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ON THE SEQUENCE SPACES 1( ) AND
A(I’n)’ 0 <p” < 1
BY
S. A. SCHONEFELD AND W. J. STILES

ABSTRACT. Let (p,) and (g,) be sequences in the interval (0, 1], let /) be
the set of all real sequences (x,) such that 3 |x,|” < oo, and let A be the
set of all real sequences (y,) such that sup, 3 |,|%® < co where the sup is
taken over all permutations = of the positive integers. The purpose of this
paper is to investigate some of the properties of these spaces. Our results are
primarily concerned with (1) conditions which are necessary and/or sufficient
for 4 p) (resp., X(R")) to equal [, (resp., A(,), and (2) isomorphic and
topological properties of the subspaces of these spaces.

In connection with (1), we show that the following four conditions are
equivalent for any sequence (e,) which decreases to zero and has ¢ < 1. (a)
There exists a number K > 1 such that the series 3 I/K"e converges; (b)
the elements ¢, of the sequence satisfy the condition e, = O(1/Inn); (c) the
sequence ((Inn)((1/n) Zf ¢;)) is bounded; and (d) /,_,,, equals /;. In connec-
tion with (2), we show that the following are true when (p,) increases to one.
(a) )\( p,) contains an infinite-dimensional closed subspace where the [, y-
topology and the A, \-topology agree; (b) /) and A, contain closed
subspaces isomorphic to /;; and (c) A, contains no infinite-dimensional
subspace where the }\( p”)-topology agrees with the /j-topology if and only if

lim((1/m)? + (1/n)P + -+« + (1/n)"") = 0.

1. Introduction and summary. If (p,) is a sequence of numbers in the interval
(0,1], the space /.,y is the set of all real sequences x = (x,) such that
lxll ) = = |x,|? is finite, and the space A ) is the set of all real sequences
y = () such that |y|,y = sup, X | yﬂ(n)lp " is finite where the supremum is
taken over the set of all permutations « of the natural numbers. The [, -
spaces have been used or studied in many places, e.g., in [2], [7], [8], [10] and
[11]; and the A(p,)-spaces, which are nonlocally convex analogues of the
symmetric sequence spaces studied in [1], [5], and [6], have been used in [8]
and [9].

The purpose of this paper is to investigate a few of the properties of
1( o) and }\( )’ and we summarize now some of our results. Assume for the
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remainder of this section that 0 < p, < g, < 1. We first generalize some of
the results obtained in [10]. In particular, we show that /, | equals / , if and
only if there exists a positive number K such that the series > I/K”"/ (an=pa)
< 0. We then use this result to help us show that I( pa) €Quals [ when the
sequence (n(1/n)”/%) is bounded, and I, does not equal /,, when
limn(1/n)?/% = oo. If ( p,) increases to p, and j(n) < k(n) < j(n + 1), then
1( »,,) €quals [, (while it is not necessarily true that /., equals Iy )), and
J(n) Ak(n . an/pH - " )7
I,y €quals I, if and only if the sequence (n(1/n)™") is bounded where a, is the
arithmetic mean given by a, = (1/n)(p, + -+ + p,).
When (p,) increases to p, we write [,y #* 1, if and only if

im((1/n)?% + (1/m)P* + -+ + (n)"/?) = o,

Using this definition, we show that when p = 1, ) #% |, if and only if there
does not exist any infinite-dimensional subspace of X p,) 0N Which the A o)
topology and the /-topology agree. We show that every closed infinite-
dimensional subspace of /. (resp., X p")) contains an isomorphic copy of L
when (p,) increases to p, and )\( »,) always contains an infinite-dimensional
subspace where the )\( »,) and the [,  topologies agree when (p,) increases to
p. We also show that when A, y is not equal to & or to /j, then A, ) is not
locally convex, and / p,) contains no locally bounded infinite-dimensional
subspaces if and only if limp, = 0. Finally, we show that any time }\( a) is
isomorphic to A, y, where (p,) and (g,) increase to one, and lan) #* 1), then
A(p,) must equal A, .

2. Notation. In addition to the terminology used in §1, we find it convenient
to use the following notation and conventions. The set R, 0<p < 1,is the
collection of all sequences (x,) of real numbers in (0, p) which increase to p.
The letter R denotes R,. Unless otherwise stated, the letters p and ¢ will always
represent numbers in the interval (0, 1]. The symbol & will represent the space
of all finitely nonzero sequences of real numbers equipped with the strongest
vector topology. The vector e, is the vector (0,...,0,1,0,...) where the
nonzero entry is in the nth position. A block basic sequence {z,} is a sequence
of nonzero vectors of the form z, = S k,., 3¢, Where (n,) is a strictly
increasing sequence of nonnegative integers. The notation [x,]. denotes the r-
closed linear span of the sequence {x,}. The letter E represents the set of all
real numbers, and the space E & [, 1s the space of all sequences (xg, x;,...)
such that xg € E and (x;,x,,...) € [ »)- The equality (x,) = O(y,) means
that |x,| < M]|y,| for some M. For 0 < p < 1, I, has the usual meaning and
llxll, is ZF° |x,|” when x = (x;,x,,...). Finally, || |, is the usual Z-norm of
a boundeéd sequence.

