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ABSTRACT. In this paper the cartesian product structure of complex
analytic singularities is studied. A singularity is called indecomposable if it
cannot be written as the cartesian product of two singularities of lower di-
mension. It is shown that there is an essentially unique way to write any re-
duced irreducible singularity as a cartesian product of indecomposable sing-
ularities. This result is applied to give an explicit description of the set of
reduced irreducible complex singularities having a given underlying real ana-
lytic structure.

1. Introduction. Let ¥ be an irreducible germ of a complex analytic set.
In this paper I will classify all germs W of complex analytic sets which are dif-
feomorphic (of class C™) to ¥ (Theorem 4.6). It is not surprising that this
classification should rest on a structure theorem for such ¥. What may be sur-
prising is that the relevant structure theorem (Theorem 3.4) concerns nothing
more complicated than the decomposition of ¥ as a cartesian product of germs
of analytic sets of lower dimension. It will be proven that if V is decomposed
into factors to the point where no factor can be further decomposed, then the
factors which appear are uniquely determined (up to complex analytic iso-
morphism) by V.

This type of question has some interesting history. Mumford [7] has
shown that a normal two-dimensional germ which is homeomorphic to a mani-
fold germ must actually be nonsingular. If V is a germ of a hypersurface which
is homeomorphic as an embedded pair to a manifold embedded as a hyper-
surface, then W is actually nonsingular. This is a consequence of work of
A’Campo [1], but it was noticed, I believe, by Le Dung Trang. Finally, if W
is diffeomorphic (of class C') to a manifold, then it is nonsingular ([2] or [6]).

The above results all concern singularities homeomorphic (with side con-
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ditions) to a nonsingular germ V. The side condition is generally a smoothness
condition on the map, and the more general the desired result, the more smooth-
ness is needed. This paper generalizes the above work to the case where ¥ may
be any reduced irreducible singularity, and naturally, to have a theorem of this
generality, a great deal of smoothness is needed. In [4], I treated by more
direct methods the special case where V is a germ of a hypersurface.

2. Preliminaries. Let ¥ C C™ be a germ at the origin of a complex ana-
lytic set. Let O,, be the ring of germs of functions holomorphic in a neighbor-
hood of the origin. Then I(V'), will denote the ideal of all f € O,, vanishing on
V.

Cartesian products. Suppose ¥V C C™ and W C C™ are two such germs.
Then ¥ x W C C**™ is also a germ at the origin (in C**™) of a complex
analytic set. If (z,, . .. ,z,) are coordinates in C” and (wy, ..., w,,) are
coordinates in C™, then the two projections (z, w) — z and (z, w) — w define
inclusions 0, C O, ,,, and O,, C O, ,, and we just have V x W =
VA(V),0,,pm + IW)pOpim)- (f f €O, then V(f) denotes the germ at
the origin of {z € C"|f(z) = 0}, and if J C O,,, then V(J) = Ny, V() [5])

In fact, we have

LeMMA 2.1. Let V and W be as above and suppose V and W are irre-
ducible. Then

IV xW)yim =1V)0nem Y IW) Opi
and V x W is irreducible.

ProoF. Since ¥ and W are irreducible, I(V), and I(W),,, are prime ideals.
By [8,47.5] I(V),0,4+m + IW),, 0, , is prime. Since I(V),0, 4, +
IW),,0p 4 CI(V x W), and these two ideals both define the same ana-
lytic germ V' x W, then I(¥V),,0p 4 + IW),, 0y = I(V x W), 4,y just
follows by the Nullstellensatz. I(V x W), ,, must then be prime,and V' x W
is irreducible. Q.E.D.

REMARK 2.2. If V x W is irreducible, then ¥ and W are certainly both
irreducible also.

ProoF. If V is reducible, then V' =V, U V, where V; and V,, are
proper analytic subsets of ¥,and ¥V x W= (V, x W)U (V, x W) where V,
x W and ¥V, x W are proper analytic subsets of ¥ x W, so that ¥ x W is re-
ducible. Similarly, if W is reducible, ¥ x W is reducible.

Complex conjugate germs. Let V C C” be as above. Define ¥V, the com-
plex conjugate of ¥V, by ¥ = {z € C"|Z € V}.

