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STRONG DIFFERENTIABILITY PROPERTIES
OF BESSEL POTENTIALS
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ABSTRACT. This paper is concerned with the “strong” L, differentiability
properties of Bessel potentials of order a > 0 of L, functions. Thus, for such
a function f, we investigate the size (in the sense of an appropriate capacity)
of the set of points x for which there is a polynomial B,(y) of degree k < a
such that

tim sup (diam $){Is|™" [ 17() - ROW & = 0

diam(§)-0
where, for example, S is allowed to run through the family of all oriented
rectangles containing the origin.

1. Introduction. Let ¥ be a family of measurable sets in R” which satisfy the
following properties:

i) m(S) > 0for S € G,
(1) (i) for every e > 0, there is a set S € F such that S C B(0,¢),
(i) N{S: s € 5} = {0}.

Here m denotes Lebesgue measure and B(x,r) denotes the open n-ball
centered at x with radius r. In this paper we shall investigate the “strong” L,
differentiability properties of a certain class of functions with respect to such
a family 7. Specifically, given a function f we are concerned with the existence
of a polynomial B.(y) of degree k such that

I/p

@ tmswp sy {ms)™ [ 1S0) - ROIP ) =0
5(S)-0 S+x

where it is understood that S € 4. The diameter of a set is denoted by &(S)

and S+ x ={y+ x:y € S}. Whenever (2) is satisfied we shall say that

fet 5 (x) with respect to the family 4. This concept was introduced in [CZ]

for the special case when ¥ is the family of balls centered at the origin.
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We were led to the problem of strong L, differentiability by certain
questions that arose in the study of boundary regularity of solutions of
parabolic differential equations [D]. In that study the family ¥ under consid-
eration was the class of parabolic rectangles of the form B(0,7) X (0, 72). This
family is “irregular” in the sense that for every e > 0, there is a set § € Fwith
m(s) - m[B(0,8(S))]”" < e. As in [D], we shall be primarily concerned with the
size of the set where (2) fails to hold.

We will consider the question of strong L differentiability of functions in
the space of Bessel potentials £; = {G, * g: g € L,(R")}. Here G, denotes
the Bessel kernel of order @ > 0 and * denotes the usual convolution opera-
tion. £; is a Banach space under the norm [|G, * f "ea = |lgll L, Whenp > 1
and a 1s a positive integer, E“ is isometric to the Sobolev space W"' For details
see [ST].

If =, the family of balls centered at the ongm, then the classical
theorem of Lebesgue can be rephrased to say that f € ¢ (x) for almost every
x, whenever f is locally integrable on R”". For this same family %, higher order
differentiability was first con51dered by Calderén and Zygmund in [CZ], where
they prove that if f € B for integer k, then f € tk(x) for almost every
x € R". This result has recently been improved by cons1der1ng f€E B“ for
arbitrary @ and by using an appropriate capacity (or Hausdorff measure) to
measure the size of the exceptional sets (cf. [FZ], [BZ], [M2]). All of these
results continue to hold if ® is replaced by any family ¥ that is “regular”.

One of the first results to deal with an “irregular” family of sets is due to
Zygmund [Z1]. In that paper he considers § = R, the famlly of all oriented
rectangles which contain the origin. He proves that f € ¢ O(x) with respect to
® for almost every x provided that f € L,(R") for some p > 1. This
assumption can be weakened slightly by requiring only that

Joo 11008 17"

be finite. See [JMZ] or [Z2] for a complete discussion. However, some
integrability requirement is necessary, for Saks [S] has provided an example of
a function f € L, such that f & 1)(x) for each x € R".

A final result worth mentioning is due to Riviere [R]. He considers a Vitali
family V= {U,},~ of bounded open sets with the following properties:

l.a < 8= U, C Up(nestedness),

2. r]ax>0Uaz = {0}’

3. m(U, — U,) < 4 m(U,) for some constant 4, independent of a,

4. m(U, ) is left continuous as a function of a.
Here U, — U, = {x — y: x,y € U,}. He then proves that for any locally
mtegrable functlon LfE t?(x) with respect to V for almost every x € R".

In this paper we shall first generalize the results of Zygmund and Riviere to
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the function classes E;‘, and prove that the exceptional set is null with respect
to an appropriate capacity. We then consider the question of higher order
differentiability. Theorem 2 will show, for example, that the results of [BZ] and
[M2] will hold for the family & as well as ®, provided we assume that p > 1.

2. First order differentiability. The Bessel potential space E;‘ was defined
above. The Bessel capacity associated with this function space is defined as
follows. For any set E C R", define

B, ,(E) =Inf{lgl7,: 8 € L;,G,»g > lon E}.

