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HOMOMORPHISMS OF INTEGRAL DOMAINS
OF CHARACTERISTIC ZERO
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ABSTRACT. Every category of universal algebras is isomorphic to a full
subcategory of the category of all integral domains of characteristic zero
and all their 1-preserving homomorphisms. Consequently, every monoid is
isomorphic to the monoid of all 1-preserving endomorphisms of an integral
domain of characteristic zero.

1. Introduction. An integral domain is, as usual, a commutative ring with no
zero divisors. Let I denote the category of all integral domains and all their
homomorphisms, let I, denote the category of all integral domains with 1 and
of characteristic k (k is zero or a prime) and all their 1-preserving homomor-
phisms. Finally, let J, stand for the category of all integral domains of
characteristic zero with no units and all their homomorphisms. Note that
every nonzero homomorphism of integral domains with 1 must be 1-preserv-
ing.

To state the principal results we need to recall some categorical concepts.

All functors are covariant unless specified otherwise. A functor F: A—»B
which is one-to-one on every Hom,(a, @’) is called faithful; if, in addition, F is
also one-to-one on the class of all objects of A we call it an embedding. F is
full if every morphisin d: F(a) — F(a’) of B has the form d = F(c) for some
morphism ¢: a — a’ from A. A full embedding thus defines an isomorphism
between A and a full subcategory of B. A concrete category is a category A
together with a fixed faithful functor U: A — Set into the category Set of all
sets and all mappings. A category A of universal algebras will always be
considered as a concrete category whose faithful functor U: A — Set is the
usual underlying-set functor.

Let A}, A, be concrete categories and let U;: A; — Set be their correspond-
ing functors. A full embedding F: A, — A, is called an extension if there is a
monotransformation m: U; - U, o F (i.e.,, a natural transformation whose
components m,: U,(a) - U,(F(a)) are one-to-one mappings). F is a strong
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embedding if H o U; = U, o F for some faithful functor H: Set — Set; H is
called the carrier of F. It is easy to see that a functor H: Set — Set is faithful
if and only if there is a monotransformation of the identity functor on Set
into H; thus every strong embedding is also an extension.

DEFINITION 1. A category C is binding (or universal) if every category A of
universal algebras has a full embedding into C. If C is concrete with V:
C — Set, then C is called strongly binding (or strongly universal) if every
category of universal algebras can be strongly embedded into C.

Note that every strongly universal category has to be also universal. [6]
contains a basic list of simple universal categories: the category R of directed
graphs and all their compatible mappings, the category A(2) of all groupoids
and all their homomorphisms, and the category 2A of all algebras with two
unary operations and all their homomorphisms. The list of binding categories
of algebras has later been extended by the category of semigroups [4], the
category of bounded lattices and all their (0, 1)-preserving homomorphisms
[2], and the category of commutative rings with 1 and all their 1-preserving
homomorphisms [1]-to name only a few. Since binding categories of algebras
can be fully embedded into each other, an addition C to the list of binding
categories can be obtained simply by a construction of a full embedding into
C of any category from the list above. It was shown in [9] that 2A is a
strongly universal category; to prove strong universality of a concrete cate-
gory C it is therefore enough to construct a strong embedding of 2A into C.

Since every monoid M is isomorphic to the full endomorphism nonoid of
an algebra with unary operations (e.g., to the endomorphism monoid of the
dual of the Cayley representation of M), it is clear that a universal category
will contain an object whose endomorphism monoid is isomorphic to M.

Another important property of a binding category C is that it contains a
proper class of pairwise nonisomorphic rigid objects (¢ is rigid if Homg(c, c)
= {1,})-see, for instance, [7]. Since the zero mapping is always one of the
endomorphisms of a ring, there are no nontrivial rigid integral domains.
Similarly, the mapping x — x” is always one of the 1-preserving endomor-
phisms of an integral domain 7 of a prime characteristic p; this mapping is
trivial only if I is one of the finite primefields. Hence the following negative
result.

PROPOSITION 1. None of the categories 1, 3y, 1, (p prime) is universal.

It will be seen later that removal of the zero morphisms from I (Jo,
respectively) will give rise to a class I* (J§, respectively) containing a strongly
binding category as a full subcategory.

Throughout the paper we are working within the framework of the Godel-
Bernays set theory including the axiom of choice for sets.

Following is the list of results proved here.
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THEOREM 1. There is a strong embedding F: 2A — X carried by a functor H:
Set — Set such that H(X) is countably infinite for every finite set X and
card(H(X)) = card(X) if X is infinite. Consequently, 1, is strongly universal.

Since an extension cannot decrease cardinalities of underlying sets and
since I, has no finite objects the strong embedding F above is the smallest
possible in terms of cardinalities of underlying sets. Theorem 1 is the main
result that is subsequently used in conjunction with results found elsewhere to
obtain Theorems 2-6.

DEFINITION 2. A transformation monoid is a pair (X, N) in which X is a set
and N C X¥ includes the identity transformation 1, and is closed under
composition of mappings.

The next theorem determines the number of nonisomorphic objects of I,
with isomorphic endomorphism monoids.

THEOREM 2. Let M be a monoid and let ¢ > card(M) + &, be a cardinal
number. Then there is a transformation monoid (X, M*) = M on a set X of
cardinality ¢ and a system (I,: a € 2°) of integral domains of characteristic zero
such that:

(i) every I, is defined on X and the monoid of all 1-preserving endomorphisms
of each I, equals to (X, M*);

@i) if f: I, > I, is a 1-preserving homomorphism, then a = a'.

This, in a way, is a negative result: not even a complete description of the
endomorphisms would single out a particular object of I, Since ¢ has no
upper bound we see that there is a proper class of pairwise nonisomorphic
objects of I, with endomorphism monoids isomorphic to a given monoid M.
There are exactly 2° pairwise nonisomorphic integral domains of cardinality ¢
and in this sense Theorem 2 is the best possible as it gives the same (maximal)
number of nonisomorphic domains representing a given monoid M.

