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LOCAL FATOU THEOREM AND AREA THEOREM
FOR SYMMETRIC SPACES OF RANK ONE

BY
A. KORANYI AND R. B. PUTZ(})

ABSTRACT. The classical results for the unit disc mentioned in the
title are extended to harmonic functions on symmetric spaces of rank one.

Introduction. The study of the local boundary behavior of harmonic func-
tions has a long history. For the unit disc, Privalov obtained a local version of
Fatou’s Theorem, and Marcinkiewicz and Zygmund, and Spencer proved the area
theorem (see Chapter 14 of Zygmund [9]). These results were generalized to
Euclidean half spaces by Calderdn [1] and Stein [7]. The local Fatou Theorem
for symmetric spaces of rank one is stated in [4] and [5] but the proof sketched
there contains an error (the function 7, on p. 514 of [4] is not always harmonic).
For the basic idea of the present approach, proving a generalized area theorem
by essentially Stein’s method and deriving the local Fatou Theorem from it, we
are indebted to C. Fefferman. For the special case of Hermitian hyperbolic space
such a proof has already been carried out in [6]. The method used in the pres-
ent paper, which makes more systematic use of the intrinsic gecometry of the
space, both simplifies the latter proof and generalizes the result to all rank one
symmetric spaces. For holomorphic functions in strictly pseudo-convex domains
with C? boundaries analogous theorems are also known [8]. For spaces of higher
rank it is not clear if a similar result holds, since even the simplest case of the
polydisc presents serious new difficulties.

In §1 we recall some known facts about rank one symmetric spaces and
state the theorem. In §2 we prove some lemmas which incorporate most of the
technical details of the proof of the main result, which is given in §3.

1. Throughout, X will be a symmetric space of noncompact type and of
rank one, G will be its connected group of isometries, K the isotropy group at a
fixed point of X that will be denoted 0,8 =t + p =1 + a + 1 will be the usual
Cartan and Iwasawa decompositions of the Lie algebra g of G, and 1 the image
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158 A. KORANYI AND R. B. PUTZ

of nunder the Cartan involution. The restricted roots are +A and possibly +%A;
2p is the sum of the positive roots with multiplicities counted. We choose H €
a such that A(H) = 2 and write m = 2p(H). The positive multiples of H now
form the positive Weyl chamber. Write N, A for the analytic subgroups of G cor-
responding to N,a. NA is a group since A normalizes N, and every element of
X can be uniquely written in the form na - o or nexp tH - o with n EN, a € 4,
tER.

X has a G-invariant Riemannian metric; we denote the gradient and the
Laplacian by V and A respectively, the length of a tangent vector v by |jvll, and
the invariant volume element by du. The function ¢ defined by w(n exp tH - 0)
= ¢™™* is harmonic (i.e. Ay = 0) and any power of it is an eigenfunction of the
Laplacian.

On N we fix a Haar measure and a smooth homogeneous gauge, i.c. a posi-
tive real-valued C*-function | | on N — {e} such that [n®*P*H| = ¢~*|n| and
In"‘l = |n|. It is obvious that such a gauge exists, and that any two homoge-
neous gauges are equivalent, in the sense that their ratios are bounded on N —
{e}. We have |nn'| < k(|n| + |n'l), and, denoting b(r) = {n EN: |n| <r} we
have meas(b(r)) = c”™ with some universal constants k and ¢. This is proved in
[5] for a particular gauge that is not smooth, and it clearly remains true for any
homogeneous gauge.

On the Furstenberg boundary G/MAN of X, N has an open dense orbit on
which NV is simply transitive. For simplicity, identifying NV with its orbit, we talk
about the “boundary point n”, (n € N). Similarly to [S] we define the “admis-
sible regions” I';(n) for « > 0, 7 € R by

I ()= {n(exptHn’ -0 : In'| <a, t > 7}
= {mn'(exptH) 0 : In'| <ae”%, t>1}.

We say that a function f defined on X is admissibly convergent at n € N if, for
every o > 0 and some (hence every) 7, lim f(n, exp tH - 0) exists as ¢ — oo and
n, exp tH + 0 € T;(n). These definitions are equivalent to those in [5] because
of the equivalence of all homogeneous gauges. In fact, the whole statement of
the theorem is indifferent to the particular gauge used on N.

