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ABSTRACT.'  Let L be a central simple Lie algebra of type BC, with

highest root space of dimension greater than one over a field of characteristic

zero.  It is shown that either I is isomorphic to the simple Lie algebra

associated with a skew hermitian form of index one or L can be constructed

from the tensor product of two composition algebras.  This result is obtained

by completing the description (begun in [3]) of the corresponding class of

ternary algebras.

1. Introduction and statement of results. Let k be a field of characteristic

zero. In [13], Seligman has developed methods for "coordinatizing" central

simple nonanisotropic Lie algebras over k. These methods give rise to a complete

description of all such algebras except those of type BCX and BC2. In [2] and

[3], it is shown that every algebra of type FC, can be constructed from a

ternary algebra 1/ which has no zero divisors, which is a module over a central

Jordan division algebra J, and which possesses a skew map V x \J -^ J. If

the highest root space of the Lie algebra has dimension 1, the corresponding

ternary algebras have been studied in [4], [5] and [6]. If this dimension is

greater than 1 and the module is not irreducible, the ternary algebras (and hence

the Lie algebras) have been completely described in [3]. This paper deals then

with the irreducible case. We use the notation and terminology of [2] except

for the action of J on 1/ which is denoted by (a, x) —► a o x.

One construction of a J-ternary algebra goes as follows:  Let A be an

algebra with involution / and identity u. Let S = {x G A: Xr = - x} and fix

t * 0 E S. Put 1/ = A and J = S. Define (l/2)&, y, z) = (U2){xyJ){tz) +

(l/2)(y(/0)x + imXxi^y and <x, y) = (l/2)x/ - (l/2>x/ for x,y,zE\J.

Define a product on J by a • b = (l¡2)a(tb) 4- {l/2)b{tä) and an action of J on

1/ by (a, x) —>a° x = a(tx). Whenever this system forms a J-ternary algebra,

we call it the J-ternary algebra associated with (A, J). A somewhat lengthy

calculation shows that this is the case at least in the following situations:
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76 B. N. ALLISON

(a) (A, J) is a central associative division algebra with involution.

(b) (A, J) = (0 ®k C Ji ®fc J2), where 0 is a Cayley division algebra, C

is a composition division algebra, and Jx and J2 are the canonical involutions.

(c) (A, J)®kL = (Oi ®L 02, Jx ®x, J2) for some quadratic field exten-

sion L\k, where (Op J¡) is a Cayley division algebra over L with canonical involu-

tion, i = 1,2, and the corresponding Galois action interchanges Qx and Q2.

We are now in a position to state our main results:

Theorem A. Let M be a finite dimensional J-irredutible J-temary

algebra without zero divisors, where J is a central division algebra.  Then, V is

the ternary algebra associated with an algebra (A, J) with involution described

by (a), (b), or (c).

Theorem B. Let i be a central simple Lie algebra of type BCX over k

with highest root space of dimension greater than 1.  Then, L is isomorphic to

one of the following:

(i) 77te derived algebra of the algebra of skew transformations of a skew

hermitian form h of index 1 defined on a vector space W over a central

associative division algebra (A, J) with involution.

(it)  L(J, I/), where 1/ is the 3-ternary álgebra constructed from an alge-

bra with involution (A, J) included in (b) or (c).

Remarks.  (1) The Lie algebras described in (i) are all of type BCX.

However, those described in (ii) may have rank > 1. In fact the rank depends

on the interplay between maximal subfields of the composition algebras (see

§6).
(2) The basic tool used in the proof of Theorem A is the classification of

central simple alternative algebras [12].

(3) The Lie algebras arising from case (b) can be obtained from Tits'

second construction using 0 and a reduced Jordan algebra of degree 3

coordinatized by C [14].

(4) In [9], Kantor gives a classification over an algebraically closed field

of a related class of ternary algebras. This classification involves a careful

analysis of the root structure of the corresponding Lie algebra. Some of the

ternary algebras that arise there do not occur in Theorem A as the Lie algebras

have no forms of type BCX.

