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MAXIMAL CHAINS OF PRIME IDEALS
IN INTEGRAL EXTENSION DOMAINS. I
BY

L. J. RATLIFF, JR. AND S. McADAM (1)

ABSTRACT. Let (R, M) be a local domain, let k be a positive integer,
and let Q be a prime ideal in Ry = R[X}, .. ., X;] such that MR, C Q.
Then the following statements are equivalent: (1) There exists an integral
extension domain of R which has a maximal chain of prime ideals of length
n. (2) There exists a minimal prime ideal z in the completion of R such that
depth z = n. (3) There exists a minimal prime ideal w in the completion of
(Rk)Q such that depth w = n + k — depth Q. (4) There exists an integral ex-
tension domain of (Rk)Q which has a maximal chain of prime ideals of length
n + k — depth Q. (5) There exists a maximal chain of prime ideals of length
n + k — depth Q in (Rk)Q. (6) There exists a maximal chain of prime ideals
of length n + 1 in R[xl](M,Xl)'

1. Introduction. In [6, Theorem 3.6], it is shown that if (R, M) is a local
domain, then R, = R[X,] is catenary if and only if R, = R[X,, ..., X,] is
catenary, for all k > 0. This result is closely related to the equivalence of the
following statements (see (1.1) for the definitions): R satisfies the second chain
condition for prime ideals (s.c.c.); R satisfies the altitude formula; and, R is
quasi-unmixed [6, Theorem 3.6]. Thus it is of some interest.

The original goal of the authors in starting this paper was to see how the
lengths of maximal chains of prime ideals in R, compare to the lengths of maxi-
mal chains of prime ideals in R, (without assuming that R, is catenary). The
answer we obtained is included in the result mentioned at the start of this paper,
and, as is seen by that result, it is closely related to the lengths of maximal chains
of prime ideals in integral extension domains of R and to the depths of the mini-
mal prime ideals in the completion of R. (This result is given in (2.3), (2.5),
(2.9), and, more specifically (2.14).)
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After the main theorem (the above six equivalent statements) is proved, the
rest of the paper is devoted to showing that a large number of important known
results follow as easy corollaries. Among these are: (a) R satisfies the s.c.c. if
and only if some (Rk)Q is catenary if and only if all (Rk)Q satisfy the s.c.c.
(2.16) and (2.17); (b) R satisfies the s.c.c. if and only if R is quasi-unmixed
(2.19); (c) if R satisfies the s.c.c., then, for each prime ideal p in R, every local
domain which is a locality over R/p satisfies the s.c.c. (2.20) (in particular, this
holds for R/p and R, (2.26)); (d) the above mentioned [6, Theorem 3.6] (2.18);
(e) two equivalences to the upper conjecture (2.22) (see (2.21)); and, (f) the re-
lationship between lengths of maximal chains of prime ideals in (R k)Q and in
R[X l](M, X,) (2.9.2) (our original goal). (A number of quite deep theorems are
used to prove the equivalence of the above six statements, so the authors do not
claim that this method affords easier proofs than those originally given for the
above-mentioned corollaries. However, once it is proved that the above six state-
ments are equivalent, the corollaries are nearly obvious.)

All rings in this paper are assumed to be commutative rings with an identity
element. The undefined terminology is the same as that in [5]. We mention, in
particular, that A C B means that the set A is a proper subset of the set B.

We close this introduction with the following less well-known definitions,
since they are frequently used in the remainder of this paper.

(1.1) DEFINITIONS. Let A be an integral domain, and let a = altitude 4
<o,

(1.1.1) A satisfies the first chain condition for prime ideals ( f.c.c.) in case
every maximal chain of prime ideals in 4 has length = a.

(1.1.2) A is catenary in case, for each pair of prime ideals P C Q in 4,
(4/P)g p satisfies the f.c.c.

(1.1.3) A4 satisfies the se¢ond chain condition for prime ideals (s.c.c.) in case
every integral extension domain of 4 satisfies the f.c.c.

(1.1.4) A satisfies the chain condition for prime ideals (c.c.) in case, for each
pair of prime ideals P C Q in 4, (4/P ), p satisfies the s.c.c.

(1.1.5) A is quasi-unmixed (resp., unmixed) in case A is semilocal and every
minimal (resp., every) prime divisor of zero in the completion of 4 has depth
=a.

(1.1.6) A satisfies the altitude formula in case, for each finitely-generated
integral domain B over 4 and for each prime ideal P in B, altitude B, +
trd (B/P)/(A/(P N A)) = altitude Ap, 4 + trd B/A, where trd C/D denotes the
transcendence degree of the quotient field of the integral domain C over the
quotient field of its subdomain D.

