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THE DEGREE OF APPROXIMATION
FOR GENERALIZED POLYNOMIALS
WITH INTEGRAL COEFFICIENTS
BY

M. VON GOLITSCHEK(!)

ABSTRACT. The classical Mintz theorem and the so-called Jackson-Miintz
theorems concern uniform approximation on [0, 1] by polynomials whose expo-
nents are taken from an increasing sequence of positive real numbers A. Under
mild restrictions on the exponents, the degree of approximation for A-polynom-
ials with real coefficients is compared with the corresponding degree of approxima-
tion when the coefficients are taken from the integers.

Let C [0, 1] be the space of all continuous real valued functions defined on
the interval [0, 1] and ||+ || the supremum norm on [0, 1] (lIfll =
sup{l f(x)I: 0 <x < 1}). It is well known that the ordinary algebraic polyno-
mials with integral coefficients, i.e. integral polynomials, are dense in the subspace

Gol0, 1] = {f€CI0, 1]): £(0) = f(1) = 0}.

This seems to be due originally to Kakeya [10], but many other authors have
also studied this or related problems: Pdl [17], Okada [16], Bernstein [2],
Fekete [3]. Finally, Hewitt and Zuckerman [9] obtained necessary and suf-
ficient conditions. With every closed real interval of length less than 4, they
associate a certain finite subset J. A continuous real function f on the interval is
arbitrarily uniformly approximable by integral polynomials if and only if f is
equal to some integral polynomial on the set J.

In 1931, Kantorovi¢ [11] proved that for any positive integer n and any
function f € C,[0, 1] there exists an integral polynomial p,(x) = ',:=obkx"
such that

0)) If = Pl S2E,(f) + O(n~') forn—> oo
holds, where
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fe) - i ax*
k=0

E,(f) = inf 3

:akrealf .

Gel'fond [6] and Trigub [18] extended this result to differentiable functions f
for the intervals [0, 1] and [a, b], b — a < 4, respectively, and obtained ana-
logues of Jackson’s and Timan’s theorems.

Many theorems, which are well known for ordinary polynomials, are also
valid for the so-called A-polynomials of the form

s
A
Px)=Y ax%, areal,
k=1

where A = {\, };—, is a positive increasing sequence of real numbers. Muntz
[14] proved that the A-polynomials are dense in the subset {f € C [0, 1]: f(0)
=0} of C[0, 1] if and only if Zy_, 1/, = e°.

Recently, Le Baron O. Ferguson and von Golitschek [4] showed that for
every sequence A of distinct positive integers the A-polynomials with integral coef-
ficients are dense in C,[0, 1] if and only if Muntz’s condition holds. This result
is even valid for every sequence A of distinct positive real numbers.

Combining Muntz’s and Jackson’s theorems, Newman [15],von Golitschek
[71, [8], Ganelius and Westlund [5], Leviatan [12], Bak and Newman [1] ob-
tained upper and lower bounds for the degree of approximation when functions f
are approximated by the A-polynomials with real coefficients.

The purpose of this paper is to find analogous Jackson-Muntz theorems for
A-polynomials with integral coefficients. More precisely, we shall prove the follow-
ing two theorems which generalize Kantorovi¢’s result (1).

THEOREM 1. Let the positive increasing sequence A satisfy
(@) A\ 2B, N SCN, MN<Bk fork=>k,,
where k is a positive integer and B and C are positive constants. For any func-
tion f € C, [0, 1] and any positive integer s there exist integers bi’ 1<j<s,
such that

©)) <2E(fi M)+ 067,

f@ -3 b
=1

where.

E(f;N) = inf; o) - ,f; a5 % |[: ¢, realf .
k=1

THEOREM 2. Let the positive increasing sequence A satisfy
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@ N <CN,, N >Bk fork>1.

For any function f € Cy [0, 1] and any positive integer s there exist integers
b,-, 1<j<s, such that

©) 1)~ 21 by
j=
where ¢(s).= exp(Z}—; 1/\,).

REMARK 1. The restrictions Ay, <CN; (k 2k, or k > 1) in Theorem 1
and Theorem 2 are mild. Indeed, many different sequences have this property,
for example

<2E(f; A) + 0(p(s)™®),

A=K k=1, B>0,
AN =klogk (>1),

and even converging sequences A with lim,_, ., A, =7, A>0.
REMARK 2. It follows from the theory of width (cf. Lorentz [13, Chapter
9]) that the classes I',, of functions,

T, = {fECIO, 1]: w(f; h) <w(h) for 0<h <1},

where w is a given modulus of continuity, have the following property. There
exists a positive number ¢ not depending on s such that
©) sup EJ(f; A) > cw(s™h).
fery,

It is easy to see that the classes ', = I",, N C, [0, 1] satisfy (6). Therefore the
summand O(s~!') in (3) of Theorem 1 does not change the rate of convergence
if we consider the whole class T, .