THEOREM 3. For every monoid M there is an integral domain I of characteris-
tic zero such that:

(i) the monoid of all 1-preserving endomorphisms of I is isomorphic to M

(i) the category of all objects of 1, containing I as a subring is binding.

THEOREM 4. For every monoid M there is an integral domain I of characteris-
tic zero such that:

(i) the monoid of all 1-preserving endomorphisms of I is isomorphic to M

(ii) the category of all objects of 1, that have I as a quotient object is binding.

Thus, in particular, the endomorphism monoids of pairs object-subobject
(object-quotient object, respectively) in I, are independent and can be chosen
arbitrarily.

THEOREM 5. For every transformation monoid (X, M) there is an integral
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domain I in Y such that:

(i) I contains X;

(ii) every mapping m € M extends uniquely to an endomorphism of I;

(iii) this extension is an isomorphism between M and the endomorphism
monoid of I.

For a given (X, M) there is a proper class of pairwise nonisomorphic objects I
of 1, satisfying (i), (ii), (iii).

In another words, every one-object concrete category can be extended into
I,. This suggests another question: what concrete categories can be extended
into I,? A powerful (unpublished) theorem of L. Kucera and Z. Hedrlin states
that under the set-theoretical assumption:

(M) there is a cardinal number ¢ such that every c-complete ultrafilter is
principal,

every concrete category has an extension into 2A. Since any strong embed-
ding is an extension and since composites of extensions are extensions again,
Theorem 1 implies that under (M) every concrete category can be extended
into I,. On the other hand, the dual Set° of the category Set can be fully
embedded into a category of algebras only if (M) holds [8]. Since there are
covariant faithful functors Set°"® — Set the following generalization of Theo-
rem 5 holds.

THEOREM 6. The following three statements are equivalent:

(i) Set°®P can be fully embedded into 1,,

(ii) every concrete category has an extension into I,

(iii) there is a cardinal number ¢ such that every c-complete ultrafilter is
principal.

The strong embedding F: 2A — I, is described in the next section; §3
contains ring-theoretic results needed for the proof of fulness of F. Proofs of
Theorems 2-5 are included in the last part of the paper.

2. Construction of the strong embedding F. Let X be a set and let X denote
another copy of X such that X N X = @. Fix once and for all a bijection
x> X of X onto X. Denote by P(X) the ring of all polynomials over X U X
with integer coefficients, i.e., P(X) = Z[X U X] and let K(X) be the ideal
of P(X) generated by the set {x*+ X*-5: x € X}. Set D(X) =
P(X)/K(X) and let @y: P(X)—> D(X) be the natural homomorphism
whose kernel is K(X). For an element p = p(x,,..., X,, ¥p...,X,) of
P(X) denote by d(p) its total degree, by d,(p) the degree of p in an
indeterminate y € X U X. Let c(p) denote the codegree of p, that is, the
smallest degree of a nonzero monomial term of p. Define

T(X)={p€P(X):c(p)>3}, J(X)=5D(X)+ gx(T(X)),
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and note that J(X) is an ideal of D (X). Given a mapping f: X, — X, define
an extension f;: Xo U Xo— X, U X, of f by f,(x) = f(x), (%) = f(x). The
mapping f, extends uniquely to a 1-preserving homomorphism P(f): P(X,)
— P(X,) which maps K (Kj) into K(X). Hence there is a unique 1-preserving
homomorphism D (f): D(Xy) = D (X)) such that @y ° P(f) = D(f) ° ¢y;
note that D (f) maps J (X,) into J (X)).

Given an algebra (X; a, 8) in 2A, define F(X; a, 8) as the subring of D (X)
generated by the set

Y=ZU {gx(x* a(x)):x € X} U {px(x- B(x)): x € X} UJ(X).

If f: (X; a, B)— (X’; &, B’) is a homomorphism of the two unary algebras,
then D (f) maps the group Z + J(X) into Z + J(X"), and

D(f)(ox(x** a(x))) = ox (P(N)(*** «(x))) = ox(F(x)* -£i («(x)))
= ox (f(x) + f(a(x)) = ox (f(x)* - & (f(x)) );

similarly

D(f)(ox(x* B())) = ex-(f(x): B(F(x)))
for all x € X. Thus D(f) maps F(X; a, B) into F(X’; o', B’) and this
enables us to define F(f) as the restriction of D (f) to F(X; a, B). It is easy to
see that 1 € D(X) and that D(X) is an integral domain of characteristic
zero. Hence F(X; a, B) is an object in I, for every (X; a, 8) from 2A; F is a
covariant functor from 2A into I,

We need the lemma below to prove that F is carried by a faithful functor
H: Set — Set.

LEMMA 1. For every d € D (X) there are uniquely determined j € J(X) and
Po € P(X) such that:

(a) the coefficients of p, are elements of the set {0, 1, 2, 3, 4};

) d(py) < 3; _

(€) dx(py) < 3 for every X € X,
and d = gx(pg) + J.

PRrOOF. Since ¢y is onto, d = @, (q) for some ¢ € P(X); write ¢ = g, + q,,
where d(g,) < 3 and c(g,) > 3. Replace every occurrence of X* in g, by
5 — x* to obtain a polynomial r, satisfying (b) and (c) and such that
?x(r) = ©x(q0)- ro = Py + 5p, where p, satisfies (a). It is clear that (b) and
(c) also hold for py;

d = ox(9) = ox(9) + ox(41)