A number of facts concerning these definitions are given in [8, Remarks
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2.22-2.25 and 3.7-3.8]. We mention at this point only that, for a local domain
R, R is catenary if and only if R satisfies the f.c.c.

2. Main results. We will be greatly concerned with the lengths of maximal
chains of prime ideals in a ring. Therefore, since we use the expression so often,
we adopt the following abbreviation.

(2.1) DEFINITION. It will be said that a ring 4 has a mcpil n in case there
exists a maximal chain of prime ideals of length n in A (that is, a chain of prime
ideals p, C p, C *** Cp,, such that p, is minimal, p,, is maximal, and height
p/oi_y=1G=1,...,n).

The following lemma combines, for future reference, two known and quite
useful results [1, Corollary 4] and [2, Theorem 1.10]. Only the last sentence of
the lemma is new.

(2.2) LEMMA (cF. [1, COROLLARY 4] AND [2, THEOREM 1.10]). LetA C
B be integral domains such that A is Noetherian and B is integral over A. Assume
that B has a mepil n. Then there exists a principal integral extension domain
C = A|c] of A which has a mcpil n, say (0) Cp, C *++ Cp,, such that height
p; =i = height p; N\ A (i <n). Further, c may be chosen so as to satisfy either
of the conditions: ¢ € p,; or,c Ep,,.

PROOF. Let N be a maximal ideal in B such that there exists a mcpil 7 in
By,and let M = NN A. Then it follows from [2, Theorem 1.10] (applied to
A,,) that there exists a finite integral extension domain D of A which has a
mcpil n, say (0) CQ, C+++ C Q,. Therefore, there exists a maximal chain of
prime ideals (0) Cq; C++* Cgq,_, Cq, = @, in D such that height ¢; = i =
height ¢; N 4 (i <n) [1, Corollary 4]. Let ¢ € q,, such that ¢ is not in any
other maximal ideal in D which lies over g, N 4. Then it is readily seen that
C = Alc] has a mcpil n (namely, 0) Cp, C+++Cp,_, Cp,, where p, =
q; N C) such that height p, = i = height p; N 4 (i <n) and ¢ €p,,. Then also,
C=Alc—1] hasamcpilnandc — 1 € p,. QED.

The following result is the first part of the main theorem in this paper.

(23) THEOREM. Let R be a semilocal domain, and let n be a positive in-
teger. Then there exists an integral extension domain D of R which has a mepil
n if and only if there exists a minimal prime ideal z in the completion R* of R
such that depth z = n.

ProoF. If R is local, then it is known [6, Proposition 3.5] that there
exists a height one maximal ideal in the integral closure R’ of R if and only if -
there exists a depth one minimal prime ideal in R*. Therefore, for the semilocal
case, there exists a depth one minimal prime ideal in R* if and only if there
exists a depth one minimal prime ideal in R}y ., for some maximal ideal M * in
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R*, if and only if, by [6, Proposition 3.5], there exists a height one maximal
ideal in the integral closure of Ry;e g (since the completion of Rys+np is Ryps)
if and only if there exists a height one maximal ideal in R’. Therefore, assume
that n > 1, and assume that the lemma holds for n — 1.

Assume first that such a D exists. Then, by (2.2), it may be assumed that
D=R[c] and (0)C @, C -+ CQ, is a mepil nin D such that height O, =i
= height 0, "R (i<n). Letq = Q; N R, s0 D/Q, = R/g)[c'] (with ¢'=
¢ + Q,) has a mcpil n — 1. Therefore, by the case n — 1, there exists a depth
n — 1 minimal prime ideal in the completion (R/q)* = R*/gR* of R/q. There-
fore gR* has a minimal prime divisor of depth n — 1, say g*, and height g* =
height ¢ = 1. Then there exists a minimal prime ideal z in R* such that z C ¢*,
so depth z = n (since R*/z is a complete local domain, so is catenary (1.1.2),
hence n = 1 + depth q* = height q*/z + depth q*/z = altitude R*/z = depth z).

Conversely, assume that z is a depth n minimal prime ideal in R*(n>1).
Then there exists a height one prime ideal p* in R* such that z C p* and p =
p* N R +# (0). (For, there exist only a finite number of prime ideals p* in R*
such that z C p* and height p*/z = 1 < height p* [1, Theorem 1], so let p},

.., P} be these. (No p} is maximal, since n > 1 and R*/z is local.) Then, with
J the Jacobson radical of R, J & J(pf N R),so let b €J, & U (p] N R). Then
(2, b)R™ has a height one prime divisor p* (by the choice of b and the principal
ideal theorem in R*/z), so p* D z and p* N R # (0).) Then p* is a minimal
prime divisor of pR*; hence height p = 1 [5, (22.9)]. Now, as above, depth p*
=depthz — 1 =n — 1. Now, if depth p =n — 1, then R has a mcpil n. There-
fore assume that depth p > n — 1 (depth p = depth p*). Then in (R/p)* = -
R*/pR* there exists a depth n — 1 minimal prime ideal (namely, p*/pR*), so, by
the case n — 1 and (2.2), there exists an integral extension domain D' = (R/p)
[¢'] of R/p which has a mcpil n — 1. Thus there exists an integral extension do-
main D = R[c] of R which has a prime ideal q such that ¢ N R = p and such
that D/q = D'. Then height ¢ = 1, since height p = 1, so D has a mcpil n (since
D' has a mcpil n — 1). QED.