3. Main results. Before proving our first theorem, we make some observa-
tions. For a fixed p, 0 < p < 1, there is an uncountable number of distinct
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spaces [ ) such that (p,) is in R,. Hence the [, ) spaces occur in great
abundance. If infp, > 0, then [, 1s locally bounded and a set is bounded in
Iy, if and only if it is metrically bounded (cf. [10]). Also if (p,) is an
enumeration of the rational numbers in (0, 1), then I( 7a) contains a comple-
mented isomorphic copy of each I(q) Hence /[, is universal, in the
terminology of [3], for the class {/,): 0 < g, < 1}. Our first theorem is a
standard type result which is useful in the following.

PROPOSITION 1. Let X be an infinite-dimensional closed subspace of [ a) (resp.,
}\( p")) where 0 < p, < 1 andinfp, > 0. Then X contains an infinite-dimensional
subspace Y which is I,y (resp., N ,y) isomorphic to a subspace Z of |, ) (resp.,
)\( Pn)) where the subspace Z is the closed linear span of a block basic sequence.

PROOF. Let {x } be a sequence of linearly independent elements of X such
that [lx;| ) = l By taking linear combinations and normalizing if necessary,
we can assume that x, = (0,...,0,x; l,,_l,x,( _+2-++) where (k,) is a
strictly increasing sequence of nonnegatlve integers such that

"(0: e ’O’x;('n'f'l ’x2n+2’ tee )"(Pu) < En-

Since l(,) is locally bounded when infp, > 0, we can apply Theorem 1’ of [4].
This theorem implies that [x, lipy s 1somorph1c to [ );,]( 5,) if (8,) is chosen
sufficiently small and y, = (0,...,0, xk .. ,xk ,0,...); and the isomor-
phism is the natural mapping takmg X, to y;, for each n.

Since A, ) is also locally bounded when infp, > 0, the proof just given for
[ p,) also applies to A, y. O

The following theorem is a generalization of a result in [10]. Since the proof
is similar, it will be omitted.

THEOREM 2. Suppose that 0 < p, < g, < 1. Then [ ,.) is equal to I ,) if and
only if there exists a number K > 1 such that 3, (l/K’ép (an=rn)y < oo equwa-
lently 2 (l/an/(qn‘Pn)) < w)

COROLLARY 3. Suppose that 0 < p, < q, < 1 and infp, > 0. Then |,
equal to [,y if and only if there exists a number K > 1 such that T (1/K V(a """))
< co.

CoROLLARY 4. Suppose (p,) is in R, and suppose (j(n)) and (k(n)) are
increasing sequences of positive integers such that j(n) < k(n) < j(n + 1). Then

(Pj(n)) I(Pk( ») (and hence }‘(P @) (Pk(n)))'

PROOF. Let b, be defined by py(,) = pj(,) + /b, Since (p,) € R, it
follows that 3°; (1/b,) < oo. This implies that
o0
1

n§l W w2 2m 2”" < o
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Hence Corollary 3 implies that / ) = [ D)

It is easy to see that A, ) equals A ) when /, ) equals /, ) because |x|, ) = oo
implies 3 |x,(,|" = oo for some 7. O

If (p,) is not required to be in R, the conclusion of Corollary 4 does not
necessarily follow. For example, consider the following: Let p, = 1/2", j(n)
= n, and k(n) = n+ 1. Then J, ) # [, , follows from Theorem 2. Note
also that for this choice of the sequence (p,), / p,) is MOt equal to E® [, ).
(However, [, y must be equal to E @ [,y when (p,) € R,, and A, y must be

equal to E ® A, always.)

We will show next that there are /, y spaces where (p,) is in R, such that
[ s I )’ This is perhaps somewhat surprising in view of Corollary 4.

THEOREM 5. There exists a sequence (p,) in R such that 1( 7y IS ot equal to
lip,)
P2n)

ProOF. Choose a sequence (b,) of positive numbers such that 377, (1/5,)
= B < land 32, (2"/Kb") diverges for K = 1,2,3,.... Let p, = 1 — B,
let poisi = py+ 1/b, for k=0,1,2,..., and let p, = py for 2 < n
<21k =0,1,2,.... Then for K > 1, the series 3=, (1/KY(Pn=rn))
equals the series 3>, (2"/K bn), and hence diverges. Corollary 3 implies that
1( n) is not equal to / p) O

THEOREM 6. Suppose 0 < p, < g, < lforn=1,2,.... If(n(l/n)p"/q") isa
bounded sequence, then I,y is equal to |, . If lim n(1/n)?"™" = oo, then lip,) is
not equal to I(q") .

