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ABSTRACT. A procedure is developed which can be used to compute the
Plancherel measure for a certain class of nilpotent Lie groups, including the Heisen-
berg groups, free groups, two-and three-step groups, the nilpotent part of an Iwa-
sawa decomposition of the R-split form of the classical simple groups 4 r Cp Ga-

Let G be a connected, simply connected nilpotent Lie group. The Plan-
cherel formula for G can be expressed in terms of Plancherel measure of a normal
subgroup N and projective Plancherel measures of certain subgroups of G/N. To
get an explicit measure for G, we need an explicit formula lt:or (1) the disintegra-
tion of Plancherel measure of N under the action of G on N, and (2) projective
Plancherel measures of G’Y/N’ where G‘Y is the stability subgroup at v in 1'\; When
both N and G‘Y/N are abelian, the measures (1) and (2) are obtained as special

cases of more general problems. These measures combine into Plancherel measure
for G.

0. Introduction. For a connected, simply connected, real nilpotent Lie group
G, Dixmier [8], Kirillov [12], [13] and Pukadszky [19] have shown that the
generic representations 1 € G can be parametrized by a Zariski-open subset of a
finite-dimensional real vector space R¥, and that Plancherel measure for G (see
[71, [18], [22]), ug, is then a rational function times Lebesgue measure on
R* —R(y)dy. The main result of this paper is a technique for computing the
rational function R(y) in terms of the structure constants of the Lie algebra of G.

Kleppner and Lipsman’s [14], [15] Plancherel formulation of the Mackey
machine for expressing G in terms of N and irreducible projective representations
of certain subgroups of G/N (the little groups), for N < G, is used to compute
g for a certain class of nilpotent Lie groups G. The procedure obtained for com-
puting u; is explicit and can be carried out without too much trouble if the
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projective measures are reasonable. The method works for those connected, sim-
ply connected, nilpotent Lie groups G which have an abelian normal Lie subgroup
N such that for uy almost all y € N /N is abelian, where G is the stability
subgroup at v for the action of G on N. Sucha nilpotent Lie group is called
idyllic.

When N is abelian, NV is n', the dual of the Lie algebra n of N, and py, is
Lebesgue measure on n'. The orbit space N/G is n'/G, the orbit space of the co-
adjoint representation of G in n’. We need an explicit formulation of the disinte-
gration of Lebesgue measure on 1’ into a measure on n'/G and measures on the
orbits of G in n'. When G,/N is abelian, the projective Plancherel measure can
be computed. 7 EN extends to an w,representation of G,. When G. /N is
abelian, the multiplier w,, on G. /N is the exponential of an altematmg bilinear
form on G, /N.

Let H be a finite-dimensional real vector space, 4 : H x H — R an alterna-
ting bilinear form on H, and w, the multiplier on H defined by w,(x, y) =
e4*¥)2 In §1, we compute the projective Plancherel measure on the space of
irreducible w , -representations of H corresponding to a given Haar measure on H.

Let G be a connected, simply connected, nilpotent Lie group with Lie alge-
bra g. In §2, we define a particular Haar measure mg on G and show its invari-
ance under certain types of changes of coordinates on G (Lemma 2.1). Theorem
2.1 gives a formula (2.4) expressing mg, in terms of a specific Haar measure on a
certain type of closed subgroup H C G and a specific G-invariant measure on the
quotient space G/H.

In §3, the action on V' contragredient to a unipotent action of G on a
finite-dimensional vector space V is analyzed by means of the structure matrix
(3.6). Theorem 3.1 tells how to parametrize the stability subgroup G, for almost
all ¥ € V', and describes a G-invariant measure on the orbit of y and a Haar
measure on G, which combine to give mg (formula (3.8)). Theorem 3.2 de-
scribes a section for the orbits of G in a nonempty Zariski open subset of V.
Theorem 3.3 gives an explicit formula (3.13) for the disintegration of Lebesgue
measure on ¥’ under the contragredient action of G. The orbit measures in
(3.13) are those in (3.8).

In §4, the results of §§1, 2, and 3 are combined via Kleppner and Lips-
man’s Plancherel formula for group extensions [15] to obtain a procedure for
computing Plancherel measure for idyllic G (Theorem 4.1).

The following groups are known to be idyllic: free nilpotent Lie groups;
Heisenberg groups; groups in Kirillov’s second example; groups of dimension <S5;
2-step groups; the nilpotent part of an Iwasawa decomposition of the R-split
form of the classical simple groups G,, 4; and C,. Plancherel formulas are listed
in Table I.
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1. A projective Plancherel measure. Let H be a g-dimensional vector space
over R. Suppose 4 :H x H— R is bilinear and skew symmetric. Let w: H x
H —> T be the multiplier w(x, y) = e 4&)/2 (T={z€C: |z] =1}) Let
g, ..., uq} be a basis of H, and my; the Haar measure on H defined by

f&x)dmy(x) = |_ . f Eq: xtu; ) dm_o(x!, .. ., x9).
H RIN= R

In this section, we compute the measure u on the space of equivalence classes of
irreducible w-representations of H, denoted (H, w)*, such that

S OIP dmpx) =, 12O = [, tel0(f xyy £)] (o),
fELY(H) N L*(H).
Here, fx,, *(x) = [ f& = Y)F*B)w @, = x) dmy(»), and f*(x) = f- X).
Suppose rank, = 2/, and ¢ = 2/ + m. Then [3, p. 81] thereisaq x q
nonsingular matrix P = (PJ) such that

21 m

[ o (15 | o]
21
o] o] o }m

e -
Let f; = 2], Plu;. Then {f,,...,f,} is a basis for H, and A(f, f)) =
PA(u;, u))’P—that is, A(f, fi,) =1 == A(f}, f), for 1 <i <l The map
kp:(R' x RY) x R™ — H defined by
1 1 m
kp((x, »),2) = 3 x'f, + iZl Y+ Zl 2y 1hi
= i=

i=1
for x =(x1’ e ,xl),y =0,1' .. ,y’)’ and z =(zl, ..., 2z™), is an isomor-
phism with the property that

wkp(xy, 3, 21), kp(xs, ¥3, 25))

= o192 = 6, (g, 700, (30 7))
= (wl x l) (((xp yl)’ zl)» ((x2’ }’2), 22))9

where w; :(R' x RY) x (R! x R) — Tis the multiplier w,((x;, ,)> (x5, ;) =
ellx1-v2=x2.711/12 Here forx = (x!,...,xhER, y =@, ..., y)ER),
x + y denotes the inner product, x - y = Z}_, x’y!. Thus, the map *kp: (H, w)*
— (R' x RY) x R™, &, x 1)* given by *kp(0) ((x, »), 2) = o(kp((x,»), 2)) for
6EH, w)*, ((x, ), 2) €R' x R) x R™, is an isomorphism. Hence
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(H, @) = (R x R)x R™, 0, x D™ = ® x R, )" x (R, 1)*
={0,}xR" ={o; , =0, *x;,: tER™}
where o, is the unique irreducible w), -representation of R*!(see, for example,
[17, Example 1, p. 305]), and ¥, is a character of R™. 0, , can be realized on
LR} as follows. If & = ((x, »), z) € (R! x RY) x R™, then
(0, (WF)(@) =X,(2) (0,(x, ) F)(¥)
=l (t2) ei{y-v-ﬂ-(x-y)/z}F(v +x).
From [14, p. 490] the projective Plancherel measure for (R?/, w,) is

u(Rzl'wl)(ol) = 1/(2m)! —that is,

szl |¢(x’ y) l2 dmR2I(xv y) t[(01(¢ *w; ¢ ))

(2 )'
¢ € L'(R*") N L2(R?"). (Here M 21 is Lebesgue measure m_ 5, such that m
([0, 11*) =1)

Plancherel measure for R™ is Hpm = @m~"m_, —i.e.,

RM

me @) dmp,,, (2) = (21% f am X (NP dmg m(9),
where
Xe(N) =@ = [l dmpn(d), fELR™ N LYR™).
(m m_ m is Lebesgue measure on R™ such that mem ([0,11™ =1))
Let vy, be the image of Lebesgue measure on (R' x R’) x R™ under the
map kp. Then

fH fh) dvy (k) = f(nlxa)lxnm Flep((x, ¥), ) dm i oot pm 9,2

2l+m

=fR21+m ’; hift) d’"R21+m (', ..., K2Hm)

I ( ( h‘P’)u,) dm o @', ..., h9)
= |detP|™! fkqf(j; h’ui) dqu(hl, U 1))
= |det PI™Y [ f(h) dmy (),

so that my; = |det Plvy = |det P|(kp(m )). It follows that

RlxRI)me
-1t
= —10t, y—1
[det PI~1 ("kp) (“(nz',w,) X pem)

= |det PI~ 1 (*kp)~ ((20)~! x (2m)~™ m m:
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i.e., that gy ) is the image of the measure |det P|~* (211)‘("""')mRm on R™
under the map

Up it = (kp) 1 (0,): R™ = (H, w)".
Kleppner and Baggett [1, Corollary, p. 310] prove that this map is a homeomor-
phism. To see that

_[H [f(R) 2 dmy,(h)
= |detP|™!

Gy Jam TR 01D £ D,

we calculate that
("kp) ™10y, ) (f %o, £*) = IdetPloy [((f », [*) © kp)
= ldetP|2 Ol't((f° Kp) *w, %1 (fe Kp)*)-
Hence,

|det P|~1 .
oy i Lo WD 01,0 0 10 i)

_ |detP|
- (21,)1+m

me trfog, (o kp) wey xa (f o kp)M] dmRm(t)

= 1det Pl [ a1, pm I o p(x, ), 2)* dm ((x, »),2)

RZIxRr™
(since (2m)~U+m) M m is the projective Plancherel measure for R xR™, w; x 1))
- 2 - 2
= |det P| fH | ()P dvy (h) = fH |f(B) P dmy(h).

The projective Plancherel measure Ha,w) = (21r)"(“"") |det P|~1 Vp(m
on (H, w) corresponding to Haar measure my; on H depends on the choice of
the matrix P. If A is nondegenerate, then |det P|~! = Pfaffian A, uj))l <ij<q
[3, pp. 82—84] is uniquely determined by A. However, if 4 is degenerate, then
P is quite arbitrary on the null space of (4 (y;, Ui <ij< q» and [det P| is not
unique.

¥p:R™ — (H, )" is the following map. Let 0 =(Q) <; j<arsm =P~%
If A is nondegenerate, then M = 0; and (H, w)” consists of one point, Y, =
'kpl(oy). If x = 22 xlu, € H, then

¥px) = 0,(k5 1)) = 0,(xQ®, xQ(2D),

am)

where

21 21
xQW = ( 3ol .., xiQiI)’

i=1 i=1

i=1

21 21
x0() = (E x'Q}“, cee xiQf’).
i=1
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If m >0, then Yp:R™ => (H, w)* is given by

V() (x) = 01,r("51(x)) =0, xQ®, xQ(2I))ei(xQ(m)t)’
where x = Xt ™xly, €H, t = (¢,,...,t,) ER™, and

wm 2upm
xQ(')=( > xoh ..., X in),

i=1 i=1

214+m IAI+1 2l+m {2l
xQ"”=(E xigi*t, ..., ¥ in).

i=1 i=1
m 2l+m in2l+
xQmMe =3 3 xigteq,.

Ifl=0,then4d=0w=1;,H w)* —H the character group ofH m=gq;
and P may be taken as the identity. In this case, Y¥p:R™ —> His given by

¢P(t)(x)—-e Zg=1x"%a = x,(x), forx =2 x"u, €H, t = (t;,...,t,) ER™.

2. Some formulas for Haar measure on G. Let G be a connected, simply
connected nilpotent Lie group over R with Lie algebra g. This section is devoted
to establishing formulas for Haar measure on G in terms of certain coordinate
systems for G. Suppose dim g =s. The exponential map, denoted exp, is a dif-
feomorphism of g onto G. Hence the choice of a basis {e,, . .., e} in g deter-
mines a coordinate system for G by the map & : R® — G given by £(x1, ..., x%)
= exp(Z§-, x’e;). The image of Lebesgue measure on R® under this map is a
Haar measure on G, called the measure on G defined in terms of the basis
{egs ..., e} of g.

