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ON THE BORDISM OF ALMOST FREE Z,, ACTIONS
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ABSTRACT. An “almost free” Z,, action on a manifold is one in which only
the included Z, may possibly fix points of the manifold. For k = 2, these are
the stationary-point free actions. It is shown that almost free Z,, bordism is
generated by three subalgebras: the extension from Z, actions, a coset of Z,
extensions being the restrictions of circle actions and a certain ideal of
elements which annihilate the whole ring. The additive structure is deter-
mined. Free Z,, bordism is shown to split as an algebra. It is shown that the
kernel of the extension homomorphism from Z, to Z, bordism is equal to
the image of the corresponding restriction homomorphism.

1. Introduction. An “almost free” Z, action on a manifold is one for which
only the Z, C Z,: may possibly fix points on the manifold. We will determine
the additive structure of the unoriented bordism of such actions along with the
algebra structure of the special case of free actions. We also get some results
on the general product structure.

In §2, we define the various notions and reduce the additive problem to a
homology problem. We also introduce the various extension homomorphisms
on bordism and show that they are given by maps on spaces.

In §3 we solve the homology problem and construct generating sets for the
various bordism modules. This is done by evaluating various spectral sequenc-
es for which we are, in general, unable to compute the extensions.

In §4 we show that free Z,, bordism is the tensor product of two
subalgebras: the “extension of Z, actions” and the subalgebra generated by
the circle with standard free Z, action.

In §5 we prove various algebraic relations but do not determine the algebra.
In particular, we show that the relative bordism algebra of almost free
manifolds with free boundaries contains as a subalgebra a direct sum of a zero
algebra and another algebra, the zero algebra being the extensions of Z,
actions.

The author is indebted to R. E. Stong for suggesting this problem as well as
for his continual encouragement.
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2. Preliminaries. Let G, denote the cyclic group of order 2k k>2 (usually
denoted by Z,.) and ¢ its generator. We will let &, be the family {Z,,{1}} of
subgroups of G, and say that a G action

@: G XM—>M

by smooth maps on a smooth compact manifold M is almost free if for each
point x in M,

{g € G,: 9(g,x) = x} € .

We recall some notions of bordism. We say that two almost free actions
(M, ¢,) and (M,,¢,) on closed manifolds M; are bordant if there is an almost
free action (¥, ®) with 9V equal to the disjoint union of M, and M, and @
restricting to @; on M,. The resulting equivalence classes for » dimensional
manifolds forms a Z, module N, (G, ; &,). We let

NGB = @ NGB,

an algebra over the unoriented bordism ring, N, . See [8] for details.
Similarly, we can define N,(G,; Free), the bordism of free G actions and
N,(G; By, Free), the bordism of almost free actions on manifolds with
boundary such that the action is free on the boundary.
There is an exact sequence

Ou
N(G;; 81‘) —> Ny(Gy; Ty, Free) —> N (G;, Free)
t J

of N,(Gy; Free) modules and homomorphisms. (The action of N, (G, ; Free)
is via the twisted product. See [1].) The sequence is short exact, since the
identity is in the image of 9, . In fact, denoting the interval [-1,1] by I and
using multiplication by — 1 as a generator of a Z, action on I, we have that

1 = (G, Gy) = (UG %z, 1), G X 1)

and it is clear that Gy Xz I is almost free.
The above sequence is then

0
0 = N,(Gy; ) -5 N,(Gy; B, Free) = N,(Gy, Free) - 0
where A, is defined as an N, (G ; Free) morphism by

It is well known that N, (G, ; Free) is freely generated, as an N, module by
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(i) extensions of the antipodal action on even dimensional spheres:
(Szn XZ Gk’ 1X Gk) = Yans

(ii) restrictions of circle actions on odd dimensional spheres: (
= exp(m/Zk l)) = Y+t

See [3] for a proof of this as well as for the product on these classes. One
sees easily that y,2 = 0 and therefore that J,, the N, submodule generated by
1 and y, is a subalgebra. Let K,(Free) denote the algebra of Z, extensions. We
will show

S2n+| ,t

N,(Gy; Free) = J, ®y, K, (Free)

as N, algebras (see Proposition 4.1).
Since (§2**!, antipodal map) is a boundary, K,(Free) is freely generated by
{y2,:n=0,1,2,..., } and the image of h, is freely generated by

{O2nt1 = Y2001:82042 =M 830 n =0,1,... %

Next, we rewrite the relative group N, (G, ; &y, Free) using a standard fixed
point construction. Let BO, (Gk) denote the classifying space for Jj-dimensional
G, vector bundles (see [8]) There is the usual classifying bundle y/(G,) with
Gy, action. The fixed set of Z, in G, for BO,(G;) has a component over which

J ¥/(G,) has no summand with trivial Z, representatlon This component is a
homotopy BO; and, following [6], we will denote it by BO,(C*, k). This space
has a G, action (with Z, in G, acting trivially) covered by a G action on the
pullback of y/(G,), call it y/(C*®, k), and Z, acts by multiplication by —1 in
the fibers of y/(C®,k). The pair (BO,(C®,k),y/(C*®,k)) is a classifying
object for such spaces and j-plane bundles. Note that the G,_;, = G/Z,
action is free on BO,(C™, k) if j is odd.