PROOF. Let M, = n(1/n)?/% . Then 2./49, = 1 — (InM,)/(Inn). Hence

q9,/(q, — p,) = (Inn)/(In M,).

Thus 3 1/ (ko @=pn)y = 3 1/k 0/ M)y It 1 is chosen such that K = ¢,
this last series becomes 3, 1/(n" /In M:). The result now follows from Theorem
2.0

It is easy to see and will prove useful to note now that one can actually
construct a sequence (p,) in R, such that lim n(1/n)” L

CoroLLARY 7. If (p,) € R,, 0 < p < 1, and if the sequence {x,} is I, y-
bounded where
x, = ((Yn)?,....(/n)"0,...)
N

n terms

then | pa) IS equal to I,
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Proor. The conditions imply that supn(1/n)” /P < oo, and hence the
corollary follows from Theorem 6. O

The following example shows that the boundedness condition of Theorem
6 is not necessary.

ExaMmpLE. There are sequences (p,) and (g,) such that 0 < p, < ¢, < 1 for
which the sequence (n(1/n)"%) is not bounded but /, , is equal to lan

PrOOF. One can select the sequences (p,) and (g,) and a strictly increasing
sequence (n,) of positive integers such that, in the notation of the proof of
Theorem 6, M, > k while 3 (1/n"/1mMn) converges for some r > 0. [

It is not possible to construct an example like the one above when g, = ¢
for all n and (p,) is in R,. This is true because the inequality n(1/n)” /4
< (l{n)”‘/q + (I/m)"7 + -+ + (1/n)"/7 implies that the sequence {((1/n)",
(1/n)", ..., (1/n)"9,0,...)} with n nonzero terms would not be I( 5,y-bounded
while the members of this sequence are [,-normalized.

The preceding discussion suggests the following question: Suppose
(p,) and (g,) are in R, and p, < g, for all n. If there exists a number M such
that "X“(,,,,) = 1 implies [[x]l,) < M for all x of the form x = (r,r,...,r,
0,...), must A,y equal A,y ?

THEOREM 8. Suppose that 0 < p, < g, < 1. Then l(,,) equals I(q”) if and only

if there exists a permutation  of the positive integers such that () = Pr(n))/Puin)
= 0(}/lnn).

PrOOF. Suppose there exists a permutation = having the above property.
We can assume that 7 is the identity. Then there exists an M such that
(9, = p,)/p, < M/Inn. Thus

p/q, — p,) > (Inn)/M
and
S (kP @)y £ S 1/(KInNIMYy ¢ 5 1/ (n0n /M),

Hence the series 3\ 1/(K?/4~Pn)) converges for all large K. This implies, by
Theorem 2, that / ) = g

Conversely, if /,  equals lig,)> there exists a K > 1 such that the series
S 1/(KP/@=Pn)) converges by Theorem 2. Choose a permutation # such that
the terms of the series 3} 1/ (K%t~ are in decreasing order. Then

lim n(1/ (K st ~Peta))) = 0,

Thus Inn = (p,,/ (9a(n) = Po(n)))(In K) <O for all large values of n. This
implies that (¢,(,) = Py(s))/Pain) < (InK)/(Inn) for all large values of n. O

We omit the proof by Corollary 9 and Corollary 10 because these proofs are
implicitly contained in [10].
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CoRroOLLARY 9. If (p,) € R,, then I,y equals I, if and only if (p — p,)
= O(1/Inn).

CoroLLARY 10. If 0 < p, < g, < 1 and if 3 (g,/p, — 1) < 0, then /)
equals I(q)

ProposiTION 11. Suppose (p,) € R, and a, (l/n)( pt+pt++p);
then I,y = 1, if and only if the sequence (n( l/n)a"/ Yooy is bounded.