This set function is an outer measure on R” and moreover B, (E )

= Inf{B, ,(G): G D E and G is open}. If @ = 0 we set B =1L andBop
=mlfp > 1 and ap < n, then B, o, p is related to Hausdorﬂ’ measure of
dxmenswn n — ap by the followmg relations:

1LH"™*(E) = 0= B, (E)

2.B,,(E)=0= H”'“"“(E) = O for any ¢ > 0.
See Meyers [M1] for further details.

For any family & defined as in §1, we introduce the maximal operator

Mgf(x) = Sup {ﬁfsﬂf(y)dy: S e ?}'}

defined for every f € L;(R"). Often $may be chosen to contain only bounded
sets, in which case f need be only locally integrable. To prove that functions
from a Lebesgue class Lp(R”) are in tg(x) almost everywhere with respect to
%, it suffices to prove a weak type (1, 1) estimate on the maximal operator, i.e.

?3) m{Mgf(x) > 1} < C"f"z,,/t

for some constant C independent of f € L,(R"). Given (3), we choose
functions f, € C®(R") such that ||f — f,|| 1, ~ 0 and observe that

C
53 s PO =S < =B 170 - (0P

C
+o s o BO) = £ + GLAR) - S,

The first term on the right is dominated by C, Mg(f - £,|”), and since f, is
continuous we have

Lim (S)fs+ 1f() = NP dy < CM(lf = £17) + C,l£,(x) = FR)IZ.

5(s)-0 M

In view of (3) and the fact that f, — fin measure, we can choose n sufficiently
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large so that the right side is less than ¢ except on a set of measure less then &,
hence the left side is zero almost everywhere.

For functions in £; we will prove that in fact the same conclusion holds B, ,
almost everywhere, by replacing estimate (3) by a capacitary weak type
inequality. This can be done provided the maximal operator is a bounded
operator on L, (see Adams [A]). The following result was first proved in [D]
for the case § = }.

THEOREM 1. Let F be a family of measurable sets satisfying conditions (1), and
suppose Mg is of strong type (p, p). That is,

@ IMefl, < ClAl,

for some constant C independent of f € L,(R"),1 < p< w.IffE L), a
>0, thenf € t?(x) with respect to 3 for B, , almost every x € R".

ProoF. The result for Bg = L, is precisely that detailed above, so leta >0
andletf=G,*g € B; . We first make use of the strong type estimate (4) to
prove the following capacitary weak type estimate

) B, ,{Mgf(x) > 1} < (C/t?) £l
This follows by observing that Mzf < G, * Mzg and, hence,
Ba,p{M§f> t} < Ba,p{Ga * M@g > t} = Ba,p{Ga * (M‘fg/t) > l}

< Mgl < CrPligl?, = crPllfl

using the definition of capacity and estimate (4). Secondly, we will show that
any function f € £ can be approximated by continuous functions f, € £;
such that

(©6) I = flleg >0 ase—0
and also that
(7 B, ,{x: [f—fl(x) > 8} >0 ase— 0foreveryd > 0.

To this end we use a standard mollifier argument. Let ¢ € C°(R") be
positive with fg. ¢ = 1. Set ¢,(x) = e”"¢(x/e) and define

j; = 4’3 ‘f=Ga * (¢¢‘g)'
Then

1, = fleg = 16, * (G, = Gles = llg. = gl
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and since g, — g in L, (6) is proved. Also notice that

B, {x: |£(x) = f(x)| > 8} < B, ,{x: G, * |g, — g|(x) > &}
<87’g, —gllf; >0 ase—>0

so that (7) holds as well. Now fix n > 0 and choose ¢ so small that
W£—s Iléf’, < 9P*1/C, where C is the constant of (4), such that

B, plx: 1 = f1(x) >} <.

Then
;(153 Joo 1O) = 1)y < nﬁ fo 1O = £

+$ISH 1£00) = £ dy + [£(x) = f().

Note that the last term is <7 except on a set of B, capacxty <. The first
term is bounded by Mg(|f — £|), which, according to (5) is less than 7 except
on a set of B, , capacity less than /I - £ I[é’ < n. The middle term
becomes negligible as §(S) — 0 since £ is continuous. Altogether, we conclude

— 1

Lim ——= - f)ldy <2
B ) Jou ) =@y < 2m

except on a set of B, , capacity less than 2. Since 7 is arbitrary, this proves
the theorem. Notice that we have specified the constant polynomial £, to be
f(x), which is defined, of course, B, , almost everywhere. Q.E.D.

