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ABSTRACT.  A procedure is developed which can be used to compute the

Plancherel measure for a certain class of nilpotent Lie groups, including the Heisen-

berg groups, free groups, two-and three-step groups, the nilpotent part of an Iwa-

sawa decomposition of the R-split form of the classical simple groups A,, C¡, G2.

Let G be a connected, simply connected nilpotent Lie group.  The Plan-

cherel formula for G can be expressed in terms of Plancherel measure of a normal

subgroup N and projective Plancherel measures of certain subgroups of G ¡N.   To

get an explicit measure for G, we need an explicit formula for (1) the disintegra-

tion of Plancherel measure of N under the action of G on N, and (2) projective
A

Plancherel measures of Gy/N, where G   is the stability subgroup at y in N. When

both N and GUN are abelian, the measures (1) and (2) are obtained as special

cases of more general problems. These measures combine into Plancherel measure

for G.

0. Introduction. For a connected, simply connected, real nilpotent Lie group

G, Dixmier [8], Kirillov [12], [13] and Pukariszky [19] have shown that the
A

generic representations it E G can be parametrized by a Zariski-open subset of a

finite-dimensional real vector space R*, and that Plancherel measure for G (see

[7], [18], [22]), pG, is then a rational function times Lebesgue measure on

R* -R(y) dy.  The main result of this paper is a technique for computing the

rational function R(y) in terms of the structure constants of the Lie algebra of G.

Kleppner and Lipsman's [14], [15] Plancherel formulation of the Mackey
A A

machine for expressing G in terms of TV and irreducible projective representations

of certain subgroups of G/N (the little groups), for TV < G, is used to compute

pG for a certain class of nilpotent Lie groups G.  The procedure obtained for com-

puting pG is explicit and can be carried out without too much trouble if the
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projective measures are reasonable. The method works for those connected, sim-

ply connected, nilpotent Lie groups G which have an abelian normal Lie subgroup
A

N such that for pN almost all y E N, Gy/N is abelian, where Gy is the stability

subgroup at y for the action of G on N. Such a nilpotent Lie group is called

idyllic.
A

When N is abelian, A^ is n , the dual of the Lie algebra n of N, and pN is

Lebesgue measure on n'. The orbit space N/G is n'/G, the orbit space of the co-

adjoint representation of G in n\ We need an explicit formulation of the disinte-

gration of Lebesgue measure on n' into a measure on n'/G and measures on the

orbits of G in n\ When G JN is abelian, the projective Plancherel measure can
A '

be computed, y EN extends to an co^-representation of Gy. When GJN is

abelian, the multiplier 03y on Gy/N is the exponential of an alternating bilinear

form on G JN.

Let H be a finite-dimensional real vector space, A:H x H —*■ R an alterna-

ting bilinear form on H, and coA the multiplier on H defined by <¿A(x, y) =

e¡A(x,y)/2   jn §i5 we compute the projective Plancherel measure on the space of

irreducible coA -representations of H corresponding to a given Haar measure on H.

Let G be a connected, simply connected, nilpotent Lie group with Lie alge-

bra g. In §2, we define a particular Haar measure mG on G and show its invari-

ance under certain types of changes of coordinates on G (Lemma 2.1). Theorem

2.1 gives a formula (2.4) expressing mG in terms of a specific Haar measure on a

certain type of closed subgroup H C G and a specific G-invariant measure on the

quotient space G/H.

In §3, the action on V contragredient to a unipotent action of G on a

fmite-dimensional vector space V is analyzed by means of the structure matrix

(3.6). Theorem 3.1 tells how to parametrize the stability subgroup Gy for almost

all y E V', and describes a G-invariant measure on the orbit of y and a Haar

measure on Gy which combine to give mG (formula (3.8)). Theorem 3.2 de-

scribes a section for the orbits of G in a nonempty Zariski open subset of V'.

Theorem 3.3 gives an explicit formula (3.13) for the disintegration of Lebesgue

measure on V' under the contragredient action of G.  The orbit measures in

(3.13) are those in (3.8).

In §4, the results of §§1, 2, and 3 are combined via Kleppner and Lips-

man's Plancherel formula for group extensions [15] to obtain a procedure for

computing Plancherel measure for idyllic G (Theorem 4.1).

The following groups are known to be idyllic: free nilpotent Lie groups;

Heisenberg groups; groups in Kirillov's second example; groups of dimension <5;

2-step groups; the nilpotent part of an Iwasawa decomposition of the R-split

form of the classical simple groups G2,A¡ and Cv Plancherel formulas are listed

in Table I.
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1. A projective Plancherel measure. Let 77 be a ^-dimensional vector space

over 7?.  Suppose A : H x 77 —>■ R is bilinear and skew symmetric. Let co : 77 x

77-*■ T be the multiplier co(jc, y) - eiA^-y)l2. (T={zEC: \z\ = 1}.) Let

{«,,..., uq} be a basis of 77, and mH the Haar measure on H defined by

^HJ\x)dm^x) = fROf(t *'"/) ¿>"RoV, • ■ - .**)•

In this section, we compute the measure p on the space of equivalence classes of

irreducible co-representations of H, denoted (77, co)A, such that

fH \fXx)\2 dm^x) = /*w /*(0) = JWw)Ä tr[a(7*u /*)] *(<;),

Here,/^ /*(x) = /„/(* -^)/*(y)coO, -*)<imH0), and/*(*)=/(-*)•

Suppose rank^ = 2/, and q = 21 + m.  Then [3, p. 81] there is a q x <7

nonsingular matrix P = (P¡) such that

2Í

P(A(at,u^l<u<q*p- -I,

°J}
11

Let /, = S/=1 /»/«,. Then {fx,. .. ,fq} isa basis for 77, and A(ft, /}) =

Ä4(u> uj)'P- that is, ¿(ft /z+/) = 1 = -¿(//+J, /;•), for 1 < i < /.  The map

KP : (R; x R') x Rm —► 77 defined by

kp((x, y), z) = Z x% + Z yffi+i + Z  z%i+l>
i=i /=i i=i

for x = (xx, . . . , x1), y = (y1,.... y1), and z = (z1,. . . , zm), is an isomor-

phism with the property that

o>(Kp(xx, y, zx), Kp(x2, y2, z2))

= ei[*x ■»-*»*!]/» = co,«*,, yx), (x2, y2))

= (co, x l)(((xx,yx),zx),((x2,y2),z2)),

where cox : (R1 x R') x (R* x R7) —* T is the multipUer u>x((xx, yx), (x2, y2)) =

eilxi.y2-x2.yi]/2^ Here forJC = (*!, . . . ^eR'.jp = (y1./)GR',

x • y denotes the inner product, x • y — 2'=1 jc'j'. Thus, the map *kp : (77, co)A

-* ((R* x R') x Rm, co, x 1)A given by fKp(o)((x, y), z) = o(Kp((x,y), z)) for

o G (77, co)A, ((*, v), z) G (R' x R1) x Rm, is an isomorphism. Hence
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(H, Co)* - ((R' x R') x Rm, co, x|)'= (R' x R', Wl)A x (R™, 1)ä

= {ff,}xRm= {*,,, = ax • x,: t E Rm]

where ox is the unique irreducible co,-representation of R2'(see, for example,

[17, Example 1, p. 305]), and xr is a character of Rm.  ox t can be realized on

L2(Rl) as follows.  If h = ((x, y), z) E (R1 x Rl) x Rm, then

(oXtt(.h)F)(p) = Xt(z)(ox(x, y)F)(v)

= e'^'z^ ei^"v + ('x':y^l2^F(u + x).

From [14, p. 490] the projective Plancherel measure for (R2/, co,) is

V2',wi)(°i) = 1/(27r)'-thatis'

Jr2; l*(*. y)\2 dmR2I(x, y)=-^~y *(°i(<t> *Wl «*))»

0 6 L1(R21) n Z,2(R2/). (Here m  2I is Lebesgue measure m  2l such that m 2l

([o,i]2/) = i.)

Plancherel measure for Rm is p      = (27r)_mm      —i.e.,

JRm \M\2 dmRm(z) = ̂  fRm lXt(f)\2 dmRm(t),

where

Xf(/) = f(t) = fRm /ís)eí(í'f> dmRm(t),     fEL\Rm) n L2(Rm).

(m      is Lebesgue measure on Rm such that m     ([0, l]m) = 1.)

Let vH be the image of Lebesgue measure on (R* x R') x Rm under the

map KP. Then

fH Ah) dvH(h) = f(RiXR)iXRm /Mk y), ¿)) %RiXR)iXRm «*. A *

<2l+m \

Z   tifi)dmR2l+m(hi,...,h21+'»)

-Ja,/(¿ (ZH^dm^hK-..^)

= IdetPp1 fRqf(í A'«,) dmRq(h\ ...,h")

= Idet PrlfH Ah) dmH(h),

so that mH = \dttP\vH = ldetP|(KP(m(R/xR/)xRm)). It follows that

^.o = i«ietpr1(V)-I(M(R/><R/)XRm>iJi><1))

^detPI-HV)-1^,^^^)

= IdetPrVKpr^Tr)-' x (2ii)-mmom),
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i.e., that p,HtCJ) is the imaSe of the measure IdetPp1 (2it)-(-l+m)mRm on Rm

under the map

4,p : t-* Ckp)-x (oXit) : Rm — (H, w)A.

Kleppner and Baggett [1, Corollary, p. 310] prove that this map is a homeomor-

phism. To see that

¡H\Ah)\2dmH(h)

= Idet/T1 j±^ jKm tt[(*Kp)-Holtt)(f*u /*)] dmKm(t),

we calculate that

(fKj»)_1Kr)(/*w/*) = ldetP|alti((/*„/*) ° *P)

= idetPI2 o1)f((/° Kp) *WiX1 (/» KjP)*).

Hence,

^^ JRm tr[( V"1 (aM)(/*w /*)] dmRm(t)

=7^í*m tr[ffl'i((/0 Kp) *-ixl (/° Kp)*)] ̂ V"0*

= IdetPI /R2,XRm l/° kp((*. y), z)I2 <*nR2/XRm(C*. y)> z)

(since (2îr)-(/+m) m      is the projective Plancherel measure for (R2' x Rm, co, x 1))

= IdetPI fH \f(h)\2 dvH(h) = fH \f(h)\2 dm^h).

The projective Plancherel measure M(//>UJ) = (27r)-(/+m) |detP|-1 \pp(m m)

on (77, co) corresponding to Haar measure mH on 77 depends on the choice of

the matrix P.  If A is nondegenerate, then |detP|-1 = Pfaffian (A(u¡, Upy)x<¡i<q

[3, pp. 82-84] is uniquely determined by A.  However, if A is degenerate, then

P is quite arbitrary on the null space of (A(u¡, ujf)x </,/<,> and IdetPI is not

unique.

4ip : Rm -* (TT, co)A is the following map. Let Q =(Qi¡)í<u<2l+m =P_1-

If A is nondegenerate, then M = 0; and (77, co)A consists of one point, \pp =

'Kp^a,). Ifx = Xj^x'^EH, then

Mx) = ox(KpX(x)) = ox(xQ<-l\xÇP»),
where

2/ 2/

\¿=i        /=i   /

ô(2/) = fz^+1.2>'ö?'Y\ i=i <=i     /
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If m > 0, then \¡/p : Rm -~* (H, to) A is given by

M0(x) = aXít(Kpl(x)) = ax(xß« xß(2'V'<*o(m),),

where x = l,2iL+xm xiui EH, t = (tx, . . . ,tm)E Rm, and

(27+m 2l+m \

£    x'Q},...,   Z   x'Q'i),
/=l í=l /

(2Z+m 2I+m \

Z *W+1..... Z »'fi?1)-
1=1 1=1 /

m     2/+m

«=1     i=l

If / = 0, then .4 = 0; co = 1; (H, co)A = #, the character group of H; m = q;
*w A

and P may be taken as the identity. In this case, t\ip : Rm —► His given by
;ym    rat

*P(t)(x) = e   a=1* ta = Xt(x), for x = S^x"«, E H, t = (tx.tm)E Rm.

2. Some formulas for Haar measure on G. Let G be a connected, simply

connected nilpotent Lie group over R with Lie algebra g. This section is devoted

to establishing formulas for Haar measure on G in terms of certain coordinate

systems for G.  Suppose dim g = s.  The exponential map, denoted exp, is a dif-

feomorphism of g onto G.  Hence the choice of a basis {ex.es} in g deter-

mines a coordinate system for G by the map % : Rs —*• G given by %(xl.Xs)

= exp(Sf=1 x'e;). The image of Lebesgue measure on Rs under this map is a

Haar measure on G, called the measure on G defined in terms of the basis

{e,.es} of g.