PrOOF. It is a well-known fact that the geometric mean is less than or equal
to the arlthmetxc mean, i.e., (cl cyeec )l "< (l/n)(c‘ +cy+ -0 -c,) If welet
= (l/n)p P k=12 ...,nin thls last expression, we obtain the inequal-

ity
[(1/n)2 (/)PP . ... (1) PrlP )/

< (U Ym)P? + (UYn)P? + - & (1fm)P?),

Hence n(l/n)“"/” < (/)PP + -+ (1/n)"?. The sequence {x,} where x,
= (Yn)"”?,(1/n )“’ . (/m)"?,0,...) is (topologically) bounded in , Thus
if [,y =1, {x,} is bounded in 1( ,)» and this implies that (n(l/n)“" /e ) is
bounded by the last inequality. Conversely, suppose (n(1/n)™ /p ) is bounded.
Since a, < p,, n(1/n)” /P> n(1/n)P"?. Hence Theorem 6 implies that o
=/. 0

C};)mbining Corollary 3, Corollary 9, and Proposition 11, we see the
following four conditions are equivalent for any sequence (g,) converging
monotonicall }' to zero such that & < 1: (1) There exists a number K > 1 such

€n

that 3 /K" < w05 (2) &, = O(1/(Inn)); (3) ((nn)(Ym)(Z)-; ¢))) is a
bounded sequence; and (4) l(l_s) = 1.

COROLLARY 12. Suppose (p,) € R, and I,y = L,; then I,y = I, where
a, = (U/n)(py +py + -+ +p,)

Proor. If /) equals /,, then Proposition 11 implies that n(l/n)""/p <M,
for some M. Hence, the proof of Theorem 6 implies that /[, ) equals /,. [

Unfortunately we do not know the answer to the following question: If (p,)
isin R, and if a, = (1/n)(py + -+ + p,), is [, ) equal to J, !

THEOREM 13. If (p,) € Ry, then N,y = I, yif and only if |,y =1,
n (Pn) = Ypa) ()

ProoF. Clearly A(,) C I( ) C & Suppose [, = l,and (x,) € [,,.
Then (x,(,)) € /,,) for any permutatxon 7. 1 {y} €, )\A( 5,) then one can
find a permuation « such that {y,,)} & /. Hence A, ) = /,. Conversely,
suppose that J\( ) = lp,y and J,y # I,. Choose an element x = (x,,xz, .)
in / \I( )+ Clearly one can find an element of the form £ = (x,,0,...,0,x,,
0,...,0,x3,...) which is in /). Since [,y = A(,,), Tisin A, ). However,
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this implies that x is in A( n) which is clearly impossible. O

We remarked after the proof of Theorem 6 that there are sequences (p,) in
R, such that lim n(1/n)? "/P = o. One can also construct a sequence (p,) in R
such that [,y 5 /; while [, ) has the following property: There exists a
subsequence {x, } of the sequence {x,} (where x, = (I/n,...,1/n,0,...) has
n nonzero termsf such that (||, [| »,)) is bounded. These facts lead us to make
the following definition.

DEFINITION. If (p,) is in R,, then |, \ is strongly not equlal 10l I(written
I,y #° 1) if and only if lim||x,, ||,y = oo where x,,, = ((1/m) /”,(l/m) o ...,
(l/m)l/ ?.0,...) has m nonzero entries.

In order to utilize this definition, we need the following lemmas.

LemMA 14. Suppose 0 < b < 1,(p,) € R,rb > 1, and p, < 1; then the
minimum, min{l]xll(p"): x=(x,...,%,0,...)lIxll, = b,[Ixly = 1, and x,
> x5 > +++ > 0} is artained at a point of the form x = (b,b, ...,b,c,c,...,c,
0,...)wherec > 0.

PrOOF. Assume that the minimum does not occur at a point of the form
given above. Then the minimum must occur at a point x having at least three
distinct entries. We will show that x cannot be of the form

X = bv'-"ba P ,Z,"’,Z,O,"’
( %)—»”l L»"z m )

where b > y > z > 0. It will be clear from the proof of this claim that x
cannot have more than two distinct entries. We note if 0 < d < 1, the
function g, given by g;() =t?+ (@ -0, 0<1<d0<p<g<l,is
strictly increasing in [0,7y] and strictly decreasing in [fy,d] where #, is the
solution to the equation p/f'™? = q/(d — )" 9. We note further that if
0<r<pand g <s< 1, then the solution to r//'™" = s/(d — £)'* is not
greater than ;. Thus if one cannot lower the value of y in the n, entry and
raise the value of z in the n, + 1 entry the same amount to decrease the value
of ||x[| »,) then it must be true that y is greater than #,. But if y is greater than
ty, then y is greater than the solution to the equation p,,l/t"""- = p,,a/z"”"'.
Hence we can increase y in the n; entry and decrease z in the n, entry a
comparable amount to decrease the value of ||xll( ».)- This contradicts the fact
that x was chosen so that IIxII( »,) Was a minimum. 0O
The following lemma generalizes a result contained in [8].

LeMMA 15. Given any positive number ¢, there exists a positive number 8 such
that 0 < a < b <8 implies that a? + b7 < a? + b? whenever e < p< q
< L.