= @x(r0) + ¥x(91) = ¥x(Po) + ¥x(5p1 + 1),
where the second term belongs to J (X).
We will prove the uniqueness of the representation now. Let p be a third
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root of 1 (i.e,, p> + p + 1 = 0) and set G(X) = Z,[p][X]. Let S denote the set
of all homomorphisms s: P(X) — G (X) such that s(x) = x and s(X) = —p'x
(i depends on x) for all x € X. s(x* + X — 5) = 0 and, hence, Ker(s) 2
K(X) = Ker(py) for all s € S; let s*: D(X)— G(X) denote the unique
homomorphism for which s = s* o @y. If 0= @y(py) +j, then 0=
s*(px(po) + J) = s(po) + s(¢), where t =0 or c(f) > 3. Since for every
monomial m € P(X) either s(m) = 0 or d(s(m)) = d(m), we get d(s(py)) <
d(py) < 3 < c(t) < c(s(r)) which, in turn, implies s(py) = 0 and s(¢) = 0 for
every s € S. We will show that s(p,) = O for every s € S and p, satisfying
(), (b), (c) holds only if p, = 0 (by induction on the number of pairs {x, x}
of indeterminates of p,). If p, is a constant, then it must be zero because any
s € S is one-to-one on {0,...,4}; let py = po(xy, ..., X, X},...,X,) and
let the claim be valid for all go(x,, . . ., X,_1» X5 - . ., X,,_;) satisfying (a)—(c).
P, can be written in the form

(l) P = Ao(xn) + Al(xn) : xn + AZ(Xn) : 7‘3’

where all A4,(x,) satisfy (a)~(c) and do not depend on X,. Let s € S be
arbitrary and let us define new homomorphisms sq, 5, 5, € S by 5,(2) = 5(2)
foralz€E X U X,z +# x,, and by s5,(X,) = —p’x,. Since 5i(4;) = s(4,) for all
i, j an application of sy, sy, s, to (1) will yield, respectively,

(2 0= s(4g) = 5(A)x, + s(Az)x7,
3 0 = s(4o) = 5(4,)x,p + 5(A2)x2p%
) 0 = s(4y) — s(4,)x,0% + s(A4;)x2p.

Adding (2)<(4) gives 3s(4,) = 0 and because 3 # 0 in the integral domain
G(X), s(4y) = 0. Taking linear combinations of (2), (3), (4) whose
coefficients are suitable powers of p we similarly obtain s(4,) = s(4,) = 0.
Each 4, can now be written as

) Ai(x,) = By + By x, + By x2 + By X3,

where the coefficients B;; do not depend on x, and satisfy (a)-(c). Apply s to
(5) to get the following equality in G (X):
) 0= 5(Bo) + $(Byy) " %, + 5(Bp) x3 + s(By3) " 3.
Since s(B;) are independent of x, we conclude that all of them must vanish.
By the induction hypothesis, B, = 0 for all i, j so that py = 0 as desired. The
uniqueness follows immediately.

Notation. The previous lemma implies that ¢, is one-to-one on the set of all
polynomials p, for which (a)~(c) hold. Hence there is no danger of confusion

in writing p, instead of @y(p). Similar comment applies to the set of all 5z
withz € X U X.
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LEMMA 2. There is a functor H: Set — Set that carries F.

ProoF. Denote X, = {x*- a(x): x € X}, Xz = {x- B(x): x € X} and
recall that the underlying set of F(X; a, B) is the subring of D (X) generated
by X, U Xz U {1} U J(X). Observe that the product of any pair of elements
of X, U Xj lies in the ideal J (X) so that every element w € F(X; a, ) has a
representation

w=_c¢+ 2 eyt J,
where y; € X, UXg,j € J(X), ¢, ¢; € Z, and only finitely many coefficients
¢; do not vanish; Lemma 1 implies the uniqueness of this representation.
Therefore the underlying set of F(X; a, B8) equals the underlying set of the
direct sum W (X, U Xz U {1}) © J(X) of the group freely generated in the
class 5z = 0 by the disjoint union of X,,, X,, and {1} with the additive group
of J(X). Furthermore, both X, and X, are naturally bijective to X through
the mappings x — x2+ a(x), x+> x+ B(x), respectively. The underlying set
of F(X; a, B) is thus naturally isomorphic to the underlying set H(X) of the
group W(X) = WX X {a, B} U {1}) © J(X) and hence it may be identi-
fied with H(X). If f: X — X’ is an arbitrary mapping, define H(f) as the
underlying mapping of the group homomorphism
) W(f) = Ws(f) ® Dy (/).
where D\(f) is the restriction of D(f) to J(X) and W(f) is the unique
extension of the mapping that sends 1 to 1, (x, a) to (f(x), a), and (x, B8) to
(f(x), B). Since D (f) maps J(X) into J (X"), H(f) is well defined and it is
also easy to see that the functor H thus defined is faithful: each H(X)
contains a copy of X (X X {a}, for instance) on which the mapping H(f)
behaves exactly like the original f.

If f: (X; a, B) = (X’; &', B’) is a morphism in 2A, then F(f)() = D (f)())
= W(f))) for all j € J(X) and F(f)(1) =1 = W(f)(1). Since F(f) is a
restriction D (f), we get

F(f)(x, @) = F(f)(x*- a(x) ) = (F(f)(x))*- F(f)(a(x))
= f(x)* f(a(x)) = f(x)* «(f(x))
where the last equality holds because f is a morphism in 2A. Simultaneously,
W (f)(x a) = (f(x), @) = f(x)* «(f(x));
analogously one shows that F(f)(x, B) = W(f)(x, B). It is easy to see that
F(f) is also a homomorphism of W (X) into W (X’); since it coincides with
W (f) on the set of generators of W (X), F(f) = W(/), and this means that

H(/) is the underlying mapping of F(f).
The lemma below will be used in the proof of fulness of F.

LEMMA 3. Let u, v € X U X. Then u* € F(X; a, B) if and only if u € X
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and v =a(x). Similarly, if r, s € X, then r5 € F(X; a, B) if and only if
s = B(r).

PrROOF. Immediate from Lemma 1.
Another property of D (X) needed for the proof of fulness of F is described
by the following theorem which is a corollary of the main result of §3.

THEOREM 7. Let a, b € D(X). Then a* + b*>=5% if and only if {a,
b} = {5x, 5x} for some x € X.

The remainder of this section will be devoted to the proof of fulness of F
based on Lemma 3 and Theorem 7; we will also modify F to obtain a functor
that is one-to-one also on objects. The second task is simple: once we have a
full faithful functor F: 2A — I, we define F*(4) = F(4) X {4}. Then F* is
naturally equivalent to F and it is obviously one-to-one on the class of objects
of 2A. There is no reason to use a different notation and we may just as well
assume that F defined above is an embedding.