Let B be a basis of g. A linear order "<" on B is called a Jordan-Holder

order if, for each v in B, [g, v] = 0 if v is maximal; otherwise, [g, v] C

span {co E B : v < co}. Suppose ex < • • • < es is a basis of g in Jordan-Holder

order, i.e., [g,ej =0, [g,e,.] C span(e/+1,... ,es) for 1 </ <s - 1. Let

m s be Lebesgue measure on Rs such that mRS([0, l]s) = 1. mG will denote

the Haar measure on G defined in terms of {ex.es}\ so that

fGf(A)dmG(A) = JR^/(exp(z x^)) dn^fr1, . ..,**).

invariance of /wG under left and right translation follows from the Campbell-

Baker-Hausdorff formula, expx exp y = exp(x +y + Vi [x, y] 4- •••), and the

fact that ex < ••• < es is a Jordan-Holder basis of g. Then the fact that the

measure on G defined in terms of any basis of g is a Haar measure follows. In-

deed, if m is the measure on G defined in terms of the basis {co,,. .. , co,} of

g, and if co,- = S|=1 a/ey for 1 < i < s, then m = \detA \~1mG, where A =

(a/)l</,/<s-
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Because ex < ••• < es is a Jordan-Holder basis of j, the measure on G

given in terms of the coordinate system %(xx,. . . , Xs) = exp(2*=1 x'e¡) is the

same as the measure on G obtained by taking the image of Lebesgue measure on

R* under the map r)(xx,... ,xs) = expje1e1 ••• expxses. In fact, any sum

and any permutation is allowed in the sense of the following lemma.

Lemma 2.1. Let {ex.es} be a Jordan-Holder basis of$ such that

[fl> ej] = 0. [fl» e¡\ c span{ei+ x,..., es} for 1 < i < s - 1. Let a be a permu-

tation of {I,... ,s}. If fE CQ(G) (= continuous functions with compact sup-

port), then, for 1 <m < s,

/Rí/(e*p(¿ A)) dmRS(xx.x*)

(2-0 -      r      / m \    s "1

Proof. For jc = (x1,..., Xs) E Rs, put

T(x) = ex?(Zx°«)en,i))   TJ   exp^)e
\/=l 7i = m + l

The Campbell-Baker-Hausdorff formula,

exp v exp w
(2 2) / 1 1 \
v ' ' = exp (u + w + - [v, w] + Y2 (b>> lv> WU - [w, [w. w]]) + *••),

where u, w E g, shows that T(x) = exp(sf=1 xkek + B(x)), where B(x) G ß is a

sum of terms of the form

(*) ['*• [xiei, [••• [xle¡,x'e(] •••]]•••].

Let0*(x) denote the fcth component with respect to the basis {e¡}f=x of g of

B(x). Since ex < ••• < es is a Jordan-Holder basis of fl, 0* is independent of

(jc*, ..., Xs). Indeed, if; > k, then

[—[xUj, [•••[, ] •••]]"•] G span{e/+1,..., es}C span{efc+1,.... es}.

Thus the only terms (*) in B(x) which can have a nonzero component in the di-

rection of ek are those brackets involving only xxev ..., xk~xek_x. Hence

<¡>k is a function of (xx,... ,xk~x). Therefore,

n

(2.3)     T(x) = expk1«?, + x2e2 + ¿ (xk + <pk(xx,...,xk~x))ek\.

(2.1) follows from (2.3) by Fubini's Theorem. Considering the right-hand
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side of (2.1) as an iterated integral and using (2.3), we make s - 2 successive sub-

stitutions x*"' -*■ xs~l - ^-'(x1,. .., je*"'-1) holding x1,. . . , x*-'"1 fixed,

for í = 0, 1, . . . , s - 3. The result is the left-hand side of (2.1).

The following lemma and theorem establish a formula for mG in terms of

coordinates on a certain type of Lie subgroup H of G and on the quotient mani-

fold G/H.

Lemma 2.2. Suppose ft is a subalgebra of%, and H = exp r) is the corre-

sponding Lie subgroup of G. Suppose dim(g/f)) = r, and ft = %r+x C r)r C

••• C ^x = q, is an ascending sequence of subalgebras of g such that

dim(r),/r)/+1) = l   forl<i<r.

Suppose ojk is in f)¡, not in t)i+1, for 1 < i < r.   Then the map (t1,. . . , tr)

—*■ H exp trur • • • exp tx co, is a homeomorphism of Rr onto G/H.   The image

of Lebesgue measure on Rr under this map is a G-invariant measure on G/H.

Proof. Pukariszky gives a proof in [19, pp. 85, 97].

This measure will be called the measure on G/H defined in terms of the

basis {co,.cor} of g/f).

If mH is any Haar measure on H, and v is any G-invariant measure on G/H,

then v and mH combine to give a Haar measure on G, i.e.,

fGf(x) dx = fG/HfHAhx) dmH(h) dv(x)

defines a Haar measure on G.   For the subgroups of G which occur in the sequel,

the measures v and mH can be chosen so that the resulting Haar measure on G

is exactly mG. The following theorem gives the conditions that will arise and

the proof for this type of subgroup //"CG.

Theorem 2.1. Suppose r) is a subalgebra of g having a basis {ux.uq}

with the following property.   There is a partition {1,. . . , s} = {mx < ••• < mq}

U {i, < • • • < ir} such that

ub = emb-r    Z    . *mbeit   forl<b<q.
0     {f.m0<it}        "    r

Let H = exp b, and let mH be the Haar measure on H defined in terms of

{ux,... , uq}.

Then the map (tl, . . . , f) —>//"exp trei  ••• exp f1 e¡  is a homeomor-

phism of Rr with G/H.  The image of Lebesgue measure on Rr under this map is

a G-invariant measure, v, on G/H.  mn, v, and mH satisfy

fGf(A) dmG(A) = ¡G/HfHAhA)dmH(h) dv(A),

i.e.,
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JR,/(«p(t *'«,-)) <*mRS(xx.Xs)

(2.4) = k{kAeHk *'"') 6XP ^ "" eXP'le'i)

dm n
R<*

(z1.Z<0l

¿w  (f1.O-

Proof.  Letfjr+1 =b, andbfc =bfc+1 © (e/fc) for/■>/;> 1. Then

f) = br+1 C br C ••• C b j = g is an increasing sequence of subspaces of g such

that dim(bfc/bfc+1) - 1; and e¡  is in bk, not in bk+1, for 1 < k < r.  Thus, the

fact that the map \¡í :(tx.f) —► 77 exp fe¡ ••• exp txe¡   is a homeomor-

phism of Rr onto G/77 and that v - \p(m   ) is a G-invariant measure on G/77is

just Lemma 2.2, once it is shown that each f)fc, r > k > 1, is a subalgebra of g.

To prove that each bfc is a subalgebra of g, we first prove, by calculating

brackets, that [g, ei ] C \)k+x for r > k > 1. Let x E g and 1 < k < r.  Then

fr «/*] =     t     <^Jx)en

-       I,.°?kb(x)emb+     Z      a¡l(x)eis
{b:mb>¡k}   " °      {»:/,>**}    * s

{6:mô>/fc}     * V {t:it>mb}    m*   **)     fr:/,>l*}     * 'S

(by the hypothesis on [ux, . . ., uq}).

Thus [jc, e¡ ] is in span({i<6 : mb > ik} U {e¡ : is > ik}), which is contained

in b©(elV)©...e(e/(fc+i)) = bk+1.

That each bfc is a subalgebra of g follows by induction, b r+ x = b is a sub-

algebra of g by hypothesis. Assume bfc+1 is a subalgebra of g. Then, for bfc =

b*+i + (%). we have [fik> Í)*] = [fi Ar+i. fifc+i] + [bfc+1, e/fc] contained in

bfc+1, since [bfc+1, bfc+1] C bfc+1 by inductive hypothesis, and [bk+1, e¡A

c [fl» eik] c ^k+i ^ tne preceding calculation. Since bfc+1 is contained in bk,

this shows that bfc is a subalgebra of g.

The rest of the proof is an application of Lemma 2.1 to show that mG, v,

and mH satisfy (2.4). The set {e¡ , . . . , e¡ } U {ux, . . . , uq } is a basis of g.

For 1 < k < s, let

fk = %   if*-/,

= uö   if k = mb.
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Then/,,. .. ,/j is a Jordan-Holder basis of g such that [g,/j] = 0, [g,/fc] C

span(fk+x,... ,/j), for 1 < k < s - 1. Indeed, if fc = if, then

[fi./J = [fl. %] C span({wô : mb > /,} U {e¡s : is > it})

by the preceding calculation. Since {ub: mb > it} = {fl:l = mb>k}, and

i%: '* > h} = {f,J = is>k}, we have [g, fk] C span(/fc+1,... , /s). If

k = mb, then [g,/J = [g, Mft] = [g, em¡) - S{s:/j>mö} Xäfte/s], which

is contained in spanfej : / > mb}. Now

spanie,:l>mb} = span({ua :ma >mb} U {e¡s:is > mb})

(since em<¡ =ua + 2{s:/j>ma]A^ae/j). Since {ua :ma>mb} ={fl:l = ma>

mb = k}, and {ty is>mb) = {fl:l = is>mb=k}, we have [g, fk] C

span0*+i,- ••>/,)•

To apply Lemma 2.1,let o ESs be a permutation such that it =o(s-t + l)

for 1 < t < r, and m6 = o(ô) for 1 < b < cj. Now, taking / G C0(b) and using

Fubini's theorem, the right-hand side of (2.4) may be written as

/R,[jRi/(exp( Z *"*»») e*P*S, - expx%)

c/mR,(xmi,. .. ,xra<o] <toRr(A... .x'O

= j*RÎ/(exp (,Z *m6"6) expx^^ — expx'i et\ dmRS(x*.Xs)

(by Fubini)

- JRi/(«P ( Z *mVmi) expx% - expx'%) dmRS(x\ ... .Xs)

(by- definition of {fk : 1 < fc < s})

= i'RÍ/(exp(Z^(0)/^)) expx^D/o((?+i) ... expx^J

dmKpl,...,x*)

(by definition of a)

= /RS/(exp(ti ^/Adw^Cr1.Xs)

(by Lemma 2.1).

lffk = 2f=14*/, 1 < * <i. then |det(4)x</ k<s \ = 1, since /mft = «^

-em6 (e(m6)+i.e1),Kô<<z, and/;.f = evl<f<r.

Thus the final integral above is equal to
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/Rs/(eXP(2/*efc))   *V(xl.XF>'

which is the left-hand side of (2.4).

3. A disintegration theorem. Suppose G is a connected, simply connected

nilpotent lie group over R with Lie algebra g; V a finite-dimensional vector space

over R; and G x V —> V:(A, v) —► Av a unipotent action of G on V.  This

section is devoted to analyzing the contragredient action of G on the dual space

V' of V: V' x G —► V' : (y, ¿) —► (u —► (y, Av)). After establishing terminol-

ogy, notation, and preliminary facts about orbits, stability subgroups, and the re-

lation between the action of G and that of 8, we develop a technique for (1)

computing almost all the stability subgroups for the action of G on V', (2) coor-

dinatizing almost all the orbits of G in V', and (3) coordinatizing almost all the

orbit space V'/G. We establish a formula (3.8) giving Haar measure on G in

terms of Haar measure on the stability subgroup Gy and a G-invariant measure

on the orbit G/G . Lebesgue measure on V', denoted mvi, is decomposed by G

into a measure on the orbit space V'/G and measures on the corresponding orbits.

We prove an explicit formula (3.13) for this disintegration of mv, by G, in which

the orbit measures are those appearing in (3.8). This coincidence of the orbit

measures is necessary for the proof of the Plancherel formula in §4.

Let G be a connected, simply connected nilpotent Lie group over R with

Lie algebra fl. Suppose Kis a Tsf-dimensional vector space over R on which G

acts smoothly as a group of unipotent automorphisms, i. e., the mapping G x V

—► V: (A, v) —► Av is differentiable. Then for each v in F the map Fv : G —*■ V

given by FV(A) = Av, A EG, is differentiable. Its derivative defines an action of

g as a nilpotent Lie algebra of endomorphisms of V by av = (d/dt) (exp ta) (v)\t=0,

a E 8, v G V. If a G8, v E V, then (expa)(u) = (1 +a +a2\2\ + — +ak/kty(v).