Suppose that (M,q) is a (§, Free) — G, action. The fixed set of Z,
C G, in M is a disjoint union of closed manifolds F "~ for 0 < j < n, where
n = dim M. These manifolds, with their normal bundles, satisfy the above
properties. We also know that G,_, = G,/Z, acts freely on the F ",
since (M, ) is almost free. Hence, we get a homomorphism

F: N,(G; &, Free) —» _GB N,_;(G_y; Free)(BO,(C™,k)).
Jj=

In fact, F is an isomorphism with inverse induced by the correspondence
which assigns to a bundle, its disk bundle.
We know that (see [4])

N,_j(G_,; Free)(BO(C®,k)) = N,_;(BO,(C®,k) X,  EG,_;).

‘_J

(We will take EG, to be the infinite sphere of C® with the generator of G,
acting by multiplication by exp(wi/2¥7").)
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Let X, = BO;(C*,k) Xg,_, EGy_y. Then [2],

8N X)=& & NOH(X,;Z)

A J=0r+stj=¢

-

* r
= &N e (@ HX,2)

=N,® (igaoH._j(,\;-,k;zz)).

The isomorphims are as N, modules and the tensor products are over Z,.
Hence, we need to compute the Z, homology (or cohomology) of the spaces

Xy

3.H ‘(/\3,1:; Z,) and generators for N, (G, ; almost free).
Case 1. k = 2. Let X; = BO;(C*,2) Xz, EZ,.

PrOOF (R. E. STONG). Let T: y¥*1(C*®) — y¥*+!(C®) denote the genera-
tor of the Z, action. Then T2 = —1 in the fibers of y. Then R = det (T)
generates a Z, action on 7, the determinant bundle of y. R = —1. Hence
R ® T generates a Z, action on n ® y covering the free Z, action on the base.
Dividing this out, we get a 2j + 1 plane bundle » over X, i+l

Now T gives a Z, action on the sphere of u, which is a BSO,;,,, the
quotient of which is X, ;.

Let @: X1 = BZ, classify this cover and y: X,;,| — BSO,;,, classify
det» ® ». Since g is covered by an equivariant map 9 BSO,;, = EZ,, we
have that

1 x¢
BSO,;,, = S(det n) —=¥— BSO,,, | x EZ,
T, Ixm

Xojr1 g 85041 X BZ,

commutes (since det » ® » pulls back to the universal bundle over BSO,;,)
Hence ¢ X ¢ is a homotopy equivalence.

We do not know of such a splitting for X,; but we will compute the Z,-
vector space structure of H, (X,;; Z,) (Proposition 3.6).

Case 2. k > 2. Note that there is a map

F: BO,(C*®,k) > BO(C*,2)

which classifies the Z, C G, action on y/(C®,k). This is a homotopy
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equivalence. Crossing with EZ, and dividing out gives a homotopy equiva-
lence

BO(C®,k) Xz, §% ~ X,.

Making this identification gives X; a free G _; action. Dividing this out, we get
Xk = X/ Gz

LEMMA 2.2. X, 1, = BSO,;,| X BG.
Proor. Looking at the proof of 2.1, we see that the identification there takes

the above G, _, action to the standard G, _, action on BZ, = EG,/Z,.
More generally, we have fibrations

Tik* /\3.’,‘ —+BG,_; and Tkt A;‘,k —» BZ,
with fibers BO, and X, _ respectively, giving a diagram:

BO; ™ X; x4 » BGy_,

M k-1
= Ok 91",k
4' v
(2.3) Boj —_— A,i'k_—iT—»BGk_ 1
Tk
¥ ¥
BZ, = Bz

where 8}, classifies the principal G;_; bundle

EGk—2 XGk—Z Gk—l -> BG’C—] .
We first consider the case k = 2.
_Consider the Serre cohomology spectral sequence of the fibration BO,
=25 X, 2» BZ,. This has a trivial coefficient system and

Ey*(m) = E% @ E*" = Z)[uw,0,] ® Z,[a],
where degreew; = degreea = 1 and degreew, = 2. Since BU is the fixed set
of the involution on BO,(C®), nothing transgresses and d,(w;) = dy(a) = 0.
LEMMA 3.1. E;(m) = Z,[a, wl,wgl/(azwl).

Proor. If d,(w,) = 0, then w, = i; (x), in Z, cohomology. Let y — RP(1)
be the canonical line bundle over the projective line. There is a Z, action on

y with Z, in Z, acting as — 1 in the fibers and which covers a free involution
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on RP(1). Classifying y X y over RP(1) X RP(1), we get a diagram:
RP(1) x R(1) -5 B0,(C*, 2) x 5§~
f i,
RP(1) 7, RA(1)—2— X,
If i*(x) = w,, then
FPR () = g%i"(x) = " (@) = wy(y X 7).
Hence f*h*(x) evaluates on the fundamental class of RP(1) X RP(1) to 1. But
<fUR*(x), [RP(1) X RP(D)]) = <A*(x).£[RP(1) X RP(1)])

= (h*(x),0)
= 0.