In §2, we describe how the algebra (A, J) is constructed from the given

ternary algebra and show how the ternary operations can be recovered from

(A, J). In §3, we develop the properties of (A, J) that enable us in § §4 and

5 to give proofs of Theorems A and B. In §6, we note some further restrictions

imposed on the algebras of (b) and (c) by the rank 1 assumption and we describe

the algebras that can occur over some special fields.
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Throughout the paper J will denote a finite dimensional central Jordan

division algebra over k with identity e and 1/ will denote a nonzero finite

dimensional J-ternary algebra with product <, , > and skew mapping (/ x (/

-*■»■ J. We also assume throughout that 1/ has no nonzero zero divisors and

that 1/ is J-irreducible. We put L = 1(1, V) = J © 17 © LQ © J © I/,
where Lö = St(J, I/) = Inst(J, I/) = R_, © Der(J, I/) (see Proposition 1 of

[3]).
The author wishes to thank Professor George Seligman for a helpful

conversation related to this work.

2. Identification of the operations. We fix an element u + 0 E [/. As

in [3], choose vE\J such that [u, v] = 4Re and define U = ad(u), V = adiJT),

and <p = exp(V)exx>(U)exp(V). We recall that L is the direct sum of ku ©

kRe © kv irreducibles of dimension 1, 3, or 5. These irreducibles have bases of

the form x, xV,... , xV'~x and the corresponding matrices of U and <t> axe

given by

U (¡>

1

(1)

[0]

0      0 0
-2      0 0

.0   -2 0 J

[1]

0 0 1/2

0-10

2      0     0.

0     0     0
-4     0     0

0-6     0

0     0-6

0 0

0 0

0 0

0 0

0 0-4    0

0

0

0

0 0

0 0

0 1

0-6 0

24     0 0

0

-1/6
0

0

0

1/24'

0

0

0

0

Define V -^ V by xJ = x + (1/2) (x, u) » v. Then, by (1),

xJ =

x   if <x, u) = 0,

l-X    if X G Jo v.

Therefore,/2 = id.

Define a product on 1/ by xy = - (1 /4)<u, x, /*e> - (1 /4)<«, /, x0e> -

(l/4)<x,,/>0 v. Then, forx,.v G \J,

(2) (l/2)(x/ -yxJ) = - (l/4)(x, y) ° v   and  (l/2)(x/ + yxJ) = K,,,, «]

where A^ „ = - (l/4)[y, x*] - (l/4)[x, y*]. Now.XÍ „ = -¿x v and hence

[[Ax y, u],u] «■ 0. This implies [^   , «] is fixed by/. But the first expression in

(2) is /-skew. It follows that (xyJ)J =yxJ and / is an involution.
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Lemma 1. Let x, y G V.  Then, xy = (1/2) <y, x,v)ifxJ = x and xy =

(H4)(x,u)oyt>UfxJ = -x.

Proof. - 4xv = [x, /*] U + [yJ, x*] U + [x, /] V. But using (1), it

follows that x*fj = (xVf = - x'V and hence

(3) -4xy = [xU, yJt>] - [x, yV\ + \yJU, **] - \yJ, xJV\ + [x, yJ] V.

If y1 = y, the result follows from (3). Suppose-y1 = -y. Then,

0 = [yU, x] V2 = - 4[yV, x] - 8[y, xF] + |>t7, xV2]

using Leibniz' rule and (1). Therefore,

(4) \yU, xV2] = 4\yV, x] + 8[y, xV\.

If x7 = x, we have [yU, x*] = (l¡2)[yU, xV2] = 2[yP", x] + 4[y, xV] and

substituting this into (3) gives the result. Finally, if x7 = -x, \yU, x*] =

- (116)[yU, xV2] = - (2/3)[y V, x] - (4/3)[y,xV\. Substituting this into (3)

and simplifying gives - 4xy = - [xU, y*]- (8/3)[x, yV\ - (4/3)[xV, y] =

- [xU.y*] -(l/3)[xU,yV2] (applying (4) with x and y interchanged). Thus,

- 4xv = [xU, y*\.   D

For x G V, ux = (l/2)0c, «, u> = x and hence « is a left identity. Since

/ is an involution, u is an identity element.

Put t = (2/3) <u, u, u). Then, <f, h> o v = - (2¡3yJlfV = (8/3)ëf73 =

- 4í. Thus, r7 = - f and for x G l/, tx = (l/4)<f, «> ° x+* = (1/6) [ëi/4, x*] =

(l/o^tf^x]* = 4[ê\x]* =-4xe*. Also.forxG l/,«x = (l/4)(i), «>ox*e

= -x*e. Hence,

(5) xe* = -(l/4)rx   and   x*e=-ux

for x G I/.

