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C- EQUIVALENCES OF SINGULARITIES

BY

ROBERT EPHRAIM(X)

ABSTRACT.  In this paper the cartesian product structure of complex

analytic singularities is studied.  A singularity is called indecomposable if it

cannot be written as the cartesian product of two singularities of lower di-

mension.  It is shown that there is an essentially unique way to write any re-

duced irreducible singularity as a cartesian product of indecomposable sing-

ularities.  This result is applied to give an explicit description of the set of

reduced irreducible complex singularities having a given underlying real ana-

lytic structure.

1. Introduction. Let V he an irreducible germ of a complex analytic set.

In this paper I will classify all germs W of complex analytic sets which are dif-

feomorphic (of class C°°) to V (Theorem 4.6). It is not surprising that this

classification should rest on a structure theorem for such V. What may be sur-

prising is that the relevant structure theorem (Theorem 3.4) concerns nothing

more complicated than the decomposition of V as a cartesian product of germs

of analytic sets of lower dimension. It will be proven that if V is decomposed

into factors to the point where no factor can be further decomposed, then the

factors which appear are uniquely determined (up to complex analytic iso-

morphism) by V.

This type of question has some interesting history. Mumford [7] has

shown that a normal two-dimensional germ which is homeomorphic to a mani-

fold germ must actually be nonsingular. If F is a germ of a hypersurface which

is homeomorphic as an embedded pair to a manifold embedded as a hyper-

surface, then W is actually nonsingular. This is a consequence of work of

A'Campo [1], but it was noticed, I believe, by Le Dung Trang. Finally, if W

is diffeomorphic (of class C1) to a manifold, then it is nonsingular ([2] or [6]).

The above results all concern singularities homeomorphic (with side con-
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ditions) to a nonsingular germ V. The side condition is generally a smoothness

condition on the map, and the more general the desired result, the more smooth-

ness is needed. This paper generalizes the above work to the case where V may

be any reduced irreducible singularity, and naturally, to have a theorem of this

generality, a great deal of smoothness is needed. In [4], I treated by more

direct methods the special case where F is a germ of a hypersurface.

2. Preliminaries. Let V C C" be a germ at the origin of a complex ana-

lytic set. Let On be the ring of germs of functions holomorphic in a neighbor-

hood of the origin. Then I(V)n will denote the ideal of all /G On vanishing on

V.

Cartesian products. Suppose V C C" and W C Cm axe two such germs.

Then V x IV C cn+m is also a germ at the origin (in Cn+m) of a complex

analytic set. If (z,,... , zn) are coordinates in C" and {wx,. . ., wm) axe

coordinates in Cm, then the two projections (z, w) |—»• z and (z, w) \—*■ w define

inclusions On C On+m and Om C On+m, and we just have V x W =

yiIiV)nOn+m + I(W)mOn+m). (If /G On then V(f) denotes the germ at

the origin of {z G Cn \f(z) = 0}, and if / C 0„, then V(J) = H^jVif) [5].)

In fact, we have

Lemma 2.1. Let V and W be as above and suppose V and W are irre-

ducible.  Then

W x "Urn =nV)„On+m +KW)mOn+m

and V x W is irreducible.

Proof. Since Fand W axe irreducible,I(V)n and I{W)m axe prime ideals.

By [8,47.5] I(V)nOn+m +I(W)mOn+m is prime. Since I(V)nOn+m +

I(W)mOn+m C I(V x W)n+m and these two ideals both define the same ana-

lytic germ V x W, then I(V)nOn+m + I(W)mOn+m = I(V x W)n+m just

follows by the Nullstellensatz. I(V x W)m+n must then be prime, and V x W

is irreducible.   QüD.

Remark 2.2. If V x W is irreducible, then V and IV are certainly both

irreducible also.

Proof.   If V is reducible, then V = Vx U V2 where Vx and V2 axe

proper analytic subsets of V, and V x W = (Vx x W) U (V2 x W) where Vx

x W and V2 x W axe proper analytic subsets of V x W, so that V x W is re-

ducible. Similarly, if IV is reducible, V x W is reducible.

Complex conjugate germs. Let K C C" be as above. Define V, the com-

plex conjugate of V, by V = {z E Cn\z G V}.

Remark 2.3.  V is the germ of a complex analytic set.
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Proof. For /G 0„ define / G On by the formula f(z) = /(?). Clearly

z E V if and only if / (z) = 0 for all /G Id(F)n.