(2.4) REMARK. The case n = 1 of (2.3) was essentially proved in [6, Propo-
sition 3.5], as was mentioned at the start of the proof of (2.3). A hoped for
generalization of the case n = 1 is:

There exists a depth 7 minimal prime ideal in the completion R* of R
(*) if and only if there exists a height n maximal ideal in the integral clos-
ure R’ of R.

This generalization is, in fact, equivalent to the chain conjecture (that is, the inte-
gral closure of a semilocal domain satisfies the c.c. (1.1.4)).

PROOF. Assume first that the chain conjecture holds. If there exists a
depth 7 minimal prime ideal in R*, then, by (2.3), there exists an integral extension
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domain D of R which has a mcpil n. Then D[R'] is an integral extension domain
of R’ which has a mepil n (by the going-up theorem), so, since R’ satisfies the
c.c., there exists a height n maximal ideal in R’. (And, if there exists a height n
maximal ideal in R', then there exists a depth n minimal prime ideal in R*, by
(2.3).) Hence (*) holds.

For the converse, to prove that the chain conjecture holds, it suffices to
prove that if H is a Henselian local domain, then H satisfies the s.c.c. (1.1.3) [9,
(2.4)]. For this, if (*) holds, then, for each minimal prime ideal z in the com-
pletion of H, depth z = altitude H (since there is only one maximal ideal in the
integral closure of H). Therefore, H is quasi-unmixed (1.1.5); hence H satisfies
the s.c.c. [6, Theorem 3.1]. QED.

To prove the second part of our main theorem we need two facts. The
first of these is that a transcendental extension domain of a Noetherian domain
A satisfies the altitude formula relative to 4 [11, Proposition 2, p. 326].

Also, to prove (2.5), we need the following result: If Cis a class of local
domains R such that eaci R € C is a locality over some complete local domain,
then each R € C is analytically unramified and unmixed (1.1.5). This follows
from [3, Proposition 4]. (It is straightforward to check that the hypotheses of
[3, Proposition 4] are satisfied by C.)

(2.5) THEOREM. Let (R, M) be a local ring, let n and k be positive inte-
gers, and let Q be a prime ideal in R, = R[X,, ..., X;] such that QN R =M.
Then there exists a depth n minimal prime ideal in the completion (R*, M*) of
R if and only if there exists a minimal prime ideal w in the completion L* of
L= (Rk)Q such that depth w = n + k — depth Q.

ProoF. LetI=R*[X,,...,X,]. Then,by [7, Lemma 3.2], Q" =
Of is a prime ideal and L is a dense subspace of S =Ipe, 50 §* = L*, where S*
is the completion of S. Further, depth Q* = depth Q, since 1/Q* = R, /0.

Assume first that z is a depth n minimal prime ideal in R*. Then zS is a
minimal prime ideal in S and depth zS = n + k — depth Q*, as will now be
shown. Namely, zI C M*I C Q*, so Q*/zI is a prime ideal in I/z] = (R*/z)
[X,, ..., X,] which lies over M */z, so height Q*/zI + trd(I/Q*)I(R*IM*) =
height M*/z + k, by the altitude formula (1.1.6) [11, Proposition 2, p. 326];
that is, depth z§ = depth z + k — depth Q*, since depth Q* = altitude 7/Q* =
trd(I/Q*)/R*IM™*) [5, (14.6)] (since R*/M* is a field). Therefore, there exists
a minimal prime ideal w in L* = S* such that depth w = n + k — depth Q,
since depth Q = depth Q*, by the preceding paragraph. (Any minimal prime di-
visor w of (zS)L* will do, by [3, Proposition 4].)

Conversely, let w be a minimal prime ideal in L* = S*, and let depth w =
d. Let g =w NS, so q is a minimal prime ideal in S and w is a minimal prime
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divisor of ¢S *. Hence, since S/q is unmixed, by the comment preceding this
theorem, depth ¢ = depth w =d. Also, z = ¢ N R* is a minimal prime ideal and
q = z8. Therefore, by the preceding paragraph, d = depth g = depth zS =
depth z + k — depth 0. Q.ED.