CoROLLARY 1. If f € £5 witha > 0and 1 < p < oo, then f € 1{(x) with
respect to  for B, P almost every x if
= B, the family of all balls centered at the origin,
2. F = R, the family of all rectangles containing the origin,
3. 9 = V, the family defined in §1.

ProOF. In view of Theorem 1, we need only verify hypothesis (4) for each
family. For 9, this result is well known and appears, for example, in Stein
[ST]. For &, estimate (4) is proved in [JMZ].

The proof of (4) for the family V follows from the weak type (1, 1) estimate

®) m{x: Myf(x) > 1} < (C/9IIfll,

for f € L;(R"). This extimate is proved in [R]. To prove (4) from this, we use
the familiar argument which appears, for example, on p. 7 of [ST]. Set
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sy = {100 TS > 52

otherwise .
Then M f(x) < Myf,(x) + s/2 and so
mx: Myf(x) > s} < m{x: Myf,(x) > s/2} < QC/s)l£ I,
by (8) since f, € L;(R"). If we set A(s) = m{x: Mqf(x) > s}, then

=] 0
Joo 1Mef1Pdx = p [~ 5PN ds < p [ 2C57 2, ds

2l ()l

=26 7572 [ |fldxds =260 [ 1S [ s7 Pdsax

- EB_ f FERIFENP dx = 4Cp —5 1717,

which verifies (4) and completes the proof of the corollary.

3. Higher order differentiability. In this section we shall discuss the concept
of higher order differentiability with respect to irregular families. Theorem 2
will imply, for example, that £ functions are in ¢ k(x) with respect to & for
B, 4 p almost every x € R". Unfortunately, the addmonal assumption we
shall make in Theorem 2 does not apply to arbitrary families V; and the
question of higher order differentiability with respect to such a family remains
open.

THEOREM 2. Let F be a family of measurable sets satisfying conditions (1) and
suppose in addition that ¥ is closed under dilations. That is, if 0 < t < 1,¢- S
={y:y E S} is in F whenever S is. Suppose Mg satisfies condmon 4.

Iffe ), a> l,andifk < ais an integer, then f € k (x) with respect to F
for By, aImost every x € R".

In order to prove the theorem, we shall make use of the following result,
which is an improvement of a similar result proved in [GZ].

Lemma 1. Let f € €5 with 1 < a < . Then, for B, , almost every x € R",
[ is absolutely contmuous on H" - almost every ray emanatmg Jfrom x. Moreover,
on such a ray,

e+ =10 = [ e+ 12) -z

ProOF OF LEMMA 1. Let f=g,*g € £; and let f = G, * g, be C*
mollifiers of f. Then ||f, — f "ea —>0asi— oo, and there is a subsequence {£}

that converges for B, , almost every x. That is, for some set E W1th
B, ,(E) =0,
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©) f;(x) > f(x) for every x € R"\E.

For this subsequence, Vf; — Vfin B;"l (see [ST, Lemma 3, p. 136]), and
therefore

V- V=G, *h
where 4; — 0 in L,(R"). But then

G+ |ij' = Vfl(x) = G, * |G,y * hjl(x) <G+ |hj|(x)'

Since h; — 0 in L(R"), G, * |4;|(x) — O for B, , almost every x, hence so
does G * IV_g- — Vf|(x) by the above inequality. For any such point x we have

Gy * 195 - V1) = [o, G@IVf(x = 2) = Vf(x - 2)ldz

> B0.8) G (2)|Vfi(x — 2) = Vf(x - 2)|dz

.faa(o,n)fok sylrz V£ (x = 1) = Vf (x = )l drdH"' ()

where the last step is integration in polar coordinates. Using the estimate
G (2 > Clz|" for |z| < R (see [ST, p. 132])we conclude from the above
that

Fonan o 1956 = ) = WGx = il ™ (3) 0

for B, , almost every x. For such a point x, we may choose a further
subsequence f, such that

(10) j(;R [V (x = ry) = Vi(x = ry)ldr - 0

for H"! almost every y © dB(0,1). Moreover we may assume that x — ry
& E for any such point y, 0 < r < R (see [GZ]). If z = x — ry is any such
point, since f, € C®(R") we have

filx +2) - f(x) = j;l Vi (x + 12) - zdl.

Letting k — o0, in view of (9) and (10) we may replace f, by fin the above.
Finally, choose a sequence R; — oo to prove the lemma. Q.E.D.