Now, for x, 7, z E V, we have (x/^> = {l¡2)QcyI - yx*)z +

(l/2)(xy7+ yxJ)z = - (l/16X<x, ;>>F£/) o ¿* + (l/2)[z, ¿^CfF] =

(l/4)<x, y) • z** - (1/4)U *, J'*6) - (l/4Xz, ̂ , x0e>.

Using this equation it is straightforward to check that

(6) <x, y, z*e> = + 2(xy7)z - 2(yz')x - 2(xzJ)y

and thus by (5)

(7) <x, y, z) = (H2)(xyJ)(tz) + (l¡2)(y(zJt))x + (H2Xx(zJt))y

forx, y, zE\].

Let S = {s G 1/ : s7 = - s}. Then, the map a —► a = - (l/4)a o v is a

linear bijection of J onto ¿>. (We would identify a with a and hence J with 3
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except for the resulting ambiguities involving the multiplication in L-) Define K =

{xG l/:x/ = x}and A= V.

Now, a = <a, u) and a o x = - %, ü) o x60*6 = - 4ax6* = a(tx) for a G

J, x G 1/. Thus, ^"ô = (a • 6) » o = (1 /2)a o (¿ o y) + (i /2)6 o (a o u) =

(l/2)a'(/(S'(fu))) + (ll2Jb(t(g(tv))) = - 2a (tb) - 2b(ta) for a, b G J, since

/y = - 4ye* = - 4M.  Combining these equations with the first equation of (2)

gives

a°x = a(tx),   7^% = (l/2)a(tb) + (l/2)b(ta),
(8)

<x,y) = {H2){xyJ-yxJ)

foxa, bEj.x.yE V.

3. Properties of,(I/, J). Having identified the operations in terms of the

multiplication on I/, we now proceed to develop the properties of this algebra

that will enable us to describe the possibilities.

Let [x, y, z] = (xy)z - xiyz), x,y,zE\J. We then have the following

alternative property:

Lemma 2.    [s, x, y] = - [x, s, y] = [x, y, s] for x.yEV.sES.

Proof.   Since [x, y, z]J = - [z1, y*, x1], it suffices to prove the first

equation. Therefore, it suffices to show [s, s, x] = 0 and [s, y, x] =

- [y, s, x] fotsES.xEV.yE K.

Now, [s, s">] = - (l/2)[s, s*] UV = 2 [s, s*] - (1/2) [sU, ¿V\ -

{l/2)[sV, s^U] + 3[s, s*] using (1). Then, since sVis a multiple of $*£/, we

have

(9) [s,s*] ={U8)[sU,st>V].

Thus,

[s, s, x] = - (1/4)[x, [s, s*]UV\ + (1/16)[sU, [sU, **]♦]

= (l/2)[x, [s, i*J] 4-(1/16)[sU, [s*V,x]]

= (1/2) [x, [s, **]] - (1/16)[x, [s£/, s*V\] = 0.

On the other hand,

¡¡iyx) +y{sx) = -{l/S)[sU, [x, yV\*] - (l/8)[[»tt **], jH

= (l/8)[si7, [x*,^F]] -(l/8)[[jt7, *♦].??]

= -(iß)[[sU, yV\, x*] = -(l/8)[Lv, sUV\, x*]

= (l/2)[[y. f], **] = -(my?, s, x*e> + (l/2Xs, y, x*e>

= (sy)x + (yz)x

by (6).   D
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Corollary 3. Let r, sE S and x G t/.   Then, r(s(rx)) = (rsr)x,

r[s, r.x] =- [r, sr, x], ((xr)s)r = x(rsr), and [x, r, s]r = - [x, rs, r].

Proof.   The standard proofs go through (see for example [12]).   D

Corollary 4. For every s¥=0ES, there exists s-1 G S such that s~xs

= ss~x = u and [s, s~x, x] =0forxE V.