REMARK 2.3. ¥ is the germ of a complex analytic set.
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Proor. For f € 0, define ? € 0,, by the formula ?(z) = f(z). Clearly
z € ¥ if and only iff'(z) = 0 for all f€ Id(V),.

REMARK 24. 1d(V), = {f €0,If €1d(V),}.

REMARK 2.5. 1d(¥), is prime <= Id(V'),, is prime.

REMARK 2.6. The complex conjugate of V isjust V.

REMARK 2.7. If V' W then ¥ = W. (“=” means complex analytically
equivalent in all that follows.)

PrOOF. Suppose ¥ C C™ and W C C™ and let (¢,, ..., ¢,,Q: ct -—;
C™ be a map which induces an isomorphism from ¥ to W. Then (¢,,...,9,,):
C" — C™ induces an isomorphism of V to W.

Complexification of a complex germ. Let A C R" be a germ of a real ana-
lytic set, and let £, (x), . . . , f;(x) generate Id(4),, the ideal of real analytic
functions vanishing on 4. Now allow the variables to take on complex as well
as real values. We get an embedding R” C C" with coordinates (zy, . . . , Z,),
where z = x + iy is the decomposition of the coordinates into real and complex
parts,and R* = {Z EC"|y, = +++ =y, = 0}. Since f;(x), . . ., fx(x) can be
represented by convergent power series, the same series can be used to define
holomorphic functions f;(2), . . . , fy(z). 4*, the complexification of 4, is just
A*= zEC™|f,(z) = * * * = f(z) = 0}. A* is a germ of a complex analytic
variety. Properties of the complexification can be found in [3] or [9], but let
me take note of the following obvious

REMARK 28. If A C R" and B C R™ are real analytically isomorphic,
then A* and B* are complex analytically isomorphic. In fact, if (¢;, . . ., $p):
R™ — Rm is a real analytic map defining an isomorphism of 4 to B, then by
complexifying the variable in the power series expansion for the ¢’s, one obtains
a holomorphic map C* — C™ which defines an isomorphism from A* to B*.

Now let ¥ C C” be a complex analytic germ, and think of it as a real ana-
lytic germ ¥V C R2#_ 1t has a complexification V*.

PROPOSITION 29. If V C C™ as above is irreducible, then V* =V x V.

PrROOF. Let f,(2), . . ., f,(2) generate I(V),. Since V is irreducible, the
real analytic ideal of ¥ C R2” is generated by (u,(x, y), v,(x,»), . . . , tx(x, ¥),
v (x, y)) where u;(x,y) and y;(x, y) are, respectively, the real and the complex
parts offl(z),j= l,...,k,and z; =x; + pi.j=1...,n is the decom-
position of the coordinates z into real and complex parts [4].

Now let x;,...,x, and y,, ... ,», be extended to be complex co-
ordinates of C2". Then V'* is defined by u,(x, »), v,(x,¥), . . . , U (x,»)-
Equivalently, V'* is defined by u,(x, y) + iv,;(x,¥), . . . , (%, y) + fve(x, »),
u,(x, y) —iv,(x,5), . .., u(x,y) — iy (x, y). Defining a holomorphic change
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of coordinates in C2" byz =x; + iy, and w; =X — 1y],] =1,...,n,we
have u;(x, y) + iv;(x, y) = f(z) and u](x y) - vagx y)= f,(w),J =1, , k.
Thus V* is deﬁned in C?" by £,2), . . . . [ @, F;(W), . . ., fk(w) Thus V‘
=~V x V. QED.

3. Structure of Cartesian products.

DEeFINITION 3.1. Let V be a germ of a positive dimensional complex ana-
lytic set. By a decomposition of ¥ of length k, I mean a k-tuple (V, ..., V})
of complex analytic germs of positive dimension such that V=V, x <+ x V.

DEFINITION 3.2. V as above will be called indecomposable if there does
not exist a decomposition of ¥ of length > 1.

ProPoOSITION 3.3. Let V be a positive-dimensional germ of an analytic
set. Then V has a decomposition of length k =21 (V,, . . ., V}) for which each
Vi, 1 <j <k, is indecomposable.

PrOOF. Since dimg(V, x *+* x Vi) = ZE  dim V; it is clear that if
dimyV = 1, then V is indecomposable. The proof will follow by induction on
the dimension of V. Suppose the proposition is established for all germs of di-
mension less than dim,V. Either V is indecomposable, and we are done, or ¥ =
V' x V" with dimaV > max(dimg V', dimgV"). In that case just apply the in-
duction hypothesis to ¥’ and V" and put the two decompositions together.
QED.