(2.6) CoROLLARY. Let (R, M), k, Q, and L be as in (2.5), and assume that
R is an integral domain. Then there exists an integral extension domain of R
which has a mcpil n if and only if there exists an integral extension domain of L
which has a mcpil n + k — depth Q.

ProoF. This follows immediately from (2.3) and (2.5). Q.E.D.

It follows from (2.6) that there exists an integral extension domain of R
which has a mepil 7 if and only if there exists an integral extension domain of
R[Xys .- Xl x,,....x,) Which has a mepil n + k. This fact will be con-
siderably sharpened in (2.14) below. For the present, it suffices to emphasize
that (2.6) depends only on depth Q, and not on the ideal Q itself. It should also
be noted, in particular, that, by (2.6), if there exists a mepil m in (Ry)o
(MR, C Q), then there exists an integral extension domain of R which has a
mcpil m — k + depth Q.

We need one further result to complete the proof of our main theorem.
The needed result is a weak version of a result given in [10, (3.1)]. However, since
a proof of the weak version of the result is not long, we include it at this point.

(2.7) ProrosITION. Let (R, M) and (S, N) be local domains such that S
is a finite integral extension of R. Then there exists a mepil n in R if and only
if there exists a mepil n in S.

PROOF. Assume that there exists a mcpil n in S. Then, by [1, Corollary
4], there exists a mcpil n in S, say (0) C p; C *++ C p, = N such that height
p;=i=height p, "R (i<n). Then(0)Cp, NRC+++Cp, ;NRCNN
R =M is a mcpil n in R, since depth p,_; NR =depthp,_, = 1.

The converse follows from the going-up theorem [5, (10.9)]. Q.E.D.

It is now expedient to introduce notation for the set of lengths of maximal
chains of prime ideals in localizations of transcendental extensions of a ring. We
do so in the following definition.

(2.8) DEFINITION. Let A4 be a ring, k a nonnegative integer and Q a prime
ideal in 4, = A[X,, ..., X, ] (4, = A). Then W(k, Q) = {n; there exists a
mepil n in (Ak)Q 1.

The following theorem completes the proof of the main result in this paper.
(The main theorem is summarized in (2.14) below.) A number of important
known results follow easily from it, as will be seen in the subsequent corollaries.
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(2.9.1) was proved in [1, Theorem 6]. We include it here for completeness.

(2.9) THEOREM. Let (R, M) be a local domain, let k be a positive integer,
and let Q be a prime ideal in R, such that Q "R = M. Then the following
statements hold:

(29.1) If Q = MR,, then W(k, Q) = W(0, M).

(29.2) If Q D MR,, then W(k, Q) = W'(k, Q) = W"(k, Q), where W'(k, Q)
= {n; there exists a mcpil n in some integral extension domain of (Rk)Q} and
W'k, Q)={m+k—depthQ-1,mewQ,M, ’.69)) 8

PrROOF. (2.9.1) was proved in [1, Theorem 6].

(29.2) Fork=1and Q= M, X,)R[X,], Wk Q)= W'k, Q) =
W(1, (M, X,)), so it suffices to prove that W(k, Q) = W'(k, Q) in this case.
Assume temporarily that this is known. Then W'(k, Q) = W"(k, Q) in general,
since n € W'(k, Q) if and only if there exists an integral extension domain of
(Rk)Q which has a mcpil n if and only if (by (2.6)) there exists an integral exten-
sion domain of R which has a mepil n — k + depth Q if and only if (by (2.6) and
assumption) n — k + depth Q + 1 € W(1, (M, X,)) if and only if n € W"(k, Q).
Therefore it suffices to prove that W(1, (M, X)) = W'(1, (M, X,)) and W(k, Q)
= W'k, Q) (k> 0 and MR, C Q). However, the proofs of both of these are
essentially the same, so it will be shown that W(k, Q) = W'(k, Q).

For this, it is clear that W(k, Q) C W'(k, Q). For the opposite inclusion,
let d = depth Q. Then d = trd(R,/Q)/(R/M) [5, (14.6)], so renumber the X,
such that X}, ..., X; modulo Q are a transcendence basis for R, /Q over R/M.
Then Q NR,; = MR, [7, Lemma 4.2] (where R; = R[X,, ..., X,]). Also,
with4 = (Rd)MRd and B=A[X;,y, ..., X], Ry)g = Bp, where P =
Q(Rk)Q N B, and P is a maximal ideal in B (since P N A = MA and B/P s alge-
braic over the field A/MA). LetD=A[X;,,,..., X1 (=4,iffd=k - 1;
d <k —1,since @ O MR, ), and let V=P N D, so N is a maximal ideal in D.