To show that F is a full functor, let h: F(X; a, B) > F(X’; a’, B’) be a
I-preserving homomorphism of the two rings and let x € X. Then (5x)* +
(5x)® = 5* and since this equality must be preserved by h, we conclude from
Theorem 7 that there is a uniquely determined y € X’ such that {A(5x),
h(5x)} = {5y, 5y}. Thus there is a well-defined mapping f: X — X’ char-
acterized by {h(5x), h(5%)} = {5f(x), 5f(x)}.

5h(x? a(x)) = h(5x)* - h(Sa(x)) = (Su)’ - 50,
where u € {f(x), f(x)} and v € {f(a(x)), f(«(x))}). Hence
wv = h(x*- a(x)) € F(X'; o, B')
and, by Lemma 3, this happens only if ¥« € X’ and v =W. Therefore
u=f(x) and o'(f(x)) =a'(u) = v = f(a(x)); this implies that h(5x) =
5f(x) for every x € X (and, consequently-using Theorem 7
again-h(5x) = 5f(x) for all x € X), and that f(a(x)) = «'(f(x)) for every
x € X. An analogous use of the second part of Lemma 3 allows us to
conclude that f is a morphism in 2A. It is clear that 4 is a restriction of D (f)

to F(X; a, B)-therefore h = F(f) as required.
REMARK. It is obvious that the only homomorphism

F(4) - F(4)
that does not preserve 1 is the zero homomorphism. One may wish to ask
whether the presence of units is essential here; it can be easily seen that this is
not the case. We can modify our construction in the following way: define
Fy(X; a, B) as the subring of D (X) generated by X, U Xz U J(X) only.
Lemma 3 and Theorem 7 will apply in the present case as well and the
set-functor H, obtained as the restriction of H to the underlying set of




HOMOMORPHISMS OF INTEGRAL DOMAINS 171
Wy (X X (o B)) ®J (X)

will carry F,. Each Fy(f) is therefore just a restriction of F(f) to Fo(X; &, f)—
which has no units. A simple argument shows that every nonzero homo-
morphism is in the image of 2A under F,: since 5> =5+5+5+5+5in
each Fy(X; a, B), every homomorphism A satisfies h(5)* = 5h(5), ie., 0 =
h(5)(h(5) — 5). Either h(5) = 5 and h = F(f) for some homomorphism f of
unary algebras, or 4(5) = 0. In the latter case 5h(w) = h(Sw) = 0 for all w;
thus 4 is the zero homomorphism. We can formulate our findings as follows.

THEOREM 8. The class 1* (I, respectively) of all nonzero morphisms from 1
(Jo» resp.) contains a full subcategory which is strongly universal.

It is clear that Theorems 2-6 can now be appropriately reformulated for I*
and J}. We leave this to the reader, pointing out only one of the con-
sequences: every monoid M appears as the monoid of all nonzero endomor-
phisms of an integral domain of characteristic zero with (or without) units.
This includes the claim that the nonzero homomorphisms cannot compose
into a zero homomorphism for any of these rings.

3. Proof of Theorem 7.

LEMMA 4. The equation a® + b3 = 5* has no solution in the ring Z of
integers.

PROOF. If 5* = (a + b)(a* — ab + b*) forsome a, b € Z, then 0= a # b
# 0; without loss of generality we may assume a > b. Since a> — ab + b* >
0 for all nonzero values of @ and b, a + b = 5% and a®> — ab + b* = 5*"* for
some k € {0, ..., 4}. Furthermore,

Sk=a+b<a(a—b)+b<a(a—b)+b*=5"*k
and this implies k < 2. If k = 2, thena = b + 1 and b?> = b, that is, b = 1
and g = 2-a contradiction. Substituting b = 5 — q into a®> — ab + b> =
5%k one finds easily that the discriminant of the resulting quadratic equation
is not a square of an integer if k =0 or k = 1.
Theorem 7 is a consequence of Theorem 9 below.

THEOREM 9. Let R be an integral domain of characteristic zero and let a # 0
be an arbitrary element of R. Set R* = R[x, y]/J where J is the ideal
generated by x* + y3 — a. Then £3 + 4 = a* in R* if and only if either both £
and m are in R or {§, 1} = {arx, asy} for some third roots r, s of 1.

REMARK. It is easy to prove Theorem 7 from Theorem 9: every solution
pair of the cubic equation in question belongs to some subring B, of D (X)
generated by finitely many variables x,, ..., x,, ¥,,...,X,. If a=5and R
is taken to be B,, then R* = B, . Since the only third root of 1 in D (X) is
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the element 1 itself, a simple induction yields Theorem 7 immediately once
Lemma 4 is taken into account.

Note that R* is a cubic extension of the polynomial ring R[x]; the
difficulties involved in handling cubic extensions are the main reason why,
instead of showing Theorem 9 directly, we will extend R* to a ring E that will
be only a quadratic extension of the relatively uncomplicated ring R[t, t~']
with ¢ which is transcendental over R.

DEFINITIONS AND NOTATION. Since every integral domain of characteristic
zero can be extended to an integral domain R containing the field C of
complex numbers it is enough to prove Theorem 9 for these R only. From
now on we will assume that C C R and make no further references to this
assumption.

Let R, R* be as in Theorem 9 and let C C R. Denote x + y = ¢, t* — 4at
= A and observe that

A=t(—4a)=(x +y)((x + yP—a=-3(x+y)(x*-x +y2))
= =3(x + ) (x = »)%
Choose a = (—3)~'/2 and denote
T =AY2=(=3)"2(x + y)(x - y).
The ring E = R[t, t~'][T'] contains R* since both x and y are in E. If ¢t was
algebraic over R, then the algebraic extension E of R[¢, ~!] would be also
algebraic over R; this would imply that both x and y are algebraic over R-a

contradiction. Hence ¢ is transcendental over R and every element w of
R[t, '] can be uniquely written in the form

w=rt

where all i are integers and only finitely many coefficients r, € R are
different from zero. Let d(w) denote the degree of a nonzero w € R[t, ¢~']
and let ¢(w) stand for its codegree (i.e., c¢(w) is the least i with r; # 0). Since ¢
is transcendental R[¢, t~'] is an integral domain and c(w) < d(w) for all
nonzero w in R[¢, t™']; c(w) = d(w) if and only if w is a monomial. Note
also that c¢(w, - w,) = c¢(w,) + c(w;) and d(w, - w,) = d(w,) + d(w,) for all
nonzero wy, w, in R[¢, t7].