PrOOF. Suppose that the lemma is not true. Then there exist convergent
sequences (a,), (5,), (p,), and (g,) such thate < p, < g, < 1,0< a,< b,
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< 1/n, and af* + b > al* + bP". By the intermediate value theorem, there
exists a number ¢, in (0,4, ) such that ¢/ + bl = cIn + bPr. Let f (x) = xP,
and let g,(x) = x"". Applying the generalized mean value theorem to f, and
g, on [c,,b,], we obtain &, in (c,, b,) such that

bPn — cnPn _ png’sl’n-l)

1=-"2 = .
bz" - (."q"l qll g's%‘l)

Thus ¢, = (q,i/ '/ (Pr=aa) 1 et p = limp, and ¢ = limg,. If p # g, then
lim¢, = @/p)” 79) , and llm§ # 0. This contradicts the fact that 0 < ¢,
<1Vnlfp=gq,lets, = (q,—p)/p, Then ¢, =[(1 +5 ) "']"P" Hence
lim§, = e ~Up ,PD 2 € > 0. Again this contradicts the fact that 0 < ¢, < 1/n.

o

DEFINITION. Let x = (x;,x,,...) be any sequence of real numbers such that
limx, = 0. Then %= (x;||x;]|.. ) where |x; | = max{|x;|}, and |x; |

=max;,. . {lxl} forn = 2 3.

TueoreM 16. If (p,) € R,, there exists a positive number e such that
x5y = 12l 5,y whenever |Ix]l, < e.

Proor. This follows immediately from Lemma 15. O

We have already observed in the proof of Corollary 4 that A, ) equals A
when /,  equals [, y. The converse of this statement is trivially false when we
allow lim p, to be zero, for in this case A, ) equals &, but [, ) is not equal to
. We are now in a position to show that the converse is false even when the
sequence (p,) is bounded away from zero. This fact is shown in Theorem 17.

THEOREM 17. There are sequences (p,) and (q,) in R such that 0 < p, < q,
and N,y = Ng,) while () # Ig,)-

ProoF. Choose (p,) in R as in the proof of Theorem 5. Then [, ) is not
equal to / Y but / 2a) is equal to / Pant) by Corollary 4. Let g, = p,,_, for
n=12,.... Clarly p, < py,_| = g, and this implies that A, ) contains
A ) Letx = (%;,%5,...) be an element of A Without loss of generality,
we can assume that x; > x, > x3 > +-+ > 0and x; < e where ¢ > 0 is the
number given in the statement of Theorem 16. Note that

S xl i=1 X7
22,=1x‘“ (' + x5? °+x,fz"")+(x2+x2"‘+~-~+x,f’")
S xP
<SHEE<L
izt X[

Hence |x| , ) < 2|x|y,), and this implies that A,y D Agy. O



THE SEQUENCE SPACES I( pa) AND A( ) 251

We now turn our attention to some theorems involving the notion [ )

S
# 1.

THEOREM 18. Suppose (p,) € R, x; = (X1, Xps+: s Xpy 2 X3 2
>0, llx Il = 1 and lim||x, |, = O; then lim llxkll(pn) = o0 ifl,) # 1.

PROOF. Suppose [, #° I, and x, satisfies the above conditions. By using
Lemma 14, we can construct a sequence {y,} such that §|ly |, = llx. Ik,
= by, el = L el < 2||xk||(p"), and y, = by, ..., 2b4, 45056,
0,...), 0 < ¢, < 2b,. Since limb, = 0 and ||y, [} = 1, the fact that [, ,
#° I, implies that lim||y, || ,,) = co. This of course implies that lim ol o)
= 0. [

We are unable to determine if Theorem 18 generalizes to / in the following
way: Suppose (p,) is in R, ||lx.ll, = 1, and lim[lx; |, = O where x, is as
above. Is limllxkll(p") = o0 if {,) # [,?

COROLLARY 19. Suppose (p,) € R, x; € N,y lIxlh = 1, 4,y #° 4, and
limk—»oo "xleo = 0; then ]imlxkl(p”) = 0.

Proor. If #° 1, then Theorem 18 implies the result because any
rearrangement of a sequence in }\( p,) has the same A( p,) ROrm. 1

THEOREM 20. Suppose (p,) € R; then I,y #* I, if and only if there is no
infinite-dimensional subspace of )\( pa) On Which the }\( )y and the li-topologies
agree.

PROOF. Suppose / a) #° [, and the A(5,)topology and the /j-topology agree
on an infinite-dimensional subspace X. By checking the proof of Proposition
1, we observe that we may assume that X is closed and contains a block basic
sequence {x,}. By taking linear combinations of the x,’s, we can obtain a
sequence {y} in X such that |l = 1 and ||y |, = 0. By Corollary 19,
|51,y = o0- This is a contradiction.