Let V' denote the dual space of V.  The contragredient action of G (resp.g)

on V' is given by V' x G —* V' (resp. V' x 8 —► V) : (y, A) —■*■ yA, where

(yA, v) = <7, Av) for A EG (resp. g), yEV',vEV.  For y in V', let Fy:G-+

V' be the map F JA) = yA.  Let Oy = FJG) denote the orbit of 7 in V';

Gy = {A E G : y • A = 7}, the stabilizer of 7 in G. Fy is differentiable. Its de-

rivative at A in G, denoted dFy(A), maps the tangent space to G at A, TA(G) =

dLA(e)(i) (where LAB = AB for A, BEG), into the tangent space to V' at

Fy(A) = y-A, Ty.A(V). If x E 6 = Te(G), then

dFy(e)x = — Fy(exp tx) |f=0

(3>1) dt= ^(7-exptt)L=0=7«x.

Let g„ = KexdFJe) = {x Eg: y . x = 0}.
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Proposition 3.1.

(i) Oy is closed in V'.

(ü)  Gy is a Lie subgroup of G, and Te(Gy) = Ker dFy(e) = gr

(iii) Oy is a submanifold (C°°) of V; hy : G/Gy -> Oy :

GyX —► y • x is a diffeomorphism of the quotient manifold (analytic) G/G  onto

the manifold Oy; and the tangent space at y to Oy, Ty(Oy) = im dFy(e).

Proof, (i) is in [2, p. 7]. (ii) and (iii) are in [4, Chapitre 3, Proposition

14, p. 108]. ((i) is necessary for (iii) since one needs Oy to be a Baire space and

G to be separable to show that hy : G/Gy —> Oy is open.)

Proposition 3.1(h) implies that Gy = expgT, since exp : g —* G is a diffeo-

morphism, and expx E Gy implies x E g   in this case.

If A EG, let ir(A) :V'-*V be n(A) (y) = y A.  Then for y E V',

Fy.A =Fyo LA= ir(A) ° Fy ° CA, where CA:G^>G:x -+AxA~x. By the

chain rule,

dFy.A(e) = dFy(A)dLA(e)

= dv(A)(y)dFy(e)dCA(e) = dn(A)(y)dFy(e)Ad(A).

dLA(e), dir(A)(y), and dCA(e) = Ad(A) are isomorphisms. Therefore,

(3.3) rankR(dFy.A(e)) = rankR(dFy(A)) = rankR(dFy(e)).

Thus, from Proposition 3.1(iii),

(3.4) dim(Ty.A(Oy)) = dim(imdFy.A(e)) = dim(imdFy(e)) = dim(Ty(Oy)).

Also, by (3.2) x E g is in Ker dFy,A(e) if and only if dLA(e)x is in Ker dFy(A)

if and

Hence

7'4W       """• ""V  ** "-"AV~>     " *** ~* 7^

<?y(e) if and only if x is in Ad04)"!(Kerdryif and only if Ad(A)x is in Ker dFJe) if and only if x is in Ad(¿)_1(Ker¿F (e)).

(3.5)     iy.A = KexdFy.A(e) = Ad(A~ *) (Ker dFy(e)) = Ad^"1)^).

To develop computational machinery, we take bases in V and g. Let vx <

••• < vK be a basis for Fin Jordan-Holder order relative to g, i.e., gu^ = 0,

gu,. C span{u/ + j,. .. , vK} for 1 < i < K - 1. Let {vl.u*} be the dual

basis of V', and let mv> denote the measure on V' defined in terms of this

basis, i.e.,

fv,f(l)dmv,(y) = /Rjc/(Z  y^drnRK(yx, . . . ,yK).

For A in G, put (A(mY,), f) = Jv,f(y • A) dmv,(y). Then A(mv,) = mv,,

since the determinant of (7 —► y • A) is one for all A in G.   Let mG denote the

Haar measure on G defined in terms of the Jordan-Holder basis ex < ••• <es of

g as in §2.
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Consider the matrix

(3-6) M = (e^/)i<i<s,i</<jc-

The entries e,ty are vectors in V, so are elements in the field of fractions of the

symmetric algebra of V, denoted Fv. If 7? is in Fv, then R = P/Q, for P, Q in

the symmetric algebra, Sv, of V.  Sv is isomorphic to the ring of polynomial

functions on V' by the map P —> (7 —> P(7)), where

j£

P(i) - Pili, • • •. JK) -Zah...{A1 ""fë,   for y = Z 7/«* *",
1      Ä 1=1

P = 2a,,...^uj1 ••• v% ESV. If 7? = P/ß G Fv, and 7 G K\ then define

R(y) = P(y)IQ(i) whenever Q(y) ± 0. The map 7? —*■ (7 —► R(y)) is an iso-

morphism of F y with the field of rational functions on V'. (As an element in

Fy, a vector vEV corresponds to the function 7 —► u(7) = (y,v) on V'.)

M is called the structure matrix for the action of g on V.  Since the ele-

ments in M are rational functions on V', properties of M-its rank, its independent

rows and columns, its minors-are useful in analyzing the contragredient action of

g, hence of G, on V'. In fact, all the major formulas in this paper come via M.

M works because g is nilpotent, and {e, < • • • < es}, {u, < • • • < vK} are Jordan-

Hölderbases.

For 7 G V', let M(y) denote the matrix (<7, ejOj))x<l<sl<j<K. Since

<7, etVj) = <ye¡, v¡) = (dFy(e)eitVj)by (3.1),^(7) is the matrix for dFy(e): g—>• V

in terms of the basis [ex,.... es} of ß, and {vx, . . . , u*} of V'. Thus by (3.4)

rankR(M(7)) = rankR(cfF7(e)) = dim Ty(Oy)

= (the dimension of the orbit of 7 under G).

Suppose rankF  M = r>0. Lst d = K - r, q = s - r.   For 1 < i < s,

1 </ < K, let R¡ = (e^j, . . . , e¡vK) denote the ith row of M, and

-■CD
denote the ;th column of M  Choose indices 1 < i, < ••• < ir <, s (resp. 1 < /,

< ••• < lr < 70 as follows: ir (resp. /r) in the largest integer (1 < ir < s) such

that R¡ ¥"0 (resp. (^¥=0)).   Having chosen ik (resp./fc), ik_,  (resp./k_,) is

the largest integer (1 < rfc_, < ik) such that Tí;        (resp. C¡      ) is linearly inde-

pendent in (Fyf (resp. (Fy)5) from 7*/jfc, . . . , Rif (resp. C/jfe,.... Ct}. Next,

choose 1 < mx < ••• < mq < s (resp. 1 </,<••• </d = Ä) such that {/j,

. . . , ir), {m,,. . . , mq} (resp. {/,, . . . , /,.}, {/",, . . . , jd}) is a partition of

{l,...,s} (resp. {!,..., K}).
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In a sense (to be made precise), the dependent columns {C¡ , . . . , C¡ } of

M provide a coordinate system for almost all of V'/G\ and the independent rows

{R¡ ,. . . , R¡ } of M provide coordinates for almost all the orbits of V' under G;

while the dependent rows {Rm ,.. ., Rm } parametrize almost all the stability

subalgebras g7 C g.

Let M^ denote the r x r matrix (e¡ v¡ )x<ab<r Since rank^^lf = r,

and R¡ ,.. . , R¡   (resp. C¡ ,. .., C¡ ) are linearly independent rows (resp. col-

umns) of M,

rank^M = rankFv[(eiav¡b)x<ab<r] = r.

Therefore detM(r) = 2aeSr(sign o)(etív,    J ••• (.eir%ir)) is a nonzero ele-

ment in Sv, so there is a y E V' such that the polynomial

(detM(r>)(7) =   Z (sig™) <% «/!%(,)> "• <% Vat»*

= det(Mw(7)) * 0.

Let £ = {7 G F' : det M(r)(7) =É 0}. £" is a nonempty Zariski open set in V1.

Lemma 3.1. E is a G-invariant set containing only maximal dimension

orbits.

Proof. rankF M = r implies that every (r + 1) x (r + 1) minor of M is

zero. Hence, if 7 G V, then every (r + 1) x (r + 1) minor of M(y) is zero.

Thus, rankR(M(7)) < r.   If 7 G E, then rankRAf(7) = r. By (3.7), rankR(M(7)) is

the dimension of the orbit of 7 under G.  Thus, if 7 G E, then £?7 has maximum

possible dimension.

For 1 <j<K, letM¡ = (e,uk)1</<S//<fc<A:; r¡ = rank^.^ (then 0 =

rK<rK_x< — <r1=r);UJ = {7 G V : rankRM/(7) = />}; and U = f|f=1 tf,.

Each Uj is a nonempty Zariski open set in V'. (The set B¡ of all r¡ x r¡ minors

of Mj is a family of polynomial functions on V', and U, = {7 G P' : P(7) =£ 0

for some P G £;}.)

To show that t7y is G-invariant, we must show that rankRAf;(7 • A) =

rankRM(7) for all A E G. Note that {v1,..., vK} (the basis of V dual to the basis

{vx,..., vK} of V) is a Jordan-Holder basis for P"' relative to g such that u1 • g = 0,

and u' • g C spanfy1.u'~1} for 2 < í < K. (For x G g, the (ü°)th component

of v' • x is (v1 • x)(va) = u'(xua). Since xva E span{va+x.vK}, ¿(xVg) is zero

ifa>/-l.)Let Vx =(0),F/=span{u1,...y-1}for2</</:+l. Each V,

is invariant under G, so G acts on V/Vj ^ spanfV,..., vP} by P¡(y) • ̂  = i}(7*>l),

where 7 G P', y4 G G, and f, : V' -* P'/P"/ is the projection. Let FP<y) : G -> V/Vj

be the map FP.(y)(A) = P¡(y) • A Then for; <k <K, 1 </ <s,
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(.dFpr   (e)(ei))(vk) = (P,.(7) . e,)^) = P,{i){etvk) = £ ytv%vk)
' t=i

K

= Z  7X0?,»*) = y(e¡vk).
t=l

0^tZ\ ytvf{eiOk) = 0 because (e¡vk) E span{ufc+1,..., vK} and; - 1 </ < k.)

Thus the matrix for dFp.fyy(e) : 8 —* V/Vj in terms of the basis {ex,. .. , es}

of g and {i/,... ,vK} of V'/Vj is M¡(y). Hence, if A EG, we have, by (3.3),

rankR(AT/(7)) = iankK(dFp.,y)(e)) = iankK(dFPj,yhA(e))

= TankR(dFp.(y.A)(e)) = rankR(AT/(7 • A)).

Since each U¡ is G-invariant, U = C\f=x Uj is G-invariant.

For 1 < 1 < s, let N¡ = (etvf)i<t<3i<f<K; d¡ = rank^^fy (then 0 <

ds<ds_x<>~<dx= r); Dt = {yEV: rankRTVI.(7) = d,}; and D = f) UiDi-

Each £>,- is a nonempty Zariski open set in V'.

To show D{ is G-invariant we must show that íankRN¡(y • A) = rankRTVi(7)

for all A G G.  Recall that [ex,. . . , es} is a Jordan-Holder basis of 8 such that

[es,8] = 0, and [e¡, g] C span{eí+1,. .., e,} for 1 < 1 < s - 1. Therefore

f); = spanfe,,.. ., es} is an ideal in g, and 77, = exp í)¡ is a normal Lie subgroup

of G.  The restriction of the action of G (resp. 3) to Ht (resp. b,) defines a

smooth action of 77, (resp. bf) on K\ Let F'y = Fy^ :H,-* V. Then dFy(e) :

b, — F', and by (3.1), for / < r < s, 1 </ < 7C, (dF* (e) (<?,))fy) = (7• Ofy) =
7(eft»;) so that the matrix for dFy(e) in terms of the basis {et,. .., es} of bf and

{u1,. . . , u*} of F' is TV,<7).  Since Hi is normal in G, if .4 G G, then F^.¿ =

■n(A)Fy CA ; so that (as in (3.3))

rank(TV/(7 • ,4)) = iank(dFy.A (e)) = tank(dFy(e)) = rank(TV,.(7)).

Since each D¡ is G-invariant, D = 0s =x D¡ is G-invariant. Hence Un Ö is

G-invariant.