Remark 2.4. Id(K)„ = {/ G On |/G Id(K)„}.

Remark 25. ld(V)n is prime <=> Id(P")„ is prime.

Remark 2.6. The complex conjugate of V is just K.

Remark 2.7. If V ss W then F = IV. ("s" means complex analytically

equivalent in all that follows.)

Proof. Suppose V C Cn and W C Cm and let (<¡>x,. .., 0m): C -*

Cm be a map which induces an isomorphism from V to W. Then (<¡>x,..., 0m):

C —* Cm induces an isomorphism of V to W.

Complexification of a complex germ.  Let A C Rn he a germ of a real ana-

lytic set, and letfx(x),. .. ,fk(x) generate ld(A)n the ideal of real analytic

functions vanishing on A. Now allow the variables to take on complex as well

as real values. We get an embedding Rn C Cn with coordinates {zx,..., zn),

where z = x + iy is the decomposition of the coordinates into real and complex

parts, and Rn = {z E Cn \yx = • • • = yn = 0}. Since /j(jc), ... , fk{x) can be

represented by convergent power series, the same series can be used to define

holomorphic functions/,(z),... ,fk{z). A*, the complexification of A, is just

A* = {zE Cn \fx(z) — • ' • = fk(z) — 0}. A* is a germ of a complex analytic

variety. Properties of the complexification can be found in [3] or [9], but let

me take note of the following obvious

Remark 2.8. If A C R" and B C Rm are real analytically isomorphic,

then A* and B* are complex analytically isomorphic. In fact, if (<¡>x,... , <j>m):

Rn —*■ Rm is a real analytic map defining an isomorphism of A to B, then by

complexifying the variable in the power series expansion for the 0's, one obtains

a holomorphic map C —* Cm which defines an isomorphism from A* to B*.

Now let V C Cn be a complex analytic germ, and think of it as a real ana-

lytic germ V C R2n. It has a complexification V*.

Proposition 2.9. IfVCCas above is irreducible, then F*sKx V.

Proof. Let fx(z),. .. ,fk(z) generate I(V)n. Since V is irreducible, the

real analytic ideal of V C R2n is generated by (ux(x,y), vx(x,y),. .. , uk(x,y),

vk(x,y)) where «;(x,v) and u;(jc, y) are, respectively, the real and the complex

parts offj(z),j = 1,... ,k, and Zj = Xf + iyj,j = 1,... ,n, is the decom-

position of the coordinates z into real and complex parts [4].

Now let JCj, . . . , jc„ and yx, . . . , yn be extended to be complex co-

ordinates of C2n. Then V* is defined by ux(x,y), vx(x,y),. . ., vk(x,y).

Equivalently, V* is defined by «i(jc,^) 4- iux(x,y),.... uk(x,y) + ivk(x,y),

ux(x,y) - iox(x,y),... , uk(x,y) - ivk(x,y). Defining a holomorphic change
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of coordinates in C2n by z;. = x;- + iy, and w¡ = x¡ - iy^j = 1, . . . , n, we

have Uj(x,y) + iVj(x,y) =ff(z) and u¡(x,y) - b)Ax,y) =/)(w),/ ■ 1,... ,Jt.

Thus K^is defined in C2n by fx(z),. . . ,fk(z),fx(w),. .. ,fk(w). Thus V*

=£VxV. Q.E.D.

3. Structure of Cartesian products.

Definition 3.1. Let V he a germ of a positive dimensional complex ana-

lytic set. By a decomposition of V of length k, I mean a zc-tuple (Vx,. . . , Vk)

of complex analytic germs of positive dimension such that V s Vx x • • • x Vk.

Definition 3.2.  V as above will be called indecomposable if there does

not exist a decomposition of V of length > 1.

Proposition 3.3. Let V be a positive-dimensional germ of an analytic

set.  Then V has a decomposition of length k > 1 (Vx.Vk) for which each

Vj, 1 </ <:k,is indecomposable.

Proof. Since dim^F^ x • • • x Vk)~ S*=1dimcF'/ it is clear that if

dimcF = 1, then V is indecomposable. The proof will follow by induction on

the dimension of V. Suppose the proposition is established for all germs of di-

mension less than dimcF. Either V is indecomposable, and we are done, ox V =

V' x V" with dimcF> max(dimcF', dimcK"). In that case just apply the in-

duction hypothesis to V' and V" and put the two decompositions together.