Conversely, suppose that it is not true that o0 #% 1;. Then there exists a
strictly increasing sequence (m, ) of positive integers such that

xk = (xk9xk9 e axk’o» .”.‘k.)

has the property that ||x, ||, = 1 and |x, ll ) < M for some M and all k.
Choose a strictly increasing subsequence (n, ) of the sequence (m,) such that
lip) 18 equivalent to /;. Then Theorem 13 implies that A Pn) is equivalent to /.

hand l e e ey I,O,"' y
N (y» y' ”l)

=(0,...,0, 2,..., 2’0,... ,
y2 ( Ln. yL__,n,+n2)

=(0,....5°, -+ ,»°,0, ---
y3 ( Ln, +n2+l ,};—"’"I +n2 +ﬂ3 )’
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etc., where y/ is chosen such that || );Hl = 1. The conditions imply that
|5l < M. Hence if 2 a;y, is any element in (] ) Theorem 16 implies
that there is a permutation = of the natural numbers such that

ﬂ(l)ln

12 5l = Uannyy 01+

(1) Ip".(n))

+ |aﬂ(|)y cee + Ia,”(l)y

+(1ay2) ™D P + ) y™D|PoaD 4ot g )y Poartna) 4
< M(layy| P + layyy| 70 + laym) | Poovmad 4 ..0)

< Mlayy|? + laygy | + lag) | + )

< M@y, a5 -y

when the |g;], j = 1,2, ..., are sufficiently small. Since | | pn,) IS €quivalent to
Il 1I;, the above implies that the /-topology on [ y;] )is stronger than the A, )-
topology on [ ], . This implies that the two topologies agree on [ )3-])\( , o

If (g,) increases “rapidly” to ¢ = 1, then the unit vector basis in (an) 1S
equivalent to the unit vector basis in /;, and the I(q,)-topology agrees with the
/;-topology on [ . Hence we have the following.

CoROLLARY 21. Suppose (p,) € R, |,y #° ], and (n;) is an increasing
sequence of positive integers chosen such that the | pn)-basic sequence {e,,k} is
equivalent to the unit vector basis in ;. Then the X, \-closed linear span of {en,}
contains no infinite-dimensional subspace where the | pn)-topology and the \ o)
topology agree.

It l,,) # Ly, then [, is not locally convex. This is easy to show, and is
shown in [10]. Proposition 22 shows that the analogous result holds in A, ,.

ProposITION 22. If )\( a) is not equal to-& or to I, then )\( pa) IS not locally
convex.

Proor. If A( s & there exists p, 0 < p < 1, such that p < p, for all n.
The set {x € A,y |x|,,) < ¢} contains the set {x € A lIxll, < ¢}. Since
the convex hull of the last set contains an “/; ball”, the convex hull of the first
set contains an “/ ball”. This implies that the strongest locally convex
topology weaker than the }\( p”)-topology is the /-topology. Hence, if }\( 2a) is
locally convex it must be equal to /. O

PROPOSITION 23. Suppose (p,) is in R, and {x,} is a block basic sequence such
that |x,|,y = 1and 0 < b < llx,lbo < B. Then the N, )-closed linear span of
{x,} is isomorphic to A, ).

PROOF. Let T be the linear mapping of [x,] into A, defined by Tx, = e,.
If (¢),¢35++++6,0,...) is any finitely nonzero sequence such that chl <1,
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then there exists a permutation # of the natural numbers such that
|(c,,c2,.. s€ks 0 e gy = leg [P0+ o+ e |70, Let Ix;ll, = a;. Then
e<q<1 1mp11es that a”"(')/e 1. Hence

P, P,
I(clacz, ’ck’ s o )l(p) =q Wt ck'(k)

< (Vo) @) 0 + + -+ + () "]
< (Y9)lleyxy + -+« + x|y}
This shows that T is continuous. Also
leyx, + oo+ e Xl < Moo st 0,0

implies that T~! is continuous. Since T is one-to-one, the theorem follows. [I

The 1( ,) part of the next theorem appears in [11], but its proof is also
included here for convenience.

THEOREM 24. If (p,) is in R, then any infinite-dimensional closed subspace X
of ) (resp., }\( Pn)) contains a subspace isomorphic to Ip.