The purpose of this section is to prove

THEOREM 3.4. Let V be an irreducible germ of a positive dimensional
complex analytic set. Then the decomposition of V into indecomposables (which
must exist by Proposition 3.3) is unique, i.e.,let (Vy, ..., V) and (W,

, W) be two decompositions of V into indecomposables. Then k =l and,
after a permutation of (W, . . . , W) we have Vi=W,i=1,..., k.

Before giving a proof of this theorem several preliminaries are necessary.
Let V C C™ be a germ at the origin of a complex analytic set. Recall that a
holomorphic vector field on V can be thought of as a holomorphic vector field
on an ambient neighborhood of ¥ which preserves I(V'),. This definition is
easily seen to be independent of the choice of embedding ¥ C C" [10].
Following Whitney [11]

DEFINITION 3.5. C(V,0) = {v € TV| there is a holomorphic vector
field X on ¥ for which v = X(0)} (T, V denotes the Zariski tangent space to V
at 0 € C™).

Clearly C,(V, 0) is a complex linear subspace of Ty V. Rossi [10] showed
that if dim;C,(V, 0) = k then ¥ = C¥ x V'. On the other hand, if V =
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C* x V', then clearly dimC,(V, 0) >k (in fact 3/3z;, 1 < i <K, are linearly
independent vectors in C,(V, 0)). Therefore we have

REMARK 3.6. dim-C,(V, 0) is precisely the largest integer k for which
one can write ¥ = C¥ x V'. We will need

ProPOSITION 3.7. If V2 V' x V" then C\(V, 0) =C,(V',0) x C,(V", 0).

PrROOF. Choose embeddings ¥’ C C”, V" C C™ as in the previous
section. Let v € C;(V’, 0) and choose X(z) = = ,4,(z) 3/9z; a holomorphic
vector field on C™ preserving I(V"),, for which X(0) = v. Extend X(z) to a
vector field on C**™ by X(z, w) = Z_1a(z)9/9z;. Clearly, for any f(w) €
0y, COp s Xz, w)f(w) = 0. Since I(V), ... =I(V"),0psm + IV VO +m>
it follows (by the product rule for derivatives) that X(z, w) preserves I(V),, , ,n-
Thus (v, 0) = X(0, 0) € C, (¥, 0) so that C;(V',0) x {0} C C,(V,0). Simi-
larly, {0} x C,(V", 0) C C,(V, 0), and since C,(V, 0) is a vector space, we have
GV, 0 x C(V",0) C Cy(V,0).

Now suppose (v, , v,) € C;(V, 0) and extend it to

n a m a
X(z,w)= i=En afz, w) % +1§1 b,(z, w) 3“-,; ,

a vector field on C**™ preserving I(V),, - Let f2) EIWV"), CIV) i m-
Then

ENEWEIW ) sm =IV00nsm IV )uOpsm
so that (Xf)(z, 0) €I(V"),. But

&New = 1}; 4z ) 'a?%)_

and
n n a
&Ne =3 40 L2 = 3 46,0 =) 16
= 0z; =1 0z;
Thus Z7_,4,(z, 0) 3/3z; is a vector field on C™ preserving I(V"),, and v, =
Z 14,0, 0)3/9z;, € Cy(V', 0). Similarly v, € C;(V", 0) so that (v, v,) €
C,(V',0) x C,(V", 0), and C,(V, 0) C C,(V", 0) x C,(V",0). QED.
COROLLARY 38. IfV=V'x V" then dimC,(V, 0) = dimC,(V', 0) +
dimC,(V", 0).

PRrROPOSITION 3.9. Suppose C x V = C x W is irreducible; then V = W.