Now assume that n € W'(k, Q); that is, assume that there exists an integral
extension domain of (R, ), which has a mepil n. Then, since B = D[X] and P
and N = P N D are maximal ideals, and since (Rk)Q = Bp, there exists an inte-
gral extension domain of S = D, which has a mepil n - 1 (2.6). Therefore, by
(2.2), there exists a principal integral extension domain S [c] of S which has a
mepil n — 1 such that ¢ €p,,_, (where (0) Cp, Cee+ Cp,_, is the chain).
Hence, considering the preimage of this chain in S[X], there exists a mcpil n in
SX1ws,x) = DX, x)

Since B = D[X], let P’ be the maximal ideal in D[X] which corresponds
toP,soP’"ND=PND=N. Also, P' = (N, f)D[X], for some monic poly-
nomial f € D[X], so, since T = D[ f] ¢y = D[X](x x), there exists a mepil n
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in T. Then D[X]p is integral over T (since P' = P"D[X], where P =
P N D[f] =W, f)D[f]), so there exists a mcpil n in D[X] p+ (2.7); hence
there exists a mepil 7 in (Ry)p = Bp = D[X]p'. Therefore n € W(k, Q). Q.ED.

(2.10) CoroLLARY. Let (R, M) be a local domain. Then m €
WA, M, X,))ifand only if m + k — 1 E Wk, M, X4, ..., X})).

PrROOF. LetQ=M, X,, ..., X, )R;. Then, by (29.2),
Wk, Q) =W"= {m+k —depth Q — 1, m € W1, (M, X,))}
=m+k-1,mewl, M, X))},
since depth @ =0. Q.E.D.

(2.11) CoroLLARY. Let (R, M) and k be as in (2.9), and let P and Q
be prime ideals in R, such that depth P =depth Qand PONR=M=Q NR.
Then W(k, P) = W(k, Q).

ProoF. This follows immediately from (29). Q.E.D.
The following corollary contains (2.10) and (2.11) as special cases.

(2.12) CorOLLARY. Let (R, M) be a local domain, let k < n be positive
integers, let P be a prime ideal in R, such that MR, C P, and let Q be a prime
ideal in R,, such that MR,, C Q. Then W(n, Q) = {i + n — depth Q — k +
depth P,i € W(k, P)}. In particular, if depth P = depth Q, then W(n, Q) =
{i+n-k;i€ Wk, P)}.

Proor. By (29.2),j€EW(n, Q) ifandonly ifj =m + n — depth 0 — 1
and i € W(k, P) if and only if i = m + k — depth P — 1, where m €
W(1, (M, X,)). The conclusion follows from this. Q.E.D.

The following corollary will be sharpened in (2.16)—(2.18) below.

(2.13) CorOLLARY. The following statements are equivalent for a local
domain (R, M):

(2.13.1) RIX,](y,x,) is catenary.

(2.13.2) There exists a positive integer k and a prime ideal Q in R, such
that MRy, C Q and (Ry), is catenary.

(2.13.3) Forall integers k =0, and for all prime ideals Q in R, such that
QNR=M, (Rk)Q is catenary.

ProOF. It is clear that (2.13.3) = (2.13.1) = (2.13.2). Finally, if (2.13.2)
holds, then W(k, Q) is a one-element set; hence W(1, (M, X,)) is a one-clement
set (2.9.2), and so, for all n > 0 and for all prime ideals P in R, such that MR,
C P, W(n, P) is a one-element set (2.9.2); hence (R,)p is catenary. Further, R
is catenary if and only if (R,) MR, is catenary (2.9.1). Hence, since the catenary
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property is inherited by quotient rings and (R,,)MR’l is a quotient ring of (R,,)p,
(2.13.2) implies (2.13.3). Q.E.D.

Before giving further corollaries of (2.9), it will be helpful at this point to
summarize the main theorem.

(2.14) SUMMARY OF MAIN THEOREM. Let (R, M) be a local domain, let
k be a positive integer, let Q be a prime ideal in R such that MR, C Q, and let
S= (Rk)Q. Then the following statements are equivalent:

(2.14.1) There exists an integral extension domain of R which has a mcpil n.

(2.14.2) There exists a minimal prime ideal z in the completion of R such
that depth z = n.

(2.14.3) There exists a minimal prime ideal w in the completion of S such
that depth w = n + k — depth Q.

(2.14.4) There exists an integral extension domain of S which has a mcpil
n+k — depth Q.

(2.14.5) There exists a mcpil n + k — depth Q in S.

(2.14.6) There exists amcpil n + 1 in R[X, ] M.X,)

ProoF. (2.14.1) <= (2.14.2), by (2.3). (2.14.2) <= (2.14.3), by (2.5).
(2.14.3) = (2.14.4), by (2.3). (2.144) < (2.14.5), by (2.9.2). (2.14.5) =
(2.14.6), by (2.12). Q.E.D.