QED.
The purpose of this section is to prove

Theorem 3.4. Let V be an irreducible germ of a positive dimensional

complex analytic set.   Then the decomposition of V into indécomposables (which

must exist by Proposition 3.3) is unique, Le., let (Vx, . . . , Vk) and (Wx,

. . . , W¡) be two decompositions of V into indécomposables.  Then k = I and,

after a permutation of (Wx,. . . , Wk) we have Vj = Wj,j= 1,. . . , k.

Before giving a proof of this theorem several preliminaries are necessary.

Let V C C" be a germ at the origin of a complex analytic set. Recall that a

holomorphic vector field on V can be thought of as a holomorphic vector field

on an ambient neighborhood of V which preserves I(V)n. This definition is

easily seen to be independent of the choice of embedding V C Cn [10].

Following Whitney [11]

Definition 3.5. CX(V, 0) = {iz G T0V\ there is a holomorphic vector

field AfonF for which v = X(0)} (TQ V denotes the Zariski tangent space to V

at 0 G C").

Clearly CX(V, 0) is a complex linear subspace of T0V. Rossi [10] showed

that if dim^iy, 0) = k then V st Ck x V. On the other hand, if V ss
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C* x V', then clearly dimcCx(V, 0) > k (in fact 3/9zf, 1 < i < k, are linearly

independent vectors in CX(V, 0)). Therefore we have

Remark 3.6. dimcCx(V, 0) is precisely the largest integer k for which

one can write V = Ck x V'. We will need

Proposition 3.7. IfV^V'x V" then CX(V, 0) = Cx(V',0) x CX(V, 0).

Proof.   Choose embeddings V' C C", V" C Cm as in the previous

section. Let v E CX(V', 0) and choose X(z) = 2Z"=xa¡(z) b/dz¡ a holomorphic

vector field on C" preserving I(V')n for which X(0) = v. Extend X(z) to a

vector field on Cn+m by X(z, w) = Z"=xa(z)d/dz¡. Clearly, for any f(w) E

OmCOn+m,X(z,w)f(w) = 0. SinceI(V)n+m =I(V)nOn+m + I(V")mOn+m,

it follows (by the product rule for derivatives) that X(z, w) preserves I(Y)n+m.

Thus (v, 0) = X(0, 0) E CX(V, 0) so that CX(V, 0) x {0} C CX(V, 0). Simi-

larly, {0} x CX(V", 0) C CX(V, 0), and since CX(V, 0) is a vector space, we have

Cx(V',0)xCx(V",0)CCx(V,0).
Now suppose (vx, v2) E CX(V, 0) and extend it to

n 7\ m A

Xiz,w)=Za¿z,w) ■±-+^bi(z,w)^-,
<=1 0Zi       /=1 0Wj

a vector field on Cn+m preserving I(V)n+m. Let /(z) G I(V')n C I(V)n+m.

Then

(Xf)(z,w)EI(V)n+m =I(V)nOn+m +KV")mOn+m

sothat(Xf)(z,0)EI(V')n. But

n a f(z)
(Xf)(z,w)=Zai(z,w) -£±

t= i «

and

(Xf)(z, 0) = ± at{z, 0) 11®- = (± *&> 0) jA f(z).

Thus V¡=xai(z, Q)d/dz¡ is a vector field on C" preservingI(V')n and vx =

Sf=1af(0, 0) d/dz¡ E CX(V, 0). SimÜarly v2 E CX(V", 0) so that (ux, v2) E

CX(V, 0) x CX(V", 0), and CX(V, 0) C CX(V, 0) x CX(V", 0). Q.ED.

Corollary 3.8. IfV^Vx V" then dimC^K, 0) = dimCx(V, 0) 4-

dimCx(V", 0).

Proposition 3.9. Suppose C x FsCx W is irreducible; then V&W.

Proof. By Corollary 3.8, dimcCx(V, 0) = dimcCx(W, 0) = r. Applying

Remark 3.6, V = C x V' and W = Cr x W' where dimcCx(V, 0) =
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dimcC,(JV\ 0) = 0. The proposition will follow if it can be shown that V' =

W'. In any event, C+1 x V' = C+1 x W'. Choose embeddings V C C and

W' C C and let {fx,.. . ,fk} he a minimal set of generators of Id(F')„ and

iii, • • • ,¿?/} be a set of generators for ld(W')n. Then {fx,... ,fk} generate

Id(Cr+1 x V')n+r+x and are minimal and {gx, . . . , g¡} generate

Id(C+1 x rv")n+r+x. Now choose an isomorphism $ = (#,,... , 0n+r+1):

Cr+i+n _„ Cr+i+nf qçq) = 0j which mduces m isomorphism <J>: Cr+1 x V'

-» C+1 x W and let * = (i>,,..., ¡¡>n+r+1): Cr+x+n -* C+1+n be the

inverse of $.