Let B be a basis of g. A linear order “<” on B is called a Jordan-Holder
order if, for each v in B, [g, »] = 0 if v is maximal; otherwise, [g, ] C
span{w € B:v< w}. Suppose e; < *** < ¢, is a basis of g in Jordan-Holder
order,i.e., [g,e] =0, [g,€;] Cspan(e;;q,...,€)for1 <i<s-—1. Let
m s be Lebesgue measure on R® such that mRs([O, 1]1%) = 1. mg will denote
the Haar measure on G defined in terms of {e,, . .., ¢}; so that

fcf(A) dmg(4) = fR_,f exp(g:l x’e,)) dmRS(xI, ey X5).

Invariance of mg under left and right translation follows from the Campbell-
Baker-Hausdorff formula, expx expy = exp(x +y + % [x, y] + +*°), and the
fact that e; < ++* <e, is a Jordan-Holder basis of g. Then the fact that the
measure on G defined in terms of any basis of g is a Haar measure follows. In-
deed, if m is the measure on G defined in terms of the basis {w;, . . . , ws} of
3 and if w; = 2}, a] ¢; for 1 <i <s, then m = |det A|™'mg, where 4 =

@r<ijcs
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Because e, < *** < e, is a Jordan-Holder basis of g, the measure on G
given in terms of the coordinate system £(x!, ...,x%) = exp(Z}-, x‘ei) is the
same as the measure on G obtained by taking the image of Lebesgue measure on
R® under the map n(x!, ...,x%) =expxle, **+ expx’e,. In fact, any sum
and any permutation is allowed in the sense of the following lemma.

LEMMA 2.1. Let {e,, . .., e,} be a Jordan-Holder basis of g such that
[a. ] =0, [8,¢] Cspanfe;,q,...,6} for 1 <i<s-—1. Let o be a permu-
tation of {1, . . ., s}. If f € Cy(G) (= continuous functions with compact sup-
port), then, for 1 <m <5,

fa’f(exP(gxiez)) dm (' . . . ,x%)

s
= fR" f[exp(Zx e (,)) H+ expx"(')e,,(,)] dmR,(x‘, o, X0

Proor. Forx =(x!,...,x%) ER’, put

$* 9 - G
T(x) = exp(‘z: x( eo(i)) 1 expxDey .
=1 i=m+1

The Campbell-Baker-Hausdorff formula,

@.1)

exp v exp w

=exp (v + w3 I wl + 55 ([, by wll = I, [ wi) + ++),
where v, w € g, shows that T(x) = exp(Ek =1 x* e, + B(x)), where B(x) Egisa
sum of terms of the form
(*) [+-- [x’e,, [+°- [x’e,,x’e,] eee]]ee0].
Let ¢* (x) denote the kth component with respect to the basis {¢;}L; of g of

B(x). Since e, < **+ <e, is a Jordan-Holder basis of g, ¢* is independent of
*,...,x%). Indeed, if j >k, then

22

[+ [xey, [++[ ,1++-11 "] Espanfejyy, - - -, e} Cspanfegyy, ..., b

Thus the only terms (*) in B(x) which can have a nonzero component in the di-

rection of e, are those brackets involving only x'e,, . .., x*~'e;_,. Hence

¢® is a function of (x!, ..., x*¥~1). Therefore,
S

23) T = exp(xlel +x2%e, + kz o + okt ... ,x""))ek).
=3

(2.1) follows from (2.3) by Fubini’s Theorem . Considering the right-hand
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side of (2.1) as an iterated integral and using (2.3), we make s — 2 successive sub-
stitutions x5~ — x5~1 = ¢*=I(x1, . .., x5"¥"1) holding x!, . . . , x*~I~1 fixed,
fori=0,1,...,5s—3. The result is the left-hand side of (2.1).

The following lemma and theorem establish a formula for m in terms of
coordinates on a certain type of Lie subgroup H of G and on the quotient mani-
fold G/H.

LEMMA 2.2. Suppose Y is a subalgebra of g, and H = exp Y is the corre-
sponding Lie subgroup of G. Suppose dim(g/§)=r,and §=059,,,CHh,C
**+ CB, = @ is an ascending sequence of subalgebras of ¢ such that

dim(B;/9;,,) =1 for1<i<r.

Suppose wy is in b;, not in §;,, for 1 <i<r. Then the map @, ..., "
— Hexpt'w, *** exp t'w, is a homeomorphism of R” onto G/H. The image
of Lebesgue measure on R" under this map is a G-invariant measure on G/H.

ProOF. Pukariszky gives a proof in [19, pp. 85, 97].

This measure will be called the measure on G/H defined in terms of the
basis {w;, ..., w,} of g/h.

If m; is any Haar measure on H, and v is any G-invariant measure on G/H,
then v and my combine to give a Haar measure on G, i.e.,

Jof@yax= [ [ 10) dmy(® dv)

defines a Haar measure on G. For the subgroups of G which occur in the sequel,
the measures v and m; can be chosen so that the resulting Haar measure on G

is exactly mg. The following theorem gives the conditions that will arise and
the proof for this type of subgroup H C G.

THEOREM 2.1. Suppose Y is a subalgebra of § having a basis gy, ..., uq}
with the following property. There is a partition {1, . . ., s} ={my <<=+ <m,}
U {i; <+ <i,} such that

- 1t
u, =e, - e, for1<b<
botmy gy m}'b:<i,} b
Let H = expl, and let my; be the Haar measure on H defined in terms of
fugy, ..., uq}.

Then the map (t', ..., ) —> Hexpt'e; ** exp t'e; is a homeomor-
phism of R” with G/H. The image of Lebesgue measure on R' under this map is
a G-invariant measure, v, on G/H. mg, v, and my; satisfy

[ fdms@ = [ [, 1) dmy () dv(d),

ie.,
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fk,f (exp(gl xie,)) dmRs(xl xS
24 - fR’[IRQf(eXP (':Zl ziui) exp 'e; ++* exp tleil)

1
dqu(z ye e ,zq)]

dmR,(t‘, cees )

Proor. Leth,,, =Y,andb, =b,,, ®(e,) forr=>k>1. Then
b=b,,, Ch, C-+- Ch, = gis an increasing sequence of subspaces of g such
that dim(fy /5 ,) = 1; and e;, is in By, not in By 4, for 1 <k <. Thus, the
fact that the map ¥ : (¢!, ..., ") = Hexpt e, *** exp ! e;, is a homeomor-
phism of R” onto G/H and that v = w(m ;) is a G-invariant measure on G/H is
just Lemma 2.2, once it is shown that each B, 7 = k 2 1, is a subalgebra of g.

To prove that each b, is a subalgebra of g, we first prove, by calculating
brackets, that [g, €, ] C By, forr=k>1. Letx€gand 1 <k <r. Then

[x, 31,‘] = i a}'k(x)en

n=(ig)+1
= b (x s
{b: mzb:> ix} Zig- @emy + {s: §> i} AL
= mp + i i
{o: "'Zb>1k} e’ ) (ub {t: i:z> mp} Ao ) ¥ {s: isz>ik} i )

(by the hypothesis on {u;, ..., u,}).

Thus [x, €y ] is in span({u,, :my > i} U {eis :i; > i }), which is contained
in 9O () @ *** © (ey,, ;) = D

That each by isa subalgebra of g follows by induction. §,,, =D is a sub-
algebra of g by hypothesis. Assume b, , is a subalgebra of g. Then, for b =
Dryr + (e,k), we have [B;, 0] = [0 k15 Digr] + [Dpsys e,-k] contained in
By41ssince [Beyqs Byss] CDgyq by inductive hypothesis, and [y, 4, €]
C [9,¢;,] CYyyy by the preceding calculation. Since By, is contained in By,
this shows that §, is a subalgebra of g.

The rest of the proof is an application of Lemma 2.1 to show that mg, v,
and my, satisfy (2.4). The set {e,l, R ei,} Ufug,..., ug } is a basis of g.
For1 <k <s, let

fe=e, ifk=i

=u, ifk=m,.
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Then fi, . . ., f; is a Jordan-H51der basis of g such that [g,f,] =0, [g,f;] C
span(fi 445 - - - » fy), for 1 <k <s—1. Indeed, if k = i,, then

[8.fi] = [8, ;] Cspan(fuy:my, >i}V e i, >i))

by the preceding calculation. Since {u,: m, >i,} ={f;:1=m, >k}, and
{e,,:i, >i} ={fi:1=i; >k}, we have [g, fi] Cspan(fyyq, ..., [ ) If
k =my, then [g, f] = [g,u,] = [8, €y = Zsuip> mp} )\i-,',be,s] , which
is contained in span{e;: I > m,}. Now

span{e; :1 > m,} = span(u, :m, > m,} U {e,s:is >m,})

(since e,,,, = u, + 2{,:,s>ma}7\i;',aei’). Since {u, :m, >m,} ={f;:1=m, >
my, = k}, and {e,S: iy >my} ={f;:1=1i; >m, =k}, we have [g,f;] C

span(fi g5 -« - » f)-
To apply Lemma 2.1, let 0 € S, be a permutation such that i, =o(s ~¢ +1)

for 1 <t <r, and my = o(b) for 1 <b <gq. Now, taking f € Cy(b) and using
Fubini’s theorem, the right-hand side of (2.4) may be written as

q
! i
er [Iqu(eXP( bgl xmbub) eXp x reir ses eXpX 1 eil)

dqu(x"'l, - ,x"'q)] dmR,(xil, ceayxn

q
= fn'f(exP ( > x"’”u,,) expx"e,.r ees expx'l e,l) dmRs(x‘, cees X5)
b=1
(by Fubini)
q
= mb i eoe i 1
fR,f(exp (bz=l x fmb) expx'f, +=- expx lj;l) dmRs(x yeoesX5)
(by definition of {f, : 1 <k <s})
k

. q
= Jus f(exP (b‘gn x®f, a(b)) xpx D[y yy) oo expxWf, o(s))

dmRs(x‘, v X5

(by definition of 0)
S

=IR’f(exP(,§1 x"fk)) dmRS(x’, )

(by Lemma 2.1).

Iff,, = 2;‘;1 a{,ej, 1 <k <s, then ldet(a{,)lq'k“l = 1,since £, =u,
ey, (e(mb),n, c.e56),1<b<gq, and fi, = e 1<t<r

Thus the final integral above is equal to
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$
fRsf(exp(qu x¥* ek)) dmRs(xl, e X5,
which is the left-hand side of (2.4).

3. A disintegration theorem. Suppose G is a connected, simply connected
nilpotent Lie group over R with Lie algebra g; V a finite-dimensional vector space
over R;and G x V — V':(4, v) — Av a unipotent action of G on V. This
section is devoted to analyzing the contragredient action of G on the dual space
V'of V:V' x G— V':(y,A) — (v — (y, Av)). After establishing terminol-
ogy, notation, and preliminary facts about orbits, stability subgroups, and the re-
lation between the action of G and that of g, we develop a technique for (1)
computing almost all the stability subgroups for the action of G on V’, (2) coor-
dinatizing almost all the orbits of G in V', and (3) coordinatizing almost all the
orbit space V'/G. We establish a formula (3.8) giving Haar measure on G in
terms of Haar measure on the stability subgroup G, and a G-invariant measure
on the orbit G/G,y. Lebesgue measure on V', denoted my., is decomposed by G
into a measure on the orbit space ¥’/G and measures on the corresponding orbits.
We prove an explicit formula (3.13) for this disintegration of m, by G, in which
the orbit measures are those appearing in (3.8). This coincidence of the orbit
measures is necessary for the proof of the Plancherel formula in §4.