To show that Í/ n Z> = F, let 7 G V'. 7 G F if and only if det^d) ± 0

if and only if 7?, (7),... ,R¡ (y) ate independent rows of M(y), and C¡ (7),...,

C¡ (y) are independent columns of Af(7) if and only if y EU C\D.  Indeed,

7 G D = D*=i D¡ if and only if rankR(7)/(7)) = df, the maximal possible rank

for each /' = s, s - 1, . . ., 1. From the definition of the indices {ix,. .., /r},

ir is the largest integer such that d¡ =1, \k-i)xs tne largest integer such that

ci, = (d,. ) + 1 for 2 < k < r.  Thus y ED if and only if P,r(7), . . - ,

R¡ (7) are linearly independent rows of M(/y). Similarly, /, is the largest integer

such that r¡ = l,l,k_x^is the largest integer such that r¡ . = (r, ) + 1 for

2 < fc < r.  yEU = C\f=i U¡ if and only if rankR(M;(7)) = r¡, the maximum
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possible rank for each /.  Hence y E U <=> C¡ (y), . . ., C¡ (y) are independent

columns of M(y).

In general, the set {7 G V' : dimOy is maximum} = {7 G V': rankR(M(7))

= r} = Ux = Dx properly contains U O D = E.

The following theorem coordinatizes Oy for all 7 in E, and gives a G-invari-

ant measure on Oy in terms of these coordinates. The proof shows how to use

M to compute all the stability subalgebras g7 for 7 G E.

Theorem 3.1. (a) IfyEE, then the mapping t = (t1.f) —*■

Gy • exp feif ••• exp txe^ is a homeomorphism ofRr onto G/Gy. Let vy be

the measure on G/Gy defined by

= fRrAGy exp t\ • • • exp txet) dmRr(tl ,...,f).

There is a basis {«,(7), . . . , uq(y)} of%y such that if Haar measure mG

on Gy is taken as

<™Gy, f) = /R9/(exp £ zbub(y)j dm^z1,. . . , z"),

then, for fEC0(G),

(3.8) ¡GAx)dmG(x) = ^GiGJc^f(zx)dmGy(z)dvy(Gyx).

(b) IfyEE, then the mapping t = (t1,. . . , f) —* y • exp feir • • •

exp tle.  is a homeomorphism of Rr onto Oy.  The measure on Oy given by

<vy, f) = !Rrf(y ' exp f% ••• exp tlet )dmRr(t) is G-invariant.

Proof, (b) follows from (a) by Proposition 3.1. The map hy : G/Gy —>

0 : G^ —> y • x carries coordinates and measures on G/Gy to Oy.

The proof of (a) consists in showing that if 7 G E, then g y has a basis

{«,(7).uq(y)} satisfying the requirement of Theorem 2.1 with respect to

the indices /,<•••< ir of the independent rows of M and mx < ••• < mq of

the dependent rows of M In other words, there are scalars \mb(y), 1 < b < q,

1 < s < r, with ^mb(y) = 0 if is < mb, such that the vectors «¿(7) = em¡) -

sï=i *mb(y)eis> ̂ <b<q, form a basis of gr

By definition, 1 <mx < ••• <mq < s are indices such that {1,.. ., s} =

{mx,.... mq} U {/,, . . . , ir). By definition of {/',,. . . , /r}, for 1 < b < q,

Rmb = ^{s:is>mb}^mbRis^^
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(3.9) Xs    =
nmb

ehvh

emb\

"•   eh\

%-l)\

'"   emb\

% + !)%   '"    % + !)%

%Vh
e, v,

1 < s < r.

detA/(r)

By definition of {ix,. . . , ir}, \mh = 0 if is < mb. Hence em¡>va =

s;=i^Äv«'1<fl<j5:-

(3.10)

If 7 e

"6 = ub(y) = em¡>

b
JS", let

i=l
mb(y)%>

Kb<q.

Then, for Ka <K, yubva = yembva - ^i>^b(iyyetva = 0. Hence

ub E g7 for 1 < b < q.  Since dim g7 = dim g - dim Oy = s - r = q, and ux,

. . . , uq are linearly independent, {ux, . . . , uq) is a basis of g7.

Since E is a nonempty Zariski open set in V', E is wK.-conull. Thus, to

obtain a disintegration formula for mv,, we may restrict consideration to the G-

invariant space E and the orbit space E/G.   V' has dimension Ä', and mv, is es-

sentially rnRK, Lebesgue measure on RK. The orbits in E are r-dimensional man-

ifolds, and each carries a G-invariant measure v   (Theorem 3.1) which is essen-

tially mRr, Lebesgue measure on Rr. One would expect the measure on the orbit

space V /G in the disintegration of mv< by G to be essentially mRd, where d =

K - r is the codimension of a maximal dimension orbit. To get the precise form

of the measure on the orbit space, we need coordinates on V'/G.  The advantage

of E is that we can use M to compute coordinates on E/G and the measure in

terms of these coordinates. The following theorem gives a coordinate system for

the orbit space E/G.

Theorem 3.2. Let p : V —* V'/G be the projection. Let s : Rd —* V'

be the map s(y) = s(yx,.... yd) = ~Lk=xykvlk, where {jx,. . . , jd) are the

indices previously defined for the dependent columns ofM. Let W = {y E Rd :

si» G E}.

Then W is a nonempty Zariski open set in Rd, and the map (yx, . . . , yd)

—*■ pÇ2d.-x ykv,k) : W —► E/G is a homeomorphism.

Proof. By definition of E, W = {y E Rd : detJIÍ(,)(s00) =£ 0} is a Zariski

open set in Rd. To show that W is not empty, and that p ° s \w is a bijection of
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W onto E/G, we need the following lemma.

Lemma 3.2. IfyEE, then the map itr \0 :Oy—* Rr given by itr(ß) =

(ß&i.), • • • . ßfy )) is bijective. (Here, {/,,... , lr} are the indices previously

defined for the independent columns ofM.)

Proof.  The proof of Lemma 3.2 follows that of Pukariszky's orbit para-

metrization theorem [19, Theorem, pp. 50-54]. To show irr \Q   is bijective, we

need suitable coordinates on G/Gy. Recall from the proof of Lemma 3.1 that

Affa) is the matrix for the mapping dFP.ty)(e) : 8 —*• V/V¡ in terms of the

basis {ex,.. . , es} of g and {v',..., vk} of V'IV¡. KerMfa) is the stability

subalgebra

8^/(7) ={* = Ç, *'**G8:P>{i) 'X = °\

= {x:y-xvi = yxvj + x = ••• =yxvK = 0}.

For lk <j < l(k+1), rank^(7) = rankMZ(fc+1)(7) = (rankM,k(y)) - I,

Kk<r (Mf = 0 if/ >/,). Thus,

dim Ker M¡(y) = s- iankMj(y) = s - rankTl/,        (7)

= s - (rankA//jfc(7)) + 1 = (dimKerJlfZjt(7)) + 1.

Since KerM, (7) C Ker Ai} (7) whenever j>lk, if wk G KerM,¡ . + x(y), wk €

KerM/jfc(7), then (KetMlk(y)) © (wk) = Ker JI//7) for (lk) + l<l<l<k+1y

For 1 < k < r, choose wk = wk(y) G Ker Mq0+1(7). £ KerM, (7), such that

(7 • wk)(vlk) = 1. Then setting n0 = KeTMh(y),nk = nk_x © (wk) for 1 <

k <r, we have an ascending sequence of subalgebrasg7=n0 Cn,C—Cn, = g

such that nt/nfc_i - (wk). Let Q : Rr —>• G be the map Q(t) = Qff1.f) =

exp txwx ••• exp fwr. By Lemma 2.2, the map t —*■ Gy • ß(i) : Rr —> G/G7 is

a homeomorphism. Thus, by Proposition 3.1(iii), the map t —> 7 • ß(r) : Rr —*■

Oy is a homeomorphism. The components of ß = y ■ ß(r) with respect to the

basis {u1,..., u*} of V', ßa = y • ß(r) (ua), 1 < a < K, have the following form:

0/r = 7,, + ir,

(3.11)       ßlk=ylk+tk + Mtk+1.tr;y),     Kk<r-1;

ßj = 7/ + Fy.(r*.... , tr; 7),

k the largest integer such that f>lk_x (setting /„ = 0).

Hence f,...,tx may be recursively determined from

ßlr,..., ßh(tr - ulr - 7,r; z'"1 = &,_, - 7.r_. - *,-*(''; 7); — ;

í1=ft1-7i1"*ik(ía.rr;7))-
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Thus, given z = (zx.zr) E Rr, there is one and only one t *= (i1,..., f)

such that 7 • Q(t)(v¡ ) = zk, 1 < k < r.  This says there is one and only one

point ßEOy such that itr(ß) = z.  Hence irr is a bijection of c?7 onto Rr.

To show that Wis not empty, choose yEE.  Then (Lemma 3.1) Oy CE.

By Lemma 3.2, there is a point ßEOy such that irr(ß) = 0. Since {/,,. . . , lr},

{jx,..., jd) is a partition of {1,.... A"}, ß = 2$_,0/fciA = s(ßh,..., ßid)

G E, so that (ß, , . . . , ßj ) G W.  Since y G E was arbitrary, this also shows

that ps(W) = E/G (ß G s(W) and p0 = py).

Ify, z EW, and if ps(y) = ps(z), then 0ifj,) = Os^ C E.   By Lemma 3.2,

itr \0       is injective. irr(s(y)) = 0 = irr(s(z)) => s(y) = s(z) =>y = z.  Thus

p ' s \w : W —► E/G is bijective.

s(W) = (span{u'x, . .. , v'd}) D E intersects each orbit in E in exactly one

point, so that ^ '-E/G —► V' defined by ty(py) = p~xpy O s(W) is a cross-section

for E/G in V'.

p » s \w : W —► E/G is continuous since both p and s are continuous. To

show that p » s \w is open, we introduce the following map, which is also used in

the proof of the disintegration formula. For / = (t1,..., f) E Rr, let

g(t) = exp feif "' exp r1^  G G, where ix,... , ir are the indices previously

defined for the independent rows of M.  Let H : Rd x Rr —* V' be the map

H(y, t) = s(y) • g(t). H(y, t) is linear in (yx,. .. , yd) and a polynomial in

(f1.O» so H is an analytic mapping of Rd x Rr into V'.

For (y, f)ERd x Rr, let J(y, t) be the absolute value of the determinant

of the K x K matrix

ÖHhßyx

*

Mjd/byx

àHhldyd Ô-Hjjot1    - ' '    dHh¡dtr

dHjJdt1    •••   dHjJôt'

Mh/hyx    •

*

*Hlr/oyx    -

Mh/oyd

*

M,rlbyd

d^Jdt1    - - -   Mh/btr

dH^lbt1    • • •    Wlrlhtr

evaluated at 0, t), where Ha(y, f) = H(y, f)(va), Ka<K.  Then J(y, t) =

I det dH(y, t) I, where dH(y, t) : Rd x Rr -+ V' is the derivative of H at (y, t).

Since each Ha is a polynomial in y and t, the partíais are polynomials in y and r.

Hence det dH(y, t) is a polynomial in y and t.

By calculation,
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Wik 1
— (y, 0) = gm £ [Hjk(yx, ...,ym+h,...,yd;0)

-Hik(yx,...,ym,...,yd;0)]

= Ää ís(yi,---,ym+h,...,yd)-s(yx.ym,...,yd)](v¡k)

= vim(vjk) = 5™,      1 < * < d, 1 < m <d.

H,k(y, 0) = s(y)(vlk) = 0, K k < r, Vy G Rd. Hence,

377,
ik

¿y*
(y,0) = 0,      l<k<r, Km<d.

9// 1
—f O, 0) = lim t [Ha(y; 0 • • • 0, h, 0 • • • 0) -Ha(y; 0)]
of* /l-»0 «

= lim - [s(y) • exp Ae,  - s(y)] (va)
/i->0 « *

= ton l- Us(y) + s(y) • he¡k + s(y) -|- e\ + •• • J - s(y)J (ua

= s60-e/fc0>a).      1<«<JC. K*<r.

Therefore,

(3.12) /(y, 0) = det

1   0

0  1

s(y)eixvtf " - s (y)e,v,r

= '(A/^OO))

|detM(r)(s(»)l

If y G W, then J(y, 0)^0.  By the inverse fonction theorem [20, p. 35]

there1 is an Rd x Rr open neighborhood A x B of (y, 0) and a K'-open neighbor-

hood C of H(y, 0) such that H\A XB : A x B —> C is a diffeomorphism of yl x F

onto C.

■Now, to showposlj,, is open, let UCWbe open, and y Ep~x(ps(U))=s(U) • G.