E is a proper extension of R[t, t~'}-for if T € R[t, t™'], then t* — 4at
would be a square of a nonzero element w of R[t, ¢~'] and 2¢(w) = c¢(w?) =
c(t* — 4at) = 1-a contradiction. Therefore every e € E has the form e = 4
+ BT, where A, B € R[t, t"] are uniquely determined by e. e € R[t, t ] if
and only if B = 0.

For every e = A + BT let e* = A — BT denote its conjugate and let
N(e) = e-e* be called the norm of e. N(e) = A>— B’A€ R[¢t, t7']; if
e,re,=0then 0= N(e,;-e,) = N(e) - N(ey) and at least one of the factors
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in the last equation must vanish. If 42 — B2A = 0, then the codegrees of the
two additive terms are 2¢(4,) and 2¢(B;) + 1; thus B; = 0 and, consequently,
A; = 0. We conclude that E is an integral domain.

Let 0+ a € R and let f, g € E be such that f> + g> = a*; denote X, = f
+ gp'fori=0, 1,2 and a p satisfying p> + p + 1 = 0. Hence X, belong all
to E and

(®) Xo X, X, = a’,
) Xo + pX, + p*X, = 0.

To prove Theorem 9 we have to find all the joint solutions of (8) and (9) in
E. We will deal with equation (8) first.

The automorphism of E determined by I' - —T leaves R[t, t~'] fixed
elementwise and transforms (8) into

(10) X3 Xt X} =a'

Multiply (10) by (8) to obtain

(11) N(Xo): N(X,) N(X;) = d',

and write X; = 4, + BT (11) now becomes

(12) (45 = B3A) (41 — BIA)(43 — BjA) = a"

Thus the sum of the degrees of the three factors on the left-hand side of (12)
must be zero and the same is true for the sum of their codegrees. Therefore
(13) c(4? — BMA) = d(4} - BX), i=0,1,2,

in other words, each A? — B?A is a monomial.

There are, however, infinitely many elements of E whose norm is a
monomial in R[t, ¢t7!]. If e is a monomial itself, then N(e) = €% is a
monomial again. Similarly, if G, = ¢, H, = 1, then

N(G, = HT) = t* - (t* - 4at) = 4ar.
Since a product of monomials is a monomial again, every element of E that
has the form
(14) stk(G, = HI)", wheres#0,n > 0,k € Z,

will satisfy (13).

Next we will show that all elements of E that satisfy (13) are of the form
(14). The proof depends on the three lemmas below.

Note first that N(4 + BT) = rt* for 0 5 r € R implies A # 0: if A = 0,
then B?A = rt*-but B2A is not a monomial.

LEMMA 5. Let 0% r € Rand let A, B € R[t, t™'], B # 0 be such that
(15) A* - BA = rt*
for some k € Z. If ¢ = min(c(4), c(B)), then At™ =P, Bt = Q are
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elements of R[t] such that min(c(P), ¢c(Q)) =0 and
(16) P*—- QW =rc, e€{0 1}.

Proor. Clearly ¢(P) = ¢(4) — ¢ > 0 and ¢(Q) > 0; min(c(P), c(Q)) =0
and P, Q are polynomials of ¢ only. Substitute 4 = Pt¢, B = Qt° into (15) to
see that P2 — Q?A = rt®. If ¢(P) =0, then e = 0 since ¢(Q?A) > 1; if
¢(P) >0, then ¢(Q) = min(c(P), ¢(Q)) =0 so that c¢(Q?A)=1<2<
c(P?) which means that e = c¢(P%2 - Q%) = 1.

Let A(4) denote the leading coefficient of a nonzero A in R[t, t'), that is,
the coefficient of the highest degree monomial term of 4.

LEMMA 6. If A, B are as in Lemma 5, then d(A) = d(B) + 2 and N(A) =
+\(B).

PrROOF. Let 4 = Pt, B = Qt€ as in Lemma 5. The degrees of the three
additive terms of (16) are, respectively, 2d (P), 2d(Q) + 4, and e. For (16) to
hold it is therefore necessary to have 2d(P) = 2d(Q) + 4 and A(P?) =
A(Q?A). As A(A) = 1 the second equality gives A(P) = +A(Q). d(4) = ¢ +
d(P)=c+ d(Q)+2=d(B)+2and N(4) = A(P) = £\N(Q) = £A(B) as
was to be shown.

LeMMA 7. Let P, Q be polynomials satisfying (16), let Q # 0 and A(P) =
SN(Q) fora b € {—1, +1}. Then

(@) ifd(Q) =0, then P + QT = q(G, + 6H,T) for some q in R,

(b) if d(Q) > O, then the norm of (P, + Q') = (P + QT) - (G, — 6H\I)
is @ monomial, Q, # 0 and P, are polynomials of t, and d(Q,) = d(Q) — 1.

PROOF. Recall that G, = ¢4, H, = 1 so that P, = P — AQ$ and Q, = 1°Q
— &P are polynomials again. Note that

rt® = P2 — Q%A = P? - (* - 4ar)Q?
= (8P — Q) - (8P + Q1?) + 4a1Q?,

that is,
(17) rt¢ = —Q, (8P + Q%) + 4atQ2
Since Q # 0, Lemma 6 gives d(P) = d(Q) + 2. Moreover, A(Q) = N0}
and since A(P) = §A(Q) is assumed we conclude that d(6P + Qr?) = d(Q)
+ 2.

Let us consider the case of 4(Q) = O first. If Q, # 0, then

d(—Q,(8P + Q*)) =d(Q,) +d(Q) +2>2
while d(rt) = e < 1 and d(4atQ?) = 1, which contradicts (17). Hence Q, =
0, that is, P = 8Q¢2 Since 8Q = q € R we see that
P+ QT = q(G, + 8H,T).