Let G be a connected, simply connected nilpotent Lie group over R with
Lie algebra 8. Suppose V is a K-dimensional vector space over R on which G
acts smoothly as a group of unipotent automorphisms, i.e., the mapping G x V
— V: (4, v) — Av is differentiable. Then for each vin V the map F,,: G — V
given by F,(4) = Av, A € G, is differentiable. Its derivative defines an action of
8 as a nilpotent Lie algebra of endomorphisms of ¥ by av = (d/dt) (exp ta) (v)l,=¢,
a€Q, vEV. Ifa€B,vE V,then (expa) W) = (1 +a +a?/2! + ++« +a¥/k) ().

Let V' denote the dual space of V. The contragredient action of G (resp.g)
on V' is given by V' x G — V' (tesp. V' x 8 — V"):(y, A) — 74, where
(74, v) =y, Av) for A € G (resp.g), Y E V',vE V. For yin V', let F,:G—
V' be the map F,(4) =7+ A. Let O, = F,(G) denote the orbit of v in V;

G, ={4 €G:v A = v}, the stabilizer of yin G. F is differentiable. Its de-
rivative at 4 in G, denoted dF, (4), maps the tangent space to G at 4, T,(G) =
dL4(e)(8) (where LB = AB for A, B € G), into the tangent space to V"' at
F(A)=7:A4,T, (V). Ifx € 8 =T,G), then

aF,(e)x = & F, (exp 1) |og
(ER)) d
=‘-1—t-('y°expz‘x)lt=0 =yex

Letg, = KerdF (e) ={x €Eg:v-x =0}.
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ProrosiTION 3.1.
() 0, isclosedin V'.

() G, isa Lie subgroup of G, and T(G,) = Ker dF.(e) =8,.

(iii) O, is a submanifold (C*) of V'ih,:G/G, — 0,:
G,x — 7 - x is a diffeomorphism of the quotient manifold (analytic) G/G,, onto
the manifold O, ; and the tangent space at 7y to O,, T,(0,)) =im dF.(e).

Proor. (i)isin [2, p. 7]. (ii) and (iii) are in [4, Chapitre 3, Proposition
14, p. 108]. ((i) is necessary for (iii) since one needs O, to be a Baire space and
G to be separable to show that &, : G/G, — O, is open.)

Proposition 3.1(ii) implies that G, = expg,, since exp:g — G is a diffeo-
morphism, and exp x € G, implies x € g, in this case.

IfAEG, let m(A): V' — V' be 1(4)(y) =7+ A. Then foryE V',
F, 4 =F, oL, =u(A)oF, o C,,where C4: G—G:x—>AxA™". By the
chain rule,

dF, . 4(€) = dF,(4)dL4(e)
= dn(A) (v) dF.,(€) dC,(¢) = dn(4) (1) dF,(¢) Ad(4).

dL 4(€), dm(A) (1), and dC4(e) = Ad(A) are isomorphisms. Therefore,

(32)

3.3) rankp (dF, . 4(¢)) = rankg(dF,(4)) = rankp (dF. (€)).

Thus, from Proposition 3.1(iii),
(34) dim(T,y, A(O,y)) = dim(im dF,,. 4(©)) = dim(im dF,,(e)) = dim(T,y(O,y)).
Also, by (3.2) x € g is in Ker dF, _ 4(e) if and only if dL 4(e)x is in Ker dF, (4)
if and only if Ad(4)x is in Ker dF, (e) if and only if x is in Ad(A)'l(KerdF,y(e)).
Hence
(3.5) 8.4 = KerdF, . 4(e) = Ad(A™") (KerdF, () = Ad4~N) (g

To develop computational machinery, we take bases in ¥ and g. Let v, <
+++ < vy be a basis for V in Jordan-Holder order relative to g, i.e.,gvg =0,
gv; C spanfv; g, . .., vk} for 1 <i<K-1. Let {ol,... , UK} be the dual
basis of V', and let my, denote the measure on V' defined in terms of this
basis, i.e.,

[, o) dmy(y) = fRKf(,-é 7;0‘) dm g (115 - -+ > Yk

For 4 in G, put {A(my»), ) = [, f(y + A) dmy(y). Then A(my) = my.,
since the determinant of (y — 7 « A) is one for all 4 in G. Let mg denote the
Haar measure on G defined in terms of the Jordan-Holder basis e; <+ <e; of
gasin §2.
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Consider the matrix
(3.6 M= (e¥)i<ics1<i<K
The entries e;v; are vectors in ¥, so are elements in the field of fractions of the
symmetric algebra of V, denoted Fy,. If R is in Fy, then R = P/Q, for P, Q in

the symmetric algebra, Sy, of V. S}, is isomorphic to the ring of polynomial
functions on V' by the map P — (y — P(7)), where

K
i i =
PO) = POy« M) = Zaypg Wit oo v fory =3 oV,

P=3g .. v vE €S, fR=P|QEF,, andy€ V', then define
R(y) = P(v)/Q(7) whenever Q(y) # 0. The map R — (y — R(7)) is an iso-
morphism of F}, with the field of rational functions on V'. (As an element in
Fy, a vector v € V corresponds to the function ¥ — v(y) = {7, v) on V')

M is called the structure matrix for the action of g on V. Since the ele-
ments in M are rational functions on V', properties of M—its rank, its independent
rows and columns, its minors—are useful in analyzing the contragredient action of
8, hence of G, on V'. In fact, all the major formulas in this paper come via M.
M works because g is nilpotent, and {e, < ** <e,}, {v; <+ <vg}are Jordan-
Holderbases.

For ¥ € V', let M(y) denote the matrix (7, ev;); <1< s1<j<x- Since
(v, €;v) = (yey, v;) = (dF,(e)e,, ;) by (3.1), M(7) is the matrix for dF,(e): g— V'
in terms of the basis {e,, ..., ;} of g, and {v!, ..., v} of V. Thus by (3.4)

rank (M(7)) = rankR(dF,’(e)) =dimT,(0,)
= (the dimension of the orbit of vy under G).

Suppose rankFVM=r>0. Letd=K-r,q=s-r. Forl<i<s,
1 <j<K,letR;,=(epy,...,euy) denote the ith row of M, and

(3.7)

ev;
G={ :
esvi

denote the jth column of M. Choose indices 1 <i; <+ <i, <s (resp.1 <,
< +e <1, <K) as follows: i, (resp.!,) in the largest integer (1 <i, <s) such
that R, #0 (resp. (4, #0)). Having chosen i, (resp.l,), i, _; (resp.l,_y)is
the largest integer (1 <i;_, <i;) such that R; . (resp. G, _ ,) is linearly inde-
pendent in (F}, )X (resp. (F))®) from Ry,... R (tesp.Cp, ..., C). Next,
choose 1 <my <+ <m, <s (resp. 1 <j; <+ <j, = K) such that {i,

b b {my, oo mg) (resp {ly, o L Uy e »J4}) is a partition of
{1,...,s} (resp.{1,...,K}).
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In a sense (to be made precise), the dependent columns {C}yl yeoes G d} of
M provide a coordinate system for almost all of ¥'/G; and the independent rows
{R;5 - -, R;} of M provide coordinates for almost all the orbits of V' under G;
while the dependent rows {R,, e qu} parametrize almost all the stability
subalgebras g, C 8.

Let M®) denote the 7 x r matrix (¢; 0y, )1 <q,p<, Since rankp M=r,
and Ryseoh Ry (resp. C,1 yeoes C,r) are linearly independent rows (resp. col-
umns) of M,

rankFVM(r) = l’ankFV [(eiavzb)l <a,b<r] =r

Therefore det M) = Eaes,(Sig? 0)(e; 1Yo 1)) (e,rv,a (r)) is a nonzero ele-
ment in S, so there is a y € ¥ such that the polynomial

(det M) (y) = oezs, (sign 0) 7, €5, 0,497 *** (T €3,01, )
= det(M®) (v)) # 0.

Let E = {y € V' : det M")(y) # 0}. E is a nonempty Zariski open set in V"

LemMMA 3.1. E is a G-invariant set containing only maximal dimension
orbits.

PRrROOF. rankFVM = r implies that every (r + 1) x (r + 1) minor of M is
zero. Hence, if ¥ € V', then every (r + 1) x (r + 1) minor of M(v) is zero.
Thus, rank o (M(7)) <r. If y € E, then rank M(7) = r. By (3.7), rankp(M(7)) is
the dimension of the orbit of y under G. Thus, if ¥ € E, then O, has maximum
possible dimension.

For 1 <j <K, let M; = (e)1<i<s,j<k <k’ 7y = rankg  M; (then 0 =
rg Srg_y S <rp=1; U ={y €V irankg My(y) = rj};and U=, Uj.
Each Uj is a nonempty Zariski open set in V'. (The set B; of all r; x r; minors
of Mj is a family of polynomial functions on V', and U; = {y € V':P(y) # 0
for some P € B;})

To show that U} is G-invariant, we must show that rankp M;(y - 4) =
rankp M(y)forall 4 € G. Note that {v', ..., vX} (the basis of V' dual to the basis
{v,, . - - » Ug } of V) is a Jordan-Holder basis for V' relative to g such that v! - g =0,
and v'+ g C span{v!,...,v" "1} for 2 <i<K. (Forx E€g, the (v*)th component
of v exis (v« x)(,) = v'(xva). Since xv, € span{v, , ,,...,vg}, v’(xva) is zero
ifa>i-1)Let ¥, =(0), ¥; = span{v!,...,v/"1} for2<j<K + 1. Each ¥
is invariant under G, so G acts on V'/V, o~ span{v’, ..., 05} by Py)-4 =Pi(7oA),
where y € V', A €G, and P;: V' — V'[V} is the projection. Let Fpy):G— Vv,
be the map FP,(»,)(A) =P(7)+A. Thenforj<k<K,1<i <s,
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K
(dFPj('y) (e ) = (P,('Y) - e)(vy) = Pj(’)’) (e;vp) = r§i 7:”’(%”1;)

K
= ‘Zl 70" (e;v;) = v(ev).

(T2 y,0%(e;v;) = 0 because (e,v,) € span{vg 4y, - - -, Ux} and j — 1 <j <k)
Thus the matrix for dFp, (1) (e) g — V/V in terms of the basis {e,, . . . , &,}
ofgand {v/, ..., vE} of V'[V; is M(y). Hence, if A € G, we have, by (3.3),

rankg (M; (7)) = rankg (dFp (7)(e)) rankp (dFp, i)+ 4©)
rankR(dFPi(,,. A)(e)) rankR(Ml('y A4)).

Since each Uj is G-invariant, U =X, Uj is G-invariant.

For 1 <i<s, let N; = (,9);<r<s1<j< ks 9 = rankg Ny (then 0 <
d,<d,_, <++*<d;=1r); D, ={y € V:rankgN,(y) = d;}; and D =\ §_, D;.
Each D; is a nonempty Zariski open set in V'

To show D is G-invariant we must show that rankg V(v « 4) = rankgNy(7)
forall 4 €G. Recall that {e,, ..., e} is a Jordan-Holder basis of g such that
[es,8] =0, and [e;, g] Cspan{e;,;,...,¢e} for 1 <i<s—1. Therefore
b; = spanfe,, . . ., e} is an ideal in g, and H; = exp D, is a normal Lie subgroup
of G. The restriction of the action of G (resp.g) to H; (resp. h,) defines a
smooth action of H; (resp. ;) on V'. Let Fi=F. y [rr;:Hy — V' Then dFi(e):
b, — V',and by (3.1), fori <t <s, 1 <j <K (dF'(e)(et))( )= (v e,)(vj)-
7(e,vj) so that the matrix for dF? (e) in terms of the basis {¢;, . . . , e,} of h; and
l,.. uK} of V'is NM. Smce H; is normal in G, if 4 € G, then F,‘Y.A =
1r(A)F,, C,; so that (as in (3.3))

rank(V,(y + A)) = rank(dF}, , () = rank(dFy(e)) = rank(N(7)).

Since each D, is G-invariant, D = ({., D, is G-invariant. Hence UN D is
G-invariant.