(2.14.1) < (2.14.6) was given in [2, Theorem 1.8].

The following summary is included for the sake of completeness.

(2.15) SuMmMARY. With (R, M) and k as in (2.14), let S = (Rk)MRk.
Then the following statements are equivalent:
(2.15.1) There exists an integral extension domain of R which has a mcpil n.
(2.15.2) There exists an integral extension domain of S which has a mcpil n.
(2.15.3) There exists a minimal prime ideal z in the completion of R such
that depth z = n.
(2.15.4) There exists a minimal prime ideal w in the completion of S such
that depth w = n. '

PrOOF. (2.15.1) <= (2.15.3) and (2.15.2) < (2.15.4), by (2.3); and (2.15.3)
< (2.154),by (2.5). Q.ED.

Before giving further corollaries, it should be noted that the corollaries
given below are really corollaries of (2.14); that is, we do not have a built-in
circle. (The proofs of the results used to prove (2.14) are not based on the corol-
laries.) The only place where this is not exactly true is in the reference to [6,
Proposition 3.5] in the proof of (2.3). However, this reference can be replaced
by [6, Lemma 2.17], and then [6, Proposition 3.5] follows from a short compu-
tation.
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(2.16) COROLLARY (CF. [7, THEOREM 221(5) <> (8)]). Let (R, M), k, Q,
and S be as in (2.14). Then S is catenary if and only if S satisfies the s.c.c.

PROOF. S is catenary if and only if every integral extension domain of S
satisfies the f.c.c. (by (2.14.4) < (2.14.5)) if and only if § satisfies the s.c.c.
Q.ED.

(2.17) COROLLARY (CF. [7, THEOREM 221 (1) =>(8)]). Let (R, M), k, Q,
and S be as in (2.14). Then R satisfies the s.c.c. if and only if S is catenary.

PROOF. S is catenary if and only if every integral extension domain of R
satisfies the f.c.c. (by (2.14.1) <= (2.14.5)) if and only if R satisfies the s.c.c.
Q.E.D.

In the following corollary we use the fact that if p is a prime ideal in a
local domain R which satisfies the s.c.c., then R, satisfies the s.c.c. This is proved
in (2.26) below.

(2.18) COROLLARY (CF. [6, THEOREM 3.6]). The following statements are
equivalent for a local domain (R, M):

(2.18.1) R satisfies the s.c.c.

(2.18.2) R, is catenary, for some k > 0.

(2.18.3) Ry is catenary, for all k > 0.

PRrROOF. It is clear that (2.18.3) implies (2.18.2). Also, (2.18.2) implies
(2.18.1), by (2.17), since if R, is catenary, for some k¥ > 0, then S =
®R)m, X4y X ) is catenary.

Finally, assume that R satisfies the s.c.c. and let X > 0. Then to prove that
R, is catenary, it suffices to prove that if N is a maximal ideal in R, , then (Ry)y
is catenary. For this, it may clearly be assumed that kK > 0. Also,if NN R =M,
then (R, ), is catenary (by (2.17), since N is maximal (hence MR, C N)), so
assume that NN R = P # M. Then R, satisfies the s.c.c. and N* =
NRp[X,,...,X,] is a maximal ideal which lies over PRp. Hence, by (2.17)
applied to Rp, (Ry)y = ((Rp)i)w » is catenary. Q.E.D.

(2.19) COROLLARY (CF. [6, THEOREM 3.1]). A local domain R satisfies the
s.c.c. if and only if R is quasi-unmixed.

PROOF. R satisfies the s.c.c. if and only if, by (2.17), R[X,] (, X,) is
catenary if and only if W(1, (M, X,)) is a one-point set if and only if, by (2.14.2)
<= (2.14.6), all minimal prime ideals in the completion of R have the same depth
if and only if R is quasi-unmixed. Q.E.D.

In (2.26) below it will be shown that if a local domain R satisfies the s.c.c.,
then, for each prime ideal p in R, R,, and R/p satisfy the s.c.c. Using this, a
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fairly easy proof of the following known and important result can be given using
(2.16) and (2.17).

(2.20) COROLLARY (CF. [6, COROLLARY 3.7]). Ifa local domain R satis-
fies the s.c.c., then, for each prime ideal p in R, and for each local domain L
which is a locality over R[p, L satisfies the s.c.c.

PrROOF. Assume that R satisfies the s.c.c., let p be a prime ideal in
R, and let L be a local domain which is a locality over R/p, say L =
((R/p) lay, - - - ,a;]),- Then there exists a prime ideal Q in Ry such that L is
a homomorphic image of (Rk)Q. Let P=Q N R, 50 (Ry),, is a quotient ring of
A=Rp[X,,...,X,] and R satisfies the s.c.c. Therefore, if N is a maximal
ideal in A such that Q4 C N, then D = A, satisfies the s.c.c. (by (2.16) and
(2.17)); hence (R)g =Dy, satisfies the s.c.c., and so L satisfies the s.c.c. (see
(2.26)). Q.E.D.