Proof. s = a for some a ¥= 0 E J. Putting s~x = ta~xt, we have ss~x =

a(td~xt) = a(t(a~xt)) = a ° (a~x ° u) = u. Applying J to this equation gives

s~xs = u. Moreover, [s_1, s, x] = x -7((ta~xt)x) = x -7(t(a~1(tx))) =x-

a o (à~x o x) = x.   D

We define * and # on \J by x * y = xy - yx and x # v = (l/2)xv 4-

(l/2)yx. We then have the following well-known identities:

(io)    (,.,).,-(,.,)., + *.(,.*) + [*.»*]-[,.*.*]
+ [z. x, y] - [z, y, x] - [x, z, y] + [y, z, x],

(x # y) * z = (x * z) # y + x # (y * z) + [x, y, z] + [y, x, z]

+ [z, x, y] + [z, y, x] - [x, z, y] - [y, x, z].

for x, v, z G 1/.

Define G(x,y, z) = (x * y) * z + (y * z) * x + (z * x) * y for x, y, z E \J.

Then by Lemma 2 and (10)

(12) G(r,s, x) = 6[r, s, x]

for r, s G S, x G I/.   By Corollary 3, G(p, q,r)*p = G(p, q,p * r) for p, q, r

E S. Thus, 5 is a Malcev algebra with respect to * [11, Lemma 2.3].

Define (r, s)s - (r, s*) for r, s E S, where ( , ) is the Killing form on L.

Then

(13) (7, b)s = (Hl6)(aV, b^U) = - (Ul6)(aVU, b*) = (l/4)(a, Ô*)

for a, b E J.

Lemma 5. Let q, r, sES and x G K.  77ien,

(r *q,s)s =(r,q*s)$    and   (r #x, s)$ = (q, s #x)$.

Proof.  Suppose r = a and s = b. Then, for y E \J, we have

(£y>, s)s = - (Ul6)([aV, y], è*Mby (13)) = (l/16)(a, [yV, b*)) =

-(l/16)([a,&*],yF). Similarly,(<s,/>, r)s =-(l/16)([M*],/P). Hence,

since <t> preserves the Killing form and (yVf = -y^V, we have (<r, y), s)„ =

(r, <s, y7))-. Applying (8) then gives the lemma.   D

If W is a subspace of I/, it follows from (8) and the fact that 1/ is an
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irreducible J-module that

(14) SWÇW =>W = (0)   or    V.

In particular, 1/ is a simple algebra and, if M is associative, (/ must be a division

algebra. Moreover, by (10) and (11), S * (S # S © S) and S # (S # S © S)

axe contained in S # 5 © S. Thus, (14) implies

(15) l/=(S#S)©S   and   K = S#S.

Let C(\J) denote the center of V, i.e. the set of elements of V that

associate and commute with all other elements of V. Now, by (8) the product

r-s = (l/2)r(fs) + (l/2)s(tr) gives S the structure of a central Jordan division

algebra with identity t~x. But then if x G C(V) H K, the element xt~x lies

in the center of S (as a Jordan algebra) and hence xf~x E kt~x. Thus,

(16) CiV) n K = ku,

Now, C(\I) is a field since 1/ is simple. Moreover, C(\J) = C(\J) n K © C(V) n

S=ku® C(V) n S. But ifr.sE C(V) n S, we have r2, rs G ku by (16) and

hence r is a multiple of s. Thus, either C((/) = ku or C(V)/ku is a quadratic

extension generated by an element sE S such that s2 E ku.

Now, if q, r, sE S and x, y E V, we have

(17) fa2, x, .y] = [q, qx, y] + q[q, x, y]

and

(18) [q2, r,s] = [q, r, s]q + q[q, r, s].

We use these to prove:

Lemma 6. C(V) = {x G \J: x * S = (0)}.

Proof. Suppose x G 1/ and x * S = (0). By (12), [S, S, x] = (0)

and hence by (11), (J # J) * x=(0). Thus, M * x = (0). Therefore, putting z =

s in (10), we have [x, y, s] - [y, x, s] + [s, x, y] - [s, y, x] - [x, s, y] +

\y, s, x] =0 and hence [s, x, y] = [s, y, x] for y E l/, s E S. But then for

q.rES, [q2, r, x] = [q, qr, x] + q[q, r, x] = [q, qr, x] = [q, x, qr] =

[x, qr, q] = - [x, q, r]q = 0. Hence, [S # S, S, x] = (0) and therefore

[V, S, x] = (0). Thus, [S, I/, x] = (0) and hence by (17), [S # S, (/, x] =

(0). Therefore, [I/, V, x] = (0). Similarly, [x, V, V]= (0). Then, for^, z

G V, [y, x, z] = (yx)z -y(xz) = (xy)z -y(zx) = xiyz) - (yz)x = 0. Thus,

[V,x, V] = (0) and xEC(V).   D

Corollary 7 . If C(V) = ku, then S is a semisimple Molcev algebra.