THEOREM. Let E be a measurable subset of N and f a harmonic function
on X. Then the following are equivalent:
(i) For almost every n € E, there exists & > 0, T € R such that f is
bounded in T(n).
(ii) f is admissibly convergent at almost every n € E.
(iii) For almost every n € E, there exists a > 0, T € R such that
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2
Jor oy 1912 ds <=

(iii') For every fixed @ >0 and 1 € R, frg(n)IVf1I* dut < o for almost
every n € E.

The proof is divided into three parts: (i) = (ii"), (iii) = (i), and (i) and
(iii") = (ii). Since (i) = (i) and (iii") = (iii) are trivial, this is enough. It will be
clear from the proof that it is not even necessary to have f everywhere defined;
the theorem holds with f defined only in some I'}(n) at each n € E. We also
note that the equivalence of (iii) and (iii") is an immediate consequence of Lem-
mas 2, 3, and 4. Finally we note that since the result is local, we may assume
that E is bounded.

2. The following lemma is an immediate consequence of the fact that al-
most every point of E is a point of density with respect to the sets nb(r).

LEMMA 1. Let E be a bounded measurable subset of N and € > 0. Then
there exists a constant, ro, > 0,and a closed subset D of E such that meas(E —D) <
€ and for ny € Dand r <r,, meas(E N nyb(r)) = (1 — €)meas(b(r)).

The next three lemmas will be used to replace condition (iii) with an inte-
gration over unions of admissible regions.
DeFINITION. If E is a bounded measurable subset of NV,

WiE)= U ().
n€E

LEMMA 2. If n, is a point of density of E with respect to the family of
sets nb(r); then for a > 0, &y > 0, T € R, there exists 1, such that I‘Z,g(no) Cc
WI(E).

ProoOF. This is Lemma 5 of [4] and the proof is essentially that of
Calderén.

LeMMA 3. If f is a nonnegative locally integrable function on W(E) and
fwg(E)f(” exp tH - 0)e ™™ dy < oo, then frg,(n')f(" exp tH - 0)du < o for all
a' > 0 and almost every n' € E,

Proor. It is sufficient to prove that [ dn' [ g (n,)f(n exp tH - 0)du <
e, By Lemma 2 we may assume that o’ = a. With x the characteristic function
of T'7(n") we have:

] . = ' . .
L,dn J;‘;(",)f(n exptH - 0)du L dn fw;(E) x(n exptH - o)f(nexptH - 0)du

= fW;(E) duflnexptH - 0) L: x(nexp tH - o)dn'.
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Now
. ’ "= -mt
J;, x(nexp tH - 0)dn' < J;b(e_,a) dn' =cd"e

and the assertion follows.

In light of Lemma 2, and the observation that we are always dealing with
locally bounded, locally integrable functions, we may assume that the truncation
level, 7, is fixed, say 7 = 0, and henceforth we suppress the superscript.

LEMMA 4. Suppose f is nonnegative and locally integrable in a neighbor-
hood of W,(E), and for each n' € E there exists a(n') > 0 such that
fpa(n,)(,,l)f(n exp tH - 0)du < . Then for every € > 0, & > 0 there exists a
closed set D C E such that meas(E ~ D) < € and [y pyf(n exp tH - 0)e™™* dp
< oo,

ProOF. LetE;; = {n' €E: fpl”(,,.)f(n exp tH - 0)du <k}. Then E;
CEipyx CEpyy k41 and U iEj x = E. Thus we can choose jo, ko, Eg =
Ejo, ke @ = 1/jg such that meas(E - Ep) < /2 and fr,,(n')f(n exp tH - 0) dut
<k, foralln’' €E,. By Lemma 1 there exists t, and D C E|, such that
meas(E, — D) <e¢/2 and, forn' €D and t > ¢,

meas(Ey N n'b(ae™?)) > (1 — e/2)meas(b(ae™).