Combining Theorem 2 and the Jackson-Muntz theorem [8, Theorem 3] for
A-polynomials with real coefficients, we are led to the following.

COROLLARY. If (4) holds, then for any function f € C,[0, 1] and any
positive integer s there exist integers b;, 1 <j<s, such that

= 0w (f; v(s)"B*))

o) 6= % b
]=

where B* = min {B; 2} and w(f, h) = sup{lf(x + £) = fG): |tI<h, x, x +
t € [0, 1], 0 < h < 1}, denotes the modulus of continuity of f.

REMARK 3. For B > 2 the rate of convergence in (7) is best possible for
classes T, o, even if we approximate by A-polynomials with real coefficients (cf.

Bak and Newman [1]).
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Proofs of Theorem 1 and Theorem 2. By [4, Lemma 1] there exists for
any positive integers q and s, ¢ < s, a A-polynomial Qq,(x) =2 a+1%iq ,x’"
such that

®) Age= lehq = Qs < 2 exp <— 22, i l/)\,)

i=q+1
and Qq,(l) = 1, where the first equality in (8) serves to define 4 ,.

LEMMA 1. Let r and s be positive integers such thatr <s+ 1 — Clogs
<s. (a) If the assumptions of Theorem 1 hold then

r
) Y Age=0G"") fors— =
e=1
(b) If the assumptions of Theorem 2 hold then
r
(10) T Ay = 0(s)B) fors— .
q=1

PROOF OF LEMMA 1. Let s be so large that /2> Clog s > k.
(a) We apply the inequalities (2) and (8). Then, for 1 <q <Clog s and
qo =max{q + L, k,},

(1) A, <2exp (- 2, > 1/(Bi)) < 2(a/9™"® < 2qqfs);

for Clog s <q <s/2,
2q
A, <2exp(—2X\ 1/, ) €2e729/€ <2572,
12 as P( 7,2 7\:)
and fors/2<q<s+1-Clogs,
13) Agy <2 exp(-22(s — @)/ A) < 2¢*/%572,

Combining (11) through (13) we obtain (9).
(b) We apply the inequalities (4) and (8). Let 1 <q <s/2. Since

q q
BY 1/N< Y 1/i<1+loggq
i=1 i=1
and

s 2
exp (— A, X l/)s,) < exp (—— A, i=§q“ 1/)\,> < e C,

i=q+1
we obtain

g
@14) Ay < 2e~UCexp (- B Y 1 )\,) < 2eqe~¥C p(s)~B.
i=q+1
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Again (13) is valid for s/2<q <s+ 1 — Clogs. This together with (14) com-
pletes the proof of (10) if we take into consideration that (s)~8 > (es)~?.

LEMMA 2. Let n and m be positive integers and o, n <j<m, be real
numbers such that

=n
Then there exist integers b, n <j < m, for which

mo il (MmN A,
f;(a, b,)xl"<6< y >+(m—n)>\,,'

(16)

PROOF OF LEMMA 2. We may assume that A, ., — A, = 4, because the
substitution x = y# does not change the supremum norm in (16) for any positive
number 8. Applying the method in [4, Lemma 4] we define, recursively, for

i=m,m-1,...,n,d, =qa, - [a,] and
. m
o = [o] KI_ZH d;<0
d; = ! , m-13j>n,
m
i=j+1

where [a] denotes the largest integer less or equal to . Then the numbers 8, =
E}';, d, have the properties §,, = 0, IBII <lforn<j<m,and

= A m A Ny
px)= Y dx"t= Y 6;(x"7 — x"i-1)
i=n j=n+1

where the first equality serves to define p.
Let g be a given integer, n < g <m. Let a*, B;, and T be defined by

a*=p' (DN, —=A_1), B=N-N, n<j<m,
and
T(x) = x (@) — a*(x™e - x a-1))

m
= 3 & -xf-
j=n+1

where p' denotes the first derivative of p. The numbers ¥; are defined by 7, =
5 fori#qand'yq =Gq — @* and satisfy '7i|< 1forj+#q and I'yq|< 1+
la*]. Since B, = 0 and B, > 4 it is easy to see that

166 ~ D= =18y - DX M <7 - g2,



422 M. VON GOLITSCHEK

n + 1 <j <m. Therefore we obtain for the second derivative T" of T,

1< 3 Iyl (8 - B2 ,) < B2 +1a% (B2 - B2_,).
=n+1

Since 1p'(1)l < B,, it follows that |a*| <B,,/(A, = Ay_q)and

an IT"I < 362,

We notice that T(1) = T'(1) = 0. Thus, by the mean value theorem,
ITE) < x - DIT"I/2, 0<x<l,

and by the inequality ||x™"(x — 1)?|| < 4,2, we find

(18)  1p0) - a*eM — x a1y = XM T < 6N, - A )PAT2.