Define Í2 = (tax, . .. , con): C -* C" by

<ût(zt,...,z„) = 0r+1+/(O,..., 0,zx,...,zn),     i = 1,...,n.

(The coordinates in C"+r+ x are {wx.wr+x, zx,.. ., z„).) Also define

A = (7X.yn):Cn^Cnhy

yf(zx,...,z„) = ^r+1+l(0,..., 0, zx...., z„),     i=l,...,n.

I will show that £2 is an isomorphism which induces an isomorphism SI: V' —*

IV'. The proof will be based on the theorem [4, 32].

Theorem.   Suppose Í2: C -*C, Í2(0) = 0. Let /,,. .. ,fkEOn be

germs of holomorphic functions vanishing at the origin and suppose / » Í2 = Af

where f is the column vector with components fx,. .., fk, and A E Gl(k, On).

Then either SI is an isomorphism, or there exists a nowhere vanishing vector

field near 0 EC" which preserves the ideal generated by the fx,... ,fk.

Proof. For a proof see [4, 32]. The proof there was given for k = 1,

but the same proof works for general k with no modifications being necessary

except for trivial changes in terminology; e.g. replace "function" by "column

vector of functions" and "unit in On" by "element of Gl(k, <?„)".

Returning to the present situation, since ̂ : Cr+i x W' —*■ Cr+1 x V',

fjoVE Id(Cr+1 x zV')B+r+1 for any / = 1,... , k. Remembering that the

/•'s were chosen independent of the first r + 1 variables, we get

/o * =/f>r+2,... , liV-M-n) =ASwhere

/is the fc-column vector with components/^ ... ,fk,

g is the /-column vector with component gx,. .., g¡, and

A is a holomorphic k x I matrix.

Similarly, we get

g ° * = S(#r+2> • • • > <t>r+n+l) = Bf

where J? is a holomorphic l x k matrix.
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Setting wx = • • • = wr+ j = 0 in equations (3.10) and (3.11), we get

(3.12)/o A = A'g   whereA'(zx,. . . ,zn)=A(0,. . . ,0,zx,. .. ,zn)

and

(3.13) go si =B'f  whereB'(zx,. . .,z„)=B(0.0,z,.zn).

Composing (3.10) with $, substituting in (3.11), and using the fact that * =

4>_1, we get

(3.14A) / = /o#o$ = (,io $)£/.

Let C = (A o $)B be a k x k holomorphic matrix. Since f=Cf and fx,

..., fk were chosen to be a minimal set of generators for Id(C+ x x V')n+r+,,

we must have

C(0) = A ($(0))5(0) = A (0)5(0) = /,   the k x k identity matrix.

Now compose (3.12) with Í2 and substitute in (3.13),

(3-14B) / o (A o fi) = (A ' o Si)B'f.

Letting C' = (A'o Sl)B' we have C'(0) = A'(n(0))B'(0) = A'(0)B'(0). By def-

inition of A' and B', A'(0) = ¿(0) and B'(0) = 5(0). Therefore C'(0) =

¿(0)5(0) = C(0) = /, the k x k identity matrix, and C E Gl(fc, On). Equation

(3.14B) becomes

(3.14C) /o (A o fi) = Cf,      CE Glfjfc, On).

Since fx,...,fk generate \d(y')n and dimcC1(F'', 0) = 0, every holo-

morphic vector field on a neighborhood of 0 G Cn which preserves Id(K')B

must vanish at 0 G C. Apply the just quoted theorem to (3.14C), and it

follows that A o £2: Cn —*• C" is an isomorphism. Hence A: C" —* C is

also an isomorphism, and by (3.12) so is A: V' —*■ W'. Q.E.D.

We now have everything needed for a proof of Theorem 3.4, but before

giving the proof it is convenient to make a few simple observations.

Observation 3.15. If Vs* W then Sg(F) = Sg(W)(Sg(V) denotes the

singular locus of V), and every irreducible component of Sg(K) is isomorphic

to an irreducible component of Sg(lV).