Proof. By Dieudonné's theorem [12, Theorem 2.6] and Lemma 5, it
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suffices to prove that if R is an ideal of S such that R * R = (0), then R = (0).

But

(19) 7 * b = (ll%)aA(v, b ° v)

for a, b E J. Hence, A(v, b o vy |J = 0 for b E R. But A(v, b o v) is semi-

simple and hence A(v, b ° v) |J = 0 for b G R. (19) and Lemma 6 give R =

(0).   D

4. Proof of Theorem A. If [S, S, S] = (0), then [V, S, S] = (0) (by

(18)) and hence [S, V, S] = (0). This implies [I/, (/, S] = (0) (by (17)) and

hence [S, V, I/] = (0). Thus [I/, I/, I/] = (0) (again by (17)) and we have

conclusion (a). Thus, we may assume [S, S, S] =£ (0). We now separate the

proof into two cases:

Case 1. CXI/) = ku © ks, s * 0 G S, s2 G it«.  Now, V = sS © S. But

[s<7, x, y] = s[q, x,y] =- s[x, q, y] = - [x, sq, y] for x, y E (/ and q G S.

Thus, [z, x, y] = - [x, z, v] for x, y, z E V and therefore 1/ is alternative. But

V is central simple over C = (XV) and hence V/C is an 8-dimensional Cayley

algebra over C [12, Theorem 3.17]. Then, V =C®V0   and \}Q   = 0Q ® s00,

where l/ö  is the set of trace zero elements of 1/ and 0q = Vq   n S. If a E Oq ,

a2 EC (since V/C is a Cayley algebra) and a2 E K. Thus, a2 E ku for oEOq

and hence 0 = ku © 0q is an 8-dimensional composition algebra over k. Thus,

0 is a Cayley algebra over k,\J = 0 ®kC and J = JX ®J2, where /j is the

canonical involution on 0 and J2 = JIC.  0 isa division algebra since its skew

elements are invertible (see for example, Corollary 3.24 of [12]).

Case 2. C(V) = ku. Let F be the algebraic closure of k. Then, SF is the

direct sum of simple Malcev ideals by Corollary 7.

Assume first of all that SF is simple. Then S is 7-dimensional [10,

Theorem B] and therefore J is a 7-dimensional central Jordan division algebra.

Thus, J is isomorphic to the Jordan algebra of a 6-dimensional quadratic form

[8, Example 1, p. 210]. For L G Endfc(J), define L E End^S) by aL = a*L.

For b E J, tr(<i>, b o u>) = 0 [3, Lemma 4] and hence A(v, b o v) \J E Str(J)',

where Str(J)' denotes the derived algebra of the structure Lie algebra of J.

Thus, by (19), M(S) Ç Str(J)', where M(S) is the Lie transformation algebra

of S. But both of these Lie algebras are 21 dimensional [11, § 8] and hence M(S) =

Str(J)'. Therefore, if a, b E J and b has trace zero, we have ([a, a*], Rb) =

-(a o b, a*) = -4(á^b, a)- (by (13)* = -4(aM, a), for some M G M(S)

and hence ([a, a9], Rb) = 0 (by Lemma 5). Thus, if s = a E S, we have

[s, s*] = (l/8)[a, a0] GkRe (by (9)) and therefore s2 = -(1/2)[M, [s, s*]] G

ku (by (6)). Hence 1/ = ku © S is a composition algebra and, since it is not

associative and has invertible skew elements, it is a Cayley division algebra.

Suppose next that SF is not simple. Thus, SF = Sx © S2, where Sx,
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S2 axe nonzero ideals of SF such that Si * 5, = S, and S2 * S2 — S2.