Let X = (BO,(C®,2)x -+ X BOZ(C°° 2)) Xz, $% (n-fold  product),
where we give Bog) = BO, (C°° 2) X .-+ X BO,(C%, 2) the diagonal involu-
tion. There is a fibration Xz( " - BZ, with fiber Bog) The inclusion of the
Jth factor BO, and projection onto the jth factor gives a diagram:

X, = BO)(C®,2) Xz, §° — X{" 2 X,,
the composite being a homeomorphism.

Let Z,[a] be the image of H*(BZ,)in E;’ O (")) and Zz[xf'),xg’)] the
cohomology of the ith factor BO,. Then

Ep*(n{") = E*%(z{") ® E®* (z{)
n . .
= Zz[a] ® {/gl Zz[ij)’xgj)]}.
As before, dy(xY)) = dy(a) = 0in E;* (n{). Also
0 = (') (40 + @?w)) = dy (@) () + (@) (Pwy) = dyx{) + o)),

so that d, x(f) = azx(f)
Next we class1fy the 2n plane bundle

YZ(COO92) X-e X 72(C00,2) g Bogn)’

giving a map of fibrations:



ON THE BORDISM OF ALMOST FREE sz ACTIONS 89

BO{™ »—> x{" — BZ,

B0y — X, —> BZ,

Recall that f* takes the Stiefel-Whitney class w; to the ith elementary
symmetric polynomial in the variables x(') + x(') (") + x(") Denote
these by so that f*(w;) = 7. Since 7, are algebralcally mdependent in
H' (BOz ) the homomorphism

71 Ey*(my,) = E3* ()

isa mo(r;omorphlsm and the monomials UL 'r,.'a are linearly independent in
Ey*t(m").

PROPOSITION 3.2. d,75; = a’ry_; and dyry;_, = O.

PrOOF.
Ty = b xgl) .. 'xg) +3> xf')xl(z)x;(f) .. -xg“) RN
(n (n)
+ 2 xfl) .o ,xl(Zi-Z)ngi—l) + 2 xf‘) .o -xf”)
() ()
and

Ty = (z)xfl)xg” o) (2)x§'>x§2>x§3>xg“> L
n n

+ 3D D),
o)

where 3, denotes symmetric sum using PO R R A X Note
that,

(2) xl(l) v xfr)xgrﬂ) . xgr-ﬂ)
n

= S A DD g

(n-1)
(#)
£af) B A DA )
+x('!) (2 . xfr—l)xgr) . x£r+:—l)
n—

and, in this case,
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((2) NOURNONES DO xg+z>)
) {o, if r is odd,

a? (2) XD o XD 4D L) it r s even.
n

We prove this by induction on n. If n = 1, (*) is clearly true. Assume (#) is
true for n — 1, then by (#),

AFoAA7) = o g, x%’*")

+d( (n) (’g x xgr-i-s—l))

+d( () ) x (r-l) (r) gr-!-s—l))
(n=1)

If 7 is even, then according to the induction hypothesis, the last term is zero,
while the second term is

(n) o2 s x x§r+l)xgr+2) oo xlrts=1)
(n-1)
+a x(n) 2 x xl(r)xgrﬂ) v xgr+:—l).

The first term is o 2( -1y X1 O (’ *Dx+2) ... 4+ Adding and using
(#) again gives the result for even r

If r is odd, the induction hypothesis says that the first term is zero and the
second and third terms are both equal to

2,00 2 NONRNCN NN SR
=

Hence, (#) is true.
Similarly, we can show that

d((Z) RO xg‘)) - ((2) FONO ~-x§"))a2

The proposition follows.
COROLLARY 33.In Ez‘" (ﬂzn), dz(WZ‘) = a2W2‘~_l and dz(Wz,_l) = 0.

PROPOSITION 3.4. Es(m,) is the Z,[a, Wz.-pW%; i =1,...,n] module on a
bas:s {(Log: S = Gy .o nnip) withiy < -+ < i, <}, w:th relations a®w,,_,
= o? ps = 0 for all S. (pg is represented in E, by
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j§l Waiy " Wai Wai—1 Waip,, t " Wi )

Proor. Induction on n. We know it is true for n = 1 and assume it true for
n — 1. Recall that

Ez(’ﬂzn) = Zz[a, Wl, cee ,Wzn],

dwy) = a2w2i-1 and d(w,;_;) = d(a) = 0. Call this differential graded alge-
bra, E,,(a). Let E,, = E,, (o) ® Z%[wz,,_l,wz,,,az] d(ay) = dw,,_,

= 0 and dwy, = a2w,,_;. Let A, = Zy[wf,...,w},] and note that both
E,,(a) and E,, are naturally 4, modules There is a homomorphism of DGA’s

and A, modules which sends o; to a and w; to w;. Call it p, . Then there is an
exact sequence of 4, modules

—84') H,(kerp,) —L") Ht(EZn) 2> H.(Ezn) ‘—8—)

Inductively,

H.(Ezn) = K:H(an) ® (Z2[w2n—l’wgn’aZ]/a%WZn—l =0),

where K7(B) is the Z,[w,, ..., Wy,_;, W3, ...,w3,, 8] module on a base {1, pg}
etc. (as above). We must show that H,(E,,) = K, (a).
The A, module generators of H,(£,,) are:

{L,wy,_1 05, % 05, Wy, Pg, f , a3}

together with products of these with the monomials Wt w, (all ji, odd and
less than 2n — 1).