Observation 3.16. Let V be irreducible and (Vx,..., Vk) be a de-

composition of V into indécomposables. Then every irreducible component Z

of Sg(F) is of the form

(3.17) Z=VX x . •. x V^i x Z' x Vi+X x • • • x Vk



306 ROBERT EPHRAIM

where Z' is an irreducible component of SgíF,), 1 < i< k. Conversely, any

such Z' gives rise (through (3.17)) to an irreducible component Z of Sg(F).

Observation 3.18. Let V, (Vx...., Vk), Z and Z' be as in 3.16.

Suppose (Z,,.. . , Zr) is a decomposition of Z' into indécomposables. Then

(3.19) (Vx, .... V¡_X,ZX, . . . ,Zr, Vl+X, ...,Vk)

is a decomposition of Z into indécomposables.

Observation 3.20. Let V,Z he as in 3.16 and 3.18. Let (IV,,. . . , W¡)

be another decomposition of V into indécomposables. Applying Observations

3.15, 3.16 and 3.18 we have Z as Wx x • • • x W¡_x x Y' x R//+1 x • • • x W,

where Y' is an irreducible component of Sg(W;.) for some /, l</< /. If (Yx,

.. . , Ys) is a decomposition of Y' into indécomposables, then

(3.21) (Wx, .... Wf_x, Yx.rs, IV/+1.If,)

is another decomposition of Z into indécomposables.

Observation 322. Let V, Z be as in 3.16; then dimcZ < dimc V.

Proof of Theorem 3.4. Let F be an irreducible, positive dimensional

germ of a complex analytic set, and let (Vx,... , Vk) and (Wx,. . ., W¡) be

two decompositions of V into indécomposables. Theorem 3.4 will be proven by

induction on N = dimc V.

If dimc V = 1 then V must be indecomposable, so that / = k = 1 and

Kj s F s IV,. This establishes Theorem 3.4 in this case.

Now suppose Theorem 3.4 is established for all V", 1 < dimcF" < N =

dimcF Theorem 3.4 must be established for V. I will begin by making two

reductions in the problem.

Reduction 1. We may as well assume that k > 2 and / > 2.

Proof. If either k = 1 or / = 1 then V is indecomposable. But then

k = / = 1 and Vx = V s Wx, establishing Theorem 3.4 for such a V.

Reduction 2. We may as well assume that dimcC,(F, 0) = 0.

Proof. By Reduction 1 we may assume min{zc, l}>2. Suppose

dimcC,(F, 0) =£ 0. Then, by Corollary 3.8 and Remark 3.6, at least one of the

V.'s and at least one of the Wfs must both be isomorphic to C. By reordering

the Kf's and the W/s we may assume Vx s Wx = C. Then V s C x V2 x

• • • x Vk = C x W2 x • • • x W¡. By Proposition 3.9 we have V2 x • • • x

Vk = W2 x • • • x W¡.   Since dimc V2 x • • • x Vk = dimc V - 1 we may

apply the induction hypothesis to conclude zc-1 =/-l,so that k = I, and,

we may reorder (W2,... ,W,)to achieve Vi ̂ Wit2<i< I. But, we already

have Vx = WX = C. Theorem 3.4 is thus established in this case.

We are now reduced to estabhshing Theorem 3.4 for a V for which
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min{k, l}>2, and dimcCx(V, 0) = 0. This last condition says that Sg(Kf) =£

0, SgQVj) ¥= 0 for all i,j, 1 < i < k and 1 </ < /. Suppose we are in this

situation.

For convenience, let us reorder the Ff's and the W's so that dimcF| >

dimc V2> - • • > dimc Vk and dimc Wx > dimc W2 > • • • > dimc Wt. The

proof of Theorem 3.4 will follow from a careful application of Observations and

descriptions 3.15-3.22, particularly (3.19) and (3.21), together with the induction

hypothesis.

Claim 3.23. dim^ = dimcIv'i.

Proof.  Let Z be any irreducible component of Vx x • • • x Vk_x x

Sg(Vk). Then (3.19) (with i = k) and (3.21) give two decompositions of Z into

indécomposables. By the induction hypothesis they must be the same (in the

sense of Theorem 3.4). Thus, either Vx as Wh for some h ¥=/, 1 < h < /, or

Vx = Yg for some g, 1 <g < s. But by the ordering of the Iv^'s and the def-

inition of the YgS, dimcH'1 > d\mcWln and dim^! > dimcrvy > d\mcYg.