Then 7 =s(y0) -g0 for some >>0 EU,gQEG. Since>>0 is in Í/C W, by the preceding

paragraph, there is an Rd-open neighborhood A ofy0 (by taking .4 n £/, we may

assume A C U), an open neighborhood F of 0 in Rr, and an open neighborhood



A PLANCHEREL FORMULA 21

C of H(y0, 0) = s(y0) in V' such that H(A xB) = C.  Since C is a P'-neighbor-

hood of s(y0) and g0 E G is a homeomorphism of P',  C • g0 is a F'-neighbor-

hood of 7 = s(y0) .g0. If ßEC-g0, then ß = H(y, t) • g0 = s(y) • g(t) • g0

for some (y, t) E A x B C ¿7 x B.  Therefore, ßEs(U)- G.  Thus y is an inter-

ior point of s(U) ' G.  Therefore, s(U) • G =p~1(ps(U)) is open in P', so p° s(t7)

is open in E/G.

We have shown that the orbit space E/G is homeomorphic to a Zariski-open

set in Rd (Theorem 3.2) and that each orbit in E is homeomorphic to Rr (Theo-

rem 3.1). The following theorem uses the coordinate system y —► ps(y) :

W —*■ E/G just established for E/G and the coordinate system y,y —*s(y) • g(t) =

s(y) • exp tre¡  ••• exp tle¡   for the orbits in E (Theorem 3.1) to decompose

mv, relative to the action of G in V'.

Let xT denote the characteristic function of the set T.

Theorem 3.3. The formula

fv,f(y)dmv.(y) = fEf(y)dmv,(y)
(3-13) ,   ,

= fwjRrf(°(y) ' ito) dmRr(t) I det JlfW (s(y)) | dmRd(y)

is a disintegration ofmv, by G, that is, mv,(p~1(V/G - E/G)) = mvi(V' -E) = 0.

The image of the measure I det ̂ ^(s) \xwmRd under the homeomorphism p°s:

W —► E/G is a measure on E/G which is a pseudo-image ofxEmv, by p\E, the

projection of E onto E/G. If, for y E W, vs^ is the measure on E given by

<",(v). /> = iRrfi'<y) ' *W) *nKM,

then y —*■ vs^ : W —*■ M+(E) (positive measures on E) has the following prop-

erties:

(i) vt(y)±0foryeW;

(ii) vs(y) is concentrated in Os^ for all y E W;

(iii) i//GI1(^'"K,).^«7-*<^(>,)>/>G¿1(ldetMW(s)|xH/mRí/),

and

<xEmv„ f) .= fw (vs(y),f) I det # (s(y)) | dmRd(y).

PROOF.  By Lemma 3.1, E is a nonempty, G-invariant Zariski open set in

V. Therefore, p'^V'/G - E/G) = V' - E is mv,-mñ. That Ps{y) G M+(E) and

properties (i) and (ii) follow from Theorem 3.1 and the fact that G orbits are

closed in V' (Proposition 3.1(a)). The proof of (iii) and formula (3.13) consists

in (1) showing that p o s(xwmRd) is a pseudo-image of xEmv, by p; (2) using

Bourbaki's theorem [6, Chapitre 6, Théorème 2, p. 64] on the disintegration of
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a measure relative to a pseudo-image to get a disintegration of xEmv, relative to

p o s(xwmRd); and (3) showing that the orbit measures provided by Bourbaki's

theorem are \detM^(s(y))\vs, y

The following three lemmas show that the measure p ° s(xwmxxd) on E/G

is a pseudo-image of the measure xEmv, on F.  Equation (3.14) in Lemma 3.3

would be the disintegration formula (3.13) if we knew that |det dH(y, t)\ =

J(y, t) = J(y, 0)mRdxRr a. a. (y, t). This is proved in Lemma 3.7.

Lemma 3.3. Iff: V' —»F is mv,-integrable, then

(3.14) fy,f(y)dmv,(y) = J^^/W. t))\detdH(y, f)\dmK(¡XK,(y, t).

Proof. Let A = {(y, f)ERd x Rr : det dH(y, t) + 0}. A is a Zariski

open set in Rd x Rr. AD W x {0}, so A is nonempty. Suppose H(yx, tx) =

H(y2, t2) for (yx, tx)EW x Rr. Then s(y2) E Os,yi) C F.  By Lemma 3.2,

*r(s(y2)) - 0 = *r(sOi)) *=» s(y2) = s(Vi) =^2 =7i- By Theorem 3.1(b),

s(y1)'g(t1) = s(yx)'g(t2) =*tx=t2. Therefore 77|yln(i)/XR0Un(H'xR')

—► V' is a 1-1, continuously differentiable function such that det dH(y, t) =£ 0

for all (y, t) E A n (W x R^). By the change of variable theorem for integrals

on RK  [20, p. 67], iff: H(A n (W x R1")) —► R is integrable, then

f . f(y)dmv,(y)

(3.15) /•
= Uwx^fHy. t)\detdH(y, t)\dmRdxRr(y. 0-

Since yl n (IV x R0 is a nonempty Zariski open set in Ra x Rr, it is conull.

Hence the integral on the right-hand side of (3.15) is

/r<*xr'/o H{y' t)J(y' ^dmKdXKriy, t).

Let B = {(y, t) E Rd x Rr : det dH(y, 0 = 0}. By Sard's theorem [20,

p. 72], 77(F) is an mK,-null set in V'. Since H is 1-1 on W x Rr, H(W x RT) is

the disjoint union of H(A n (IV x R^) and 77(F n (IV x R0) C 77(F). Hence,

the integral on the left-hand side of (3.15) is fHfWXRr\ f(y)dmy,(y). By Theorem 3.2,

77(rV x Rr) = F, which is mv,<onu\l. This proves (3.14).

Corollary. /: V' —*■ R is m v,-measurable <=>/o 77: Rd x Rr —> R is

mKdxRr-measurable.

Proof. Lemma 3.3 says that

mV = íKaXKr^H(y,t)J(y> t)dmRdxKr(y, t)

(where <eHlyt), f) = f(H(y, t)). By [5, Chapitre 5, Proposition 3, p. 39],



A PLANCHEREL FORMULA 23

/: V' —*■ R is mK»-measurable ■*=*■(/<> H) ° / is mR(I><Rr-measurable

<=> f/o /O U is wRdxRr-measurable

(where A = {(y, t)ERd xRT: J(y, t) ± 0». Since A is conull in Rd x Rr, f:

V' —* R is wzK»-measurable <=>fo H:Rd xRr —► R is m d      -measurable.

Lemma 3.4. Suppose f: V'/G —*■ R is nonnegative. Thenf° p : V' —*■ R

is mv,-measurable <=►/<> p o s:Rd —*Ris mRd-measurable.

Proof. By the above corollary,/o p : V' —*R is »Zp-f-measurable <=>

/o p o H: Rd x Rr —» R is wRil)<Rr-measurable.

Suppose / ° p ° s : Rd —► R is mR<rmeasurable. Then /° p ° //(y, f) =

/o p(s(y) . g(t)) m f(p(s(y))) foiall(y,t)ERdxRr*foPoHte mRdxRr-

measurable, ({(y, t):f°p<> H(y, t) >a} ={y :f°p° s(y) >a} x Rr.)

Suppose / » p : V* —> R is mv, -measurable. Let ß — mRr be a finite measure

on Rr. By Tonnelh's theorem, y —*■ ff op« H(y, t) dß(i) : Rd —► R is mRd-

measurable. (fopoHis (mRdxRr — mRd x /wRr)-measurable <=> f° p o His

(mRd x /3)-measurable.)  Since f°p° H(y, t) = f(p(s(y))), this implies y —*•

f(p(s(y))) ß(RT) : Rd —» R is /wRd-measurable, so /«> p » s is mRd-measurable.

Let Í2 = {U C P'/G : p~ (U) is wiK.-measurable}. Lemma 3.4 shows that

Í2 = {(/ C P'/G : (p » s)-1(t7) is wiRd-measurable}. (Take / = xa, the charac-

teristic function of U.)

Lemma 3.5. Let N C P'/G, NEQ,. Then mv,(p-1(N)) = 0 «=>

mRd(G> • s)_1(A0) = 0.

Proof. mv,(p~1(N)) = 0*=»%op = o m^, a.e. <=> (xN o p o H) .J

= 0 ntRdxRr a.e. (by Lemma 3.3) ■«=» Xjy ° p ° //" = 0 mRÍÍXRr a.e. (since

/I is conull).

Suppose xN ° p ° H=0 mRdXRr a-e- By Fubini's theorem, for mRd

almost all y, xN <> p o //-(y, ¿) = x^IpfXy))) = 0 for mRr a. a. f. Hence

«R<f(0» • s)_1(A0) = 0.

Conversely, suppose xN°p° s = 0, mRd a.e. Then by Tonnelli's theo-

rem (xN opo His /HRdxRr-measurable by the corollary to Lemma 3.3),

Jr'xr''** °P°H(y. t)dmRdXRr(y, t)

=h'(JRdXN{p{H(y' W*»*&)) dmR^)

° JRrw( JRtf **<?(*(?))) ^ríOO) *"RrC)

Thus Xjy » p o H = 0 rnRdxRr a.e.
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The following argument uses Bourbaki's theorem on the disintegration of a

measure relative to a pseudo-image [6, Chapitre 6, Théorème 2, p. 64] to get a

disintegration of xEmv, relative to (p ° s)(xwmRd). The rest of the proof of

Theorem 3.3 consists of showing that the orbit measures Xb (b = psy E E/G)

from [6, Chapitre 6, Théorème 2, p. 64] are equal to | det M^ (s(y)) | vs,yy

Since F is an open set in V', E is a locally compact topological space with

a countable basis. By Theorem 3.2, p ° s \w is a homeomorphism of the Zariski

open set W CRd onto E/G. Therefore E/G is a locally compact space with a

countable basis. Since W is mRd-conull, and F is mK»-conull, Lemma 3.5 shows

that the measure on E/G, (p ° s)(xwmRd), is a pseudo-image of xEmv, by

p \E, i.e., TV C Ti/G is (p ° s)(xwmRd)-null <=> p-1(/V) is (xEmv,)-mill. By

[6, Chapitre 6, Théorème 2, p. 64] there exists afp« s)(xIvmRd)-adequate fam-

ily [5, Chapitre 5, Définition 1, p. 19]  b—+r\b (b G F/G) of positive measures

on F having the following properties:

(a) \b±QfoibEp(E) = E/G;

(b) \b is concentrated in p~x(b) for all ô G F/G;

(c) xEmv, = ¡E/G \bd(p » s)(xwmRd)(b).

Thus, if/:F —* R is (x^mj/O-integrable (/is (x^m^O-measurable, and

Se \f(y)\dmv.(y) < °°), then b -+ <Xb, f) = Sp-Hb)f(y)d\b(y):E/G -* R is
(p ° s)(xtvmRd)-integrable;;y —► <Api(>),/> = /p-i(pî(y))/(7)dApi0,)(7):

W —► R is (x^m^-integrable; and

(3.16)

fEf(y)dmvl(y) = fE/Mp-ifb)f(y)d^b(y)) d(p » s)(xwmRd)(b)

To complete the proof of Theorem 3.3, we show that for (xwmRd) a.a.

y.\ps,y) = \detM(rHs(y))\vs{y).

Since xEmv, is G-invariant, (xwmRd) almost all the Xpj(j,) are G-invariant

[16, Lemma 11.5, p. 126]. Let TV C IV be a null set such that y G W - TV =>

Xpj(j;) is G-invariant. Then Xpi(j,) and i^(j;) are both Ginvariant measures on

^s(y) ~ GlGs'yy Therefore, if 7 G IV -TV, there is a positive number c(y) such

that

(3.17) VOO = c(y>s(yy

Put c(y) = 1 if y EN U (Rd - W).

Lemma 3.6. c : Rd —+ R is mRd-measurable.

Proof. Let /: V' —■* R be an everywhere positive, continuous, mv<-inte-

grable function. By the corollary to Lemma 3.3,/° Fis mRdxRr-measurable,

nonnegative. By Tonnelli's theorem y —>fRrf(H(y, t))dmRr(t) is «immeasurable.
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If y E W, then by Theorem 3.1(b), <i>s(y),f) = ¡Rrf(s(y) • g(t))dmRf(t) -

fRrf(H(y, t))dmRr(t) > 0   (since f(y) > 0 for all 7). Therefore y -> (v^yf):

IP—»- R U {<»} is an everywhere positive, (xH,mRd)-measurable function. Hence

y —► l¡{vS(yy f):W—► R is mR(j-measurable. Since /is mK.-integrable,y —►

Ckps(yy /> = c(y)(vS(yy f) a.e. is (x^m^-integrable, hence measurable. There-

fore y —*■ <Xpj(J,), f)l(vs(y),f) - c(y) is mRd-measurable on W-N.  Hence

y —► cíj) is mRd-measurable on W, hence on Rd.

