let X be a set. A function D: X x X — R is called an ultrametric
if
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(i) Forallx, y € X, D(x, y) = 0;if D(x, y) =0 thenx = y.
(ii) Let x, y, z € X. Then D(x, z) < max(D(x, y), D(y, z)).
Notice that every ultrametric is a metric.

(2.13) LEMMA. Let P be an acyclic well-graded poset with degree function
d. There exists an ultrametric D on Spec P with range {0}U {27" | n € N}
such that the topology induced by D is the o-topology; indeed the sets S(a)
with d(a) = n are precisely the 27" balls. Moreover, Spec P equipped with D is
a complete metric space.

ProOF. For F, GE Spec P,let Sp o = {n €N IVk<n, P NF=P*¥n
G}. Since 1 EF NG, SF'G *+a If SF,G is unbounded then F=G. If F #
G, let mp, o = max[Sg ;]. Define D: Spec P x Spec P—> {0} U {27" |[n €
N} by
D(F, G)=0, if F=G,

=2""FG, ifF+G.

It is easily checked that D is an ultrametric. Using this definition, one sees that
for F € Spec P such that

(1) FAP" = {g}, B(F, 27"):= {G € Spec P| D(F, G) <2™"} = S(@).

Conversely, for any point a € P", S(g) is a 27"-ball. [Choose a maximal chain
F with ¢ €F. Then S(a) = B(F, 27").]

Finally, let {F,} be a D-Cauchy sequence in Spec P. To define F €
Spec P such that F, — F, notice that for all k € N, there exists N € N such
that if m, n >N, D(F,, F,)) < 27, Let N, be the minimum such N, and
define the subset F of P by FN P* = Fy, N Pk, It follows that, for all k €
N, r <k implies F N P" = Fy, N P”. Using this fact, one verifies that F €
Spec P, and further that, for k €N, D(Fy,, )< 27%. Hence F,—F 0O

We deduce

THEOREM. Let P be an acyclic, laterally countable well-graded poset.
Then Spec P, equipped with the above metric is a zero-dimensional Polish space.

(2.14) I will now show that, under certain conditions, the natural topology
is a locally compact topology. '

Let P be a well-graded poset. x € P is said to be finitely based if, for
all y € Ix, y is finite. P is said to be (spectrally) finitely based if every recur-
sive filter contains a finitely based element.

Notice that for any well-graded poset P, 1 is finitely based if and only if
P has finite layers.
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The proof of the following lemma is left to the reader.

LEMMA. Let P be an acyclic well-graded poset. a € P is finitely based
if and only if S(a) is a compact set in the natural topology.

THEOREM. Let P be an acyclic well-graded poset. Then Spec P isa
locally compact space if and only if P is spectrally finitely based. Spec P is
compact if and only if P has finite layers.

(2.15) In this paragraph, we prove a converse to Theorem (2.13).

THEOREM. Let X be a zero-dimensional Polish space. Then there exists a
countable acyclic well-graded poset P with no minimal elements, such that
Spec P is homeomorphic to X. If X is locally compact (compact), P is finitely
based (has finite layers).

PrOOF. Let X be a zero-dimensional Polish space. I shall assume the reader
is familiar with the construction of a sifting, as given in [2, IX, §6.5]. Icall a
sifting (C,, p,,» ¥,,) open if for any ¢ € C,, p,(c) is open. A slight modification
of the construction of [2, IX, §6.5, Lemma 3] proves that X has a strict open
sifting (C,, p,, ¥,)- It is then clear that the function f: L(C) — X constructed
in [2, §6.5], is open and hence is a homeomorphism. Let C =U;—,C,.
Defining, for ¢ € C, and ¢’ €C,,, ¢ > ¢’ if n> m and P,,,,(c) = ¢’ makes C
into a poset; if we set d(c) = n for ¢ € C,,, C becomes a countable well-graded
poset with no minimal elements. It is not too hard to see that Spec C is homeo-
morphic to L(C). This proves the theorem. O

(2.16) Let Y be the topological space of the irrational numbers, and let
K be the Cantor space constructed on the interval [0, 1]. By the information
in [7, §33, I], K is the compactification of Y. Using this fact, together with
Theorems 1 and 2 of [7, §32, II] and (2.15), one deduces

ProrosITION. (i) Let P be an acyclic well-graded poset. Then Spec P
is homeomorphic to a closed subspace of Y. If P is in addition laterally finite,
then Spec P is homeomorphic to a closed subspace of K.