There is a commutative diagram (the top row not necessarily exact):
-~ ~ ;\
N K" o) ® Z,[wy,_ys w2, 0 V(@Ew,y, 1) —>K"(a) Hykerpy) — -

T

~ Dx * *
s > H(£};,) = Hy(E,,) — Hy(ker py) —> -+

where j, is an inclusion, § = 8, o j, and p, is easily seen to have image in
K"(a).
Hence, we want to show that the kernel of /, is contained in the image of 8.
But H,(ker p,) = (¢ + ay) - H,_,(E,,) and ker i, == (¢ + a,) + (annihi-
lator of (¢; + a&,) in H,_;(£,,)). Hence, we want the kernel of multiplication
by the class of a; + a, in H,(E,,). But checking the result of multiplying
a, + a, by the various 4, module generators of H, (£,,) gives the only relation
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(o + ag)aps Wy Wy = @025 W1 W3 i =12,
where w, = w, ++-w,, as before, for all § = (i}, ...,j <n-1).
It follows that ker i, is the 4, module generated by the
2
(of + a3)Wpay Ps Wiy
in H,(ker p,). But note that in E,,,
P(sn} = PsWan T (Wzi. °t 'WZik)WZn-l
and hence also in E£,, and goes (via the differential) to a% PsWan—1
+a? psWa,— - Since d is trivial on w,,
3 2., 2
8(p{s’n}ww) = (al + az)WZn_lpsww.
The result follows.
COROLLARY 3.5. E;(m,,) = E, (m,).

Proor. Note that @,5, E{?(m,) = a?Z,[a, w§j]. Also, there is a diagram
of fibrations:
BU, >—> BU, x BZ, —"— BZ,

BO, > > X ->> BZ.
2n 2n Ty, 2
where 7 includes the fixed set of the involution. Since = is a product, E)** ()

collapses. There are homomorphisms
0’ : E*(my,) = E*(7) = Zyla,¢;: 1 < i< n)

such that 85(a) = @, 83(w,;_,) = 0 and 85(w,;) = ¢;. Hence, 6;, when re-
stricted to @, E{¥(my,), is a monomorphism.

It follows that @,5,E$(m,,), is in the kernel of dy and, moreover, if
x = dyy then x is in @,3,E5(m,) and 6;(x) = d;(05(»)), so that x = 0.
Hence, d; = 0. Inducting on r shows that §, is monic on @, E}¥(m,) and
thatd, = 0 forall r > 3.

Recall that there is a diagram of fibrations (k > 2):

BO,, > > Xon > BZ,

= 025 0'2n

BOZn X2n,k BGk—l

We see that
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Ez."('”én) = Zz[Wp ces ,Wzn] ® Zz[a, ﬁ]/(az),

where the degree of w; is i, of a is 1 and of B is 2. Clearly 6, is monic on E;**
Hence

2
02(dywy; + Bwyy) = dy(wy) + o*wy_y =0
implies that d,wy; = a’w,;,_, Also, dyw,,_; = 0, so that we have:

PROPOSITION 3.6. E“(qrz,,) = Z,[Wys et s Wap s W3, . ,w%,,,a, B8] module
on {l,ps}, S = (1 < iy < -+ <y < n) with relations a? = Bwyi_1 = Bog
= 0.

PRrOOF. Similar to the above.

This computes (the vector space structure of) the Z, homology of X, ; and
therefore (&, Free)-Gj, bordism.

Suppose now that (M, ¢) is an almost free G; action, where 1 < j < k. The
pair (M Xg, G» 1 X Gk) is called the extensxon of (M, ¢) to a G, action and
will be denoted by ¢; k(M, ).

LeMMA 3.7. €¢ 2 (M, @) is almost free.

ProoF. Recall that ¢ is the generator of G,. Suppose that (m, g) is fixed by
¢. Then there is an i such that

(m,gt') = (md @), g @),

Since (M, ¢) is an almost free G action, i is 2/ or 277! so that
i(2¥7) is 2% or 2¥1, Since G, acts freely on Gy, lis 2k or 2K1,
Extension is well defined on bordism and gives a homomorphlsm

k: N,(G; S, Free) > N,(G;; B, Free).

The following diagram commutes, forj < / < k,
9, e
Ny(Gj; B, Free) —— N,(G,; §, Free) —— Ny(G,; 3, Free)

,, ]

ej‘

PROPOSITION 3.8. The following diagram commutes:

(e',ﬁ_ 1)
N,(Gy_,; &, Free)————

N,,(Gy; 8, Free)

@N _I(Xjk 1)

B6,0e O Ne-iKi0)
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where F, denotes the Z, fixed point construction of §2.

ProoF. Recall that F, is the composite of
n
F: N,(G;; &, Free) '-_’jiBoNn-j(Gk—l’ Free)(BO,(C*, k))
and
n—J(Gk 1 Free)(BO (C°° k)) = n—]( ,k)

where F sends an almost free Gy action (M, ¢) to the normal bundle of its Z,
fixed set and where g divides out the resulting free G,_, action. Extension
factors through F giving

,,_J(G,‘_z, Free)(BO,(C*,k — 1))

- ®0Nn_J(Gk_|; Free)(BO(C*,k))

where an element of the left-hand side can be considered a (G,_,,j)-plane
bundle 7 covermg a G,_; manifold M such that if s generates this action on
M then the 2%~ power of s acts freely and the 2¢72 power of s is trivial, while
if S generates the action on 7, the 2¢~2 power of S acts as —1 in the fibers of 7.