This proves (a).
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If d(Q) >0, then d(4atQ?) =2d(Q)+ 1> 1> e; hence @, #0 and
2d(Q)+ 1=4d(Q)) + d(Q) + 2 because of (17). The last equality shows

that d(Q,) = d(Q) — 1.

LEMMA 8. Let A, B € R[t, t™"]. Then N (A + BT) is a nonzero monomial if
and only if there is a monomial T, § € (-1, +1}, and n > 0 such that
A + BT = T(G, + 6H\I')".

PrROOF. We have already shown that all the elements of the form (14) have
a monomial norm. Using the three lemmas above we will show the converse.

If B=0, then N(4 + BT) = A% is a monomial only if 4 is a monomial
itself.

If B#0, let P and Q # 0 be polynomials obtained as in Lemma 5. If
d(Q) =0, then Lemma 7 yields P + QT = ¢(G, + 6H,I') and we see that
A + BT has the required form. Finally, let d(Q) > 0, A(P) = §A(Q). Part
(b) of Lemma 7 can now be applied to provide polynomials P,, Q, # 0 such
that P + QT = M,(G, + 6H,I')(P, + Q,T) for some monomial M,. Now we
use Lemma 5 to obtain polynomials P,, Q, # 0 such that N(P, + Q,T) is a
monomial of degree 0 or 1 and (P, + Q,])M, = P, + Q,T for a monomial
M, of a nonnegative degree. Note that d(Q,) < d(Q,) < d(Q); we are able
to apply Lemmas 6 and 7 again, this time to P, + Q,I. After finitely many
steps we arrive at a first k such that Q,, # 0 has degree zero. Applying
Lemma 6 and the first clause of Lemma 7 once more we can conclude from
the induction outlined above that P + QT = M'(G, + H,I)'- (G, — H,D)™
for some monomial M’ and nonnegative integers /, m. Thus P + QT =
M(G, + 8H\T)", where M is a monomial, n = |/ = m| and / — m = én.
Since 4 + BT is a product of a monomial and P + QT this finishes the
proof.

NortaTioN. If k > 0, define G, + H,T = (G, + H,)~.

LemMa 9. d(G) = 2k, d(H,) = 2k — 2, and NG,) = 2t~" = N(H,) for
every k > 1. Consequently, (G, + H\I')* belongs to R[t, t'] if and only if
k=0.

Proor. The lemma will be proved by induction on k. It is clearly true for
given by equations

Gyyy = G, + AH,, H,,,=*H, + G,
As
d(G,) =2 +d(H,)=d(?H,) and A(G,)=AH,) = NH,),
the second equation gives
d(Heyy) =d(G,) =2k, MHeyy) =2MG,) =2~
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Consider the first equation now and note that
d(tsz) =2k +2=d(AH,).
Since A(A) = 1 we also have
M7%G) = M(Gy) = A(H,) = MAH,)
and, consequently,
d(Gey) =2k +2 and A(Gi,,) =2\(G;) = 2~

This finishes the proof.
To conclude the proof of Theorem 9 we have to find all joint solutions of
(8) and (9). Lemma 8 says that each X; must have the form

(18) X, =T,(G +§HD™ i=012,
for some monomial T, §, € {—1, +1}, and m; > 0. Since the product

i Y

2
(19) II (G, + &H D)™
i=0
must be a monomial-see (8), Lemma 9 implies that
(20) Ogmy + 6,m; + 8,m, =0,

and we may assume that 0 < my < m; < m,. §, = +1 may also be assumed
(if 8, = —1 we may solve (8) and (9) for the conjugates X* instead).

If §, =1 and §, = —1, then (20) implies §, = 1 and m, < my + m, = m,
< my. Thus my = 0, m; = m,. If §, = 1, then §, = —1 and in either case we
can set my = m, m; = m + k, my = 2m + k for some nonnegative integers
m, k. The equations (8) and (9) now become, respectively,

T,T,T, (4at)’™+*= a*,

21
0= TO(Gm + Hmr) + pTl (Gm+k + Hm+kr)

(22) + 0Ty (Gymai = HomaiD)-

Multiplying (22) by (G,, — H,,T) and by a suitable power of ¢ will yield
(23) 0% r=M (G, + H) + My(Gspmsx = Hymssi )

where r € R and M, M, are monomials.

Let k = O first. Then H, = 0 and (23) implies that H;,, = 0 as well, that is,
m = 0. As ¢ is transcendental over R we conclude from (22) that d(T,) =
d(T,) = d(T,); (21) yields d(T,) + d(T,) + d(T,) = 0. Hence d(T};) = O for
i =0, 1, 2 and this means that all X; belong to R. Since 3f = X, + X, + X,, f
and g are in R as well. This proves the first clause of Theorem 9.

From now on we will assume k& > 0.

Lemma 9 implies that H, # 0 # H,,,,, in this case; (23) gives M H, =
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M,H,,, ., and this, in turn, implies
d(M,) + d(H,) = d(M,) + d(H,,, ),
AM,) - MHy) = MM3) - MHypii)-
From here and from Lemma 9 we have
d(M\G,) =d(M,) + d(H,) +2
=d(M;) + d(Hspyy) + 2= d(M,G;,44)s
MM,\G,) = M M,)- NG) = NM,)- N(Hy)
=AMM3) MHspy k) = MM3Gs04 )
Therefore
d(M\G, + M,Gy,, ) = d(M\G,) = d(M,G;,, )
and (23) can hold only if d(M,G,) = 0. Rewrite (23) as
(r— M\G,) = M\H,T = My(Gspsic = H3pi kD)
and compare the norms of the two sides:
(24) r(r = 2M,G,) + M} (4at) = M2 (4at)***,
The three additive terms of (24) are monomials; d(r(r — 2M,G,)) = 0 if it
exists-because d(M,G,) = 0. Since d(G,) = 2k we also have d(M}(4ar)*) =
—3k and d(M}(4at)*"**) = —9m — 3k. As k > 0, (24) can be valid only if
r=2M,G, and m = 0. G, is, therefore, a monomial and Lemma 9 gives
G, = 2k~ 1%k,
Next we will show that k = 1. Note that
(4at)k= N (G, + H,T) = 4~ "¢* — (1* — 4ar)H?

implies the equation
(25) 1k (%% — 4a*) = (1 - da)HP,

which says, in particular, that the left-hand side is a multiple of > — 44. On
the other hand, however, 4*~'t* (3 — (4a)*) is a multiple of > — 4a as well,
so that the difference of the two polynomials is a multiple of 1> — 44 again.
The difference is equal to the monomial 4%~ 1%z (4% — 4). Since a 7 0 we
conclude that 4% = 4; this is possible only if k = 1 as the characteristic of R
is zero.