(ii) Let X be any Polish space. Then there exists a laterally countable well-
graded poset P, with no minimal elements such that X is a quotient space of
Spec P. If X is, in addition, compact, we may suppose that P is laterally finite.

Acyclic covers.

(2.17) Let P be a CW poset. Denote by P the set of all totally ordered
subsets T of P such that

(1) T has a minimum element x...

(i) T is maximal amongst the totally ordered subsets with minimum
element x.
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Definep: P — P by p(T) =xp=minT. ForT,, T, € P,let T, >
T,ifT; C T,. One then has

ProPOSITION. Let P be a CW poset. 75, equipped witiL = is an acyclic
CW poset and p is a surjective poset map. If P is WCW so is P if P is graded
(well-graded), so is P. Further, if P is graded with finite layers, so is P.

The proof of this proposition is elementary, given the following lemma.

LemMA. Let P be a CW poset and let TEP. Then T = {TU {}ly €
p(D)}.

Proor. First notice that any set of the form T U {y}, y € p(T) is in 3
Thus, we must check that any element of {T\{T} is majorized by an element of
P of this form. Let S € 4T\{T}. Then p(T) €S, and S N Ip(T\{p(T)} is a
nonempty chain. Hence, by (I) it has a maximum, y say. By the maximality of
S,y €p(T),and so TU {y} C §, as required. O

Auxiliary topology on Spec 75

(2 18) Since P is a CW poset, one may of course define the o-topology on
Spec P.In this paragraph, I will define a second, coarser topology on Spec P.

Fora€ P, let W() C Spec P be defined by W(@) = U, (1)<, S(T)- Itis
easily seen that ((a) = {F € Spec P | for some TEF, T N {a # &} . Using
this fact, it is easy to prove that for a, b € P, W(a) N W(B) = U .cqxAp W)
Thus {W(@) | a € P} is a basis for a topology 7 on Spec P.ris clearly coarser
than o.

ProPoSITION. Let P be a CW poset. The following statements are equiv-
alent:
() P is acyclic.
(i) p: P—> P is bijective.
(iii) Forany TE P, S(T) = W(p(T)).

ProOF. (i) = (ii) = (iii) is trivial. Suppose P is not acyclic. By (2.9)(ii),
we may find a € P and two chains Ty, T,, maximal in 12 with p(T,) = p(T,) =
a, Ty # T,. Choose ultrafilters F; in P with T; € F;. One then has F, €
W@(T,)) but F, € S(T,). O

(2.19) LemMMA. On any topological space X, there is an equivalence rela-
tion Ry, given by xRy if and only if {X} = {y}. X/Ry is a T, space, in
fact it is the left reflection of X into the category of T spaces. The front
adjunction of this reflection is the quotient map qx: X — X|R .

Since this lemma is well known and easily proved, I shall omit its proof.
Let P be a CW poset and let R be the equivalence relation of the lemma
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applied to the topological space (Spec P 7). Set Spec, P= (Spec P, 7)/R.
Define m: Spec P—2P by m(F) = Urer[tp(D] = tUrepp(D = tUrerT

(2.20) LEMMA. Let F, G € Spec P. The following statements are equivalent.
(i) For all a € P F € W(a) if and only if G € W(a).
(@) Foralla € P, UpepT N a # B if and only if UpegT N da # 2.
(ii) Forall Ty € F and for all T € G, there exist T, € Fand T €G
such that p(T ) < p(Tg), and p(T';) < p(Tg).
(iii) The 7-closure of {F} is equal to the t-closure of {G}.

The proof, aneasy exercise in elementary set theory, is omitted.