To show that UND =E, let y € V'. y € E if and only if detM)(y) #0
if and only if R, 1('y), .. R, (7) are independent rows of M(y), and C; 1(7), ceey
C, (7) are independent columns of M(y) if and only if ¥ € U N D. Indeed,
y€D= i=1 D; if and only if rankg (D;(7)) = d;, the maximal possible rank
for eachi=s,s—1,...,1. From the definition of the indices {i;, ..., 1},
i, is the largest integer such that d,r =Lig_yyis the largest integer such that
d,(k_l) = (dik) + 1 for 2 <k <r. Thusvy €D if and only if R,r('y), ..

R; 1(7) are linearly independent rows of M(y). Similarly, /, is the largest integer
such that r, =1, [, _, is the largest integer such that r,, - = (r,) + 1 for
2<k<r. y€U=NK, U, if and only if rankg (M;(7)) = r;, the maximum
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possible rank for each j. Hence y € U <= C,’('y), cees C,r('y) are independent
columns of M(y).

In general, the set {y € V' : dim O, is maximum} = {y € V": rankp (M(7))
=r} = U, = D, properly contains U N D = E.

The following theorem coordinatizes O, for all v in E, and gives a G-invari-
ant measure on O, in terms of these coordinates. The proof shows how to use
M to compute all the stability subalgebras g, for ¥ € E.

THEOREM 3.1. (2) If ¥ € E, then the mapping t = (¢}, ..., ) —
G, -expte; ** exp t"eil is a homeomorphism of R" onto G/G,,. Let v, be
the measure on G/G,, defined by

vy, 1= f 6164 fG.x)dv,(G,x)
= [(rf(Gyexptie, =+ exptle,) dmp (e, . .., ).

There is a basis {uy(Y), . . . ,uq(1)} of 8., such that if Haar measure me.,,
on G,, is taken as

( )= - 2 1 q
mg., f quf exp bz=:1 2up(7)) dm o', . . ., 2%,
then, for f € Cy(G),

68 [ I@ane = [, . [, fedms @) dn G,

(b) If y EE, then the mapping t = (¢!, ..., t) — 7 - exp t’e,.r oo
exp tle, X is a homeomorphism of R” onto O,. The measure on 0., given by
Wy, )= fprf(y-exp e +** exp t‘eil) dme (2) is G-invariant.

ProOF. (b) follows from (a) by Proposition 3.1. The map h, : G/G, —
0, :G,x — 7 - x carries coordinates and measures on G/G, to O,.

The proof of (a) consists in showing that if y € E, then g,, has a basis
(7).« . . s uy(7)} satisfying the requirement of Theorem 2.1 with respect to
the indices #; < *++ <i, of the independent rows of M and m; < +*+ <m, of
the dependent rows of M. In other words, there are scalars 7\2 » M 1 <b<g,
1 <s<r, with N3 (7) = 0f iy <m, such that the vectors u,(7) = ey, =

=1 )\if,b('y)eis, 1 <b <g, form a basis of g,,..
By definition, 1 <m; <--° <mq < s are indices such that {1, ...,s} =
{my,....m}u {iy, ..., i} By definition of {i;,..., 3}, for1<b<g,
Rmb = E{s:I_,> mb]}\}:lei,’ with
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€Uy Tt e,

Cis—1y? 7 Cig-1)Vhr

(3 .9) )\is =|e

mp mplly € I<s<r

mbvlr ’
o o 0
€its+1) Cits+1)Vr

e, o6y,
det M)
By definition of {i;, ..., i}, J\f;’,b = 0if i; <m,. Hence €mpVs =

Zhey N5, 00 | Sa <K IfyEE,let
r
(3.10 Uy =Up(¥) = €y, — SZI Ng, (e, 1<b<gq

Then, for 1 <a <K, yu,v, = ve, pla ™ 2y )\';;‘, b('y)'ye,-sva = 0. Hence

u, €g, for 1 <b<gq Since dimg, = dimg-dim0, =s-r=gq, and u,,
. » Ug are linearly independent, {u,, ..., u,} is a basis of 8,

Since E is a nonempty Zariski open set in V', E is my.-conull. Thus, to
obtain a disintegration formula for m,, we may restrict consideration to the G-
invariant space E and the orbit space E/G. V' has dimension K, and my. is es-
sentially m_ x, Lebesgue measure on RX. The orbits in E are r-dimensional man-
ifolds, and each carries a G-invariant measure v, (Theorem 3.1) which is essen-
tially m ., Lebesgue measure on R". One would expect the measure on the orbit
space V'/G in the disintegration of m . by G to be essentially Mga, Where d =
K — r is the codimension of a maximal dimension orbit. To get the precise form
of the measure on the orbit space, we need coordinates on ¥'/G. The advantage
of E is that we can use M to compute coordinates on E/G and the measure in
terms of these coordinates. The following theorem gives a coordinate system for
the orbit space E/G.

THEOREM 3.2. Let p: V' — V'[G be the projection. Lets:R? — V'
be the map s() = sy, . . ., ¥g) = T3,y V%, where {jy, . . ., j} are the
indices previously defined for the dependent columns of M. Let W ={y € RY:
s(y) EE}.

Then W is a nonempty Zariski open set in R%, and the map Oyl
— p(Z4_, y,V'*): W— E/G is a homeomorphism.

PROOF. By definition of E, W = {y € R?: det M) (s(»)) # 0} is a Zariski
open set in R9. To show that W is not empty, and that p o s Iy is a bijection of



18 ELOISE CARLTON
W onto E/G, we need the following lemma.

LEMMA 3.2. If y € E, then the map w, |0., 10, — R" given by m,(8) =
B, 1)’ cees B(v,r)) is bijective. (Here, {l, . .., 1} are the indices previously
defined for the independent columns of M.)

Proor. The proof of Lemma 3.2 follows that of Pukariszky’s orbit para-
metrization theorem [19, Theorem, pp. 50—54]. To show 7, |, _ is bijective, we
need suitable coordinates on G/G,,. Recall from the proof of Lemma 3.1 that
M;(7) is the matrix for the mapping dFp j(,)(e) g — V' V; in terms of the
basis {e,, . . ., e} of g and {/, ..., v} of V'/V;. Ker M(y)is the stability
subalgebra

s
88, (1) ={x = iz_:l xle,€g:P(7) - x = 0}

={x:1-xvl- =Y XYy T =Y XUk = 0}.
Forl, <j< I(k+l)’ ranle-('y) = rankM,(kH)('y) = (rankM,k('y)) -1,
I1<k<r (M;=0ifj>1). Thus,

dim Ker ]Wj(')') =s- fank]”j('Y) =8- rank]ul(k +1)(7)
=5 = (rank M, (7)) + 1 = (dimKer M, (7)) + 1.

Since Ker M, () C Ker M;(y) whenever j > I , if w; € Ker My +1(0)s Wi ¢
Ker M,k('y), then (Ker M,k('y)) ® (w) =KerM(y) for () + 1 <j < Ik 41y
For 1 <k <7, choose w, = w;(y) € Ker Mg+ 1(0), € Ker M, (7), such that
(r- wk)(v,k) = 1. Then settingn, = Ker My (M,ny =np_y ® (W) for1 <
k <r, we have an ascending sequence of subalgebrasg, =ny, Cn,C+--Cn, =g
such that ng/n, _; = (w;). Let Q:R" — G be the map Q(¢) =Q(t!, ..., ) =
exp t'w, +* exp f'w,. By Lemma 2.2, the map ¢ — G,+Q(®):R"—G/G, is
a homeomorphism. Thus, by Proposition 3.1(iii), the map ¢t — v - Q(f): R" —
0,, is a homeomorphism. The components of § = v + Q(r) with respect to the
basis {v!, ..., 05} of V', 8, =7 - QD (,), 1 <a <K, have the following form:
Bz,, =N, +t,
G11) By =7, F Y, Ly, 1<k<r-1;
B] =7]‘ +F'j(tk9 LRI tr;7),
k the largest integer such that j > I, _; (setting I, = 0).
Hence ', . . ., t! may be recursively determined from

Blr’ e ’B’l(tr = 31, _7’r; tr—l = B’r—l _71;--1 - lpr-}(tr; 7); °ec s
=g, —m, — Wl )
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Thus, given z = (z,, . . . , 2,) € R", there is one and only one t = (¢!, ..., )
such that y « () (v,k) =z, 1 <k <r. This says there is one and only one
point 8 € O, such that m,(8) = z. Hence , is a bijection of O, onto R’.

To show that W is not empty, choose v € E. Then (Lemma 3.1) 0,CE
By Lemma 3.2, there is a point § € O, such that ,(8) = 0. Since {/;, ..., 1},
(-« dg} isapartitionof {1,...,K},B= E‘,Llﬁ,kv]" =5Bjy s ,-d)
€ E, so that (ﬁil, cees B,-d) € W. Since vy € E was arbitrary, this also shows
that ps(W) = E/G (8 € s(W) and p§ = p7).

If y, z €W, and if ps(y) = ps(z), then Oy = O,y C E. By Lemma 3.2,
T lo, » is injective. ,(s(»)) = 0 = m,(s(2)) = s(») =s(z) =y =z. Thus
p - sly :W— E/G is bijective.

s(W) = (span{v’1, . . . , v/4}) N E intersects each orbit in E in exactly one
point, so that Y : E/G — V' defined by ¥ (py) = p~py N s(W) is a cross-section
for E/G in V'.

p o sly : W— E/G is continuous since both p and s are continuous. To
show that p o 51, is open, we introduce the following map, which is also used in
the proof of the disintegration formula. Fort=(¢!,...,#)ER",let
g =exp? €;, *** exp t’e,1 € G, where iy, . .., i, are the indices previously
defined for the independent rows of M. Let H: R? x R” — ¥’ be the map
H(y, t) = s(y) - g(8). H(y, t) is linear in (y, . . . , ) and a polynomial in
(', ..., 1), s0 H is an analytic mapping of R? x R” into V.

For (¥, ©) ER? x R”, let J(y, f) be the absolute value of the determinant
of the K x K matrix

OH) [dy, <++ OH; [y, | OH; [or' -+ 0H) [ot"

. 3 . 3
. . . .
. ° .

OH, [oy, -+ OH oy, | OHj o' -+ OH, [ot"

3H, [dy, <++ OH, [dyy | OH,[or' -+ 0H, [ot"

3H, [oy, =+ 0H, [dy, | OH, [or" - OH, [ot" i

evaluated at (, 7), where H,(y, ©) = H(p, 1)(v,), 1 <a <K. ThenJ(y, t) =
|det dH(y, £) |, where dH(», £) :R% x R" — V' is the derivative of H at (y, ?).
Since each H, is a polynomial in y and ¢, the partials are polynomials in y and £
Hence detdH(y, ?) is a polynomial in y and &

By calculation,
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OH;, .1
VO’:O)':l’-}E}o;[}ljk(yl’-”aym +h’°"1yd;o)

m
1 -i{]‘k(yls'-°’y,n’°‘-’yd;0)]
=’!i_l:l}) ’_l [S(Vp---,ym +h: -":yd)_s(ylr'--’ym’“"yd)](vjk)

=u/m@ ) =57, 1<k<d1<m<d
H (0,0 =50)(@,)=01<k<r, Vy € R4, Hence,

aH,k
Y,

oH,
= 0. 0)

»0=0, 1<k<rl<m<d

Jim & [£,00+++ 0,1,0 -+ 0) = H,0 0)]

= im 3 [50) - exp ey, ~ 50)] (v,)

1 h?
= 1im 2[(502 +50) 1y, +50) 757 &, + -+ ) =50 @)
=50) ¢, (), 1<a<K l1<k<r

Therefore,

O eee O =
—
.
o

(3.12) J(y, 0) = | det sO)e; vy ¢t sOdey vy,

0 . .

s()e; RUTRRRE (y)e,rv,,

=M ()
= |det MO () |

If y € W, then J(y, 0) # 0. By the inverse function theorem [20, p. 35]
there is an R? x R” open neighborhood A4 x B of (, 0) and a V'-open neighbor-
hood C of H(y, 0) such that H|, yp: A x B —> Cis a diffeomorphism of 4 x B
onto C.