Proor. By Corollary 3.8, dimsC,(V, 0) = dimoC;(W, 0) = r. Applying
Remark 3.6, V= C" x V' and W = C" x W' where dim,C,(V', 0) =
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dim,C,(W', 0) = 0. The proposition will follow if it can be shown that V' =
W'. In any event, C"*! x V' = C"*! x W'. Choose embeddings ¥’ C C" and
W CC" and let {f;,...,f,}be a minimal set of generators of Id(V"), and
{8y, - - ., &) be a set of generators for Id(W'),. Then {f}, ..., f;} generate
Id(C™! x ¥V"),,,+, and are minimal and {g,, . . ., &} generate
1d(C™?! x W), 4,41- Now choose an isomorphism @ = (@, . . . , $pyps1):
crtitn , cr+1+n §(0) = 0, which induces an isomorphism ®: C™+! x V'
—Ct xWandlet ¥ =Wy, ..., Pppppq): CHIFR — CTH147 pe the
inverse of ®.

Define Q = (w;, ..., w,): C" — C" by

Wizgs o0 32)) = 1440,...,0,24,...,2,), i=1,...,n

(The coordinates in C"*"*1 are (W, ..., W,y 4,24, ...,2,)) Also define
A=y 0057, C"—C" by

Y@y 3 2) = V1440, ...,0,24,...,2,), i=1,...,n

I will show that & is an isomorphism which induces an isomorphism Q: V' —
W'. The proof will be based on the theorem [4, 32].

THEOREM. Suppose Q: C" — C",Q0) =0. Letf,,...,f; €0, be
germs of holomorphic functions vanishing at the origin and suppose fo Q = Af
where f is the column vector with components f,, . . . , f;, and A € Gl(k, O,).
Then either Q2 is an isomorphism, or there exists a nowhere vanishing vector
field near 0 € C™ which preserves the ideal generated by the f,, . . . , fy.

ProoF. For a proof see [4, 3.2]. The proof there was given fork = 1,
but the same proof works for general k¥ with no modifications being necessary
except for trivial changes in terminology; e.g. replace “function” by “column
vector of functions” and “unit in 0, by “element of Gl(k, 0,)”.

Returning to the present situation, since ¥: C"+1 x W' — C™*! x V',
fjo WEN(C™! x W), p4q foranyj=1,...,k Remembering that the
J;’s were chosen independent of the first 7 + 1 variables, we get

f° 4 =f(‘pr+2’ ceey EVH.,,H) = Ag where
f is the k-column vector with components f;, ..., f,

3.10
(3.10) g is the l-column vector with component g,, . . ., g, and
A is a holomorphic k x I matrix.
Similarly, we get
od = ¢ 3 ¢ ) = Bf
@.11) g 8@z r+n+1

where B is a holomorphic / x k matrix.
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Setting wy = +++ =w,,, = 0 in equations (3.10) and (3.11), we get
(312) foA=Ag where d'Gz,...,2,)=A40,...,0,2;,...,2,)
and
(3.13) go Q =B'f where B'(zy,...,2,)=B(0,...,0,z4,...,2,).

Composing (3.10) with &, substituting in (3.11), and using the fact that ¥ =
o1, we get

(3.14A) f=fo¥od=(40D)Bf.

Let C = (4 o ®)B be a k x k holomorphic matrix. Since f= Cf and f;,
. » f;, were chosen to be a minimal set of generators for Id(C™*! x V"), ...,
we must have

C(0) = A(®(0))B(0) = A(0)B(0) =1, the k x k identity matrix.
Now compose (3.12) with £ and substitute in (3.13),
(3.14B) fo(AeQ)=(4"° Q)BY.

Letting C' = (4’ o Q)B' we have C'(0) = 4'(22(0))B'(0) = A'(0)B'(0). By def-
inition of A' and B', 4'(0) = A(0) and B'(0) = B(0). Therefore C'(0) =
A(0)B(0) = C(0) =1, the k x k identity matrix, and C € Gl(k, O,,). Equation
(3.14B) becomes

(3.140) fo(Ae@)=Cf, CEGIK,O0,).

Since fy, . . . , f; generate 1d(V"), and dim-C,(V’, 0) = 0, every holo-
morphic vector field on a neighborhood of 0 € C* which preserves 1d(V"),
must vanish at 0 € C". Apply the just quoted theorem to (3.14C), and it
follows that A o Q: C* — C" is an isomorphism. Hence A: C" — C" is
also an isomorphism, and by (3.12) so is A: ¥' — W'. Q.E.D.

We now have everything needed for a proof of Theorem 3.4, but before
giving the proof it is convenient to make a few simple observations.

OBSERVATION 3.15. If ¥ = W then Sg(V') = Sg(W)(Sg(V) denotes the
singular locus of V), and every irreducible component of Sg(¥') is isomorphic
to an irreducible component of Sg(W).