If (M,n, G,_,) is such an action, then

eF(M,ﬂ, Gk—l) = (M ka-l Gk,'l] XGI:-I Gk,l X Gk)'

(Note that /*'[m,g] = [m, ()" g] = [s* “m,g] = [m,g])
Note that if f: M — BO,(C®,k—1) classifies 7 and f MX; G
Grt Yk

- BO; (C°° k) classifes g X6,., Gk then, since n Xg Gy pulls back via the

map
M = MXGk . Gk—] (@ Mka-l Gk

to 7, we know that for g in G,_, in G, f(m,g) = f(gm).

Hence, f(t(m,g)) = f(m,1g) = 1f (mg).

Let h: (M, G, _,) = EG,_, classify the free action so that h(sm) = rh(m), r
being the usual generator of G,_, on S*. Let k classify the free G,_; action
on the extension of M. Then

I: M= MxGIz-l Gk—l C Mka-l Gk i’ EGk—l
has the property that
1Pm) = h(m, ) = h(2(m, 1)) = s*h(m, 1) = rl(m).
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Hence A restricted to M is h and for g in G,_, in Gy, h(m,1g) = sh(gm).
Therefore, for g in G,_, in G,
[} % B]lm, 1g] = [tf (gm), sh(gm)] = [f(gm), h(gm)]
in X;;; this is ¢ o ez on (M,n,G,_,) and is 2 map from
g MG _ =M XG,., Gk)/Gy—y = BO;(C*, k) Xg, , EGe—y = X

where the map becomes g[m] = [f(m), A(m)]. This is just ¢q followed by the
projection of X, _, to X, ;.

Recall that there is an action [1], via twisted products, of free G, bordism
on almost free G, bordism, which after a Z, fixed set construction, is given by
sending (M, G,) ® (N,1,G,) to (M xf;k N,M X; 1,G, X 1). In particular,
multiplication by the class of y, = [S',exp(in/2*~!) = 1] gives an N, homo-
morphism

n: N(G,_,, Free)(BO;(C*,k)) > N, (G, Free)(BO,(C™, k)).
We have that
yl o eF(M,n, Gk-l) = (SI ka—l M, Sl ka-l 'q,t X 1)-
LEMMA 3.9. If f classifies m into v/(C®,k — 1) and | classifies S' X6y M
then f(s,m) = sf(m) in BO,(C*,k), for s in s,
Proor. We must show that
k)= %, n=¢
But
Ef*(¥?) = {(s;m), e, x) in (E£) X C® X BO;: eis in x = sf(m)}.
. — 1 » i
Since{ = § X6, f /),
E@¢) = {(s,mex)in S' X M x C® X BO;: eisin x = f(m)}
modulo the relation (s,m, e, x) = (gs, g 'mg e g1 x), for g in Gy_,. The
map ®: £ > 7*(y/(C®,k)) given by ®(s,m,e,x) = (s,m,se, sx) induces the

isomorphism.
At the universal level and for k£ = 2, we have

St xg, o/ ——1/(C",2)

T

RP(1) x BO;——— BO/C, 2),
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where f([s],x) = sx in BO;(C*,2). Let g classify the free involution on
RP(1) X BO;; we get a map

fxg: RP(1) X BO, = BO,(C*, k) X EZ,

and a diagram
BO; ™ (RP(1)/Z,) x BO; — RP(1)/Z,

" | l

BO,> > X; > BZ,

We can do a similar construction for & > 2. In fact, there is the map
! xg, . (BO,(C®,k — 1) X EG;_,) = BO,(C®,k) X EG,_,
which sends (s, x, ) to (sx,se), inducing a map
Yy : (81/G) x X k-1~ Xik

and a diagram of fibrations:
Sl ka—l(Boi(C“’ k- 1) X EGk_z))—'-) (sl/Gk) X Xi,k—l ___»BG"-I

TR

BOI-(C“, k) X EGk-l > > X, k > BGk—l

Our lemma then shows:

PROPOSITION 3.10. The image of y, o epin N,(X; ,k) is the image of the
homomorphism induced on bordism by ¥.

Note that there is also a map of double covers:

\Pl
Xppo1 X Gy ) = X5y

A
X, 51 % (5'/Gy) —r, X x

Since the j-plane bundle ¢/ = S! X6,y (y/(C®,k - 1)) covers S!
X6y, (BO,(C®,k — 1) X EGy_,), this twisted product is homotopy equivalent
to the product (8'/G,_;) X BO;, where the map is (projection) X (classxfy 7))
and where the inclusion in (S 1G,) x X (ix—1 is the product of S /G,
— §'/G, and the usual map of BO; x EGk_z into X; ;. Our diagram is then
just
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(8'/Gy_1) x (BOLC™, k= 1) x EG,_,) > (S'/Gy) x X, ,_; —> BG,._,

T

where the map on the fiber is just projection.
Moreover, there is a diagram (for j even):

|p.
s'/G, ——=——BG, _,

1 x (pt)

1 Vi
S /G x Xy y—— X

where Yk is the quotient of the composite:
5'/2, > (8"/2;) x (pt,1) > S' X, (BO, X EG, ;)
— BO; X EGy_ = EG;_;.