Now, to show pes|y, is open, let U C W be open, and y € p~ L (ps(V)) = s(U) - G
Then v =s(y,) - g, for some y, EU, g, € G. Since y, is in U C W, by the preceding
paragraph, there is an R%-open neighborhood 4 of Yo (by taking 4 N U, we may
assume A C U), an open neighborhood B of 0 in R”, and an open neighborhood
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Cof H(yy, 0) = s(»,) in V' such that H(4 x B) = C. Since Cis a V'-neighbor-
hood of s(y,) and g, € G is a homeomorphism of V', C. g isa V'-neighbor-
hood of v =s(y) + 8. f BEC gy, then f=H(, 1) - g, =s(¥) - g(t) - g,
for some (¥, t) EA x B C U x B. Therefore, 8 €s(U) - G. Thus v is an inter-
ior point of s(U) + G. Therefore, s(U) « G =p~(ps(U)) is openin V', so pos(U)
is open in E/G.

We have shown that the orbit space E/G is homeomorphic to a Zariski-open

set in R? (Theorem 3.2) and that each orbit in £ is homeomorphic to R” (Theo-
rem 3.1). The following theorem uses the coordinate system y — ps(y):
W —> E/G just established for E/G and the coordinate system y,y —s(y) - g() =
s()-expt’ e;, *** exp tle; , for the orbits in E' (Theorem 3.1) to decompose
my. relative to the action of G in V.

Let x,. denote the characteristic function of the set T.

THEOREM 3.3. The formula
[, o dmyn) = [_1Gdmy )
= f W IR,f(S(v) - (1) dmp,(¢) 1 det MP) (s)) | dm g o)

is a disintegration of my. by G, that is, my(p~'(V/G = E/G)) = m,.(V' —E)=0.
The image of the measure |det MC)(s) |Xymga under the homeomorphism pes:
W — E/G is a measure on E/G which is a pseudo-image of xgmy. by p |, the
projection of E onto E/G. If, fory E W, Vs(y) IS the measure on E given by

Wyiyy )= [orF60) - 8(8)) dmp (0),

theny — v,y : W— M (E) (positive measures on E) has the following prop-
erties:
@) Vgyy # 0 fory €W,
(i) Vs(y) I8 concentrated in Oy, for all y € W;
(iii) if fE€ L (xgmy), then y — (v, ) € L' (1det MO$)|x pymp 4),

(3.13)

and
Gpmyn, )= [y, 1det MO ($0)) | dmg g3).

ProOF. By Lemma 3.1, E is a nonempty, G-invariant Zariski open set in
V'. Therefore, p~'(V'/G - E/G) = V' — E is my-null. That v, € M, (E) and
properties (i) and (ii) follow from Theorem 3.1 and the fact that G orbits are
closed in ¥’ (Proposition 3.1(a)). The proof of (iii) and formula (3.13) consists
in (1) showing that p o s(xymg ) is a pseudo-image of xzm . by p; (2) using
Bourbaki’s theorem [6, Chapitre 6, Théoréme 2, p. 64] on the disintegration of



22 ELOISE CARLTON

a measure relative to a pseudo-image to get a disintegration of xzm . relative to
P © s(xympgg4); and (3) showing that the orbit measures provided by Bourbaki’s
theorem are |det M")(s(y)) [Vs()-

The following three lemmas show that the measure p © s(xymgq) on E/G
is a pseudo-image of the measure xzm . on E. Equation (3.14) in Lemma 3.3
would be the disintegration formula (3.13) if we knew that |det dH(y, t)| =
JO, 8) =J(, O)mgaygr a-a. (v, t). This is proved in Lemma 3.7.

LemMA 33. If f: V' — R is myrintegrable, then

314) [ dmy) = [La o fHE, D) 1det dH, 1) | dmpaypr0: D).

PrOOF. Let 4 = {(y, 1) ER? x R":det dH(y, t) # 0}. A is a Zariski
open set in R? x R". 4 D W x {0}, so 4 is nonempty. Suppose H(y,, t;) =
H(y,, t,) for (v, t;) EW x R". Then s(y,) € Oyyy) CE By Lemma 3.2,
1(5(5)) =0 = m,(s(v,)) = s(v,) = s(¥,) =y, =y,. By Theorem 3.1(b),
s(,) - g(ty) =s(,) - g(t,) = t, =1t,. Therefore HlAn(wxnr):A N(W xR
— V' is a 1-1, continuously differentiable function such that det dH(y, £) # 0
for all (v, ) EA N (W x R"). By the change of variable theorem for integrals
on RX [20, p. 671, if f: H(A N (W x R")) — R is integrable, then

j'H(A ﬁ(WXRY))f(’Y) di'('Y)

3.15
( ) = fAn(WXR’)fo H(y’ t)ldeth(y' t)lddeXRr(y: t)°

Since A N (W x R") is a nonempty Zariski open set in R? x R", it is conull.
Hence the integral on the right-hand side of (3.15) is

[raxarf e HO, D0, ) dmpa, g, 0)-

Let B = {(», {) ER? x R": det dH(y, £) = 0}. By Sard’s theorem [20,
p. 72], H(B) is an my,null set in V', Since His 1-1 on W x R", H(W x R") is
the disjoint union of H(4 N (W x R")) and H(B N (W x R")) C H(B). Hence,
the integral on the left-hand side of (3.15) is J; Hewxrr) f() dny(y). By Theorem 32,
H(W x R") = E, which is my-conull. This proves (3.14).

COROLLARY. f: V' —> R is my-measurable <= fo H:R? x R" — R is
M a  grMeasurable.
ProoF. Lemma 3.3 says that

my, = fRder eH(y,t)J(y’ t) dde XR? (}’, t)

(where (eg(y 1) 1) = FEHD, 1)). By [5, Chapitre 5, Proposition 3, p. 39],
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f:V' — R is my,-measurable <= (f o H) o J is Mg d x gr-Mmeasurable

<= (foH)l|, is dexR,-measurable

(where 4 = {(, ) €R? x R": J(y, £) # 0}). Since 4 is conull in R? x R, f:

V' — R is my-measurable <= fo H:R? x R" — Ris m 4 -measurable.

LEMMA 34. Suppose f: V'/G — R is nonnegative. Thenfop:V' — R
is my~measurable <= f o p o s: R — R is m g-measurable.

PROOF. By the above corollary, fo p: V' — R is my-measurable <

fopo H:R? x R" — R is mpq 5, -measurable.

Suppose fo po s: R — Ris Mgy g-measurable. Then fo p o H(y, t) =
fop(() - e®) = fP(s() forall (y, ) ERY x R" = fopo Hismpaypr
measurable. ({(», ):fope Hy, ) >a} =y:fepos(y)>a} xR")

Suppose fo p: V' —Ris my, -measurable. Let B = m_, be a finite measure
on R". By Tonnelli’s theorem, y —> [ ,f o p © H(y, #) d3(f) :R? — R is myq-
measurable. (fo p o His(Mmpqypr =Mga X Mp,)-measurable <= fo p o His
(mgq x B)-measurable.) Since fo p o H(y, t) = f(p(s(»))), this implies y —>
fes3)) BRD:R? — R is mp g-measurable, so fe p o s is my g-measurable.

Let Q ={U C V'/G: p~(U) is my,-measurable}. Lemma 3.4 shows that
Q={UCV/G:(pes)~'(U)is mpy gmeasurable}. (Take f = x;, the charac-
teristic function of U.)

LEMMA 3.5. Let NC V'/G, NE Q. Then my(p~'(N)) = 0 <=
mpa((@ ° )~1(V)) = 0.

PROOF. my,(p~'(N)) =0<=>xy o p=0m,; a.e. <> (xyopo H)-J
=0 mpaygpr a-¢. (by Lemma 33) <= xy opo H=0 Mpdygpr -6 (since
A is conull),

Suppose X e po H=0 mpq,pr a.¢. By Fubini’s theorem, for m
almost all y, Xy o p o H(y, ) = xp(p(s(»))) = O for m, a.a. . Hence
mga(@ © ™) = 0.

Conversely, suppose Xy e p o s =0, mpq a.e. Then by Tonnelli’s theo-
rem (xy o po His Mg d gr-measurable by the corollary to Lemma 3.3),

Rd

fRde'xN opo Hy,t) ddeXRr()’: 1)
- far( [ra*nP(HO, 1) dmedt)) dmey (0
= Jar( faamn @0 dmea0)) dme )

= [or0dmp ) =0.

Thusxy opo H=0 mpqypr a.e.
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The following argument uses Bourbaki’s theorem on the disintegration of a
measure relative to a pseudo-image [6, Chapitre 6, Théoréme 2, p. 64] to get a
disintegration of xgm . relative to (p o s) (xympq). The rest of the proof of
Theorem 3.3 consists of showing that the orbit measures A, (b = psy € E/G)
from [6, Chapitre 6, Théoréme 2, p. 64] are equal to |det M") (s(»)) | Vs(y)-

Since E is an open set in V', E is a locally compact topological space with
a countable basis. By Theorem 3.2, p © sy, is a homeomorphism of the Zariski
open set W C R? onto E/G. Therefore E/G is a locally compact space with a
countable basis. Since W is m 4-conull, and E is my,~conull, Lemma 3.5 shows
that the measure on E/G, (p ° 5) (xymyq), is a pseudo-image of xzm,. by
plg,i.e., N CE[G is (p o 5) (xyymp g)null = p~!(N) is (xgmy.)-null. By
[6, Chapitre 6, Théoréme 2, p. 64] there exists a (p o s) (x,m g)-adequate fam-
ily [5, Chapitre S, Définition 1, p. 19] b — A, (b € E/G) of positive measures
on E having the following properties:

(@ A, # 0 for b €p(E) = E[G;

(b) A, is concentrated in p~1(b) for all b € E/G;

(c) xgmy: = JE/G 2d(@ ° 5) (xyymp ) (B).

Thus, if f: E — R is (xgm)-integrable (f is (xgm)-measurable, and

[ 1)l dmy(y) <), then b —> (Ny, ) = [, 1) SV (1) : E/G —> R s
(@ ° 5) (xyympgq)-integrable; y — (N, 50y, ) = fp—l(ps(y))f(y)dxps(y)(y):

W — R is (xyymp g)-integrable; and

[ofdm ) = [ < [ ) d)\b('y)) d(p © 5)(xymga) ()
= f W (f p~ L@s(»)) o) d7\p s("")(7)) dde(y).

To complete the proof of Theorem 3.3, we show that for (xy,mpq) a.a.
¥ Nps(yy = I det MO (s6)) 1Vg(y)-

Since xgm . is G-invariant, (x y,m 4) almost all the A,y are G-invariant
[16, Lemma 11.5, p. 126]. Let N C W be a null set such thaty € W -N =
A,s(y) is G-invariant. Then X, () and v, are both G-invariant measures on

Oy = G/Gy(yy- Therefore, if y € W — N, there is a positive number ¢(y) such
that

(3.17) M) = €0Iyiy)-
Putc(y) = 1if y EN U R? - W).

(3.16)

LEMMA 3.6. ¢:R? — R is my g-measurable.

ProOOF. Let f: V' — R be an everywhere positive, continuous, my.-inte-
grable function. By the corollary to Lemma 3.3,f o H is dexR,-measurable,
nonnegative. By Tonnelli’s theorem y — [, R,f(H(y, t))dmR,(t) is de-measurable.
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If y €W, then by Theorem 3.1(b), Wy(yy, f) = S, f5() « () dmp (1) =
SpefHE, D)dmg,(£) >0 (since f(y) > 0O for all ). Therefore y — Wy -
W — R U {eo} is an everywhere positive, (x Wde)-measurable function. Hence
y— ll(vs(y), ):W— Ris mg g-measurable. Since f is my.-integrable, y —>
Mpsyy = () vy, ) a.e. is (xyympy g)-integrable, hence measurable. There-
fore y — (X, 5y f)/(vs(y), f) = c(y) is mg g-measurable on W — N. Hence

y — ¢(y) is mg g-measurable on W, hence on RY.