Thus dimclv*1 > dimcKj. The claim follows by symmetry. Let Nx = din^Fj

= dimplfj.

Claim 3.24. Let M = supO'ldim^ = Nx} and M' = supO'ldim^- =

Nx). ThenM = M'.

Proof. By symmetry we may as well assume M > M'. By 3.23, M' > 1.

Let Z he any irreducible component of Sg(Wx) x W2 x • • • x W¡. Then (3.19)

and (3.21) (with/ = 1) give two decompositions of Z into indécomposables, and

by the induction hypothesis must really be the same. Since A^j = dimcWx >

din^y,. for any /, 1 < /< s, exactly M' - 1 (<M - 1) of the terms in (3.21) are

of dimension Nx. No fewer than M - 1 of the terms of (3.19) can be of di-

mension Afj. Therefore M - 1 = M - 1, and M = M.

Note that

MNX = dimciFi x • • • x Vu) - dim^I^ x • • • x WM).

Claim 3.25.  Vx x • • • x VM at Wx x • • • x WM.

Proof. If MNX = N then k = I = M and Vx x • • • x VM s V s Wx

x • • • x WM.

If MNX < N then M < k and M<1. Let Z be any irreducible component

of Vx x • • • x Vk_x x SgiFfc). Then (3.19) with / ■ k and (3.21) give two

decompositions of Z into indécomposables, and by the induction hypothesis

they are the same. Since there are M terms in the decomposition (3.19) which

are of dimension Nx, there must be M such terms in the decomposition (3.21).

Thus,/ >M where / is the integer/ from (3.21). Apply the induction hypothesis

to the terms of the decomposition (3.21)
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(IV,, ...,WM,...,Wj_x,Yx,..., Ys, Wj+X, . . . , W.)

so that after the permutation, the pth term is isomorphic to the pth term of

(Pi,. . . , Vk-i>zi.Zr) for any p. But, out of (Wx,. . . ,Wf_x, Yx,

. . . ,YS, WJ+,, . . . , IV,), the only terms of dimension Nx axe the Wps (1 <

p < M). The permutation of the terms of (3.21) must therefore restrict to a

permutation of (Wx, . . . , WM), and after reordering the (Wx, . . . , WM) by

this permutation we have V¡ = W¡, 1 <i<M. Thus Vx x • • • x VM = Wx x

• • • x WM, proving the claim.

Let X he any germ of a complex analytic set, and let M(X) = #{/1V,

as X} and M'(X) = #{j\W¡ = X}. Then to prove Theorem 3.4 it clearly suf-

fices to prove

Claim 3.26. M(X) = M'(X) for all X.

Proof.  First suppose that N = NXM. Then, as already noted, M = k

= I, dinvjP,. = dimcW¡ = Nx for all z, 1 < i < zz.

For any X, either M(X) > M(X) or M(X) < M(X). By symmetry we

may as well assume M(X) > M'(X). We may also assume M(X) > 1, since if

M(X) = 0 then M'(X) = 0= M(X) and we would be done for this X.

First I will show that M'(X) > 1. The proof of this is similar in idea to

the proof of Claim 3.23. Using this I will show that M(X) = M"(X). The proof

is similar in idea to the proof of Claim 3.24.

Since M(X) > 1,1 can find an i so that V¡ = X. Choose a q =£ z, 1 <

q < M (this can be done since M = k > 2) and consider an irreducible com-

ponent Z of Vx x • • • x Vq_x x Sg(P"9) x • • • x VM. It has V¡ = X as a

factor and, hence, X must be isomorphic to some term of the decomposition in-

to indécomposables (3.21) for Z (using the induction hypothesis). But dimcY{

<Nx,Ki<s. Thus X ss W¡ for some / and M'(X) ¥= 0.

Choose a / for which X = Wj, and now let Z be an irreducible component

of Wx x • • • x Wj_x x Sg(rV;) x WJ+X x • • • x WM. By the induction hy-

pothesis (3.19) and (3.21) must give the same decomposition of Z into indé-

composables. But precisely M'(X) - 1 of the terms in (3.21) are isomorphic to

X, and there are at least M(X) - 1 such terms in (3.19). Combining this with

M(X) > M'(X) gives M(X) = M{X) and the claim is proven in case N = MNX.