Lemma 3.7. For mRd almost ally E Rd,

(3.18) c(y)=\detMM(s(y))\.

Proof. We substitute c(y)vs^ for Xpi(y) in (3.16), write vs^ in terms

of the coordinates t = (t1, . . . , f) —+ s(y) • g(t) = H(y, t), and compare the

resulting equation with (3.14). The result is

iw (ÍR'm(y' 0) dm^ C(y) dmKd(y)

(3.19) r
~ JwxRrf(H(y> 0V(y. 0 dmRdXRr(y, t),     fELl(mv.).

Suppose /G L1(mvl) is nonnegative. By the corollary to Lemma 33, f» H:

Rd x Rr —»• R is mRdxRr-measurable. By Lemma 3.6, c : Rd —*■ R is ntRd-

measurable. Hence (f°H) ° c is mRdXRr-measurable, nonnegative. By Tonnelli's

theorem, the left-hand side of (3.19) is equal to

íwx*rM<y> t))c(y)dmRdxRr(y, t).

Therefore, whenever/> 0 is mK»-integrable,

(3.20) 0 - fWXRrAH(y, t))(J(y, t) - c(y)) dmRdxRr(y, t).

Let D = {(y, t)EW x.Rr:J(y, t) > c(y)}. xD = (xD o /T1) ° His

7rtRdxRr-measurable so (by the corollary to Lemma 3.3) xD ° H-1 is mKi-meas-

urable. Let/:P'—>R be an everywhere positive, integrable function.

(x¿, o /T1) o /</, so (xD o H~*) o /is mK.-integrable, nonnegative. By (3.20),

0 = JWXRrxD<y> t)f(P(y. t))(J(y, t)-c(y))dmRdxRr(y, t).

Henee xD(y, t)(J(y, t)-c(y)) = 0 for (mRdxRr) a. a. (y, t). Since J(y, t) -

c(y) > 0 on D, (mRdxRf)(D) = 0. Similarly,

mRdXRr(.í(y, t)EWxRr: J(y, t) < c(y)}) = 0.

Therefore, J(y, t) = c(y) for mRdxRr a.a. (y, t) in W x Rr, hence for mRdXRr

a. a. (y, t). By Fubini's theorem, for almost all y G Rd, J(y, t) = c(y) for almost

all / G Rr. Since t —♦ J(y, t) is continuous on Rr, J(y, t) = c(y) for ail t G Rr.
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Hence, c(y) = J(y, 0) for almost all y E Rd. By (3.12), J(y, 0) - IdetT^^Csf»)!

for y G W.  Thus ci» = |det ̂ (sfy)) I for almost all y E Rd.

Substituting c(y)vs(y) = |detM^(s(y))\vs(y) for Xpj(y) in (3.16), we ob-

tain (3.13). This completes the proof of Theorem 3.3. The above proof also

gives the following fact.

Theorem 3.4. 77: W x Rr —*■ E : (y, t) —> s(y) • g(t) is a diffeomorphism.

Proof. H is a polynomial in y and t so it is differentiable. The proof of

Lemma 3.7 shows that the continuous function (y, t)—+J(y, t)- |detA/W(s()>))|

is zero for mRdxRr almost all (y, t). Hence J(y, t) = |det dH(y, f)\ =

IdetM<r>(si»)| for all (y, t) ERd x Rr. Thus {(>, t)ERd xRr: \detdH(y, t)\

=£ 0} = IV x Rr. From the proof of Lemma 3.3, H is a bijection of IV x Rr

onto F.  Therefore, the inverse function theorem shows F is a diffeomorphism.

4. A Plancherel formula for idyllic nilpotent Lie groups. In §4 we bring

together the results of §§1-3 to obtain a procedure for computing Plancherel

measure for the following class of nilpotent Lie groups.

Suppose G is a connected, simply connected nilpotent Lie group with Lie

algebra g. g will be called "idyllic" if g has an abelian ideal n such that for

Lebesgue almost all 7 in n', 87/n is abelian, where Qy = {x E 8: <7, [x, n]) =

0 V« G n}. Such an ideal n will be called an "idyll" of g. G is called idyllic if

its Lie algebra g is idyllic. If n is an idyll of g, then TV = exp n is called an idyll

ofG.

To compute Plancherel measure for idyllic G with idyll TV, we combine the

projective Plancherel formula from §1 with the disintegration theorem of §3

(Theorem 3.3) via Kleppner and Lipsman's Plancherel formula for group exten-

sions [15, Theorem 23, p. 108]

(4.1) i9\mt*^ffoi^^*x^n*& <*M7),
A

which expresses Plancherel measure on G corresponding to a given Haar measure

mr on G as a fibered measure with base N/G and fibers (G/TV, 53 )A, where
V _    A ' '   A

Gy is the stability subgroup at 7 G TV. pN is Plancherel measure on TV correspond-

ing to a given Haar measure jtjjv on TV.  pN is a pseudo-image of pN by the pro-
A A A

jection p:N —>N/G.  Since N/G is countably separated, there are orbit meas-

ures vy which provide a disintegration of Plancherel measure pN on TV relative to

the pseudo-image pN on N/G, i. e.,

(4.2) pN=f~/GvydpN(y),

p   concentrated on 7 • G — G/Gy. The projective Plancherel measure py on

(Gy/N, cjy)A corresponds to the Haar measure mG  jN on Gy/N which satisfies
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(4.3) JGf(x) dmG(x) = fG/G fc /n jNf(nzx) dmN(n) dmGy/N(Nz) dvy(x).

For yEN,itya = ind^ y ® o" is an irreducible representation of G. y is the

extension of 7 to an co7-representation of Gy, where coy is a multiplier on G ¡N.

o is an irreducible cjy-representation of Gy/N, and 0" denotes the lift of a to Gy.

If py is the projective Plancherel measure on (Gy/N, ¿>y)" correspond-

ing to mGylN satisfying (4.3), then [15, (2.10), p. 109], for/G C0(G) (= con-

tinuous functions with compact support),

/«v».«,) a uKM*f* )] *» - fa/0y*b • w*f* Un dv,(D,

so that

= Jfoc Jg/g,tr^ • *W Wl **«> d%^
" X*trt7(/*/*W)] ¿%(7) = /*/*(*) = /0 l/(x)l2 rfmcW.

(This imphes the validity of (4.1) foifE LX(G) n 7,2(G) since C0(G) is dense in

the C*-algebra of G)

The Plancherel measure for idyllic G = exp 8 with idyll TV = exp n com-

puted via (4.1) is given in terms of coordinates on N/G and on the fibers

(G /N, co7)A. We start by making an explicit choice of Haar measures mG and

mN in terms of coordinates on G and TV, respectively. Then we compute Plan-
iV A

cherel measure pN, in terms of coordinates on TV, corresponding to mN. Next, we

use Theorem 3.3 to obtain a disintegration of pN by G,

in which the pseudo-image pN is given in terms of coordinates on almost all of
A

N/G, and the orbit measures v  are expressed in terms of coordinates on the orbit

of 7. Then we use Theorem 3.1 to find the Haar measure mG ¡N on Gy/N which

satisfies (4.3). Then we use §1 to compute the projective Plancherel measure p

corresponding to mG ¡N in terms of coordinates on (Gy/N, ¿3r)A. Finally, we

combine pN and the p  to obtain a Plancherel formula for G.  The steps involved

in the computational process and the resulting Plancherel formula are described

in the following theorem.

Theorem 4.1. A Plancherel-measure-computing procedure for idyllic G =

exp 8 with idyll TV = exp n consists of the following steps:

(I) Take a basis [vx<"'<vK}ofn in Jordan-Holder order relative to
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the adjoint action ofq on n, and a Jordan-Holder basis {ex < ••• < es} ofQ/n.

Let {v1.vP} be the basis o/n'such thatii/, uy> = 5J.

(2) Compute M = (eivj)x<l<sX<i<K, where (e^) = [e¡, v¡].

(3) Find the partitions defined in §3 (p. 13)

{1,...,K} ={lx,...,lr} U  {/,.jd),

{1,..., s} ={ix.ir} U {mx.mq},

i. e., determine the independent columns of M from the right and the independent

rows of M from below.

(A) For y = (yx,... , yd) E Rd, let sy = ¿yk=xykvik, and compute

d*MV(sy)=\sy(eiavlb)1<ab<r\.

(5) For y E W = {y E Rd : det ̂  (sy) ¥= 0}, compute, forl<b<q,

«b(sy) = emb-'zrs=Ab(sy)%-'

*mb(°y) =

^¡1%)    ' ' ' sy(%viJ

vbmb\)   • ' ' sy(*mbvir)

sy(%%)     ' ' * sy(eirvir)

i < s < r.

det M^r\sy)

(6) For y EW, compute the matrix (<sy, [ut(sy), uj(sy)]))x<iJ<q.

(7) For y EWx={yE W:((sy, [u¡(sy), Uj(sy)]))x<u<q has maximal

rank, 21}, find a nonsingular q x q matrix Psy such that

P5y«sy, Wi(.sy),uj(sy)]))1<u<qtPsy = -I,

Let m = q - 21, and let

(4.4) ^^Idet^l^^-^^m^),

where \¡/P    is defined in §1.

Then
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(4-5) % -¡¿jr ¡Wißiy\a*tl*'XsyyidmKJy)

A

/s Plancherel measure on G corresponding to mG, Haar measure on G defined in

terms of the basis {ev . . . , es, vx.vK} of%.

The Plancherel formula is

J  \f(x)\2 dm0(x) -—¡^ f   f    tmyJ(f*ndmRm(t)
(4.6) l   T

IdetP^I"1 |detA/(r>(sy)|rfmRdO0.

For (y, t) E Wx xRm,iryt = ind^ (Xjy)' ® (Up (0)" 's a/I irreducible repre-

sentation of G, where Gsy is the stability subgroup at sy for the coadjoint repre-

sentation of G in n'.  Xsy is tne character of N = exp n defined by

Xsy(w) = ei<sy-n),     «en.

(Xay)' is the extension ofxsy to an co^-representation ofGsy, where

co^exp x, exp z) - e"'/2<*> I*•« I >,     x.zE Qsy,

the stability subalgebra at sy for the coadjoint representation of i inn', typ (t)

is an irreducible ¿3^-representation of Gsy/N, and (typ   (t))" denotes the lift of

**«,<'>t0 Gsr
A

Proof.  To prove Theorem 4.1, we relate steps (l)-(7) to TV, pN (step (1));

the disintegration of pN by G (steps (2)-(4)); equation (4.3) (step (5)); and

(Gy/N, ¿ö7)A, py (steps (6) and (7)). Then we use (4.1).

Since n is abelian, exp : n —> TV is an isomorphism (exp(jc +y) = expjc expy),

and may be used to identify TV with n . If y G n , let x7 be the character of TV de-

fined by

^(exp x) = e'<T.*>>     je g n.

. A

The map y —► x~ : n —*■ TV is an isomorphism.  Let mN be the Haar measure on

TV defined in terms of the basis {u,.vK} of n. Let mn» be the measure on

n' defined by

<«„'./> = ¡RKf( S 7/J dmRK(yx,....yK).

A

Lemma 4.1. Plancherel measure pN on TV corresponding to mN is the im-

tige of(2it)~Kmn, under the map y —*xy:n' —*"TV.

Proof. If/G C0(N), let /, G C0(RK) be

fx(xx ,...,xK) = /(exp Z *S) •        C*'.**>e Rjf-
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Then, for y = Sj^, yfv! G n',

XyCO = /j/OOXyí") dmN(ri)

= /RJc/(exP Z A] Xy (exp Z x'vA dmRK(xl, ...,xK)

= SRM*\ ■ • - ̂ e^f^ dmRK(x\ ... ,**)

= J^/ifr1. • • • .«V*1*'"'*!.^....,**)

= /i(7i.7a:)-

Hence

fN \x(f)\2dpN(x) - (W"'/,,. IXyCOl2^n-(7)

= (27r)-^j"R/c I/,(7!, • . . , yK) I2 dmRÄ;(71,.... 7*)

= $RK \fi(x\..., xK) I2 dmRK(xl ,...,xK)

by the Plancherel formula for R*. By definition of/,, the latter integral is

¡rk ftp Z *S) 2 ̂ "RicC*1 • • • • » **) = L l/(")'2 dmN^

by definition of /w^.