OBSERVATION 3.16. Let V be irreducible and (Vy, ..., V;) be a de-
composition of ¥ into indecomposables. Then every irreducible component Z
of Sg(V) is of the form

(3.17) Z=VlxonoxV‘_le'xVi.l_‘x-ooka
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where Z' is an irreducible component of Sg(¥}), 1 <i<k. Conversely, any

such Z' gives rise (through (3.17)) to an irreducible component Z of Sg(V).
OBSERVATION 3.18. Let V,(V,, ..., V;),Z and Z' be as in 3.16.

Suppose (Z,, . . . , Z,) is a decomposition of Z' into indecomposables. Then

(3.19) Viree s Viets Zas oo s Zin Vig s« -5 Vi)

is a decomposition of Z into indecomposables.

OBSERVATION 3.20. Let ¥, Z be as in 3.16 and 3.18. Let (W,,..., W)
be another decomposition of ¥ into indecomposables. Applying Observations
3.5,3.16and 3.18 we have Z= Wy x * =+ x W;_y x Y’ x Wiy x =+ * x W,
where Y is an irreducible component of Sg(W;) for some j, 1 <j <. If (Y,

..., Yy) is a decomposition of Y’ into indecomposables, then

(321) Wy oo Wi Yoo Y Wig s oo W)

is another decomposition of Z into indecomposables.

OBSERVATION 3.22. Let ¥V, Z be as in 3.16; then dimpZ < dim V.

PrOOF OF THEOREM 3.4. Let ¥ be an irreducible, positive dimensional
germ of a complex analytic set, and let (V, ..., V;)and (W, ..., W;) be
two decompositions of ¥ into indecomposables. Theorem 3.4 will be proven by
induction on N = dim, V.

If dim, ¥ = 1 then ¥ must be indecomposable, so that / = k = 1 and
V, = V = W,. This establishes Theorem 3.4 in this case.

Now suppose Theorem 3.4 is established for all ¥”, 1 < dim V" <N =
dim, V. Theorem 3.4 must be established for V. I will begin by making two
reductions in the problem.

RepucTION 1. We may as well assume that ¥ > 2 and [ 2> 2.

ProOF. If either k = 1 or I = 1 then V is indecomposable. But then
k=1=1and ¥V, = V= W,, establishing Theorem 3.4 for such a V.

ReDUCTION 2. We may as well assume that dim,C,(V, 0) = 0.

ProoF. By Reduction 1 we may assume min{k, [} 2> 2. Suppose
dim,C, (¥, 0) # 0. Then, by Corollary 3.8 and Remark 3.6, at least one of the
Vs and at least one of the W;’s must both be isomorphic to C. By reorderix‘lg
the ¥;’s and the W,’s we may assume ¥, = W; =C. Then V=Cx ¥V, x
see x Vi, =Cx W, x +++ x W,. By Proposition 3.9 we have V, x <+ x
V=W, x e++ x W. Since dimpV, x ¢+ x ¥V =dimcV — 1 we may
apply the induction hypothesis to conclude ¥ — 1 = — 1, so that k =/, and,
we may reorder (W,, . . ., W) to achieve V; = W,;, 2 <i <l. But, we already
have ¥, = W, = C. Theorem 3.4 is thus established in this case.

We are now reduced to establishing Theorem 3.4 for a ¥ for which
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min{k, I} > 2, and dim;C;(V, 0) = 0. This last condition says that Sg(V;) #
2, Sg(W;) # B forall i,j, 1 <i<kand 1<j<I Suppose we are in this
situation.

For convenience, let us reorder the ¥;’s and the Wi’s so that dim,V; >
dimoV, >+« >dim,V, and dimW, = dimoW, >« ++ = dim;W,. The
proof of Theorem 3.4 will follow from a careful application of Observations and
descriptions 3.15—3.22, particularly (3.19) and (3.21), together with the induction
hypothesis.

CLamM 3.23. dimgV, = dim W,.