PROOF OF THEOREM 2. Let f € B;‘, a 2> 1, and let £ < a be an integer. Let
P.(») be the Taylor polynomial of degree , i.e.
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- DFf(x)
};()’) 0<|zﬁl<k B! -

Here 8 = (B;,...,B,) is a multi-index,

)B

|8l é D# g ! 18,1 1
B _j=lBj’ —axlﬁl...axfn’ B'—Bl'BZ'...an

and z# = zlﬁ' zf’ cee zf". Note that if || < k, then Dff € E‘;”‘ , and since
such functions are defined up to sets of B,_, , capacity zero, P.(y) is defined
for B,_; ,almost all x € R".

Let R, (y) = f(») — B.() and notice that if |y| = k then

D'R.(y) = D'f(y) — D'f(x).

Since D'f € Bl‘,'"k, we know from Theorem 1 that

Tm Y =
(1) s(s)l—'»lo%ecsm(s)fsﬂ ID"R(»)ldy = 0
at B, , almost every x, whenever |y| = k. Now let » be a multi-index such
that |»| = k — 1. Since D’f € E;"‘, we know from Lemma 1 that for B,_, ,
almost every point x, D’f is absolutely continuous on H"~! almost every ray
emanating from x. Hence on such a ray, D'R,(y) is also absolutely contin-
uous and

1
ID°R,(x +2) = D'R,(0)| < [ [V R,)(x + 12) - 2| .

Since this estimate holds for almost every z € R", we may integrate both sides
with respect to z over a set S € G, yielding

fs |D"R,(x + z) = D"R,(x)|dz < fs fo : IV(D"R)(x + tz) - 2| dtdz
<[ [ AV R (e + 1)l dec
A S_(tf_) [ V@R Gx + Dl dz

The second inequality above is obtained by interchanging the order of
integration and using the Schwartz inequality, and the final step is just the
change of variables z > tz. We now divide both sides by m(s)8(s) and use the
transformation x + z b z, noting that "m(S) = m(z - S).
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%3 ;& fi\ DR ~ DR (0)d2

<f 55 0 VO RGN s

Since all derivatives of R, of order k satisfy (11) and sincefor0 < ¢t < 1,7+ §
€ Fwith 8(¢ - §') < &(S), we conclude the existence of a number & such that
the right side of the above is less than ¢ whenever §(S) < 6. Since D" R, (0)
= (, this implies

(12) '

= L L DRy =0
G(S)-fo;ssqa(S) m(S)fsq.x | DR, (y)| dy

for B,_, , almost every x, whenever |»| = k — 1. This estimate replaces (11)
for derivatives of order k. Now let # be a multi-index with |9| = k — 2.
Arguing just as above we conclude that

i b

"R d = 0
8(S)—>o Se§8(S) m(S).[g+x Dl dy

(13)

and inductively that

! 0
Lim ———— DR dy =0
8(S)-0;SeF 8(S)k m(S),[s‘.'.x I x(y)l y

which proves the theorem. Q.E.D.

COROLLARY2 Iffe ewitha > 1,1 <p < co,andifk < aisan integer,

then f € tf(x) with respect to Q for B,_; , almost every x € R".

The exponent 1 in Theorems 1 and 2 can be improved if one is willing to
accept a larger exceptional set. For example, if 1 < g<pandk < a-1,
then one can show that f € *(x) for B, , almost every x, where s < p satisfies
the equation sp/(p — s) = np/(n — p)(g — 1). This follows from the observa-
tion that if |y| = k, |D'f|? € W*(R") = £!. Applying Theorem 1 to | D"f|
we obtain estimate (11) with exponent g for B, , almost every x. Making the
appropriate changes in the rest of the argument now proves the claim.

The question as to whether the exponent 1 can be improved in the general
case without altering the capacity seems to be open. Saks’ example [S], seems
to indicate that one cannot expect f to lie in t" (x) even almost everywhere.

Finally, in the deﬁmtlon of stron/g L dlﬂ‘erentlabllxty (see (2)), one may be
tempted to replace 8(S ) by m(S ) We conclude by exhibiting an example
which shows that 8(S )* cannot be replaced by m(S) raised to any power.

Let f(x,y) = x* and consider the family = {R,},5 of rectangles of the
form R, = {(x,y): —e < x < ¢,—&> < y < €°}. After mollification outside a
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larger set, we may assume that f € B"(Rz) foralla > 0, p > 1. The Taylor
polynomial of degree one at the origin is simply R ( y) =0, and it is easily
verified that

1
PR ) o SN = i =m0

Similar behavior is exhibited at points other than the origin. Moreover, by
modlfymg the rectangles R, one can show it is impossible to replace
&S ) by m(S) to any power.
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