There are in H"(X,, ;; Z,) the following classes:

o in H', coming from a in H'(BGk_,), where o® = 0if k > 2;

7 in H?, coming from  in H%(BG,_,), where o> = 7 if k = 2;

Byj—y in sz", restricting to w,;_, in HYY(BO,,), 1 <j < n;

041- in HY, restricting to ng in HY (BO,y,), 1 < j <ny

PG, -..iyin H Wi+~ +i)=1 " restricting to pg in HX* " +)-1(B0, ).

We know that 78,; | and 7pg are given by relations with other terms.
Moreover, we can pick B, and 6,; unambiguously by taking B; to be the first
Stiefel-Whitney class of the quotient line bundle

{det(y"(C*®, k) X §°)}/G,_,

over X, ; and by taking f,; to be the (Z, reduction of) 2jth Chern class of the
quotient 4n-plane bundle

{(@*(C*,k) 8, C) X $°}/G _

where G, _, acts freely via (¢ ® ) X (exp (in/ 2k=2y),

Moreover, we have in the Z, cohomology of X, = BSO,,,, X BG, the
following classes:

ain H' coming from H!(BG,), o* = 0;

rin H? coming from H 2(BG,‘);

§;in H/ coming from the indecomposable generator in H’ (BSOy,41)-
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Consider the following classes in H*(X,,;; Z,):
L I — i j kl kzn_ Il 1,
0(l,j,k ,19S) =arT B[ ”'an—{04 "'04,,Psa

where 0 < iandj, k' = (k;,...,ky, ), I’ = (4,...,1,) and S is either 0
with py = 1 or S = (ij,...,i), with iy < -++ < i, < n. These classes are a
Z, generating set.

Case 1. k = 2. The dual classes 0,(0,0,k’,/’, S) are a Z, basis for the image
of H,(BO,,) in H,(X,,). Also, the homomorphism ¥* from H*(X,,) to
H*((RP,/Z,) X BO,,) sends « to o in H'(RP,/Z,) and 0(0, 0, k', I', §) to
()00, 0, k', I', S) + o'w, where iy,,: BO,, — X,,, is the fiber inclusion of
Ty, Hence

¥ (o(1,0,k%,1,8)) = ((i5,)" (0(0,0,k", 7", S))),

so that the dual classes 0,(1,0,k’,/,S) are in the image of the homology
homomorphism, ¥, .
Similarly, in H*(Xy,;4; Z,) we have the Z, basis:

Wij k') = alriske ... gk

and, for k = 2, the classes p,(0,/,k’) generate the image of extension while
the classes p,(1,/,k’) are in the image of ¥,.
If we then pick extensions of Z, actions to represent the classes

0,(0,0,k,1,S) and p,(0,/,k'),
say
M(O,0,K,1',S) Xz Z, and N(0.j,k') Xz, Z,,
0,(1,0,k',I'’,S) and p,(1,/,k’) can be represented by
M©O,0,k',I'S) Xz, ' and N(0,j,k') %, S'.

Moreover, the classes 6,(i,0,0’,/’,0) can be obtained as follows. Let
I'=@ <. <1l)and M(') = CPQ2h) X -+ X CP(21,). M(I") maps nat-
urally into BO,,(C*,2), classifying the bundle A(/') = Ay X oo XA, as a
(Z4 — 2n)-plane bundle, where A, is the usual complex line bundle over
CP(2];). Then we get a map of M(I') X S’ into BO,, X EZ, and therefore a
map f(I',i): M(I') X RP(i) = X,,. Then f(/',i)"(o(,0,0’,¢’,0)) = 1 if and
only if (r,¢) = (i,/’) so that the classes (Disk (A(’)) x S', Z,4 X (=1)) gener-
ate N,(Z,; Proper, Free) modulo (image of extension) ® » - (image of
extension).

Let Q(/',i) denote the Z, manifold D(\(")) X S'. Then Q(!’,2i + 1) and S'
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Xz, 0O(7,2i) differ by N, decomposable elements, so that we may also take the
set

{low, 20l 20 ' = (4 < -+ < 1,),0 < i}

for our remaining generators.

Let K, denote the image of (All, Free)-Z, bordism in (almost free, Free)-Z,
bordism and let L, denote the N, submodule of N,(Z,; &, Free) generated by
the classes [Q(1’,2i)]. Then we have shown:

ProposiTION 3.11. N,(Z,;$, Free) is generated by K, ® y,K, and L,
®yL,.
Case 2. k > 2. There is the homomorphism
Oonic: H' (Xyppe) = H' (Xppp—y)
with 63, ,(a) = 0, 85,,(r) = 7 and

03,1 (0(0,0,k",1’,S)) = 0(0,0,k",/',S) + aw,

so that the dual classes, ¢,(0,0,k’,/’,S), are in the image of the homology
homomorphism.