The action of G on A' corresponds to the coadjoint action of G on g' re-

stricted to n'. If 7 G n', A EG and x G n, then

(Xy - >l)(expx) m ̂ (A expx.4-1)

= x7(exp Ad¿(x)) = e/<?'Ad ̂ <*» = e^'A-x) = Xy.^expx).

Hence the map 7 —> xT : n'/G —► A/G identifies JV/G with n'/G. We apply §3

to the adjoint action of G on n : G x n —► n : (A, x) —*■ A • x, where A • x =

Adv4(x) = (d/dt)A exp fx A~x |f=0, .4 G G, x G n. The contragredient action of

G on n': n' x G —► n' : (7, A) —*■ y • A, where {y • .4, x> = (7, A • x>, 7 G n',

vl G G, x G n, is the coadjoint action of G on g' restricted to n'.

The derivative of the adjoint action of G on n is the adjoint action of g on

n : g x n —► n : (x, n) —*■ x • n = [x, n]. The contragredient action of g on n' is

the coadjoint action of g on n' : n' x g —* n : (7, x) —► 7 • x, where (7 • x, n > =

<7> [x,/i]>,7Gn',xGg,«Gn.

Since {u, < ••• < vK} is a basis of rt in Jordan-Holder order relative to g,

and {e", < ••• < ës} is a Jordan-Holder basis of g/rt, {e, < ••• < es < vx <
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< vK} is a Jordan-Holder basis of g. We take Haar measure on G to be the

measure mG defined in terms of this basis.

Define es+} = v¡, 1 </ <K.  Since n is abelian, [es+j, vk] = 0,1 </, k<K

Thus, the matrix M = (eivj)í<í<s+Kl</<K defined in §3 has the form

A/ =

etvi"i

esvl

• •   exvK

' '    esvK

0

0

0

0

Disregarding the last K rows, we have M = (eíu,)1</<J(1<y<^ as in step (2). As

in §3, F = {7 G n' : det I^r)(y) + 0}.

By Theorem 3.2, for sy = 2£=1 ykv,k, W = {y E Rd : sy E F}, and p : n'

—► n'/G the projection p ° s \w : W —*■ E/G is a homeomorphism. By Theorem 3.3,

«»• = fw »sy Idet ̂° foO I dmRd(y)
IT A

isa disintegration of /w n. by G.  By Lemma 4.1, pN = (2n)    mn,. Since N/G

= n'/G,

(4.7) pN = (2ff)-K fw vsy I det A/W (V) | rfmRd(»

is a disintegration of pjy by G, in which the pseudo-image pN is given in terms of

coordinates on E/G.

By Theorem 3.1, if ub(sy), 1 < b < (?, are computed as in step (5), then

{"i(sy),.... «fl(sy)} is a basis of gj;),/n, and Haar measure mG ¡N on GSJ,/7V

defined in terms of this basis satisfies (4.3) relative to the orbit measure v,

and mN.
sy

As stated, Theorem 3.1 gives a basis of the stability subalgebra Qsy such

that Haar measure mG    on Giy = exp Qsy computed in terms of this basis satis-

fies

fGAx)dmG(x) = jG/GJGJ(zx)dmGsy(z)dusy(x).

In the present situation,gsy = span{u,(s>0,..., uq(sy)} © n, and the basis of

gJ3, computed in Theorem 3.1 is {ux(sy),.. ., uq(sy), vx.vK}. By defi-

nition of mGsy (§2),

kym **«rW = Jr« xR^(CXP (g éu& + S n'V<))

^mR<7XRJf)(zl.Z«, M1, . . . , «*).

By Lemma 2.1 applied to the Jordan-Holder basis {ux(sy) < ••• <ujsy) <vx <
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••• < vK} of g   , the second integral is equal to

JR,(jR*/(^(£ »s) -p(z ^)|

dm^n1.nK)) dmRq(zl.z")

= fGsy/NÍNfinz) dm^n) dmGsyl^Nz)

by definition of mN and mG   ,N ( §3).

Steps (6) and (7) are the projective Plancherel measure parts of the proce-

dure. Using the Campbell-Baker-Hausdorff formula, we write, for x, y E g,

expx exp y = exp(x +y +B(x,y)),

where

B(x, y) = (1/2)[x, y] + (1/12)([x, [x, y]] - [y, [x, y]])

+ (terms of the form [x, [,..., [x, y] ••• ]]

and [v. [,..., [x,^] ••• ]]).

Since g is nilpotent, 5(x, 7) has only finitely many terms.

Lemma 4.2. Suppose G = exp g is a nilpotent Lie group. If '/G g', let

co/expx, exp^) = e-WB(*.y)>

77ien co^ is a normalized, trivial multiplier on G.

Proof. Since (expx)-1 = exp(-x), B(x, -x) = 0, so cjA[exp x, (expx)-1)

= 1. The cocycle identity follows from associativity of multiplication on G.

(exp x exp y) exp z = exp (x 4- y + B(x, y)) exp z

= exp((x + y + B(x, y)) + z + B(x + y + B(x, y), z))

= expx(expy exp z) = expx expO + z + B(y, z))

- exp(x + (j + z + 50, z))) + 5(x, j» + z + 50, z)).

Since exp is injective,

B(x, y) + B(x + y + B(x, y),z) = B(y, z)+B(x,y+z+ B(y, z)).

Thus,

co^(expx, expy)co^(expx expy, expz)

= e-Hf,B(.x,y)) e-i(f.B(.x+y+B(x,y),z))

= e-i<f.B(.y,z)> e-i<f,B(x,y + z + B(y,z)))

= 03f(expy, expz)coy(expx, exp y expz).
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To see that ay is trivial, let Xf '■ G —► T be defined by X/(exp x) = ei{f,x),

x G g. Then

x/expx exp;') = X/(exp(x +y+ B(x,y)))

= ei<f,x+y+B(x,y)> _ x (eXpx)x^exp»¿oj(expx, exp»,

so that

Xf(expx)xf(<ixpy)
oUexpx, exp» =-— .

1 x/expxexp»

The above proof shows that if 7 G n', then xy may be extended to a multi-

plier representation of G as follows. Let y in g ' be any extension of 7 to g.

Then (xy)' — Xy is an ay-representation of G, where xy< and ay are defined

above, ay \G XG   is a multiplier on Gy/N because, if x Gg7, then <7, [x, n] >

= 0. This implies that (7', B(x + n + B(n, x), »> = (7, B(x, »> for x, y E g7,

n Gn, which says that 0J7i(exp n expx, expy) = ay (exp x, exp». Although ay

is a trivial multiplier on Gy, it is not, in general, trivial on Gy/N (unless 7 = 0),

because Xy(exP ") = eHy,n) is not one on TV.

Now suppose Gy/N is abelian. Then [b7> g7] c n. If x, y E Qy, [x, y] G n,

n is an ideal, so

F(x, » = Vi [x, y] + (terms of the form [x, an element of n] or

[y, an element of n] ).

Since <7, [x, n]> = <7, [y, n]> = 0, <% F(x, »> = M <y, [x, y]). Therefore

öT7(expx, exp» = ei%<7il*»J'l>. Since g7/n is abelian, exp :g7/n —*■ Gy/N is

an isomorphism. Define Ay :g7/n x g7/n —► R by Ay(x, » = <7, [x, »>. Then

A   is bilinear and skew symmetric, and ¿o7 has the form of the multiplier in §1,

w7(x, » = eiVlAy(x>y\ x,yE Gy/N (identified with 87/n).

By definition of idyllic.g  /n is abelian for mni almost all 7 in n'. The fol-

lowing lemma shows that 87/n is abelian for all 7 in F.

Lemma 4.3. If there is a y in E such that g7/n is not abelian, then g7/n

is not abelian for all y in a nonempty Zariski open subset ofE.

Proof. Let 7 be in F, and {«aCy) : 1 < a < q} be the basis of g7/n de-

fined in step (5). Then

[87-87! cn^["«(7)."&(7)] en,

for 1 < a, b < q.  This requirement, when written out in terms of the definition

of «a(7), determines a family of rational functions of the form

Plabiy) Q'abiy)

Rab(y)    Ima'ni+detM(%)   '  (detA/W(7))2
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(where r'        eR, and P'ab, Q'ab are polynomials in 7,,... , yK), which must

vanish for 1 < / < s, 1 < a, b < q.  Each Rab(y) = 0 ■*=*■ the family of polyno-

mials Flab(y) = (det M^ (y))2 Rlab(y) = 0 for 1 < / < s, 1 < a, b < q.  There-

fore, {7 GE: [g7,g7] Cit} = {7 EE:F'ab(y) = 0, K/<s, 1 <a, b <q} = F,

a Zariski closed set in E.

The projective Plancherel measure determined in §1 for the multiplier on a

vector space H arising from a bilinear skew-symmetric mapping A:H x H —*■ R

depends on the rank of the form A, where rank A is the rank of the matrix

(A(u¡, W/^Kíjídimíf' f°r ^y Dasis {"/} °f H-  The following lemma shows that

the rank of the form Ay :g7/n x g7/n—► R, Ay(x, y) = {y, [x, y]), is constant

on a nonempty, G-invariant Zariski open set Ex of E. By passing to Ex, we ob-

tain a Plancherel measure for G in which the dimension of the coordinate space

of the fibers (Gy/N, w7)* is constant.

Lemma 4.4. There is an integer I, 0 < / < q/2, such that rankvl7 = 2/ for

all y in a nonempty, G-invariant Zariski open set Ex C E.

Proof. Let 7 G E.  For 0 < Jfc < 4, let Tk(y) be the set of all k x k

minors of the matrix 047(«a(7), "&(7)))i<flt&<<f From the definition of the

ua(y), each element of Tk(y) is a rational function of the form

R(y) = (detl^r\y))-2KP(y).

where P(y) is a polynomial in 7,,... , yK. Since R(y) = 0 <=>P(y) = 0, there

is a family Bk of polynomial functions on E such that rank Ay > k •*=> P(y) + 0

for some PEBk. Therefore, the set Zk = {7 G E : rankyl7 > k} is a Zariski

open set in E.  Let Z, be the largest integer, 0 < /, < q, such that Z¡  is not

empty. If /, < k < q, then Zk is empty; so rank.47 < k for all 7 in E.  But

y E Z¡   =» rank Ay > /,. Therefore, 7 G Zx  <=> rank Ay = lx. Since 47 is

skew-symmetric, /, = 21.  Let Ex = Z¡   = {y G E: rank .47 = 21}.

To show that 5, is G-invariant, let 7 G E and x G G.  Since g7#x =

Adx-1(g7), {Adx-1(wa(7)) : 1 < a < q} is a basis of g7<JC/n. The following

calculation shows that rank^47_x = rank Ay :

^7.3e(Adx-1(Mfl(7)), Adx-1(«¿(7)))

= <7 -x, [Adx-H«^)), Adx-H«^))])

= <7.x,Adx-1([Mfl(7),M&(7)])>

= <7, [wa(7). w6(7)] > = Ay(ua(y), ub(y)).

Thus Ex is a nonempty, G-invariant, Zariski open subset of E.

Let Wx = s-1 (£",). W, is a nonempty Zariski open subset of W, and

rank-4JJ( = 2/ for all y E W,. Since XwmRd = X^,^«!!tne disintegration

formula (4.7) may be written as
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(4.8) pN = (2n)-KfWi Psy Idet AT«(sy)\ dmRd(y).

By §1 for y E W^, the map tyPs  :Rm —> (Gsy/N, ü^)" is a homeomor-

phism, where m = q-2l; and (4.4) in step (7),

psy = |detP^r1(27r)-(/+'">^>,(mRm),

is the projective Plancherel measure on (Gsy/N, ¿3^,)" corresponding to the Haar

measures mGsyfN on Gsy/N.

Since mG   ,N satisfies (4.3) with respect to the orbit measure i>    in the

disintegration formula (4.8), Kleppner and Lipsman's Plancherel formula for group

extensions (4.1) [15, Theorem 2.3, p. 108] says that (4.5),

pG = V*rKfWi Psy Idet AT« (s» | dmRd(y),

A

is Plancherel measure on G corresponding to Haar measure mG on G, and that

formula (4.6) is a Plancherel formula for G.

Table I: Plancherel formulas. Plancherel formulas computed in [23] are

summarized here. For each group G = exp g, data are Usted in the following

order

(1) A Jordan-Holder basis F = {e¡ : 1 < j < dim g}. (The basis of g' dual

to F is denoted {el : 1 < i < dim g}.)

(2) Nonzero vectors in the set {[x, y] :x, y E B}.

(3) A basis of n, the idyll of g used to compute pG. (TV = exp n < G.)