Therefore the only possible solutions of (8) and (9) in the case k > 0 are
triples Ty, Ty(+* - T), Ty(+* +T), where T,, T,, T, are monomials. If a
suitable third root p of 1 is chosen, we may specify X, = T, X, = T\(* - I),
X, = T,(r* + T) and write (9) as the following pair of equations:

(26) —pT, + p’T, = 0,
27 Ty + pT\ 22 + pTyt* = 0.
(26) yields T, = pT, and from (27) we will then obtain T, = —2p%’T,.
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Substitute for X; into (8) to get a* = — a(2¢T,)’, that is,
QTyt + a)2Tyt + ap)(2Tyt + ap?) = 0.

Thus T, = — 3p*'ar™! for some integer ¢, T, = — }p°*%t~!, and T, =
pcat.
As (p~% — p®)? = -3 for any integer b £ 3Z,

T'=(p7" = p®)(x +y)(x = »)
for a suitable choice of b. Note also that (o> — p)(p~% — p®) = (= 1)*3 and
recall that ¢ = x + y. Consequently,

=Xg+ X, + X, =Ty+ T, (#-T)+ T,(1*+7)
=pa(t = 3t(0* + p)) + 70t~ (p? = p)(p ™" = p®)(x + ¥)(x = )

=3pa(5(x +y) +3(=1)°(x - »)),
that is, f= p%x or f=p‘ay depending on whether b is even or odd.
g = X, — f and this enables us to conclude that { f, g} = {p‘ax, pay}. This
finishes the proof of Theorem 9; the other solution pairs { f, g} are obtained
by choosing the values of p and of (—3)'/2 in other combinations than those
used in the above argument.

4. Proofs of Theorems 2-5.

ProOF OF THEOREM 2. Theorem 2 was formulated and proved for the
category C of commutative groupoids in [7]. There is a strong embedding G:
C — 2A preserving cardinalities of infinite underlying sets and mapping finite
groupoids to finite unary algebras in 2A ([6] or [10]). The strong embedding
constructed in the present paper also preserves cardinalities of infinite alge-
bras and assigns countable integral domains to finite algebras from 2A. The
composite full embedding F o G: C — I is strong and preserves the cardinali-
ties of infinite sets. The proof of Theorem 2 is concluded by the following
simple observation: a strong embedding that preserves infinite cardinalities
must also translate everything Theorem 2 describes.

Theorems 3 and 4 can be proved as consequences of [3] and [4], respec-
tively, using composites of some of the full embeddings included in [6] and in
[10]. To minimize the number of needed references we prove a stronger result
instead.

THEOREM 10. For every monoid M there is an integral domain I of character-
istic zero such that:

(i) the monoid of all 1-preserving endomorphisms of I is isomorphic to M,

(ii) the category of all objects J of 1, such that I C J is strongly binding;

(iii) the category of all objects K of 1, that have I as a quotient ring is strongly
binding.
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This generalizes Theorems 3 and 4 in two ways: first, the object I can be
chosen the same for both claims; secondly, the two categories claimed are not
only universal but strongly universal as well.

To prove Theorem 10 for I, we will first prove its version in a more suitable
category of universal algebras and then use the strong universality of I,
together with the fact that “to be an onto homomorphism” and “to be a
one-to-one homomorphism” are properties that are clearly preserved by any
strong embedding from one category of algebras into another. The category
we chose is 4A-the category of all algebras (X; a,, a,, a,, a;) with four unary
operations g; and all their homomorphisms.

We proceed as follows.

Let A = (X; my m;) be an arbitrary nonempty algebra in 2A whose
endomorphism monoid is isomorphic to M. Define an expansion B of 4 in
the category 4A by

B = (X U {0, 1}; by, by, by, bs),
where the union is disjoint and
bo(x) = mo(x), By(x) = my(x), by(x) = by(x) =1
forallx € X;
bo(i) = by (i) = by(i) =i, by(i)=1-i
for i = 0, 1. It is easy to see that every endomorphism f of 4 extends to an
endomorphism f* of B such that f*(i) = i for i = 0, 1. Conversely, note that
b,(w) = by(w) in B holds if and only if w € X and hence every endomor-
phism g of B has to preserve X. Denote by f the restriction of g to X; since by,
b, coincide with my, m, on X, f is an endomorphism of A. Furthermore,
g(1) = g(by(x)) = by(8(x)) = by(f(x)) = 1, and g(0) = g(by(1)) = by(1) = O.
This shows that g = f* and, consequently, the endomorphism monoid of B is
also isomorphic to M.

Now we will construct strong embeddings G, H: 2A — 4A such that G(C)
will have B as a homomorphic image and B will be a subalgebra of H(C) for
every C in 2A.

Recall that the underlying set of 4 is X and choose an arbitrary rigid
algebra (X; ry, r)) in 2A. Such an algebra always exists—cf. [10]. (X; rq, r,) will
be used as an element of both constructions.

