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A SINGULAR SEMILINEAR EQUATION IN L'(R)
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MICHAEL G. CRANDALL AND LAWRENCE C. EVANS(!)

ABSTRACT. Let B be a positive and nondecreasing function on R. The
boundary-value problem B(u) — u” = f, w'(xo0) = 0 is considered for f
€ L'(R). It is shown that this problem can have a solution only if B is
integrable near —oo0, and that if this is the case, then the problem has a
solution exactly when % f(x)dx > 0.

In [5, Lemma 5.6] T. Kurtz proves that the problem e — u” = f has a
solution ¥ € C2(R) satisfying u'(+0) = lim, .« (x) = 0, whenever f is
nonnegative, continuous, compactly supported, and not identically equal to
zero. Herein we study more general problems of the form

®) Bw)—u 3f u(xwo) =0,

where B is a maximal monotone graph in R (see, for example, Brezis [2, §1.8]).
In particular, 8 can be any continuous, nondecreasing function on R. If
0 € int B(R), this problem is well understood; see Benilan, Brezis and
Crandall [1] and Proposition 1 below. When B(R) C (0, o), as for the case
B(u) = €, Kurtz’s result is the only one known to the authors; and his
methods depend very strongly on the explicit form of B(u) = €“. We charac-
terize those maximal monotone graphs 8 with B(R) C (0, c0) for which (B) has
a solution for some f € I'(R), and then show that for such g (B) has a
solution if and only if £ f(x)dx > 0. Thus our conclusions are sharp as
regards possible B and f in (F).

Let us be more precise. If B is any maximal monotone graph and
f € L} (R), by a solution of (B) we understand a function u such that u and
u' are locally absolutely continuous on R, f(x) + «”(x) € B(u(x)) a.e., and
w(xc0) = 0. We denote by D(B) the domain of 8 and by B° the minimal
section of B; the function B° assigns to r € D(B) the element in B(r) of least
modulus (so B = B if B is single-valued).
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The main result is

THEOREM 1. Suppose B is a maximal monotone graph in R with B(R) C (0, c0).
Then the following are equivalent:

0 Iff € I'(R), (B) has a solution exactly when S22, f(x)dx > 0.

(ii) There exists some f € L (R) for which (Fy) has a solution.

(iii) There is an a € R for which (—o0,a) € D(B) and f°, B°(x)dx < co.

This result is of interest because if (i), (ii), or (iii) holds, then the (possibly
multivalued) mapping f + u” + —u”, u the solution to (B), defines an accret-
ive operator in L (R): see Lemma 4(c). This operator generates a semigroup of
contractions on a subset of L'(R) associated with the nonlinear partial
differential equation u, — (¢(u)),, = 0, for ¢ = B~!. (See, for example, [4,
§3])

To obtain Kurtz’s result from Theorem 1 we need only note that f_ow e*dx
< 0, and so (iii) is valid for B(x) = e¢*. And conversely if, for example,
B(x) > —1/x for large negative x, the equivalence of (ii) and (iii) implies that
(P) does not have a solution for any f € L'(R).

PrOOF OF THEOREM 1. We prove Theorem 1 by establishing (i) = (iii) = (ii)
=> (i), in that order; the implications are arranged in increasing levels of
difficulty. We begin with some simple remarks.

Let B satisfy the assumption of Theorem 1. Define

2®, = {re L@ swax > o},

We note first of all that f € ! (R),. is a necessary condition for the solvability
of (Fy). If u solves (B), then f + u” € B(u) implies f + u” > 0 a.e. and so

0< [ 70+ w)dx = Jim [ '; 10+ w0z = % f(ds,

since limg_, , /(X R) = 0. Moreover this same calculation and Fatou’s Lem-
ma imply f+ u” € L'(R) and ||+ u”l} < I} (I l|, denoting the norm in
I’(R), 1 < p < o). Thus if u is a solution of (B), u” € L'(R) and ||u" |
< 2llAlh.

DEFINITION. £ is the linear subspace of functions u defined on R such that u
and o’ are locally absolutely continuous, ¥” € L'(R), and (+0) = 0.

We have proved that if u solves (F) for some f € L'(R), then f € L'(R),,
u € £, and [lu"l, < 2lIfll, IIf + w”ll] < lIflj. Also u € £ clearly implies
1L, < lla”lh.

ProoF oF (i) = (iii). If f € I! (R), and u solves (), then &' € L”(R) by
the preceding; and so there is a positive constant ¢ such that u(x) > cx for x
< —1. Furthermore,
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&)+ w(x) > BOu(x)) > B%cx) >0

a.e. for x < —1, since B° is positive and nondecreasing. Therefore

I > 5+l > [ Bexde = 1 [ By

and (iii) follows.

PROOF OF (jif) = (ii). This is a bit more subtle. Suppose [, B(x)dx < 0.
We claim there is a continuously differentiable function g: (—e0,a] - R
satisfying

(1) g > 1, g nonincreasing, xli’tl‘lw g(x) = oo, f_ ; B (x)g(x)dx < oo.

Let us for the moment assume that such a g exists. Define v: (—o0,—1] = R
by

{v'(x) = lg((x), x<-1,
v(-1)=a- 1.