We define the integers b;, n <j <m, by

o+ dps i*q, i*q-1
bj= o +dg —[e*]; I:= q,
aq_l+d_l+[a*], ]=q—l-

It is evident that

3 @ - b)x’

j=n

< lIpG) — a*x™a - xMa-1))|

19

A

+ @* - [*])lIx™e — x a-1y,

We choose the integer g such that )\q —)\q__l = inf{)\, - 7\,-_1: n+1<j<m}
and therefore

(20) Ay = Xo1 Sy —A)(m = ).

Applying the inequalities [|x"@ — x™a=1]| < (A, = A,_,)/, and (18) through
(20) we obtain (16) and thus conclude the proof of Lemma 2.

REMARK 4. In the proof of [4, Lemma 4] we have constructed the A-
polynomial p and have proved in [4, Lemma 2] that

(21 ol < (A = Aa) A
Setting a* = 0 and applying (21) we find integers b;, n <j < m, such that

(22 I % @ - b,)x}‘f

. < (A, — N/,
j=n
However, the upper bound in (22) is larger than in (16) and not small enough to
prove the results of our Theorems 1 and 2. Thus the more complicated construc-

tion of our Lemma 2 is necessary.
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Let f € C, [0, 1] and s be sufficiently large. We denote ¢ = [(s + 1)/2]
and consider the set of all pairs of integers ® = {(u, v): v=u + [Clogs],t <
u<v<s}. We choose (r, m) € ® such that \,, =\, =min{A, - A,: (, V) €
®}. Then it follows that
-\ (A, —A)Clogs C(C—-1)logs

A \Gs—t—-Clogs) s—t—Clogs

r

m

<3C(C - 1)sogs.

(23)

For r and s, we proceed as in the proof of [4, Lemma 4]. There exist real coef-
ficients o, 1 <j <, such that

f(x) —];l aioxli

s
=1
We define the integers b 1 <j <7, and the real coefficients jq> 1<g<rand
q+1<j<s, by the mductxon on g which has been described in the proof of
[4, Lemma 4]. Thus we obtain real coefficients @y, T+ 1 <j <s, for which the
inequalities

(25) f&) - Z byx™ — Z S2E(f; M) + Zri Ags
j=r+1 q=1
and
b, + > ir=0
(26) Zut X e

are satisfied.
If m < s we define the integers b;,m + 1 <j<s, by b; = [ ]. There
exist A-polynomials O (x) = 272, ¢;q% Mom+1< q<s, such that

m )\ -N
@7 """‘Q(")"“,_I,Iﬂx o m GO=1

(Cf. [7, Lemma 2] and [4, Lemma 1].) We apply the inequality (1 — x)/(1 + x)
< e~ 2* factorwise for x = N;/, and obtain from (27),

Ix* -0 (x)||<2exp(—2 > )\l/7\q>

i=r+1

Since A, <C\, andm —r=>—1 + Clog s we get
29 lxta - 0,00l < 2 exp(—2(m - NA/A) < 262/C572,

In the next step we define the real coefficients o;, 7 + 1 <j<m, by

s

29 g =a,+ 3 (@ —byey
q=m+1
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and obtain from (25) and (28)

r A s A m A
f(x)—jglbixf— Y bxi- ¥ oux’i

j=m+1 j=r+1

(30)
r
S2E(f5 N+ Y Ay +e2Cs1,
q=1
Since Qq(l) =1 form + 1 < q < s it follows by (26) and (29) that
m
(€2)) Y =0 (mod1l).
j=r+1

If m = s we define the real numbers o; by o; = a;,, 7 + 1 <j<m. Then, by
(26), the equality (31) is also valid. Now we can apply Lemma 2 for m and n =
r+ 1. We find integers b;, 7 + 1 <j <m, for which (16) is satisfied. Hence by
(30) (if m < s) or (25) (if m = s), (16), (23) and the inequality m — r = Clog s
— 1 we are led to

(32

f@ -3 bM< 2E(fiM) + T A+ 06,
j=1 q=1

Finally we combine (32) and Lemma 1. This concludes the proofs of Theorem
1 and Theorem 2. For the latter we apply that ¢(s)~8 = (es)~! if (4) holds.
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