PROOF. Let Z be any irreducible component of V; x +«+ x V;_; x
Sg(V,). Then (3.19) (with i = k) and (3.21) give two decompositions of Z into
indecomposables. By the induction hypothesis they must be the same (in the
sense of Theorem 3.4). Thus, either V; = W, for some h #j,1 < h <[, or
vV, = Y, for some g, 1 <g <s. But by the ordering of the W,’s and the def-
inition of the Y.’s, dimg W, > dimc W), and dimg W, > dim W, > dim Y.
Thus dimc W, > dimc V. The claim follows by symmetry. Let N, = dim,V,
= dim W, .

CLamv 324. Let M = sup{ildim.V; =N,}and M' = sup{j|dim W, =
N,}. ThenM =M.

PROOF. By symmetry we may as well assume M >M'. By 323, M > 1.
Let Z be any irreducible component of Sg(W,) x W, x «++ x W,. Then (3.19)
and (3.21) (with j = 1) give two decompositions of Z into indecomposables, and
by the induction hypothesis must really be the same. Since Ny = dim W, >
dim,Y; for any i, 1 <i<s, exactly M’ — 1 (SM — 1) of the terms in (3.21) are
of dimension N,;. No fewer than M — 1 of the terms of (3.19) can be of di-
mension N,. Therefore M' =1 =M —1,and M' = M.

Note that

MN, = dimo(Vy x =+ x V) =dimpo(Wy x *++ x Wy).

CLAIM 325, Vy x eee x Vyy =W x o0 x Wy

PROOF. If MN; =Nthenk=I=Mand V; x +++ x V)= V=W,
X o x Wy

If MN, <N then M <k and M <. Let Z be any irreducible component
of Vi x ++e x ¥Vp_; x Sg(Vy). Then (3.19) with i = k and (3.21) give two
decompositions of Z into indecomposables, and by the induction hypothesis
they are the same. Since there are M terms in the decomposition (3.19) which
are of dimension N, , there must be M such terms in the decomposition (3.21).
Thus, j > M where j is the integer j from (3.21). Apply the induction hypothesis
to the terms of the decomposition (3.21)
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Wyseo s Wy Wiy,

Yiseos Yo Wipgs oo s W)

so that after the permutation, the pth term is isomorphic to the pth term of
Voo oo s Viers Zy5 - - -, Z,) for any p. But, out of (W, ..., Wy, Yy,
cees Yo, Wipq, ..., W), the only terms of dimension N, are the W,’s (1 <
P SM). The permutation of the terms of (3.21) must therefore restrict to a
permutation of (W, . .., Wy,), and after reordering the (Wy, . .., Wy,) by
this permutation we have V; = W;, 1 <i<M. Thus V| x + =+ x V) =W, x
e+ x Wy, proving the claim.

Let X be any germ of a complex analytic set, and let M(X) = #{j 1V
= X}and M'(X) = #{j [W; = X}. Then to prove Theorem 34 it clearly suf-
fices to prove

CLAIM 3.26. M(X) = M'(X) for all X.

Proor. First suppose that N = N, M. Then, as already noted, M = k
=1, dimoV; = dimcW; = N, for all i, 1 <i<n.

For any X, either M(X) > M'(X) or M(X) < M'(X). By symmetry we
may as well assume M(X) > M'(X). We may also assume M(X) > 1, since if
M(X) = 0 then M'(X) = 0 = M(X) and we would be done for this X.

First I will show that M'(X) > 1. The proof of this is similar in idea to
the proof of Claim 3.23. Using this I will show that M(X) = M'(X). The proof
is similar in idea to the proof of Claim 3.24.

Since M(X) > 1,1 can find an i so that ¥; = X. Choose aq #1i,1 <
q < M (this can be done since M = k > 2) and consider an irreducible com-
ponent Zof Vy x «=e x V,_; xSg(Vp) x *»* x V. IthasV;=Xasa
factor and, hence, X must be isomorphic to some term of the decomposition in-
to indecomposables (3.21) for Z (using the induction hypothesis). But dim,Y;
<N;,1<i<s. Thus X = W; for some j and M'(X) # 0.

Choose a j for which X = W;, and now let Z be an irreducible component
of Wy x < x W;_y x Sg(W;) x Wjq x *** x Wy. By the induction hy-
pothesis (3.19) and (3.21) must give the same decomposition of Z into inde-
composables. But precisely M'(X) — 1 of the terms in (3.21) are isomorphic to
X, and there are at least M(X) — 1 such terms in (3.19). Combining this with
M(X) > M'(X) gives M(X) = M'(X) and the claim is proven in case N = MN,.