Define C, - Sf # S¡ © Sp i = 1, 2. It follows from (18) that [S¡ # St, S¡, St]
ESi#S¡ and hence from (11) that C¡ * CiÇ C¡, i = 1, 2. Now, [SF, S,, S2]

= (0) and therefore (by (18)) [l/F, S„ S2] = (0). Then, [S,, l/F, S2] = (0)

and (by (17)) [C,, l/F, S2] = (0). Applying/ to this equation gives [S2, \J F,

Ci ] — (0) and therefore any associator involving 3 elements from S2, VF and

C, respectively is zero. A similar remark applies to elements from S,, 1/F and

C2. In particular, (11) then implies that Cx * C2 = (0).

Now, if we put [x,y,z]# = (x#y)#z-x#(y# z), we have the follow-

ing well known identity for x, y, z E VF:

4[x,y,z]#= [x, y, z] - [z, y, x] + [y, x, z]

-[z,x,y]+[x,z,y]-[y,z,x]+y*(x*z).

Therefore, [S¡, S;-, Sk] # = (0) unless z = / = k. In all cases therefore, the

notation S¡ # S; # Sk is unambiguous.  But 5, # S2 # S2 = (S, * S,) #

(S2 # S2) = S, * (S, # S2 # S2) (by (11))ç SX*SFÇSX. But then

(S2 # S2 # S2, S,)s = (S2, SX#S2# S2)s = (0) (by Lemma 5) and hence

S2#S2#S2C S2. Similarly, S2 #S, #5, C S2 and S1#S1#S1ÇS1.

But w G S, # S, + S, # S2 + S2 # S2 and therefore

S1=S1#S1#S1+S1#S2# S2   and

02 —* w2 tt ¿2 ^ *J2   '   ^2        ^1 1"

Moreover, (S, #S,) # (S, # S,) Ç [S, #5,, S,, S,] + S, #(S,#(S,#

5j)) + S, * (S, * (S, # S,)) (by (20)) CS1#Sl and hence C, # C, Ç C,.

But C, * C, Ç C, and therefore C, and C2 are subalgebras of VF.

Suppose for contradiction that Sx #S2 # S2= (0). Then by (21), 5, =

S, # S, # 5,. But (S2 #SX#SX, S2)s = (S2, S2#S2# Sx)s = (0) and
hence S2 # S, # S, = (0) and S2 = S2 # S2 # S2. But then 5, #

S2 = (S, # S, # S,) #S2 = S!# (S, # S, # S2) (by (20)) and hence S,

#S2 = (0). Therefore, VF=CX + C2 and C2CX = C2 # Cx = (S, # S,) #

(52 # S2) Ç S, # (S, # S2 # S2) = (0). Thus, C, and C2 are ideals of VF.

But 1/ is central simple and hence l/F is simple. Therefore, Cx = C2 = VF and

we have a contradiction. Hence, Sx # S2 # S2^ (0) and similarly S2 # S, #

S,#(0).
Suppose now that we have chosen 5, simple. Then, S, = 5, # 52 # S2

and (S, # S,) * S, = (S, # S,) * (S, # S2 # S2) ç ((S, # S,) * S,) #

(S2 # S2) (by (11)) ç (((S, # S,) * S,) # 52) # S2 (by (19)) ç ((S, # S,

# S2) * S,) # S2 (by (11)) = (0). But certainly (S, # S,) * S2 = (0).

Therefore, S, # S, centralizes 5F and by Lemma 6, S, #SxÇFu.  But S,
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# Sx ± (0) and hence S, # Sx = Fu.  Therefore, C, = Fu © Sx is a composi-

tion algebra.

Now, S2 = S2 # Sx # Sx and the argument of the previous paragraph

gives the result that C2 = Fu © S2 is a composition algebra. The map Cx ®F

C2 —► VF is an algebra epimorphism. The kernel is an ideal stabilized by Jx® J2,

where Jx and J2 are the canonical involutions. It then follows easily that the map

is an isomorphism and hence (|/F, J) — (Cj ®F C2, /i ® ̂ 2).

Now, \J is not associative and hence one of the Q's is a Cayley algebra.