Now suppose A7 > MNX. Then, as already noted, Af < k andM< /. By

Claim 3.25 Vx x • • • x VM = Wx x • • • x WM and we can use the induction

hypothesis to conclude that after reordering the (Wx,..., WM) we have Vi s

Wt, Ki<M. Thus, we clearly haveM(X) = M'(X) provided dimcX = Nx.

Now choose any X such that dimcA" < Nx. Either M(X) > M'(X) or

M'(X) > M(X), and by symmetry we may assume M(X) > M'(X).

Let V" he any irreducible germ of a complex analytic set of dimension
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less than AT. Let (Vx,.. . , V't) be a decomposition of V" into indécomposables.

Then, by the induction hypothesis, M(X, V") = #{/1 Vj= X] depends only

on X and V", and not on the choice of decomposition.

Choose an irreducible component Zx of Sg(Vx x • • • x VM) in such a

way thatMfX, Zx) is as large as possible. Z = Zx x VM+X x • • • x Vk is an

irreducible component of Sg(K, x • • • x Vk). By the induction hypothesis,

the two decompositions (3.19) and (3.21) of Z must be the same. But in (3.19)

we have 1 < i < M (by the choice of Z). (3.19), and thus also (3.21), must then

have exactly M - 1 terms of dimension Nx. But then in (3.21) we must have

1 </ <Af, so that Z = Z2y. w"m+i x • • • x Wt where Z2 is an irreducible

component of Sg(Wx x • • • x WM) = S%(VX x • • • x VM). We now clearly

have

M (X, Z) = M(X, Zx) + M(X) = M(X, Z2) + M'(X)

since dimcZ < N. Since M(X) > M'(X) and M(X, Zx) > M(X, Z2) (by the

choice of Zx), we can conclude that M(X) = M'(X). This completes the proof

of 3.26 and hence, of Theorem 3.4.

Theorem 3.4 may be reformulated as

Theorem 3.27. Let Vbe an irreducible germ of a complex analytic set

having a decomposition {Vx,..., Vk) into indécomposables.  Then, ifX is any

germ of a complex analytic set, the integer M(X, V) = #{j\X=V}}is well

defined, Le., M(X, V) depends only X and V, not on the choice of(Vx,

.... Vk).

Proof. This is clearly equivalent to Theorem 3.4.

4. Equivalences of singularities.

Definition 4.1. Let V he an irreducible germ of a complex analytic set

having a decomposition (Vx,. .., Vk) into indécomposables. A germ W of a

complex analytic set will be said to be partially conjugate to V if and only if

W s Wx x • • • x Wk where for each i, 1< i* < k, either W¡ ss V¡ or W¡ s V¡.

Remark 42. Let V be as above. Then, up to isomorphism, there are at

most finitely many analytically distinct partial conjugates of V. In fact, the

number of distinct partial conjugates < 21 where

/ = min{dimc V - dimcC1(K, 0), dimcr0K - dimc V, k}.

Proposition 4.3. Let V and W be irreducible germs of complex analytic

sets.  Then V and W are partially conjugate if and only if

(4.4) M(X, V) + M(X, V) = M(X, W) + M(X, W)

for every germ Xofa complex analytic set.
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Proof. This is an obvious consequence of Theorem 3.4 and its reformu-

lation, Theorem 3.27.

Remark 4.5. If Fand W are partially conjugate they are real analytically

equivalent.

We can now easily prove

Theorem 4.6. Let V be an irreducible germ of a complex analytic set

which is C°° isomorphic to W, a germ of a complex analytic set.  Then V and

W are partially conjugate (thus, by Remark 4.2, there are, up to complex ana-

lytic isomorphism, only finitely many possibilities for W).

Proof.  By [4,1.1], V and W must actually be real analytically equiv-

alent. Hence, W is also irreducible. Also V* = W* where V* (resp. W*) is the

complexification of V (resp. W) viewed as a real analytic set (Remark 2.8).

By Proposition 2.9, V* as V x V, and W* as W x W. Thus, one clearly

has

(4.7) M(X, V*) = M(X, V) + M(X, V )

and

(4.8) M(X, W*)= M(X, W) + M(X, W).

Since V* s W* we have M(X, V*) = M(X, W*), which give, together with

(4.7) and (4.8),

(4.9) M(X, V) + M(X, V) - M(X, W) + M(X, W).

The theorem now follows from Proposition 4.3 and the obvious fact that

M(X, V) = M(X, V) and M(X, W) = M{X, W).
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