(4) A basis of g7/n, where g7 = {x G g : (7, [x, «]> = 0 V« G n} for 7G£

(F = {7 G n': det Afir)(7) =é 0} as in §3 and Theorem 4.1.)

(5) The Plancherel formula,

/gI/|2 =fw1fR>ntl[lT°y.t(f*f*)] dmKm(0R(y)dmRd(y),

fELx(G)nL2(G).

In each case, ¡G \f\2 denotes the fG \f(x)\2 dmG(x), where mG is the Haar

measure on G defined in terms of the basis F of g (as in §2). R(y) is the ration-

al function of y defined in Theorem 4.1. d is the codimension of a maximal di-

mension orbit in n' under the coadjoint representation of G in n'. s : Rd —► n'

is the section for the orbits of G in n' used to compute pG.  W = {y ERd :

det Afi'>0» * 0}. For y E Wx C IV, itsy¡t = indg^)' ® Wpsfi))" (Theo-
rem 4.1) is an irreducible representation of g for t E Rm.

The following procedure gives most of the idylls listed below. Let ix C •••

cin = 8 t>e the ascending central series of g. Let nx — lx. Having chosenn¡,

letní+1 be a maximal dimensional abelian subalgebra of jl+1 containing n¡.
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Then n = n„. It is a conjecture that if g is idyllic, then the maximal abelian

ideal n of g obtained in this way is an idyll.

A.  Heisenberg groups, Hn

(1) {e,, . . . , e2n, e2n + x}

(2) K-. en+¡] " - K+t> e/l =e2n + l>1<i<n

(3) {en + l.e2n> e2n + U

(4) {0}

(5) fG l/l2 = (27r)-(" + 1> IwtT[rrsy(f*f*)] \y \" dmR(y)
s:R^r\',sy=ye2n + 1

W = R-{0}

"sy=indNXsy

Xíy(exp(X2:n++\x¡e¡)) = e<y*2n + í

B.    KlRILLOV'S SECOND EXAMPLE [12, p. 102]

(1) {e0,. . . ,en}

(2) [e0, e¡] = - [e¡, e0] = ei+x,l <i <n - I

(3) {ex,... ,en}

(4) {0}

(5) /G l/l2 = (2tt)-" /^ tr[7rs:,(/* /*)] \yn_x\ <toR„_iO)

5:R»-i_>n'>

*Oi.yn-i) =y\¿ + — +yn-2e"~2 +yn-^"

W = {y = (yx,...,yn_x):yn_x*0}

nsy = indGTxSy

%sy{

C.  Groups of dimension < 5

These are the groups T = expg, where g is one of the algebras listed by

Dixmier [9, Proposition 1, p. 323]. The Plancherel formula is given here for

those groups which are not products.

sy       -iv *^sy i n — 1 n

Xw(exp(2?=,x'e/)) = ^1X +-+J,"-2X      +y"-lX >

r,=R.

Xy(x) = eiy*x,yER.

r3=Hx.

(1) {ex, e2, e3}

(2) [ex,e2] =- [e2,ex] = e3

(3) {e2, e3}

(4) {0}

(5) /r j l/l2 = (2tt)-2 fw tr[irsy(f * /*)] \y I cimR0)
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s : R —* n', sy = ye3

W = R - {0}

Xsy(exn(x2e2+x3e3)) = eiy'x

Dimension 4: T4

(1) {e,, e2, e3, e4}

(2) [e,,e2] =- [<?2, e,] = e3

[elf e3] =- [e3,ex] = e4

(3) {e2, <?3, e4}

(4) {0}

(5) /r4 l/l2 = (2tt)-3/„ trl^CT* /*)] \y21 dmR2G;2, yj

s:R2-*n',s(»=72e2 +y4e4

rV = b> = (y2.yd--\y4\*o}

«sy=indNXsy

Xsy(exp(x2e2 + x3e3 + x4e4)) = e",*o    4- v*a  W = „'O^^+M*4)

r5,i

(1) {ex, e2, e3, e4, es}

(2) [ex,e2] =-[e2,ex] = es

[e3, e4] = - [e4, e3] = es

(3) {e2> e4, es}

(4) {0}
(5) /rsl \f\2=(2it)-3fwtr[itsy(f*f*)]y2dmR(y)

s : R —► tí, sy — yes

W = R - {0}

«sy = 'máNXsy ,

Xî>,(exp(x2e2 + x4e4 + xses)) = e*"*

rs,2

(1) {ex, e2, e3, e4> es}

(2) [ex,e2] =- [e2, ex] = e4

I^i-e3] =-[e3,ex] = es

(3) {e2, e3, e4, es}

(4) {0}

(5) /rSi2 l/l2 = (2tt)-4 fw ti[nsy(f • /•)] [y51 <7mR3(y2, >-4, >-s)

s:R3->n',s02)>'4,>'5)=>'2e2 + y4e* +yses

w = {y = (y2,y4,ys)--y5*W

«sy^^NXsy

Xiy(exp(x2e2 + x3e3 + x4e4 +xses)) = ¿O^2^*4*^*5)
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(1) {e,, e2, e3, e4, e5}

(2) [ex,e2] =~[e2,ex] = e4

[ev e4] =- [e4,ex] = es

[e2- e3^ " " 1*3' «2! " es

(3) {e3, e4, es}

(4) {0}

<5>  ^5,3 l/l2 = V*r3fw*l«sy(f* /*)] l^l2 <*»r60
s : R —* n', sy = yes

W = R-{0}

*sy=indNXsy $

Xsy(exp(x3e3 +x\ +xses)) = e1*-*

(1) {ex, e2, e3, e4, es}

(2) [ex,e2] =- [e2,ex] = e3

[eve3] =-[e3, ex] = e4

[eve3] =-[e3,e2] = es

(3) {e3, e4, e5}

(4) spanR{e, - (<7, e4 >/(y, es ))e2}

(5) /r5 4 ¡/|2 = (2ir)-4 fwfR tr[irsyt(f * /*)] dt \ys | dmR2(y4, ys)

s:R2-^ n', s04. ys) = y»? + ^seS

W = {y = 04^s)^5^°>

j^(«pC*ses +**«4 + xses)) ^'^

Xi(exp a(e, - O^s)^» = e""*» * ' e R

(1) t^i» ^2' e3' e4' es}

(2) [<?,, e2] =-[e2,ex] = e3

[eve3] =-[e3,ex] = e4

[eve4] =-[e4,ex] = es

(3) {e2, e3, e4, es}

(4) {0}

(5) /rSiS l/l2 = (2ff)"4 fW *l«sy(f * /*)] I* I ̂ R302. ^3. ?s)

s : r3 -* n's02. ys- y s) = ^2g2 + y^e3 + J^5

H' = 0 = 02^3'>'s):^5l^0}
7rv = ind^xsy

Xsj,(exp(x2e2 +x3e3 + x4e4 + x5es)) = ei(y2x2y*x 3+^s)
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5,6

(1) fei. e2, e3, e4, e5}

(2) [ex,e2] =- [e2, ex] = e3

[eve3] =- [e3,ex] = <>4

[eve4] =- [e4,ex] = es

{*!• e3] = ~ [e3, e2] =e5

(3) {e3, e4, es}

(4) {0}

<5> A-,,« l/l2f = (2^r3 fw trK,(/ * /*)] I* I2 <*WrÖ0
s : R —> n', sy = yes

W = R-{0}

itsy = indfixsy
Xsy(exr)(x3e3 +x\ +x5es)) = e{y'*5

D.   TWO-STEP GROUPS

(1) {ex,... ,es} U{vv... ,vK}

(2) [e¡, e¡] = - [ejt et] C spanfy.vK}, 1 </'</<5

(3) {u,,.... vK} = center of g

(4) {ev ... ,es}

(5) SG l/l2 = (27rr(/+m+iC>/M'1 /r» trKy>f(/* /*)]

^„„(OldetP^r1^^).

s : R* -»• n', s(yx.yK) = 2*, y¡v>

21 = max{rankR(<7, [e¡, ey]>)1<w<s:re n'}

m = s-2/

Wi = {y = Cvx.?*) G R* : rankR(<s7, [e,, ^]>)j<w<, = 21}

Foi y G rV1( P   is a nonsingular S x S matrix such that

r   o

*p  =
^(<V. [e,>e/]>)i<í,/<SP^

-T,

0

2/

For(>, í)eiV, xRm,

2/

0j}m

m

*W - CcP' ® (^(0)";   Ky iexP (ê »/u/)) = e'L/=1>,/ ;
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rsy^tpJVi^íZ/ej

= oMíx<Q},...,íx'Q>\

(S S \\    ,-m    -S      l~.2l+a.

Z/'ß/+1. • • • >£/'ßn) eiZ°=iZ'=ix Q'     '*,

where (f2^),<i(/<lS=P-1.

El.   NlLPOTENT PART OF G2I (SEE [10, [11] , [21])

(1) {ev e2, e3, e4, e5, e6}

(2) [e,, e2] =-[e2,ex] = e3

[eve3] =~[e3,ex] = e4

[eve4] =-[e4, ex] = es

[e2> es\ " " ies> ei] - e6

[e3> e*\ " " [ß4- e3l = - e6

(3) {e4, e5, g6>

(4) {ex + <y, e5)l(y, e6))e3}

(5) fG l/l2 =(2irr4/H,;RtrKy>i(/« /*)] dmR(t) \y |2 dmR(y)

s : R —>n', sy = ye6

W = R-{0}

"sy,t = ináGsy(Xsy)'®(Xt)"

Xíy(exp(x4e4 +xse5 +x6e6)) - e"**

Xf(expXe,) = e/A-í,X rGR

E2a. NlLPOTENT part of .4/, / + 1 = 2m

(1) {e//:K/</<2m}

(2) [eir, erj] = - [erj, eir] - eiy, 1 < i < r </ < 2m

(3) fy : 1 < / < m, m + 1 </ < 2m}

(4) {0}
(5) fa l/l2 = (2«)-<m2)fw«[irsy(f*f*)} Ufo1 ^,2m + 1_fcl2(m-fc)

dmRm(yX)2m, ■ • - >ym-l,m + 2>ym,m+l)

s:Rm-+n',s(yXt2m,... ,ym<m + l) = S?=i^.2m + i-^'2m+1"*

W = {y = (yx>2m,... ,ym,m+ù^k^ b'k.am+i-*! *°>

ïïiy = mdNX*y , {Tm   v Jfc,2m+1-*

XSy\?xp(2,x<¡<m.m + x<jtí2mX  etj))    e
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E2b.   NlLPOTENT PART OF A¡I, I + 1 = 2ffl - 1

(1) {eij:Ki<j<2m-l}

(2) [eir, eJ = - [erj, eir) = eif, Ki<r<j<2m-l

(3) {ei} : 1< / < m, m + 1 <) < 2m - 1}

(4) {0}
(5) fG\f\2 =(2it)-m<m-»Jwtr[itsy(f*f*)] fl^ \yk¡2m_k\2^-k^x

dmRm-i(yX2m_x,... ,vffl_iim+i)

s:R        —►n ,s(yx2m_x,.. . ,ym-i,m + i) = Sfc=i yk.im-k^'

W = b>= CVi,2m-l. • • • 'ym-l,m + l):ï[k=l   \yk,lm-k\ * °>-

Xjy(exp(S,</<OT.m + 1</<2m_1x e,y))=e - m

E3.  NlLPOTENT PART OF  C¡I

(1) {atf:l </</</} U {bv:l<i<l, 21+ 1 -f</<2/}

(2) [a,,, a/fc] = - [a/fc, a,y] = atk,Ki<j <k<l

For 1 < i </ < /; 1 < t < I, 21 + 1 - t < J < 21,

[aij>bts\ =-lbts>aij] =

2bt,2i+i-t ift = j = 2l + l-s

b2i+i-s,2i+i-t     tit=j>2l + l-s

and 2/ + 1 - s > i

'is ift=j>21 + l-s

and 21 + 1 - s < i

ôi,2/-ri-/ ifí>/ = 2/+l-s

(3) typl </</, 27 + 1 -í</<2/}

(4) {0}
(5) IG l/l2 = (27r)-'<'+1>/2/„tr^f/* /*)] Ufe» \yk¡2I+x_k \l~k

dmRi(yi>2i.^z,/+i)

s:R' ->n\s01>2/, • • • ,ylMl) = 2'k=i^.2,+ i-fc^2'+1-fc

w = {y = (ylt2¡.yv+O-n&Mat+i-kl + o

1tsy=ÍndNXSy i vfc,2/+l-fc
Mexp(21<í</;2;+1_í</<2/A7))=^   fc=iyfc'2/+1"k
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