Let us define H first. For an arbitrary algebra C = (Z; a,, a,) in 2A set

H(C)=(XXx{0,1} U Z U {0,1}; cg €}, €3 €3)
where the union is again disjoint and the operations ¢; are defined by
Co(%, 0) = (mg(x), 0), ¢,(x,0) = (m,(x),0),
co(x, 1) = (ro(x), 1),  ¢,(x,1) = (r;(x),1) forall x € X;
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co(2) = ay(2), ¢)(2) = a\(2) for all z € Z;

D) =c()=ifori=0,1;

c(2)=zforallz € Z;

c)(x, 1) = ¢5(1) = 0, c5(x, 0) = ¢,(0) = 1 for all x € X;

cy(z)=0forz € Z;

c;(x, 1) = (x, 0), ¢5(x, 0) = 1 for all x € X;

c;(0)=0,c4)= 1.

If f: (Z; &g, ;) > (Z'; ag, a}) is a morphism in 2A, define H(f)(2) = f(z)
forz € Zand H(f)(w) = wifw € W= X X {0, 1} U {0, 1}. Itis clear that
H is carried by a functor Set — Set; a routine computation shows that H(f) is
a homomorphism in 4A. To prove the fulness of H, observe that cy(v) = v in
H(Z; ay, ;) if and only if v € Z. Therefore any homomorphism

g8 H(Z; ay, a;) > H(Z'; ag, a})
maps Z into Z’; let f denote the restriction of g to Z. Since ¢y, ¢, coincide
with &y, a,, respectively, on Z, f is a morphism in 2A. Furthermore, g(0) =
g(cs(2)) = ¢5(8(2)) = ei(f(2)) = 0 and, similarly, g(1) = 1. cy(v) = cy(v) if
and only if v € X X {0} and thus g(x, 0) = (h(x), 0) for some h: X — X.
(h(x), 0) = g(es(x, 1)) = c5(g(x, 1)) implies g(x, 1) = (h(x), 1), hence
(r(h(2)), 1) = ¢/(g(x, 1)) = g(ci(x, 1)) = g(ri(x), 1) = (h(r:(x)), 1)
for i = 0, 1. But the identity mapping idy is the only endomorphism of (X; ry,
r,) so that h(x) = x for x € X. Thus g(x, i) = (x, i) and this concludes the

proof of the equality g = H(f). The functor H is a strong embedding.
The functor G: 2A — 4A is defined as follows.

G(Z;ag ;) = (X X {0,1} U Z U {0, 1,2,3)}; ay, a, a, a3),
where the union is disjoint and

ao(x,0) = (mo(x). 0), ay(x, 0) = (m,(x), 0),

ag(x, 1) = (ro(x), 1), a,(x,1) = (r,(x),1) forallx € X;

ay(2) = ay(2), a)(z) = ay(z) for all z € Z;

af)=a()=ifori=0,1,2,3;

ay(x, 0) = (x, 1), ay(x, 1) =2 for all x € X;

ay(z) = a,2) =3 forallz € Z;

a,(0) = 1, ax(1) = a,(3) = 0;

as(x, 0) = a;(x, 1) = 3 for all x € X;

ay(z) = a;(0) =2 forallz € Z;

ay(1) = ay(3) = 1, a5(2) = 0.

If f: (Z; ag, a;) = (Z'; ag, @y) is @ morphism in 2A, set G(f)(z) = f(z) for
z€Z,G(f)v)=vforallve V=X X {0, 1} U {0, 1, 2, 3}; it is easy to
verify that G(f) is a morphism in 4A and that G is carried by a set-functor.
Let g: G(Z; ap, a;) > G(Z'; ag, a}) be a homomorphism of the two algebras.
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Since 1 is the only element fixed by a;, we have g(1) = 1 and using a,, a; we
get also g(0) =0, g(2) =2, g(3) =3, in that order. Note that ay(w) =2
exactly when w € X X {1}. The operations a,, a, coincide on X X {1} with
the operations of the rigid algebra (X ry, r,) and hence g(x, 1) = (x, 1) for all
x € X. aé(g(x’ 0)) = g(az(x, 0)) = g(x) l) = (X, l) 1mP11°5 g(x’ 0) = (X, 0)
for all x € X. Z is the set of all elements u of G(Z; ey a,) for which
ay(u) = 2 and a,(u) = 3; therefore g maps Z into Z’ and compatibility of g
with a,, a; on Z implies that the restriction f of g to Z is a morphism in 2A.
Thus G is a strong embedding.

It is straightforward to verify that the mapping k.: G(C) — B defined by
kc(2) = kc(0) = ko(2) = Oforall z € Z, k(x, 0) = x and kc(x, 1) = k(1)
= kc(3) = 1 for all x € X is an onto homomorphism for every C = (Z; ay,
;) in 2A. Similarly, the subalgebra of each H(Z; «y, a;) based on X X {0} U
{0, 1} is isomorphic to B.

This proves the claim of Theorem 10 for the category 4A; using the strong
universality of I, we get Theorem 10 as stated above.

Proor OF THEOREM 5. Every transformation monoid (X, M) is the full
endomorphism monoid of one card(X)-ary relation on X. Since every cate-
gory of relational systems can be extended into 2A [6], Theorem 1 implies the
existence of an integral domain / in I, satisfying (i)—(iii). The remainder of
Theorem 5 follows immediately from [7] where the main result says that for
every strongly universal category of algebras C there is a proper class of
strong embeddings S;: C — C such that S;(c) = S;(d) onlyifi = jand ¢ = d
(¢, d objects of C).

REMARK. Since every concrete category K with only a set of objects (small
concrete category) is a full subcategory of some category of relational systems
(where we include one card(X)-ary relation R, for each object k of K whose
underlying set is X), we have an immediate generalization of Theorem 5 for
small categories in an arbitrary concrete representation. Theorem 6 is even
more general: it extends the claim of Theorem 5 to categories that have a
proper class of objects. It is clear that the method outlined here would not be
adequate for the proof of Theorem 6.

There are other consequences of the strong universality of I, too numerous
to mention. Theorems 2-5, for instance, can be further generalized and
combined in various ways; there are other results utilizing the special proper-
ties of the strong embedding F from Theorem 1. It is hoped, however, that the
spectrum of results presented here is wide enough to convey some of the
flavor of the field and to indicate possible usefulness of the concept of
universality.
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