The Galois action on l/F corresponding to the form 1/ must either stabilize Cx

and C2 or interchange them. In the first case, we have conclusion (b). Assume

then that the Galois action interchanges Cx and C2. Then, the subgroup of 6=

Gal(F/k) that stabilizes Cx and C2 has index 2 in G and hence Cx and C2 are

defined over a quadratic extension L/k.  Thus, l/L = 0X ®L 02, where 0,- is a

Cayley algebra over L such that Q = 0iF, / = 1, 2. Let 0; 0 be the set of ele-

ments of 0¡ of trace zero, / = 1,2, and suppose for contradiction that 0X is

split. Then, there exists sx ¥= 0 E 0X 0 such that s2 = 0. Then s° E 02 0 and

s = sx 4- Sj G S, where a is the generator of Gal(L/k). Thus, s-1 = rj + rj for

some rx E 0X 0. Now, 0 = s * s~x = sx * rx + sx * rx and hence sx * rx = 0.

Thus, (Sjrj)2 = s\r\ = 0 and therefore, since sxrx ELu, sxrx = 0. Therefore,

u = ss~x = sxrx + sxrx + sxr\ + sxrx = sxrx + sxrx E 0X 0 ®¿ 02 0 and we

have our contradiction. Thus, 0X and 02 are division algebras.

5. Proof of Theorem B.   L = L(J, I/) for some J-ternary algebra 1/ with-

out zero divisors [3, Theorem 2]. By Theorem 17 of [3] and its following

remark, we may assume we are in case (a) of §1. Let M be the derived algebra

of the Lie algebra of skew transformations of the hermitian form over (A, J)

with matrix

0 Ô u
0 u 0
«    0    0

If we choose k diag[w, 0, - u] as our maximal split toral subalgebra and

0      0    o"
0        0     0

-2i_1     0     0

as the identity of our highest root space, an easy calculation shows that we obtain

1/ as the associated ternary algebra.  Thus, we have conclusion (i) with skew

hermitian replaced by hermitian. The usual argument shows that this replacement

is immaterial (see §10.6 of [7] for example).

6. Further restrictions on (A, J). Suppose (A, J) is an algebra described in

(b) or (c) of § 1. The assumption that the ternary algebra 1/ has no zero divisors
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(i.e. L(J, V) has rank 1) imposes further restrictions on (A, /). We consider the

cases separately.

Suppose (A, /) is as in (b). Then 0 and C cannot contain k-isomorphic

subfields of degree 2 over k.  For otherwise there exist skew elements s, =£ 0

G Ö and s2#06C such that s\ = s2. Then, (s, + s2)(s, -s2) = 0 contradicting

Corollary 4.

Suppose (A, J) is as in (c). Let <cr> = Gal(L/k). If s, =£0 is skew in Ö,,

then s = s, + sj is skew in A and (s, + s\7)(sx - s?) = s2 - (s])°. Thus, by

Corollary 4, we cannot have (s2)CT = s\. Therefore, s2 $. ku for s¡ =£ 0 skew in

0P i -1,2.
If & is the real field, it follows from the above remarks that the only alge-

bra of type BCX covered by Theorem B (ii) occurs when A is the Cayley

division algebra. If k is the p-adic field, every Cayley algebra is split and hence

no algebras of type BCX are covered by Theorem B (ii).

Suppose & is an algebraic number field. Now every Cayley algebra over an

algebraic number field contains a skew element of norm 1 [1, §10]. The above

remarks imply then that we may restrict our attention to algebras (A, /) =

(0 ®k C /, ® /2), where C has dimension 1, 2 or 4 over k. Suppose C is a

quaternion algebra. Then, there exist et, ß, y G k such that 0 and C can be

constructed by the Cayley-Dickson process using constants -1,-1, a and ß, y

respectively [1, §10]. By the Hasse-Minkowski principle [1, Lemma 8], the

form X2 + X\ + X\ + ßX\ + yX\ - ßyX\ must be isotropic (since given an

isomorphism p of k into the reals, one of ßp, y", - (ßyf must be negative). Thus,

we may choose ax,a2,. . . ,a6 not all zero in k such that - a\ - a\ - a\ =

ßa\ + ya\ - ßyct\. Hence, 0 and C contain nonzero skew elements with equal

squares, contradicting the above. Therefore, over an algebraic number field the

only algebras of type BCX covered by Theorem B (ii) occur when (A, J) = {0 ®*

C, /, ® /2), where 0 is a Cayley division algebra and C = k or Cis a field

extension of degree 2 over k not k-isomorphic to a subfield of 0- It is not

difficult to verify that all such algebras (A, J) in fact give rise to ternary algebras

without zero divisors and hence to Lie algebras of type BCX.
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