LEMMA 3.7. For my 4 almost all y € RY,
(3.18) c() = |det MO (s() 1.
PROOF. We substitute c(y)vy(,,) for Aps(y) in (3.16), write vy, in terms

of the coordinates t = (¢!, .. ., ) — s(y) - g(t) = H(», 1), and compare the
resulting equation with (3.14). The result is

fw ( f orfEHD D) dmR,(t)) () dmg o)

= [y xr SEHG, DO, D dmyare/, D, fELmy).

Suppose f € L!(m ) is nonnegative. By the corollary to Lemma 3.3, fo H:

R? x R" — R is mg g p-measurable. By Lemma 3.6,c:R? — Ris m_g4-
measurable. Hence (f e H) o ¢ is mp g, -measurable, nonnegative. By Tonnelli’s
theorem, the left-hand side of (3.19) is equal to

S xur THO, De®Ydmpa, os0, ).
Therefore, whenever f = 0 is m-integrable,
@20) 0= [ SHO DU, 1)~ cO) dmpag 0, D-

Let D={(», )EW xR :J(», ) >c()}. xp=(xpe H ')o His
Mg d xgr-Measurable so (by the corollary to Lemma 3.3) x, o H~ !is my,-meas-
urable. Let f: V' — R be an everywhere positive, integrable function.
(xp e H Yof<fso(xpe H Horis my-integrable, nonnegative. By (3.20),

0= [, %0 DFEH, DUG, ) = cO) dmyarg, 0. .

(3.19)

Hence x,(», D@, ©) = c¢(») = 0 for (Mpaypr) 2-23. (v, 7). Since J@, 1) -
c(?) >0on D, (mggygr) (D) = 0. Similarly,

Mmeaxpr{ 0, DEW xR :J@, 1) <c()}) =0.

Therefore, J(y, £) = ¢(») for mp g, pr a.2. (v, £) in W x R, hence for Mpdygrr
a.a. (, 1). By Fubini’s theorem, for almost all y € R%, J(», 1) = c(») for almost
all # €ER". Since t — J(y, t) is continuous on R, J(y, t) = ¢(p) for all t ER".
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Hence, c(») = J(, 0) for almost all y € RY. By (3.12), J(y, 0) = |detMO((»))!
for y € W. Thus c(y) = |det MU (s())| for almost all y € RY.

Substituting c(y)vy(,) = Idet MO Gy Vg(y) for A5y in (3.16), we ob-
tain (3.13). This completes the proof of Theorem 3.3. The above proof also
gives the following fact.

THEOREM 34. H: W x R" — E:(y, {) — s(¥) - g(9) is a diffeomorphism.

PROOF. H is a polynomial in y and ¢ so it is differentiable. The proof of
Lemma 3.7 shows that the continuous function (v, £) — J(, 1) — |det M )(s(»))|
is zero for mp g, g, almost all (y, ). Hence J(y, £) = |det dH(p, t)| =
IdetM(')(s(y))l for all (v, £) ER? x R”. Thus {(y, ) ER? x R": |detdH(y, 1)|
# 0} = W x R". From the proof of Lemma 3.3, H is a bijection of W x R"
onto E. Therefore, the inverse function theorem shows H is a diffeomorphism.

4. A Plancherel formula for idyllic nilpotent Lie groups. In §4 we bring
together the results of §§1—3 to obtain a procedure for computing Plancherel
measure for the following class of nilpotent Lie groups.

Suppose G is a connected, simply connected nilpotent Lie group with Lie
algebrag. g will be called “idyllic” if g has an abelian ideal n such that for
Lebesgue almost all v in n',g,y/n is abelian, where g, = {x € g:(7, [x, n])> =
0Vn€n}. Such an ideal n will be called an “idyll” of g. G is called idyllic if
its Lie algebra g is idyllic. If n is an idyll of g, then N = expn is called an idyll
of G.

To compute Plancherel measure for idyllic G with idyll N, we combine the
projective Plancherel formula from §1 with the disintegration theorem of §3
(Theorem 3.3) via Kleppner and Lipsman’s Plancherel formula for group exten-
sions [15, Theorem 2.3, p. 108]

@D [P dmeer= [g f(G'y/N atemy o (f* %) duy (0) di y(Y),

which expresses Plancherel measure on G correspondmg to a given Haar measure
mg on G as a fibered measure with base N/G and fibers (G, /N, @ )“ where

G, is the stability subgroup at vy eN. y is Plancherel measure on N correspond-
mg toa glven Haar measure 7y on N. [y is a pseudo-image of py by the pro-
jection p: N— N/G Since N/G is countably separated, there are orblt meas-
ures v, which provide a d1smtegrat10n of Plancherel measure uy on N relative to
the pseudo-lmage Ry on N/G i.e.,

42) iy = [ 4 AN D),

v, concentrated on 7y « G = G/G,y. The projective Plancherel measure y, on
(G, /N, w,)" corresponds to the Haar measure M., /v o0 G, /N which satisfies
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4.3) _[G f(x) dmg(x) = J‘Gl% fcle fo(nzx) dmy(n) dmg_ ;5 (Nz) dv, ().

ForyEN, Mo = indg,y'y' ® ¢" is an irreducible representation of G. 7' is the
extension of ¥ to an w, -representation of G, , where w, is a multiplier on G, /N.
0 is an irreducible ZJ,Y-representation of G, /N, and " denotes the lift of ¢ to G,.
If p, is the projective Plancherel measure on (G,Y/N, &37)“ correspond-
ing to me. N satisfying (4.3), then [15, (2.10), p. 109], for f € C;,(G) (= con-

tinuous functions with compact support),
4 * - . * -—
so that

Jief Gy, ~ P00 S i (0) ()
- fﬁ/e [} G/Gny trly - AG*£* )] dv,(4) dity (7)
= fﬁ tl’[‘y(f*f* IN)] dﬂN('y) =f*f*(e) = fG If(x) '2 de(X).

(This implies the validity of (4.1) for f € L'(G) N L%(G) since Cy(G) is dense in
the C*-algebra of G.)

The Plancherel measure for idyllic G = exp g with idyll NV = exp n com-
puted via (4.1) is given in terms of coordinates on 1‘\7/6 and on the fibers
(G,/N, @,)". We start by making an explicit choice of Haar measures ms and
my; in terms of coordinates on G and N, respectlvely Then we compute Plan-
cherel measure uy, in terms of coordinates on N corresponding to m,,. Next, we
use Theorem 3.3 to obtain a disintegration of uy by G,

My = f 6 PN,

m which the pseudo-image iy is given in terms of coordinates on almost all of
N/G and the orbit measures v, are expressed in terms of coordinates on the orbit
of y. Then we use Theorem 3.1 to find the Haar measure m /N O G,/N which
satisfies (4.3). Then we use §1 to compute the projective Plancherel measure p,
corresponding to m LN in terms of coordinates on (G, /N, @ ) Finally, we
combine p, Ky and the p,y to obtain a Plancherel formula for G. The steps involved
in the computational process and the resulting Plancherel formula are described

in the following theorem.

THEOREM 4.1. A Plancherel-measure-computing procedure for idyllic G =
exp g with idyll N = exp n consists of the following steps:
(1) Take a basis {v; < *++ <vg} of nin Jordan-Holder order relative to
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the adjoint action of g on n, and a Jordan-Holder basis {e; < **+ <e,} of g/n.
Let {*, ..., %} be the basis of n' such that ¢, v;) = 5.
(2) Compute M = (ev); < i<s,1<j< x> Where (e;v) = [e; y].
(3) Find the partitions defined in §3 (p. 13)
..., ={;, ..., L}V {i,...,izh
{L.oo,st =0y, .5}V {my, .o my),

i. e, determine the independent columns of M from the right and the independent
rows of M from below.

4) Fory=@0y, ...,y ER, let sy = Ezﬂykv"‘, and compute
det M) ) = Isy(eiavlb)l<a,b<r|‘

(5) Fory € W= {y €R9:det M") (sy) + 0}, compute, for 1 <b <gq,
uy(sy) = €my ~ Zgoy )‘irfzb (sy)e,.:;

sy(e; Y l) XX sy(e,’v,r)

. .
3 .

(e, 1)”11) ces sy(e,(:_l)v,')
Ne @) =| 9len,v,) o lmp) |5 1<s<r

sy(e,(s_l_l)v,l) Y (ei(s+1)vlr)

s:y(e,rv, l) vee sy(e,rv,r)
det MT)(sy)

(6) Fory € W, compute the matrix (sy, [ufsy), ui (M <y, j<q-
(7) Fory e Wy ={y € W:(sy, [u;(s), w(MMN1<ij< q has maximal
rank, 21}, find a nonsingular q x q matrix Py, such that

0 I,
0
Psy((sy’ [ui(sy)’ uj(sy)]>)1<g’j<qtpsy = -II 0
B 0 0
Let m = q — 21, and let
_ 1
44 oy = 1det oy I o Vg, (Mg m):

where Psy is defined in §1.
Then
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-1 [ oy 1 et MOXsy) 1dm  40)
4.5) bg = @nk Jw, sy Y Rd

A
is Plancherel measure on G corresponding to mg, Haar measure on G defined in
terms of the basis {e;, . .. , e, vy, ..., U} Of 8.
The Plancherel formula is

fG 1) 12 dmg(x) =.(-ZTFI+T+T"— fwlfn'" trm, ,(f*f*) dmRm(t)

det P, I~ |det M®) (sy) | dm g o).

(4.6)

For (y, €W, xR™,m, = indgsy(xsy)' (¥ Psy(t))" is an irreducible repre-
sentation of G, where G, is the stability subgroup at sy for the coadjoint repre-
sentation of G inn'. Xsy i the character of N = exp n defined by

Xsy(expn) = 7™ pen,

(xsy)' is the extension of X, to an wy,-representation of Gy, where

wyy(expx, expz) = e~i2 0. [xzD o 4 €8y,
the stability subalgebra at sy for the coadjoint representation of g inn'. ¥ P, @

is an irreducible Gog-representation of Gy, N, and (Yp_ (t))" denotes the szt of
\]lpsy(t) to Gsy.

ProoOF. To prove Theorem 4.1, we relate steps (1)—(7) to 1?/, uy (step (1));
the disintegration of uy by G (steps (2)—(4)); equation (4.3) (step (5)); and
(G,/N, @,)*, n, (steps (6) and (7)). Then we use (4.1).

Since n is abelian, exp : n — N is an isomorphism (exp (x +y) = expx expy),
and may be used to identify N withn'. If y €n’, let X, be the character of N de-
fined by

X, (expx) = T¥,  xen,

The map y — Xy n' — Nis an isomorphism. Let m, be the Haar measure on
N defined in terms of the basis {v;, ..., vg} of n. Let my, be the measure on
n' defined by

<mu"f) = fRKf<Z 7} ) dmRK('Yp LRI ] 71()

LeEMMA 4.1. Plancherel measure iy on N carrespondmg to my is the im-
age of (21)~Xm, under the map v — Xy ' — .

PrROOF. If f € Cy(N), let f; € Co(RK) be
K
fl(xl,...,x"):f(expz x’vl-), &', ..., x5)eRX,
j=1
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Then, for y = Ef=1 7,0’ en,

Xy (1) = [ F)x () dmpy()
K K
= RKfoij=l x’v,-) X, (expj2=:l x’v,) dmepx(x!, ... ,xK)
= fRKfl(x‘, ... ,x"‘)e“"’xflgl up dmgg(x!, ..., xK)

K
= [k hilh o VTR gt R

=f1(71’ LIS 37]()'
Hence

[ WO Pdiy00 = @0 [ 1x, (D dma)
= @0y X [ ki, - - - 1R dmgCry, - - 7k)
=)ok TACTNRNE S | Ml RS |

by the Plancherel formula for RX. By definition of fy, the latter integral is

K
f K f (expiz=:l xh),)

by definition of m,,.
The action of G on N corresponds to the coadjoint action of G on g’ re-
stricted ton’. If y €n’, 4 €G and x € n, then

(¢, + A (expx) = X, (4 expxA~!)
= X»y(eXP AdAR) = & TAd A(X)) = GiyeA,x) x,,.A(eXP x).