ProPoSITION. With the notation of (2.19), for F, G € Spec P, m(F) €
Spec P, and if FR G then m(F) = m(G).

PrROOF. It is clear from the definition of m that m(F) satisfies (2.5)(i) and
(ii). To show that m(F) is recursive, let x € m(F), x # &. Choose T € F such
that x = p(T). If x # p(T), then x N 1p(T) # 2 and we have finished. If x =
p(T), Lemma (2.17) implies that x N m(F) # &. The second statement follows
from the lemma. O

Let my: Spec, 75 — Spec 3 be the mapping naturally induced by m.

(2.21) A subset B of a filter F € F(P) is called a basis for F if B is totally
ordered, and for any x € F there exists b € B with b < x.

THEOREM. Let P be a CW poset. Then my: Spec, P— Spec Pisa
homeomorphism onto the dense set of all F € Spec P which have a basis. If P
is countable, then m, is a homeomorphism onto Spec P.

Proor. Using the definition of m, together with Lemma (2.20) (ii), it is
easy to see that m, is injective. Since m =mg o q(gpe 7 ,r) Where @(spec 3, 1)
lS the surjection of (2.19), it is clear that im m = im my. Now suppose
Fe Spec P. Then {p(T)|I T € F } forms a basis for m(F). Hence im m C
{F € Spec P| F has a basis}. For the opposite containment, I will use a lemma.

LemMA. Let P be a CW poset, F € Spzc P, and G a maximal totally
ordered subset of F. Forx €G, letT, =(1x)NG. Then T, EPand F =
{T,| x € G} € Spec P.

PrROOF. Let x €G. Since G is maximalin Fand tx C F, tx NG is
maximal in tx; thus T, € P. Tosee that F € F(T") is easy, so it remains to see
that F is recursive. By Lemma (2.17), it suffices to show that, for x € G, x =&
or x N G # &. But this is obviously the case, since F is recursive and G is
maximal. 0O

Suppose now that F has a basis. By Zorn’s lemma, F has a maximal basis
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G. Defining F asin the lemma, one sees that m(f’) = F, and so F € im m.

Next,let a € P, F € S(a) # &. Let C be a chain maximal in F and coniain-
ing a. The lemma shows that F={xncClxecle Spec P, and clearly m(F)
€ S(a). Thus the image is dense. To show that m,, is a homeomorphism, it will
suffice to show that for a € P, m[(a)] = S(a) N im m,. In fact, , from the
definitions of (W(z) and m, it it is clear that for all ¢ € P, and for all Fe Spec P
F € ((a) if and only if m(F) € S(a).

To complete the proof of the theorem, let F = {x;|i € N} be a countable
filter. Define a basis {y;} for F as follows: y, = x,. Suppose y, defined. Then
since F is a filter, (; A x;,.,) N F# 2. Let y,,, be an arbitrary element of
this set. O

(2.22) LEmMMA a. Let P be a CW poset, a € P, and choose T, € P with
p(T,)=a. Ifq: Spec P— Spec, P is the map of (2.19), then q[W(a)]
q[S(Ta)].

PROOF. One knows that (l(a) 2 S(7,). Thus let F € (i(a), and choose
Ty € F such that p(T,,) <a. Then the set [ 1ToN FP(8)] U T, is a chain
contained in m(F). Choose a chain C containing it and maximal in m(F). By
Lemma (2.21), G = {*x N C| x € C} € Spec P. Clearly G € S(T,), and m(G)
= U,ecx = m(F). By Theorem (2.21), ¢(G) = q(F). This proves the
lemma. O

LEMMA b. Let P be a laterally countable well-graded poset and suppose
a € P is finitely based. Then S(a) is quasi-compact.

PrROOF. Let T, be an element of P such that p(T,) = a. Combining
information from (2.21) and (2.22), one has m(S(T,)) = S(a). By Lemmas
(2.14) and (2.17), S(T,) is compact. Thus S(a), being a continuous image of
a compact set, is quasi-compact. [

(2.23) A topological space is called spectral if

() Xis T,.