By Lemma 2 we may assume a = &'. Thus, for n’ €D, t 2 ¢, and x as in the
proof of Lemma 3,

-‘;5 X(n exp tH - 0) dn = meas(E, N n'b(ae™™)) = (1 — ¢/2)cd™e™™".
0
Thus:
ko meas(Ey) = L . dn' fr ) f(nexp tH - 0)du

= £ dn' fwa(Eo) x(n exp tH - 0)f(n exp tH - 0) du
- . H - 0)dn'
f"’a(Eo) duf(nexptH - 0) L . x(nexptH - 0)dn

- £ . ,—mt
> (l 2) co™ wa(D)f(n exp tH - o)e™™" du.

The next step is to replace the regions W, (E) by regions on which we can
apply Green’s Theorem. Let {nj};’ be a countable dense sequence in E, and

We= U @) N {nexptH-o0:t<k}).
1<j<k
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Then W, is a bounded region with piecewise smooth boundary, W, C W, ,, and
Ui W, = W,(E). We will be using estimates on the surface element of 3W,, the
boundary of W;, and we will need to consider separately:

Sk,0 =W, N {nexptH-0:t=0}, the top;
Sk,l =0W, N {nexptH -0:0<t<k}, the side;
Sg2 =0W N {nexptH-o0:t=k}, the bottom.

LEMMA 5. Let ds be the surface element on Sk,1 0T Sy, 0[on the out-
ward pointing unit normal to Sy | or Sy ,, and dn the left invariant volume form
of N. Then there exist constants C,, C,, C3 > 0, independent of k, such that

(@) —C,(@3/3n)e™™* <e™™! < -C,(3/on)e™",

() —(3/3n)e™™* ds = Cyn*(dn),
where m: S | U S, , — N by n(nexptH - 0) = n.

ProOF. Let X, ..., X, be a basis of . Then
exp 2 XX, exptH 0 — (X, ...,%,, 1)

is a global coordinate system on X. Sy | U S , is a piecewise smooth manifold;
7 is injective, and m followed by the canonical coordinates of N is a global coor-
dinate system on Sy ; U S} ,, smooth on each smooth piece.

Step 1. The coordinate vector field 9/9¢ has constant length and is perpen-
dicular to 3/dx,, 1 <i <r, on X. In fact, 3/0t is immediately seen to be NA-*
invariant and it is well known [3] that 3/dt|, is perpendicular to the orbit N - o.
Since NA is a transitive group of isometries, 3/t has constant length. Since the
element na € NA maps N - 0 onto Nz - 0, 3/dt is everywhere perpendicular to
N-orbits, and hence to 9/dx;, 1 <i<r.

Step 2. Ve ™' =-Ce™™?3/dt. Ve ™™? is normal to the surfaces e ™ =
constant, i.e. to the N-orbits, and therefore, by Step 1, is proportional to d/dt.
To find the proportionality factor we recall that e™™? is harmonic and e ™2™ is
an eigenfunction of A. Thus [|[Ve |2 = 1Ae™ 2™t = Ce2m?,

Step 3. (3/3n[d/dr) > C' > 0 everywhere on Sy ; U Sy ,. For S, , this
is clear, since, by Step 2, 9/on = Cd/ot for some C > 0. Sk'l is a finite union
of parts of the boundaries of Fy(®m), 1 <j <k. We may assume that n =e,
since #; is an isometry and (n;)*d/at = 9/ot. We may also assume that we are at
a point x = n - 0, since we can reach such a point by applying some a € 4; a is
an isometry which preserves I',(e), hence a,9/dn = 3/dn and a,0/dt = d/ot.
Now oT(e) = {nexp tH - 0: e|n| = a}, and thus, for some proportionality fac-
tor ¢(x), by Step 2,
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3/anl, = pX)VIy(e’Inl) = pCx)(inive’ + e’vinll,

= 9
= p(x) <c =+ Vlnl>.

Now V|n| is bounded on the compact set |n| = a, and, by Step 1, is perpendic-
ular to 8/d¢. Thus y(x) is bounded away from zero, and we have Step 3.
The second inequality in (a) follows from Steps 2 and 3 since:

_i -mt __ _ _a_ -mt | _ i
mé¢ (an ve =C on

The first half of (a) is trivial since (3/0n|d/d¢) is bounded.
To prove (b), choose nga -0 €Sy ; U Sy , and let § > 0,C = {na - o:
n €nyb(5)}. By Green’s Theorem

ot

emt 3—) > cClemt,

)
= ~mt = Y ,—mt
0 fwknc Ae™™ du j;(wknC) an® ds.
(W N C) consists of parts of W, and a part of 9C. By Step 1, de™™[an
vanishes on the latter and therefore we have:

J;sk,lusk,z)nc on ¢ ds J;:n'o:nEnob(s)} an .