(2.9.2) says that the lengths of maximal chains of prime ideals in (Rk)Q
(k > 0 and MR,, C Q) are known, once the lengths of maximal chains of prime
idealsin D = R[X1](M, x,) e known. It is, of course, of much interest to
know how the lengths of maximal chains of prime ideals in D compare to the
lengths of maximal chains of prime ideals in R. The only case in which we know
how these lengths compare is when R satisfies the s.c.c.; that is, by (2.17), when
W(1, (M, X,)) = {altitude R + 1}. In all other cases this is a very difficult
problem, but we make the following conjecture.

(2:21) CoNsEcTURE. {n+ 1;n€EWO, M)} CW(,M, X)) <
n+1;newO,M)} U {2}

The first containment is obvious.

This conjecture was called the upper conjecture in [2], and it was shown
there that the depth conjecture implies the upper conjecture which, in turn,
implies the catenary chain conjecture [2, Propositions 3.5 and 3.7]. (Depth
conjecture: If P is a prime ideal in a local domain R such that height P > 1, then
there exists a prime ideal p in R such that p C P and depth p = depth P + 1.
Catenary chain conjecture: The integral closure of a catenary local domain satis-
fies the c.c.)

Nagata’s examples [5, Example 2, pp. 203—205] support the conjecture.
That is, in these examples, the first inclusion is an equality for m > 0 (m as in
[5]) and the second inclusion is an equality for m = 0.

The following result shows that only the last step in a maximal chain of
prime ideals keeps us from verifying the upper conjecture for a catenary local
domain:

If'(R, M) is a catenary local domain and (0) C Q, C +-+ C @, is a maxi-
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mal chain of prime ideals in an integral extension domain of R, then height Q; =
i = height 9, N R (i <n). For, RQ.'“ g satisfies the s.c.c. [8, Theorem 3.9].
(Also, height @, = height M, if n > 1. Now n = 1 is possible; that is,
possibly @, = @, is a height one maximal ideal and altitude R > 1, but this
does not cause any real problem. The real problem lies in showing that if
n> 1, then depth Q,_, = 1))

We close the discussion of the upper conjecture with the following
result.

(2.22) CoroLLARY. The following statements are equivalent:

(2.22.1) The upper conjecture holds.

(2.22.2) If R’ is an integral extension domain of a local domain R
such that R' has a mcpil n, then either there exists a mcpil nin R or n = 1.

(2.22.3) If there exists a depth n minimal prime ideal in the com-
pletion of a local domain R, then there either exists @ mcpil nin R or n = 1.

PROOF. Assume that the upper conjecture holds, let R be a local do-
main, and let R’ be an integral extension domain of R. If there exists a mcpil
nin R', then, by (2.14.1) = 2.146),n + LEW(, M, X,)) C{i + 1;
i€ W, M)} U{2},so (2.22.1) implies (2.22.2). Conversely, let (R, M) be a
local domain and let m € W(1, (M, X,)). Then there exists an integral extension
domain of R which has a mcpil m — 1, by (2.14.1) <= (2.14.6). Therefore, by
hypothesis, either m — 1 € W(0, M) or m — 1 = 1; hence (2.22.2) implies
(2.22.1).

Again assume that the upper conjecture holds, let R be a local domain,
and let z be a depth n minimal prime ideal in the completion of R. Then, by
(2.142) <= (2.146),n + 1 EW(1, (M, X,)) C{i + 1;i € W(0, M)} U{2}.
Therefore (2.22.1) implies (2.22.3). Conversely, let (R, M) be a local domain and
letm e W(, M, X,)). Then there exists a depth m — 1 minimal prime ideal in
the completion of R, by (2.14.2) <= (2.14.6). Therefore, by hypothesis, either
m—1€W(0,M)orm — 1=1;hence (2.22.3) implies (2.22.1). Q.E.D.

If there exists a mepil m in D = R[X,] 4y, x,)» then there exists a mepil
min D, say (0) Cp, C+++ Cp, =M, X,)D such that R[X,]/(p, N R[X,])
is integral over R. This follows by taking S = D in the following corollary.

(2.23) CoroLLARY. Let (R, M), k, Q, and S be as in (2.14). Assume
that there exists a mcpil n in S. Then there existsamcpilm =n — (k — 1) +
depth Q in R[X|](M,xl)’ say 0)Cp, C+++ Cp,, =M, X,), such that
R[X,1/(p; N R[X,]) is integral over R.