Proor. We first prove the theorem for I( ) BY Proposition 1, we can
assume that X contains an / py-normalized block basic sequence {x,}, and by
taking linear combinations if necessary, we can assume that

= (0,...,O,XZ",...,XZM_I,O,...)

where {k,} is an increasing sequence of positive integers such that / y=1b.
Let T: [x,] = [, be the linear map satisfying T'(x;) = e,. Since ’

lleyxy + ey + + =+ llpy < legl P+ ley [P + Jeg] P 4 - -

when |¢;| < 1, and since kp.) = I,» T must map onto all of /. Since T is
clearly contmuous, the open mappmg theorem implies that T is an isomor-
phism, and this completes the proof for o0

Let X be a closed infinite-dimensional subspace of A/, . Because of
Proposition 1, we can assume that X contains a block basic sequence {x,). By
taking linear combinations of the x,’s, we can obtain a block basic sequence
{7} such that ||y [, = @y, [%](,,) = 1, and each y, is of the form

=00,...,0,% ..., %aq,%...,%5a,%...., 54, %...,+0,...)

where y, contains m; a,’s and (m,) is a strictly increasing sequence of positive
integers chosen so that l(p) = 1 where 2_' m;. Then Theorem 13
implies that }\( ) = 11p Let T be the mapplng of the A( )-closed linear span
of { .} into /, satisfying T'( Vi) = €. We will show that T is a A o) t0-(0;)



254 S. A. SCHONEFELD AND W. J. STILES

isomorphism. Let (c;) be an element of /,. Then by Theorem 16, if II(ck)llp is
sufficiently small, we have

12 ey l(p,,) all (X579 "(p,,)
= |e,q | + -+ + |c;@| P! + (other ¢, y; terms)
+leyay|Pe + <o+ + |eyay| P! + (other ¢, p, terms) + -+

< Icl Il’s,m + lczlp‘.(z) + |c3|p’-(x) RN

for some permutation « of the natural numbers. This series converges since
)\( ) equals [, and thus T is onto. Clearly T is one-to-one, and the graph of T
is closed because { Y} is a A, -Schauder basis and {e, } is an /,-Schauder basis.
Hence T is continuous by the Closed Graph Theorem. The Open Mapping
Theorem then implies that T is an isomorphism. O

It is interesting to compare Theorem 20 and Theorem 24: Together these
theorems show that there are cases where (p,) is in R and [ a) has subspaces
isomorphic to /; but these subspaces do not have the topology “inherited”
from /. It is also interesting to note that there are choices of (p,) in R, such
that the A, y- and the /-topology do not agree on any infinite-dimensional
subspaces éf. Theorem 20) while Theorem 25 below shows that there is always
an infinite-dimensional subspace where the A ) and the [ pn)-topology agree
when (p,) is in R.

TueoreM 25. If (p,) is in R, then N, contains an infinite-dimensional
subspace where the )\( pa)fopology and the [, y-topology agree.

PrOOF. Let | 1
x=(x,...,x,0,---),
A om

= 2 .o %20 .-
x,=0,... ,O,{_:ml_'_l,x ’O’m,+m2 R
3 3

Xq = 0,”.’ ) X cee , e X

3 ( 0 t_:m|+m2+l {;o.ml+m2+m3)

etc; where (m, ) is a strictly increasing sequence of positive integers chosen so
that m, = 1,.||ij|( o) = b 1%l < 2, and pm) €Quals £, Note that Theo-
rem 13 implies that A pm,) 2150 equals [, Let x = 2 a;x; where a = (a;,
a,,...) is a finitely nonzero sequence. If Iajl, j=12,..., is sufficiently
small, Theorem 16 implies that there exists a permutation 7 of the positive
integers such that

le(p,.) = |aw(l)x"’(l)|Pl Foeee |a”(l)x‘”(|)lpm,(|,
+|aﬂ(2)x'”(2)|p('".(|)+l) + oo 4+ ]aﬂ(z)xﬂ(Z)Ip(m'(')+m'o)) +oeen

< 2(laﬂ(|)lm + Iaﬂ(2)|p'”-m + Iaﬂ(s)lpm.u) 4o .).
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The above implies that | x|, ) < 2lal pm,)- Also when la;| < 1, we have

|a,|p'"' + laz|P(m,+m,) + la3|P(mx+mz+mJ) +

= |a,|"™lx, ll( ot |a2|.p(m1+mz)“x2"(p") + |ag| Pomemam) || x ||(p") + e

< (Ialxl Ipl b R lal xllpml) + (lazx2|p(ml*l) + e + |a2x2|p(ml*”'l)) + coe

= ||x||(p").
If we let s; = >/ m;, then || ll p,) is equivalent to Il ll,- Since i m ) is also
equlvalent to || ,» the above mequalmes imply that the /,, )-topology is

stronger than the }\( ,)-topology on sp(x,). This means that the two topologies
agree on sp(x,) and hence on the closure of sp(x,). O

THEOREM 26. Suppose (p,) and (q,) are in R, I, \ #* I, and N, is isomor-
phic to }\(q )> then A o) equals }\(q X