In the latter integral ds is a constant multiple of 7*(dn) since both are N-nvari-
ant forms of maximal degree, and de™™/dn is a constant. Hence we have (b).

The next two propositions give estimates on the gradient of a harmonic
function, which we will use in conjunction with the bounds given by (iii) and (i)
respectively. They are valid for X of arbitrary rank.

PROPOSITON 6. If f is harmonic, x € X, and B(x) is the ball of radius r
about x, then there exists a constant C, depending only on r, such that || Vf(x)ll2

< Cfp,w)IVf@)I? du.

PrROOF. Choose g € G such that g - 0 = x. Then [|[Vf()ll = IVf(g - o)l
= [IV(f o g)(0)ll. Thus it is sufficient to prove the result for x = 0. Take an
orthonormal basis of p and let {X,, ..., X,} be the induced Killing vector
fields on X. Then X,f is harmonic (1 <i < n) because of the G-invariance of A.
With g,(z) = g(X;, X)l,, /@] = [g;()] 7', we have IVfG)I* =
2,8 @)X, )e)XX,;1)z) and 7(0) = 5(;, /). Now, using the mean value theorem,
Schwarz’s inequality, and noting that the smallest eigenvalue of [g%(z)] has a
positive minimum on B,(0), we have:
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2 _ 21 2
WSO = F WO <55 fi oy 2 1Xf)F du

i _ )
<C _I;r © § DX N)X;f)2)dp = C L @ A2 du.

CoROLLARY 7. If fr,m)lIVfI? du < o, then, for o <a, ||VAn' exp tH-0)|
= 0(1) as t — o for n' exp tH - 0 €T,.(n).

ProoF. If o’ < a, there exists an 7 > 0 such that g - 0 € T, ,(n) implies
g * B,(0) CT,(n), and the result is immediate from the proposition above.

ProrosITION 8. If f is harmonic and bounded in T, (n), and o’ < o, then
VA1l is bounded in T, (n).

ProOF. Choose 7 > 0 such that g - 0 € T,,.(n) implies g - B,(0) C T,(n).
There exists a kemel K, such that, for A harmonic on B,(0) and z € B,(0),

he) = [ 5,0y Koo 2HCX) s,
and thus

Vh(z) = fa 5 VK (2, X)h(x)ds.
If g - 0 €ET,.(n), then f o g is harmonic on F,io) and we have
VG o ) <cf, VK 0 I(f o)) ds

9B,(0)

For z = 0 and x € 3B,(0), lIV_K,(z, x)|I? is bounded by a constant depending
only on r and we have
IV(f o YO)? <c  sup  I(f o &)X,
Xx€9B,(0)

We will be using Poisson integrals, and we now recall some of their proper-
ties [5, p. 398]. If g is a function on NV, then its Poisson integral is
G(n exp tH - 0) = (g * P,X(n); the kernel is positive, integrable on N and has the
homogeneity: Pyys, (n°*P*1¥) = P (n)e™"1.

LEMMA 9. For every € > 0 and M > 0 there exists R > 0 such that if g
€ L™(N) with |igll., <M and g(n,) > s + € for all n, € nb(Re™") with some n
€N, tER, sER, then (g + P)n) >s.

ProoOF. It is sufficient to assume that n = e. Then

€+ P)O = [oemPlrr g = [ o slo P dny

—1
+ Ll@(Re_,)g(n,)P,(nl )dn,.



164 A. KORANYI AND R. B. PUTZ

Now, using the homogeneity of P, for R sufficiently large,

- - €
I en(reh SOV Yydn, <lglla [ Py(n7Y)dn, < =

1¥b6(R) 2

and the result follows.

3. Proof of the Theorem.
(i) = (iii'). We begin by imposing some uniform conditions. Let

E = {n€E:|fI<kinT,,m}.