PrOOF. By (2.14.1) <= (2.14.5), there exists an integral extension do-
main of R which has a mcpil m — 1. Therefore, by (2.2), there exists a principal
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integral extension domain R[c] of R which has a mcpil m — 1,say (0)C +++ C
4, —1 = N such that c EN. Then N = (M, c¢)R|[c], so the conclusion follows by
considering the preimage of this chain in R[X,]. Q.ED.

(2.14) allows us to determine possible lengths of maximal chains of prime
ideals in integral extension domains of R/p and of R, (where p is a prime ideal
in a local domain R). This is explicitly stated in the next two remarks.

(2.24) REMARK. Let p be a prime ideal in a local domain (R, M), and
let D= R[Xl](M,Xl)°

(2.24.1) There exists an integral extension domain of R/p which has a
mcpil n if and only if in D, there exists a saturated chain of prime ideals of length
n + 1 with pD the smallest term and (M, X, )D the largest term.

(2.24.2) There exists an integral extension domain of R,, which has a
mcpil n if and only if in D there exists a saturated chain of prime ideals of length
n + 1 with (p, X,;)D the largest term and (0) the smallest term.

PROOF. (2.24.1) There exists an integral extension domain of R/p
which has a mcpil # if and only if in D/pD = (R/p) [X, ] M/p,X,) there exists a
mepil n + 1, by (2.14.1) <= (2.14.6), and (2.24.1) clearly follows from this.

(2.24.2) There exists an integral extension domain of R,, which has a
mcpil » if and only if in D(p,Xl)D =R, [x,1 (PR, X 1) there exists a mcpil
n + 1, by (2.14.1) <= (2.14.6), and (2.24.2) clearly follows from this. Q.E.D.

(2.25) REMARK. Let p be a prime ideal in a local domain (R, M).

(2.25.1) If there exists an integral extension domain of R/p which has a
mepil n, then there exists an integral extension domain of R which has a mcpil
n + height p.

(2.25.2) If there exists an integral extension domain of R,, which has a
mepil n, then there exists an integral extension domain of R which has a mcpil
n + depth p.

PROOF. (2.25.1) If there exists an integral extension domain of R/p
which has a mcpil n, then, by (2.24.1), there exists a mcpil n + 1 + height p in
D; hence, by (2.14.1) <= (2.14.6), there exists an integral extension domain of
R which has a mcpil n + height p.

The proof of (2.25.2) is similar. Q.E.D.

(2.26) COROLLARY (CF. [4,LEMMA 1]). Let p be a prime ideal in a
local domain R. If R satisfies the s.c.c., then R, and R/p satisfy the s.c.c.

PROOF. Assume that there exists an integral extension domain of R/p
which has a mcpil n. Then, by (2.25.1), there exists an integral extension do-
main of R which has a mcpil n + height p, so n + height p = altitude R, if R

satisfies the s.c.c., and height p + depth p = altitude R. Therefore depth p=n;
hence R/p satisfies the s.c.c.
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The proof that R, satisfies the s.c.c. is similar. Q.E.D.

(2.9) was stated for polynomial rings over a local domain. However, it is
straightforward to see that it holds for polynomial rings over a Noetherian do-
main. Specifically, we close this paper with the following remark.

(2.27) REMARK. Let P be a prime ideal in a Noetherian domain A4, and
let O be a prime ideal in 4, = A[X,,...,X;] suchthat N A =P. LetB=
(Ax)(4-p)» and let d = depth OB, so trd(B/QB)/(4p/PAp) = d. Renumber the
X; such that X, ..., X; modulo OB are a transcendence basis for B/QB over
Ap[PAp, and let W, = {n,; there exists an integral extension domain of “)on 4,

which has a mepil n;} 1=0,1,...,d with 4y =A4). Then Wy =<+ =W,
andnEWd=Woifandonlyifn+j€W(d+j,QnAd+i)(j=1,...,
k - d).

PrOOF. By [7,Lemma 4.2],QNA;=PA4; (i=0,1,...,d); hence
the W, are equal (29.1). Let C = (Ad)PAd,a.nd let G =ClXg415--.5Xg44]
(j=0,1,...,k—dand C, =C). Then (4,), = (Cx—_a)g'> where Q' =
Q(Ak)Q N Cy._ 4 80, since (@ nAd+j)Ad+j+l CONAyyis (j=0,1,...,
k —d — 1), the ideals Q' N C; are maximal (j=0,1,...,k —d). Therefore
nEWdifandonlyifn+j€W(d+j,QﬂAd_,,i) (i=1,...,k-d),by
(2.14.1) <= (2.14.5) applied to C ((Ad+i)Qn Agy = (C]-)ancj). QED.
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