Also, ¥}, , sends a to o in H'(S'/G}), so that the classes o,(1,0,k’,/’,S)
are in the image of ¥,. We see that, since the G, _; action (D(A(!")) X Sz'+l
G,_1 X G,_,) is a reduction of a G, action, it extends to zero. On the other
hand, :

(D)) x 8%,z x (-1)) Xz, G) X6, S
= (D)) X $¥) %, §'
= (D)) X (87, -1) Xz, (8", 1)), G, X G¢_y)
(via the identification:
[(x,y),s] - (Sx,[y»S]); x in D(}\(I’)),y in SZi, sin Sl),

which differs from (DQA(/’)) X S2i+',Gk X G,_;) by N, decomposables.
Hence we have

PROPOSITION 3.12. N, (G ; &, Free) is generated by
(i) K., the image of N,(Z,; All, Free);

(iii) L,, the submodule generated by the classes

[(DAC)) x 8%;Z,x ~1) Xz, Gi» 1 X Gl

(lV) y 1 Lo
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Proor. We need only check (iii). The Z, fixed set information for the class
(D)) x §%) Xz, Gy is the usual map of the product

CPQl) X -+ X CP(2l,) = BU; X +++ X BU, = BU, > BO,,

with the principal G, _; bundle S xz G,_; = S%/Z,. The double cover of
BG,_, by BG,_, pulls back to S¥ over RP(2i) and the complex line bundle
over BG,_, pulls back to twice the twisted real line bundle over RP(2i). Hence,
if f5; denotes the map of CP(I') X RP(2i) into X, , then

f,,‘,zj(o(o, i,0,,1'’,0)) = 1 if and only if (',j) = (’,i),
so that these classes do, in fact, give the remaining generators.

4. Free G, bordism. In [3] it is shown that free unoriented G, bordism is
freely generated as an N, module by extensions of Z, actions on even spheres
and the restrictions of circle actions on odd spheres. Let y, in N,(G, ; Free) be
defined as in §2. Let J, be the algebra generated by y,, so that J, is the direct
sum of N, - 1and N, - y;. Let K, be the image of the extension homomor-
phism, an algebra morphism,

e: N,(Z,; Free) = N,(G,; Free).
(Recall that if § = [M, Z,], then e(8) = [M Xz, G, 1 X G])
PROPOSITION 4.1. N, (G, ; Free) = J, ®y, K,, as algebras.
Proor. Let A denote the N, epimorphism,
A: N,(G,; Free) = N,_,(G,; Free)

defined in [3, 1.11] or in [5]. Rowlett (in [S]) shows that J, is the kernel of A so
that

0- J‘ 4 N.(Gk; Free) g N‘—Z(Gk; Fl'ee) -0

is exact, where i* is the inclusion of algebras. Lemmas 1.12, 1.13 and Theorem
1.22 of [3] show that A is a J, module homomorphism.

An explicit splitting for A can be described as follows. Let p denote the
forgetful homomorphism from G, to Z, bordism and let x; denote the class of
the circle with antipodal involution. Clearly, p(y,e(w)) = x;w. Recall that
there are classes x; in free Z, bordism defined by

Dx=1

(i) [S" —1] = ko [RP(Kk - j)]x;; let yj, = [$¥,~1].

They are also characterized by:

@Dx=1

(i) &'x;, = x;, where A is the Smith homomorphism of [2];

(iii) x; augments to zero in N,.
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Then Xyjr1 = X3 (see [7]), so that

k
Psar) = vaen = 5 3, (RPQR - 215

k
- ,,( 5 %, (RPQk - ) yzj) [3, 117,

Hence, yy 41 + 1Yy is N, decomposable. Let b,, = e(x,;). Then the set
{byi,y1by: i = 0,1,...} is a free N, basis for N,(G,; Free). Define p by
p(by;) = by; o and p(y, by;) = y, by;,, and extending N, linearly. Then p is J,

linear, and since
(B wren)(E, ) = (3)

p is a right inverse for A. Using a Five-Lemma argument, we see that
N,(G; Free) is freely generated over J, by the b,/’s.

Since K, is also freely generated (over N,) by the b,;’s, we see that J, ey, K,
and N,(Gy; Free) have the same Z, rank, degree by degree. Moreover, the
evident algebra map from J, ®y, K, to N,(G,; Free) is clearly an epimor-
phism and therefore an isomorphism.

5. Algebraic relations. We know that, as algebras,
N‘ (Zz; All’ Free) = N‘(al ’B29 (13, B4’ oo ),

where a;,, is the class of the manifold S’ Xz, D', D' being the unit interval,
with —1 X 1 involution and By;,, = x; @y, 5o that

Byivy = [(8' Xz, %) %z D', =1 x 1x1].
There is the restriction homomorphism

Py No(Gk;—-,—') - N,(Zz,_,..)

and the extension homomorphism (as before). The restriction map remembers
only the Z, in Gj; both p and e are defined for arbitrary families of subgroups.