Then E;  CEj 4y CEjyy g4y and Uj iEj i = E since f is admissibly bounded
on E. Thus, for €> 0, there exists D' CE and constants My > 0, oy > 0 such
that meas(E' — D) < /2, and |f| <M, on W, (D"). Now, given any &> 0,2
similar argument based on Lemma 2 shows the existence of D C D', meas(D' — D)

< €2, such that | f| < M, with some M, on W (D). By Lemma 3, it is suffi-
cient to show that f wa(D)IIVfIIZe"'"' du < o0; and this is equivalent to showing
that [y, IVf l2e™™* dy is uniformly bounded in k. Since f and e ™? are har-
monic, we have, by Green’s Theorem:

2 -mt ; _ 1 —mtA 2 _ (2 A —mt
Jy wontem au=3 [, (emiar -1 oy du
_1 mt D222 —mr}
=2 awk{e amd T wme

<faw g””'lfl o ids.

But |f] <M, and, by Lemma 2 and Proposition 8, [0f/on| < M'. Thus we have:

1218 —me
2 7 |3n®

9 _
_emt

2 —mt --mt M
f VAR ™ du < MM’ fa ds + 2 -

ds
wk 2 Jowy

and the right-hand side is uniformly bounded by Lemma S.
(iii) = (i). Let « >0, €>0. By Lemmas 4 and 3 there exists D, C E
such that

_ € -mt 2 90—
meas(E - Dg) <5, fwa(Do) e VAP du = M < oo,
and (iii") holds for every point of D,. By Corollary 7 there exists D C D, such

that meas(D, — D) < ¢/2 and ||Vf]| < M in W, (D). Working with the set
W,(D) and defining W, as before, Green’s Theorem gives:

M>2 aw,‘g -mt a f2 fz mt ds.
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With oW, = Sy ¢ U S, ; U Sy , asin Lemma 5, we rewrite this inequality as:

1 2(_ 0 _me _ e mt of
2 sk,xusk,zf ( ane )ds< e, lUSk2 f ds
2
2 -mt af
Sko;f an -e on id + M.

Sy, is contained in a bounded set on which each term of the integrand is
bounded, and thus the integral over Sk,o is bounded independently of £. Also
[0f /an| < ||Vf1l which is uniformly bounded by Corollary 7. (In the following
M denotes a generic constant, which may change with each appearance, but it is
independent of k.) We therefore have:

2(_ 0 —m: -mt
fsk,,usk,zf< e >ds<M i us, , V1T ds 4

Applying Lemma § twice, and Schwarz’s inequality in between, we have:

fPe™ds<M le™tds + M
J‘;k,lusk,Z Sk,1YSk 2 v

<M3IS

1’
Iffe™tdsy +M
k,1Y5,2

and thus

flemtds <M.
Lk,l“sk,z

We will now use this “L2-boundedness” to prove admissible boundedness almost
everywhere. Let

If(n exptH -o)| ifnexptH -0 €Sy, US, , for some 1,
fim) =

and F be the Poisson integral of f.

CLaM. There exists a constant M, independent of k, such that |f| <M +
MF, on W,.

PrOOF OF cLAIM. By the maximum principle it is sufficient to prove the
inequality on dW,.. Pick ry > 0. We can choose M large so that |f| <M on
Sk,0and on {nexptH -0 €S, | US; ,: t <rg}. Choose § >0,r>0 (<
7o) such that: if nexptH -0 €Sy ; U Sy , and t > r, then, defining

otherwise,

S = (8,3 YUSi2) N {n expt,H-o0: ny €nbSe™)}
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and
C@®, )= {n, expt,H - 0: n; Enb(de™), It —1;1<7r},

we have S C C(5, r) C W, (D). Recalling that [|Vfll <M’ in W, (D) we have,
forn, expt,H -0 €S,

f(ny expt,H - 0) = f(n exp tH - 0)| < Csup||Vfll <M.