Now suppose N >MN,. Then, as already noted, M <k and M <I. By
Claim 325 ¥, x *++ x Vjy = W; x *++ x W, and we can use the induction
hypothesis to conclude that after reordering the (W,, . . ., Wy;) we have V; =
W,, 1 <i <M. Thus, we clearly have M(X) = M'(X) provided dimoX = N, .

Now choose any X such that dimX <N,. Either M(X) > M'(X) or
M'(X) > M(X), and by symmetry we may assume M(X) > M'(X).

Let V" be any irreducible germ of a complex analytic set of dimension
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less than N. Let (V7, ..., V;) be a decomposition of V" into indecomposables.
Then, by the induction hypothesis, M(X, V") = #{j| Vj"é X} depends only
on X and V", and not on the choice of decomposition.

Choose an irreducible component Z; of Sg(V; x «++ x V,,) in such a
way that M(X, Z,) is as large as possible. Z=2Z; x Vpp,q x *** x V isan
irreducible component of Sg(Vy x + <+ x V). By the induction hypothesis,
the two decompositions (3.19) and (3.21) of Z must be the same. But in (3.19)
we have 1 < i< M (by the choice of Z). (3.19), and thus also (3.21), must then
have exactly M — 1 terms of dimension N;. But then in (3.21) we must have
1<j<M,sothat Z=2Z, x Wpp,, % **+ x W, where Z, is an irreducible
component of Sg(W; x * <+ x W) = Sg(V; x *++ x V). We now clearly
have

M(X,Z) = M(X, Z,) + M(X) = M(X, Z,) + M'(X)

since dimgZ < N. Since M(X) > M'(X) and M(X, Z,) > M(X, Z,) (by the
choice of Z,), we can conclude that M(X) = M'(X). This completes the proof
of 3.26 and hence, of Theorem 3.4.

Theorem 3.4 may be reformulated as

THEOREM 3.27. Let V be an irreducible germ of a complex analytic set
having a decomposition (Vy, . . ., V) into indecomposables. Then, if X is any
germ of a complex analytic set, the integer M(X, V) = #{j|X = Vj} is well
defined, i.e., M(X, V) depends only X and V, not on the choice of (V,
vees Vi)

ProoF. This is clearly equivalent to Theorem 3.4.
4. Equivalences of singularities.

DEFINITION 4.1. Let V be an irreducible germ of a complex analytic set
having a decomposition (¥, . . . , ¥;) into indecomposables. A germ W of a
complex analytic set will be said to be partially conjugate to V if and only if
W=W, x «++ x W, where for each i, 1 <i <k, either W; =V, or W; = ?,

REMARK 4.2. Let V be as above. Then, up to isomorphism, there are at
most finitely many analytically distinct partial conjugates of V. In fact, the
number of distinct partial conjugates < 2/ where

PROPOSITION 4.3. Let V and W be irreducible germs of complex analytic

sets. Then V and W are partially conjugate if and only if
4.4) MX, V) +MX,V)=MX, W)+MX, W)

for every germ X of a complex analytic set.
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ProorF. This is an obvious consequence of Theorem 3.4 and its reformu-
lation, Theorem 3.27.

REMARK 4.5. If V and W are partially conjugate they are real analytically
equivalent.

We can now easily prove

THEOREM 4.6. Let V be an irreducible germ of a complex analytic set
which is C* isomorphic to W, a germ of a complex analytic set. Then V and
W are partially conjugate (thus, by Remark 4.2, there are, up to complex ana-
lytic isomorphism, only finitely many possibilities for W).

ProOF. By [4,1.1], V and W must actually be real analytically equiv-
alent. Hence, W is also irreducible. Also V* = W* where V* (resp. W¥) is the
complexification of V (resp. W) viewed as a real analytic set (Remark 2.8).

By Proposition 29, V* = ¥ x ¥, and W* = W x W. Thus, one clearly

has
4.7 MEX, VY =MX,V)+MX,V)
and
4.8) M(X, W*) = M(X, W) + M(X, W).

Since V* = W* we have M(X, V*) = M(X, W*), which give, together with
(47) and (48),

49) M(X, V) +M(X, V) =MX, W)+ MX, W).

The theorem now follows from Proposition 4.3 and the obvious fact that
MX,V)=MX, V) and M(X, W) = M(X, W).
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