Note that extension preserves a twisted product but not a cartesian product
and therefore is an algebra morphism only on free bordism (as well as an
N,(Z,; Free) module morphism on all the groups). Similarly, restriction is an
algebra morphism only off of free bordism. We do however have the
following:

Lemma 5.1

(@) e(x(p(»))) = y(e(x)) for all x in N,(Z,, All,_) and y in N,(G;, T, —)-

(i) p(y,(e(x))) = x,x for x in N,(Z,: Al,_), y = [S',1] and x, =[S",
-1}.
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PROOF. Let (M, T) be a Z, action and (N, G) a G, action. Define
£ (M XN ) Xz, Gy = (M Xz, G) X N by f[(m,n),g] = (m,gl,gn). f is an
equivariant diffeomorphism. This gives i.

ey s 1
To get (ii), just note S* X;, (G; Xz, M) = s! Xz, M.
Let§; ..., = el -~ o), for 1 <iy <---<ijand all i

i; odd. Let &y
=N S,l ceey and 8,-+] =N 8", so that g = 8i+| .

dj;EMMA 52. elay -0 B -+ B) =8, crifBy 208, for all j, even and i,
odd.

PrOOF. We can assume j, > 2. Then
P - 8,) = p(8;)--p(8;,)
= oy ela_)) -+ oy eley, 1)
= (xlaj,—l)'"(xlajk—l) =B, "B,
so that
ela, -, B - B,) = elo; -+ p(8; -+ 8,))
= (o, - ;)8 -8,
=(8....)8, "8,
Let K, and L, be as in 3.12.

PROPOSITION 5.3.

(i) The product in K, is zero;

(ii) », K, is an algebra;

(iii) If x is in L, ® y, L,, then the product of x with any other class is zero.

PRrOOF.
(i) e(2)e(w) = e(zp(e(w))) = ez - 0) = 0.
(ii) (v e(2)) (W) = y;elzp(y; e(w))).
(iii) Let (M, G,) be a (g, Free) action and consider
N = (D)) X §%,2, X =1) Xz, G) X (M, G,).
We note that the boundary of
(D)) X D¥*Y, 2, x =1) X5, G,) X (M, G})

is a smooth union of N,

P = (S x DE*) x, G)x M
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and
0 = (D)) x D¥*) Xz, Gi) X (boundary of M).

Since Z, acts freely on S(A(')), G, acts freely on P. Since G acts freely on
the boundary of M, Q also has a free action. Therefore, (D(A(/")) X D¥*1)
Xz, G,) X M provides a (&, Free) bordism of N to zero.

If x is in L, and y is any class, then xy = 0. Hence,

0 =y () = (1 Xy + x(3y) = (2.
We have used here the fact that y, is primitive in N, (G, Free), see [1].

PROPOSITION 5.4. The kernel of the extension homomorphism from Z, bordism
to Gy bordism is the image of multiplication by x,, the class of the circle with
antipodal involution.

ProoF. Since e is a N,(Z,; Free) module morphism, the kernel of e contains
the image of (multiplication by the class of) x,. If e(x) = 0, then

XX = P(yl e(x)) =0,

so that the kernel of e is in the kernel of x;. But in N,(Z,; All, Free) any x in
the kernel of x, is of the form a + x; b where a is an N, linear combination of
squares (oz,-I e a,.,)z, seell]. But these squares extend to N, linearly independ-
ent elements ((a; - - - @; )" extends to D(\; _y X -+ X \; _1) X Z,, Z, X —1), 50
that if e(x) = 0, then x = x;b in N,(Z,; All, Free). But there is an
N,(Z,; Free) splitting homomorphism for the inclusion of N,(Z,; All) in
N,(Z,; All, Free), so that the result holds in N,(Z,; All) also.
In particular then, there is the “relation”:

8']"1 ""'/"18./'1 e 8jk =0.
Less trivially, we also have relations
!
jgl 8,']._|6," ey =0,

obtained by expanding e(p(y, (ot,-I cee a,.’))). Also, since (6,-I ,,,,.k)(sjl e ) =0,
we have

(}’1 8,', --oik)(ajl _,,) = (.Vl 8,'1 --~j,)(8i| "'ik)

or

g =

iy e i Oy 8/‘1-“1‘161'1"'1'*'

Since
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sil"'ikajl"'jl = e(ail "'aikxl(ajl "’a~))
!
= < ajr“lsil"‘ikjl“'fr"‘ﬁ’

r=1

we also have that

1 k
P N S L S L RN BN YR

These are all relations in X, . In fact the product
K, ® y, K, l'MY,N,(G,‘; %, Free)

has image in K,, since (y; e(x))e(z) = e(zp(y, e(x))).
Note that there is a decomposition:
N.(Gk; 8" Free) = (Ka + Lo) o (yl Ko +yl L.)
and that p is zero on K|, L, and y; L, . Hence

PROPOSITION 5.5. The image of restriction from almost free Gy, bordism to Z,
bordism is the image of multiplication by the class of the circle with antipodal
involution, x,, and hence the sequence

N,(G;; T) 5> N,(Z,, All) > N,(G;; F)
is exact.

PROOF. p(y,e(x)) = x; x proves the first statement while the second follows
from the existence of a diagram:

0 — Ny(Gy; §) —— Ny(G,; 8, Free) —> Ny(Gy; Free) — 0

Lo,

0—Ny(Z,; All) == N(Z,; All, Free) —>N(Z,; Free) —> 0
s
where s is an N, (Z,; Free) module splitting homomorphism for i.
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