By Lemma 5, and in particular the proof of part (b), f s ds is bounded away
from 0. Thus
If(nexptH - o)l <M + |f(n, exp t,H - 0)|
<M+ MJ;, |f(n, exp t,H - o)l ds
<M+M _[S (f, © m)(n, exp t,H - 0)e™ 1a*(dn,)
mt
<M+ Me jﬂ(s) fi(n))dn,.
Now the homogeneity of the Poisson kernel shows that P(n) > Me™? for |n| <
ce™*. Therefore (since n(S) = nb(Se™?)),

eI <M+M I,. I (P (n7tn) dny <M + MF,(x)

and we have established the claim. Now {f;} is a uniformly bounded sequence
in L2(V) since, by Lemma 5,

2 = 2% < 2 —mt
Jo fedn Isk,xusk,zf" <Ml o femias<u

Thus there exists a subsequence that converges in L2(V) to, say, fo- With F,
the Poisson integral of f,, the claim implies that |f| <M + MF, on W,(D).
Since Poisson integrals of L? functions converge admissibly almost everywhere
[5] we know that f is admissibly bounded almost everywhere on D.

(iii) and (i) = (ii). Let € > 0 be given.

Also let 7 > 0; as in a previous argument we find D, C E, meas(E — D,)
< 1/2 and & > 0 such that f is bounded in W,(D,). By cutting up, if necessary,
E into finitely many sufficiently small pieces, we may assume that W,(D,) and
W, (D) below, are connected.

Now let R be the number given by Lemma 9 corresponding to € and to a
bound s of |f]in W (D,).

Note that if x =nexpkH -0, x, =n, expkH -0 and n; € nb(Re™¥),
then the distance of these points is bounded (independently of k) by a multiple
of R, and by Lemma 5, they can be joined by a line y lying inside I, (n) U
T,(n,) such that if n’ exp tH - 0 is on 7, then ¢ > k — cR and for the length of
v we have I(yY) <c¢'R. c and ¢’ are independent of k.
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Now, using Corollary 7 and the usual argument we find D C D, , meas(D, —D)
< n/2 and an integer kg, such that [|Vf]l < e/c'R in Wfo(p)_
It follows that, if k >k, + cR and x, x, in W,(D) are as above, then
) = £l <I(v) max [|VA1l <e.

v
Now, for integers k > k, + cR, we consider the new approximating regions
W, = {nexptH -0 € W,(D): t <k}.
We denote by S, the “bottom” of dW,, i.e. the set of points of the form
nexpkH - 0 in dW;, and define
f(nexpkH -0) ifnexpkH -0 €S,,
0 otherwise.

fi(n) =

Let F;, be the Poisson integral of f; and & the Poisson integral of the character-
istic function X, of the complement D' of D.
We claim that for some positive A, B independent of k we have, on W,

F, + A® +Be™* >f—2e.

By harmonicity it suffices to prove this on dW. If nexp tH - o € S, (the bot-
tom), by our construction we have, for n; € nb(Re™¥),

(fy + AxpXny expkH - 0) > fi(nexp kH ~.0) — €

(we only have to make sure that 4 > |f| on W,). Thus Lemma 9 gives the de-
sired inequality on S,. On the “side”, ie. if nexp tH - 0 € 3W; (0 <t <Kk),
we have that n exp tH & T,(n’) for all n’ € D; thus nb(ee™) C D'. Now

®(n exp tH - 0) = (xp' * P)(n) > J;b(ae—t) Pyn,)dn,

and by the homogeneity of P, the right-hand side is a positive constant indepen-
dent of . So, choosing 4 sufficiently large, we have the claim on the “side”.
Finally, by choosing B large enough we have the claim on the “top”, and hence
in all W;.

Now applying the same argument to —f in place of f, we have, on W,,

~F, + A® + Be™™* > —f — 2e.

Now we put these inequalities together, and let ¥ — eo. {f.} has a weakly
convergent subsequence tending to some function f; denoting the Poisson inte-
gral of f, by F, we have,

F—A®-Be™' —2¢ <f<F+AD + Be™* + 2¢
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everywhere on W, (D). F is admissibly convergent almost everywhere, ® and
e™™* have admissible limit O almost everywhere in D. Hence, using Lemma 2,
the oscillation of f in any admissible domain at almost every n € D is less than
4e. Since € and n were arbitrary, the proof is complete.
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