Hence the map ¥ — X, :W//G — N/G identifies N/G with n'/G. We apply §3
to the adjoint action of Gonn:G xn —n:(4,x) A4 .x, where 4 - x =
Ad A(x) = (d/d)A exp tx A~ |,_y, A € G, x €n. The contragredient action of
Gonn:n' xG—n':(y, ) — 74, where (y -4, x)=(y,A-x),yEN,
A €G, x €n, is the coadjoint action of G on g’ restricted to n’.

The derivative of the adjoint action of G on n is the adjoint action of g on
n:g x n—n:(x, ) —>x +n =[x, n]. The contragredient action of g on 1’ is
the coadjoint action of gonn':n' x g —n:(y,x) — 7y +x, where {(y - x, n) =
(7, [x, n]),yEW,x€Eg,nEN.

Since {v; < +++ <wvy} is a basis of n in Jordan-Holder order relative to g,
and {¢; < -+~ <e,} is a Jordan-Holder basis of g/n, {e; < **» <e;<v; <

2 dmgx(xt, . . ., x5) = [ 1f0)P dmy(n),
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*s+ < vy} is a Jordan-Holder basis of g. We take Haar measure on G to be the
measure mg defined in terms of this basis.

Define e, ; = v;, 1 <j <K. Since n is abelian, [e,,;, %] =0,1<j k<K
Thus, the matrix M = (¢;); <i<s+ k,1<j< k defined in §3 has the form

elvl ¢ oo evi
ey e eV
sU1 'K
M=
0 o o o 0
L 0 ® o o 0 .

Disregarding the last K rows, we have M = (¢;V); << s,1<j< x 25 in step (2). As
in §3,E = {y €n’ :det M")(y) # 0}.

By Theorem 3.2, for sy = £3_, y, v, W={y €R%:sp €E}, and p:0’
— 1'/G the projection p o s lw : W— E/G is a homeomorphism. By Theorem 3.3,

my: = fW vsy | det M(r) (sy) | dde(y)

is a disintegration of m,, by G. By Lemma 4.1, up, = @m)Xm,,. Since 1?//0
= n’/G'

4.7 ty = QYK [ vy, 1det MO (59)| dmg a(3)

is a disintegration of py by G, in which the pseudo-image j1 is given in terms of
coordinates on E/G.

By Theorem 3.1, if u,(sy), 1 < b < g, are computed as in step (5), then
uysy),...,u q()} is a basis of g sy/n and Haar measure MGy N OO y/N
defined in terms of this basis satisfies (4.3) relative to the orbit measure Vgy
and my,.

As stated, Theorem 3.1 gives a basis of the stability subalgebra 85y such

that Haar measure mg,, on G, = expg,, computed in terms of this basis satis-
fies

f G f(x)dmg(x) = IG/Gsy f Gsy f(zx) desy(z) dv,y(a’c' ).

. uq(sy)} @ n, and the basis of
.y uq(sy), Vs« .. Ugle By defi-

In the present situation, g sy = span{u, (sp), . .
85y computed in Theorem 3.1 is {u, (s), . .
nition of m¢_ (§2),

fG f(z)de (z) quXRKf<exp <z: zu,(sy)+z nv,))

(dmRQXRK)(zl’ . ’zq’ nl: .. K)'

o n

By Lemma 2.1 applied to the Jordan-Holder basis {u,(sy) < +*+ < ug(sy) <vy <
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*++ <wvg} ofg,,, the second integral is equal to

e e (2 ) o3, )

dmg g(n', . .., nK)) dmgq(2t, ..., 29
= fosy/N f o f(12) dmy(n) dmc;;y NNZ)

by definition of my and MG, IN (§3).
Steps (6) and (7) are the projective Plancherel measure parts of the proce-
dure. Using the Campbell-Baker-Hausdorff formula, we write, for x, y €4,

expx expy = exp(x +y + B(x, y)),
where
B(x, y) = (1/2)[x, y] + 112)([x, [x, ¥1]1 = I, [ »1])
+ (terms of the form [x, [,..., [x,¥] *** 1]
and [y, [,..., [x ] == 1D.
Since g is nilpotent, B(x, y) has only finitely many terms.
LEMMA 4.2. Suppose G = exp g is a nilpotent Lie group. If f € ¢, let
we(expx, expy) = e~ {B(xy),
Then w; is a normalized, trivial multiplier on G.
PROOF. Since (expx)~! = exp(- x), B(x, = x) = 0, 50 w/exp x, (expx)~")
= 1. The cocycle identity follows from associativity of multiplication on G.
(expx exp y)expz =exp(x +y + B(x, y))exp z
=exp((x +y + B(x, y)) +z + B(x +y + B(x, y), 2))
= expx(expy expz) = expx exp(y +z + B(y, 2))
=exp(x +(y +z +B(», 2z)) + B(x,y +z + B(y, 2)).
Since exp is injective,
B(x,y) +B(x +y +B(x, y),2) = B(, 2) + B(x, y +z +B(, 2)).
Thus,

wy(exp x, exp y)w,(exp x exp y, exp z)
= e—i(f,B(x,y)) e~ if,B(x+y+B(x,y),z))

= e~ i, B(,2)) o—i{f,B(x,y +z+B(y,2))

= wg(exp y, exp z)w (exp x, exp y exp 2).
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To see that ), is trivial, let X, : G — T be defined by X (expx) = v
x €g. Then

Xs(exp x exp y) = xy(exp(x +y + B(x, )))

= Xty +BEID = y (expx)xexpy)wexpx, expy),
so that
X¢(exp x)x,(exp y)
Xr(exp x exp y)

The above proof shows that if y € 1, then X, may be extended to a multi-
plier representation of G as follows. Let 7' in g’ be any extension of v to g.
Then (x,)' =X, is an w,-representation of G, where x,+ and w,, are defined
above. w,, IG7 XG.y is a multiplier on G, /N because, if x €g,, then (7, [x, nl)
= 0. This implies that (7, B(x + n + B(n, x), y)) = (7', B(x, )} for x, y €g,,
n €n, which says that w, (exp n expx, expy) = wy(expx, expy). Although w,,
is a trivial multiplier on G, , it is not, in general, trivial on G,,/N (unless y = 0),
because X, ,(exp n) = ¢!V is not one on N.

wy(expx, expy) =

Now suppose G,Y/N is abelian. Then [g,y, g,y] Cn. Ifx,y €g,, [x, y] €n,
n is an ideal, so

B(x, y) = % [x, y] + (terms of the form [x, an element of n] or
[v, an element of n]).

Since (7, [x,n1) = {7, [, n]) =0, (v, B(x, y)) = %(7, [x, y]). Therefore
w,(expx, expy) = Bl since 8.,/n is abelian, exp :g,/n — G, /N is
an isomorphism. Define 4, :q./n xg,/n—Rby 4,(x, y) =7, [x, ¥]). Then
A, is bilinear and skew symmetric, and C;,, has the form of the multiplier in §1,
@, (x, y) = Ay ),x, y €GN (identified with g, /n).

By definition of idyllic,g., /n is abelian for m,, almost all v in n'. The fol-
lowing lemma shows that g, /n is abelian for all 7 in E.

LEMMA 4.3. If there is a vy in E such that g, [n is not abelian, then g., In
is not abelian for all vy in a nonempty Zariski open subset of E.

PrOOF. Let v be in E, and {u,(7):1 <a < g} be the basis of g, /n de-
fined in step (5). Then
lg, 8,] C 1= [u, (), u,(M] €,
for 1 <a, b <gq. This requirement, when written out in terms of the definition
of u,(y), determines a family of rational functions of the form

Py (7) 01y
! _ ab a
R,y = leamb + det M(")(y) (det M(r)('Y))z
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(where I‘,’nam , R, and P!,, Q!, are polynomials in v, . . . , 7¢), which must
vanish for 1 <I <5, 1<gq, b <gq. Each R,’,b('y) = 0 <= the family of polyno-
mials F!,(y) = (det MO (1))*R.,(v) =0 for 1 <I<s,1<a, b<gq. There-
fore, {y EE: [g,,,g,,] cn} ={y GE:sz('y) =0,1<I<s5,1<4g, b<q}=F
a Zariski closed set in E.

The projective Plancherel measure determined in §1 for the multiplier on a
vector space H arising from a bilinear skew-symmetric mapping 4 :H x H —R
depends on the rank of the form A, where rank A is the rank of the matrix
(A(uy, 4)); <1 j<dim 1> for any basis {u;} of H. The following lemma shows that
the rank of the form 4, :g, /n x 8,/ n—=R, A, (x, ) =(7, [x, y]), is constant
on a nonempty, G-invariant Zariski open set E; of E. By passing to E,;, we ob-
tain a Plancherel measure for G in which the dimension of the coordinate space

of the fibers (G, /N, w,) is constant.

LEMMA 4.4. There is an integer I, 0 <1 < q/2, such that rank 4, = 2l for
all y in a nonempty, G-invariant Zariski open set E; C E.

PrOOF. Lety EE. For 0 <k <gq, let T;(7) be the set of all k x k
minors of the matrix (4., @,(7), 45(M)1<a,p<q- From the definition of the
u,(7), each element of T (7) is a rational function of the form

R(9) = (det MO )X P().

where P(y) is a polynomial in 7v,, . .., Yg. Since R(y) =0 <=P(7) =0, there
is a family B, of polynomial functions on E such that rank 4, =k <= P(7) # 0
for some P € B,. Therefore, the set Z, ={y€E: rankA,, > k} is a Zariski
open set in E. Let I, be the largest integer, 0 <I; < g, such that Z,l is not
empty. If I, <k <g, then Z, is empty; so rank 4, <k for all v in E. But
7 € Z,l =t>ra.nkA,y = 1. Therefore, ¥ GZ,l <= rank4, =1,. Since A, is
skew-symmetric,/;, = 2l. Let E; = Z,l ={y€E:rank4, = 21}.

To show that E, is G-invariant, let y €E and x €G. Sinceg,,,, =
Adx~1(g,), {Adx~(u,(1)): 1 <a <gq} is a basis of g, /n. The following
calculation shows that rank 4, . = rank 4, :

A, (Adx~(u, (1), Adx~(uy(7)))
=(y % [Adx (u,(), Adx~ ()]
=y - x, Adx~1([u,(7), up(M])
=7, [u,(0), up(M]) = 4,,(7), u,(7))-

Thus E, is a nonempty, G-invariant, Zariski open subset of E.

Let W, =s~!(E,). W, is a nonempty Zariski open subset of W, and
rank A, = 2l for all y € W,. Since xymgpa = Xy \MRd> the disintegration
formula (4.7) may be written as
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48) iy = QYK [ v,y 10t MO ()] dmg 4.

By §1 for y € W,, the map dlpsy :R™ —> (G, [N, @,)" is a homeomor-
phism, where m = q — 2I; and (4.4) in step (7),

Hyy = Idet Py, 171 @m)~ ™y (mp ),

is the projective Plancherel measure on (G, /N, ;)" corresponding to the Haar
measures mg /y on G, /N.

Since MGy IN satisfies (4.3) with respect to the orbit measure Vg, in the
disintegration formula (4.8), Kleppner and Lipsman’s Plancherel formula for group
extensions (4.1) [15, Theorem 2.3, p. 108] says that (4.5),

b = @07 [ by, ldet MO ()] dmpa(y),

is Plancherel measure on G corresponding to Haar measure m on G, and that
formula (4.6) is a Plancherel formula for G.