PROOF. Let T: A, P )\(q y be the given isomorphism, and let f, = T(e;),
k=1,2,.... Since {f} is a Ay, ybounded sequence, the set of the kth
coordmates of the sequence { f,} forms a bounded set. Thus we can apply the
proof of Proposition 1 to construct two strictly increasing sequences
(m;) and (n;) of positive integers such that m; < n; < m; | and the sequence
{ fm j;,} is a A, )-basic sequence equlvalent to the ‘truncated” block basic
sequence { f f,,} Since T can be extended to an /j-to-/; isomorphism, the
sequence { f f } is Il-bounded away from zero. Thus Corollary 19 implies
that the sequence (II f f ll,) is bounded away from zero. Hence Proposi-
tion 23 implies that G ) is isomorphic to [fmj f,,j];\(q) and hence to
[ I ])‘ Since A, is isomorphic to [e, —'e, ] and all of these
1somorph1sms are given by the natural mappmgs, X ) equals Agy- O

We are unable to answer the following question: If (p,) and (g,) are in R,
and if A, y (resp., /() is isomorphic to A, ) (resp., [, ), must A, | (resp., /()
equal A, (resp., /,,))?

We mentioned at the beginning of this section that if p, > p > 0, then [,
is a locally bounded space and a subset of this space is bounded if and only
if the subset is metrically bounded. (It is easy to see that the same is also true
for }\( ) .) The following is an extension of this idea.

THEOREM 27. Suppose 0 < p, <1 for all n. Then I, y contains no infinite-
dimensional locally bounded subspace if and only if limp, = 0.

PrOOF. If limp, # O, then (p,) contains a subsequence (g,) which is
bounded away from 0. Since [y is locally bounded, then [, , contains a
locally bounded subspace. Conversely, let limp, = 0 and let X be an infinite-
dimensional subspace of /, ). Select a sequence {x,} in X such that x, is of
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the form x, = (0,...,0,x; ,x; .1,...) where (k,) is a strictly increasing
sequence of positive integers. Suppose that X contains a bounded neighbor-
hood N of 0 and ¢ is a positive number such that [|x] (p) < € implies that x in
is N. Without loss of generality, assume that ||x,l|,) = e. Since N, = {x:
llx,lk 5,y < €} is bounded, there exists a positive number a such that N /2
D aN,. However, lim[lax, I[(p) = lim|x, ll(,,) =¢ O

Suppose 0 < p, < 1. Clearly )\( ) 1s the intersection ﬂ"enl o where IT is
the set of all permutations of the natural numbers. Let 9, denote the “sup
topology” obtained from the F-seminorms || | )" With thls notation, we
have the following.

THEOREM 28. If (p,) € R,, then T, lies between the I -topology and the A, \-
topology. Furthermore, 3, is metrzzable if and only if }\( o) = 1

PrROOF. It is clear that , is stronger than the /-topology and weaker than
the A, )-topology Since A,y = I, implies that the A pn)-topology is equal to
the / -topo]ogy, is metrizable when Ay = -

Conversely, suppose 9, is metrizable and }\( o) = b Then there exists
permutations {m, };-_ and a decreasing sequence of posmve numbers {¢, }ro
such that the sets U, = {x: ||x||( ) <eglk=12,...,form a neighbor-
hood base at zero for J,. By Theorem 6, there exists a posmve integer n; such

that
W @) () o, >
2\\x) \5) oo \s) % o) .
———

n, times

Since lim = p, there exists a point z; of the form

n—00 P (n)

€ 1 1/p 1 1/p
zl=_21-(01°-'$0>(;;) "":(;ﬁ) ’0: tee )
4

> 4 Smyt+ny—1

such that z; is in U;. We will construct a permutation (g,) of (p,) in stages.
The first m; + n; — 1 terms of (g,) are

(Byy 415+« +sPksP15P2s « « + oD,
m i L}-;"%I f-lml"'?'l"

where k; = m; + ny — 1. Since [,y # [, [ Pugen) T [,. Again, by Theorem 6,
there exists a positive integer n, such that

32" () )
2 n geeey 1y yUyeow
—e—

n, times

> L
(plqﬂl)
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Since lim,,_, Pty =P and lim,_, Pry(n) = P> there exists a point z, of the

form
p p
22=872(09""0’(_1—> "“’<nl2) ,0’ v )

4‘_3‘ my 4 —» My +n2—l

such that z, is in U and U, and my > m; + n;. The first m, + n, — 1 terms
of (g,) are

(Pn,+| oo 9Pk P1sP2s o o o sPus Py 4my+10 =+ < s Piyr Phy 415 + = <5 Pi e, )
my L—.Mz"’llz—l ‘kz

where k, = m, + n, — 1. Continue this process inductively to obtain
(g,) and {z,} such that z, is in M;_; U and ||z;[|,, y > 1. Let U be defined by
U = {x: |lxll,,) < 1}. Then clearly U is a neighborhood of 0 in 7, but there
does not exist any integer, n, such that M;_, U, is contained in U. This is a
contradiction. [0
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