(ii) Every irreducible set in X is a singleton closure.

(iii) X has a basis of quasi-compact open sets.

(2.8) and (2.22) now prove:

THEOREM. Let P be a well-graded countable poset which is spectrally
finitely based. Then Spec P is a spectral space. If P is laterally finite, Spec P
is a quasi-compact spectral space.

3. The structure spaces of AF-algebras. Throughout this section, A will
denote an AF C*-algebra with identity, D(A) = (D(A), >) its Bratteli poset.
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(3.1) LeMMA. Let A C D(A). Consider the following conditions on A.
(i) Forallx €A, Ix C A.
(ii) For all x € D(A), if x\{x} C A then x € A.

(iii) If x, y € A° then there exists z € A° such that z < x and z < y.

If A satisfies (i) and (ii), let A" = AN [A)]", put I =Up=DennM(x)>
andletI, =I. Thenl, is a norm-closed ideal of A. A—> 1, is a bijection of the
set of all subsets of D(A) satisfying (i) and (i) above onto the set of norm-
closed ideals of A. Let A C D(A) satisfying (i) and (ii). Then I, is a primitive
ideal of A if and only if A satisfies (iii).

ProoF. This follows from Theorems 3.3 and 3.8 of [3]. O

(32) LeMMA. Let A C D(A). Then A satisfies (3.1) (i), (ii) and (iii) if
and only if A€ is a recursive filter of D(A).

Combining (3.1) with this lemma, we see that f: F > I.: Spec D —
Prim A is a bijection.

(3.3) LEMMA. A basis for the open sets of the Jacobson topology on
Prim A is given by 0, = {p € Prim Al D My}, x € D(A).

ProoF. It suffices to show that any closed set in Prim A is an intersection
of sets of the form 05 = {p EPrim Al ¢ D My} Recall that the closed sets
of Prim A are C; = {p € Prim A| ¢ D I} where I runs through all closed ideals
of A. Since, for ¢ €Prim A, ¢ D My if and only if ¢ D the ideal generated by
My, each of the 0 is clearly closed. LetI be a closed ideal of A, where I =
Une1 B, A;,,M(x). The closed set Cj is easily seen to equal
n,,=1 nng;. M(x). D

THEOREM. Let A be an AF C*-algebra with identity, T(A) its Bratteli poset.
Then the map B: Spec D(A) — Prim A is @ homeomorphism.

PROOF. One has B[S(x)] = 0,. The theorem follows. O

COROLLARY a. Let A be an abelian AF C *-algebra with identity. Then
Prim A is a compact zero-dimensional Polish space. Every compact zero-dimen-
sional Polish space arises as Prim A for some AF C*-algebra A.

(2.16), combined with Gelfand-Naimark duality, now shows that any
abelian AF C*-algebra with identity is a C *-quotient algebra of the AF C*-
algebra ((K), and that any separable abelian C*-algebra with identity is a
subalgebra of C(X).

COROLLARY b. Let A be an AF C *algebra with identity. Then Prim A
is a quasi-compact spectral space.
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Corollary a is proved as Proposition 3.1 of [4]. Corollary b is an improve-
ment on the results of [4], since it contains the assertion that Prim A has a
basis of quasi-compact open sets. That irreducible sets in Prim A are one point
closures is proved as Lemma 4.2 of [4], but the proof is considerably less
elementary than the proof of Theorem (2.8). Corollary b has since been proved
in [S], by functional analytic methods. [5] also contains a partial converse to
Corollary b; if X is a spectral space with the additional property that the inter-
section of two quasi-compact open sets is quasi-compact, then X arises as Prim A
for some AF C*-algebra A.

In conclusion, I remark that, although I have assumed throughout that A
has identity, all the results of this paper may easily be generalized to the case
where A is without identity. One may associate with A (again via a diagram), a
well-graded countable poset, (D(A), =) which does not necessarily have finite
layers, but which does have the property that it is spectrally finitely based. One
again has Prim A homeomorphic to Spec D(A), and consequently, Corollary b
generalizes to this case.
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