Table I: Plancherel formulas. Plancherel formulas computed in [23] are
summarized here. For each group G = exp g, data are listed in the following
order

(1) A Jordan-Holder basis B = {e;: 1 <i < dimg}. (The basis of g’ dual
to B is denoted {¢‘: 1 <i < dimg}.)

(2) Nonzero vectors in the set {[x, y]:x, y € B}.

(3) A basis of n, the idyll of g used to compute ug. (N =expn<G.)

(4) A basis ofg,y/n, whereg, = {x €8:(, [x,n]>=0 Vn En} for yEE
(E ={y €n':det M")(y) # 0} as in §3 and Theorem 4.1

(5) The Plancherel formula,

folre= o, me te[ngy  (f  [*)] dmgm(D RG) dmg 4(3),

FELY(G) NL*(G).

In each case, [ If [2 denotes the . ¢ 1fx) [2 dmg(x), where m; is the Haar
measure on G defined in terms of the basis B of g (as in §2). R(») is the ration-
al function of y defined in Theorem 4.1. d is the codimension of a maximal di-
mension orbit in n’ under the coadjoint representation of G inn'. s:R% —n’
is the section for the orbits of G in n’ used to compute pg;. W ={y €R?:
det M) (sy) #0}. Fory €W, CW, m, , = indgsy(xsy)' ® (wpsy(t))” (Theo-
rem 4.1) is an irreducible representation of g for t € R™.

The following procedure gives most of the idylls listed below. Let 3, C «<*
C 3, = g be the ascending central series of g. Let n; = 3,. Having chosenn,,
letn;,, be a maximal dimensional abelian subalgebra of 3;,, containing n;.
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Then n =n,,. Itis a conjecture that if g is idyllic, then the maximal abelian
ideal n of g obtained in this way is an idyll.

A. HEISENBERG GROUPS, H,
(1) {eg oo heap €3p41}

() ey enyil == lepyp &l =€3p4y, 1 <i<n
) {enr1r- -5 €2m €2n41}
@) {0}

) S IfPF =0~ futeln (f » 9] Iy " dmg ()
s:R—1', sy = ye?"*!
W=R-{0}

7, = indfy X,
Xey(exp(ZILy xe)) = elr
B. KIRILLOV’S SECOND EXAMPLE [12, p. 102]

(l) {eo’ cec en}

2n+1

) leg.e]l =—lepeg] = €1, 1<i<n-1
(3) {eg ..., e,}
@ {0}

®) P |f|2 = (277)_an tf[”sy(f* I [}’n_1| dmRn—l(y)
s:R*1 —q’,
W1 s Vnog) =piet F ooy, 08" 4y,
W={=0y-++rYn_1):Vn_y ¥0}
gy = ind§ X,
Xsy(EXp(Z], x'e)) = ¢
C. GROUPS OF DIMENSION <5
These are the groups I' = exp g, where g is one of the algebras listed by
Dixmier [9, Proposition 1, p. 323]. The Plancherel formula is given here for
those groups which are not products.

igxl4eretypy_2x"" 24y, _1x")

I, =R
1
Jo P =52 [ %0 » £ dmg().
Xy (¥) = e’ *x, y €R.

T, =H,.

(1) {ey, €, €3}

) [e, e;] =—[ey 4] =e5

(3) {e,, e3}

4) {0}

() Sy If 2 = @n)72 fy el (f £ Iy | dmg ()
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s:R—1', sy = yed
W=R-{0}
Ty = indfxy,

3
Xsy(€xp(x?e, +x%e;)) =€

iyex

Dimension 4: T,

(1) {ey, ;. €3, €4}

Q) [eg, ;] =—[eg. 4] =5
le, e3] == ez e.] = ¢4

3) {es, ej, ez}

4) {0}

(5) S, 1P = @03 [y telmy, (F « f 9] 1yy | dmga(y, 7o)
s:R2 —n',50) = y,e? +y4e
W={y= (yz»y4) ly4|¢0}
7,y = ind§ x,,

Xy (exp(x%e, +x%e; +x%,)) = 02x2 +y4x%)
1) {e;, ey, €3, €4, €5}
) [eg e5] =— ey, 4] =5
les, eq] =—leq, €3] = €5
3) {e2v €4 es}
) {0}

(5) Srg, I = (21r)‘3fw te[ng, (f » f*)]»* dmg()
s: R — 1, 5 = ye’
- {0}
L mdﬁx‘,

5
Xsy(exp@?e, + x4, +x%¢5)) = ev-x

(1) {ey, e,, €3, €4, €5}

Q) leg,e;] =— ey, 4] = ey
ley, 3] =—les, 1] =5

(3) {e,, €3, €4, €5}

(4) {0}

() Jrg , If? = @m)~* fy telm, (f: Ml LvsldmRa(Vz. Y4 ¥s)
$:R3 1,500y, ¥4, ¥5) =767 +4¢* +y5e’
W={ =034 J’s) ys F 0}
Mgy = indf\", Xsy

i(y2x2+y4x3+y5xS
Xsy(exp(x2e, +x3e5 +x%e, +x%¢5)) = 02X +yax"+y5x%)
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Fs3

(1) fey, ey, €3, €4, €5}

) leg, e5] =— ez 4] = ¢4
ler, 4] == [eg, €,] =5
les, €3] = [e3, €,] =5

(3) {es, €4, €5}

(4) {0}

G) Jrg 5 I = @m)72 [y trlng, (f « £ Iy P dmg ()
s:R—1', sy = yes
W=R-{0}
sy = indlc\:l Xsy
Xsy(exp(eie; +x%e, +x%¢5)) = € -x5

Fsa

1) ey, €5, €5, ¢4, es}

(2 [eg, €3] =—[e;, ;] = ¢4
ley, €3] =—[e5, ¢,] =¢,
lez. €3] == [e3, e,] =5

(3) {ey €4 €5}

(4) spang{e, — (7, e,/ {7, e5))e,}

() Sy i = QO™ fyfp tilng, ((f » f9)] dtlys|dmga(vg, ¥5)
$:R2 —1',5(y,, ¥5) =y,e* +yge’
W={y= ((};4:}’5):}’5 # 0}
My ¢ =indg x;, ® (x,)"
x:;,(exp(x3cef:.;y-lx-s ;4e4 -lf x5eg)) =g/0ax*+y5x%)
X((exp afe; = 4/ys5)e,)) = €%, o, t ER

Tss

) {ep €y, €3, €4, es}
V) [ep ez] == [e,, e;] =ey

[e;, €3] = [es, el =e,
le, ea] =—les 0] =
(3) {ey, e3, 4, €5}
4) {0}

(5) fl"s’s Iflz = (27")-4 fw tr[";y(f‘ f*)] Iys IdmR30’2’ J’3, ys)
$:R3 —1's(y,, y3, y5) = y,€2 +y3e3 +y et
W={y=0,53rs):lys|#0}

My = indg-x,y
Xsy(exp(xle, +x3e; +xte, +x5e;)) = /0 22733 45x5)
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Fs6

(1) {ey, ey, €3, €4, €5}

(D) ey, €3] == [ez, .1 = ¢
ley, €3] == [e5, ¢,] = ¢,
ley, €3] =—leq €] = e
les, €3] == [e3, ;] = ¢

3) {es, €4 s}

4) {0}

39

®) frs’6 If? = (277)_3fw tl'[”;y(f* MAlly P dmg(»)

s:R—1',sp = yes

W=R-{0}

Tsy = ind§ Xsy

Xsy(exp(x3e; + x%e, +x5¢g)) = ei+x5

D. TwWO-STEP GROUPS
M feg,...,eg} Uy, ..., vk}

() [e, ] == ey ¢] Cspan{yy, ..., 0L 1<i<j<S

() {vg ..., v} =centerof g
@ feg ..., e}

) SolfP =Q@uy B gy femtrlng, (F * )]
Mg m(2) | det Py, |71 dmg x ().

$:RE =1’ 5@y, ..., yx) = 2K !
m=s-2

Wl = {y = (yl’ co ,}’K) € RK:rankR(<sJ)’ [ei’

For y € Wy, P, is a nonsingular S x S matrix such that

elM<ij<s =2

o] 1
1. 01t
P (s, [es ¢l >)1<i,j<stPsy = ! :
0 0 } m
\.—WW‘J
A m
For (V, t) € wl X Rm’
K
=¢ 2y ;

K
Moyt = () ® (p, i(t))"; Xsy (exp (Z u/vj>>

=1
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b 54)

=0 <<§: x'ol, ..., ix'Q§>,

i=1 i=1

S S 2I+a
iE L =Y xl0?
(Z x’Q,”'l,. “"z:lxiQizl)> =1%i=1 a

=1
where (0 <1 j<s = P!

El. NILPOTENT PART OF G,/ (SEE [10, [11], [21])
(1) {ep €y, &3, €4, €5, e6}
@ [y )] == e, ;] = e,

ley, e3] =—les. e,] = ¢4
ley, eg] =—leq 1] = ¢
ley, es] == [es. e,] = ¢
les. €3] == [eg €3] =—¢4

) {e4 €5, €6}
@) {e; + {7, e5)(y, eg)es}
(5) S =Q@ny % [yl telny, (f o FH)] dmg(@®) |y B dmg(»)
s:R—>n', sy = yeb
{0}
ﬂsy t (X:y) ® (Xt)
x\,y(exp(x e4 7k %5 es +x%¢g)) = e?%6
X:(expe,) =M A tER

E2a. NILPOTENT PART OF 4, 1 + 1 =2m

(1) {ey:1<i<j<2m}

Q) lepeyl ==lep eyl =¢;,1<i<r<j<2m

) {g:1<i<mm+1 <j<2m}

(@) {0}

©) S IfR =Cmy~ D ftelng, (F # £ IES g ama 1 P70

dmnm(yl,ZM’ e Vm-1 m+2’ym,m+l)

s:R" — 1, SO12ms -+ Ymm+1) = Tk 2m+1-k 2mt1-k
W={= 0’1 2mr e Ymm+1) e W 2ma1-k! # 0}
,y = indyxg, J2m1-k

iz .y
k=17k,2m+1-k
ng(exP(zl<i<m.m+l<l<2mx eil)) =e "
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E2b. NILPOTENT PARTOF A/, 1+1=2m -1
(1) {gy:1<i<j<2m- 1}
@ lep el =—leyn ] =¢1<i<r<j<2m-1
3) {e,j:l KiKkmm+1<j<2m-1}
@ {0}
() Solf = @mymm=D e, (f # 1] TS D 2 P77

dmgm—1012m-15 -+ »Ym-1,m+1)

.pm-1 ' — sm—1 2m—k
SR = s amens - - ’ym—l,m+l)l_ I yk,2m—kek "
W={ =G(1’1,2m-1’ oo Ymotma1)  TEEL Wh2m—i ! # O

Mgy = mdesy,

m—1 k,2m-k
U, \\ = ol Tk=1Yk,2m—-k* "'
Xsy(exP(El<i<m;m+l<i<2m—lx ) =e

E3. NILPOTENT PART OF CJ
(1) {aij:l<i<j<l}U{b,-,:l<i<l,21+l-i<j<2l}
(2) [a,-,, ajk] == [aik, aii] =a,-k, 1 <i<j<k<l
For1<i<j<nL1<:<LA+1-t<s<2,

2bt,2l+l—i ift=j=2l+ 1-s
byry1-s2141-y ift=j>2+1-s
(2., b,] 5 ] and2l+1-s2i
al"’ tsl =~ »a =
o T Yo, ifr=j>0+1-3

and 20 +1-5<i

(€)) {b,-,-:l i<L2A+1-i<j<2}
(4) {0}
() fgIfP=ny~ O trln (f ¢ ) 2] Whgger i FF
dmeiQy 205 -+ s V1141)
s:Rl—1', S(Vl.zza . ,y“'“) = 2;c=1yk,2l+l-kbk'2l+l—k
W={=0120--- ayl,l+l):H;c_=lllyk,21+l—kl #0
Mgy = indff,xsy

T IO LI
xsy(exP(zl<i<1;2l+l—i<l<2lxiibij))“e k=17k21+
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