Since g is positive, nonincreasing, and continuously differentiable, v is
increasing, convex, and twice continuously differentiable. In addition, it is
clear that v(x) > —o0 as x = —oo0, because g is bounded above on compact
sets. Since g(x) = oo when x = —o00, v’(—00) = 0. Moreover

v’ € L](-oo,—l)

and

[ e = [T RO —ar = [T R (e(d < .

v "( »)

Let u be any even, twice continuously differentiable function on R which
satisfies u(x) = v(x) for x < —1 and u < a everywhere. Then, by the con-
struction, f(x) = u”(x) + B°(u(x)) € L'(R) and w(+o0) = 0, u is a solution
of (P).

It remains to prove the existence of g with the properties (1). Select a
sequence {a,},., which satisfies a, <a,_, <a for n=1,2,... and
o ﬁo(x) dx < l/n Now take g to be any nonincreasing continuously
dlﬁ’erentlable function so that g(a,) = \/n,n=1,2,...,andg = 1 on [q,,
a]. Then
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[, FP0seax = [ FPeax+ 5 [ 0g0odx

<[ B+ 3 VAET 7 ) ds

< f‘: BO(x)dx + ’él \/"n—j—l <

.
b

g has the desired properties.
PROOF OF (ii) = (i). This implication is the most difficult and its proof
requires several steps. The lemmas following outline the program.

LemMa 1. Let f, g € L'(R), and [, f(x)dx > [, g(x)dx. If (B) has a
solution, then so does (P})

LEMMA 2. If (ii) holds, then
{f € I'(R),|3g € L'®),, [ °; f(x)dx

> j:_ Z g(x)dx, and (R,) has a solution} = R),.

The combined implications of Lemmas 1-2 prove that (ii) = (i). If (ii) is
valid, Lemmas 1 and 2 demonstate that (F;) has a solution for all f € L (R),.-
Again we prove these results in order of ascending difficulty.

PROOF OF LEMMA 2. Choose f € L'(R) so that (P) has a solution «; by (ii)
there is at least one such f (and i m fact f € L'(R) +) Now for fixed ¢ > 0 we
prove that there is some g € L'(R) +» llglly < e for which (P) also has a
solution. If §, M > 0, define u; ,,(x) = u(8x) — M. Then us p solves (P )
where

S @) = B 1y (x)) = (u.40)" () = B°(8x) — M) — 82" (x).

We have Ilu el = 8llull < /2 for a fixed 8 small enough. Moreover
lim,,, B° (u(8x) M) = Osince B°%(x) = Oas x > —oo (otherwise (ii)
could not hold). By the Dominated Convergence Theorem we can choose M
so large that ||8°(u(6x) — M )y < &/2. Then g = f; ), satisfies ||g||1 <e

Therefore (l}) has a solution for g's with arbitrarily small Z'-norm. Now
take any f € L'(R), and let g be as above and satisfy S22, f(x)dx > gl
Then %% f(x)dx > S, g(x)dx.The proof is complete.

For the proof of Lemma 1 we require another Lemma 3(a) below. (Parts (b)
and (c) are included for interest’s sake.)

LemMA 3. (a) Let v € £, and p € L*(R) be locally Lipschitz continuous and
nondecreasing. Then p'(v)v’*> € L'(R) and
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7 s () + Pl P dx = 0.

(b) Let
{1}, r>0,
Sign r = [-1,1} r=20,
{-1}, r<o.
Ifa € L°(R), v € L, and a(x) € Sign v(x) a.e., then [, v")a(x)dx < 0.

) If f,f € L'(R), )u, i are solutions of (%) and (I}), respectively, then
N+ u”) = (F+a")ly < IIf = Flh-

PrOOF OF LEMMA 3. We adapt arguments used in [1] and [3] to this simple
case. If R > 0, then

L PG )+ Pl () dx = plu(R)W(R) = plo(-R)W/(R).

Since p € L®(R) and v’(x0) =0, (a) follows from Fatou’s Lemma by letting
R — « above.

To obtain (b), apply (a) with p(s) = p,(s) = py(ns), where py(s) = s for
Is| < 1 and py(s) = signs for |s| > 1. Then by (a) £, p,(v)v” dx < 0. But
P,(v) — signg (v), where signy s = signs for s # 0, signy 0 = 0. Therefore we
can send n = oo to conclude

j[lz>0] v”(x)dx — j[.v<0] v"(x)dx < 0

(v > 0] = {x|v(x) > 0}, etc.). Finally v’(x) =0 a.e. on [v=0] and so
v”(x) = 0a.e. on this set (the derivative of any absolutely continuous function
v vanishes a.e. on [v = c]forany ¢ € R). If a(x) € Signv(x) a.e., we therefore
have

f_ Z a(x)v”(x)dx = j£u>0] v"(x)dx — f

<] v”(x)dx + ~/[.v=0] a(x)v”(x)dx

= f[v>0] v"(x)dx —j['v<0] v"(x)dx < 0.
(It is not hard to prove that equality actually holds.) To prove (c) let

1 on[f+u" >Ff+ a1V [u>i
ax)= {0 on[f+u =f+d"]n[u=1d]
1 on[f+u <j+a]U [u<d

Then a is well defined since B8 is monotone, a(x) € Sign(u — #)(x) a.e., and
a(f+u" = (f+a") = |f+u" - (f+d") ae. By (b)
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(=] o0
If +u =G+ = [ a(f=Fax+ [ alu- ) dx
© a
<[ alf=Hax <l =i,

and (c) is proved.

PrOOF OF LEMMA 1. Suppose f, g € L'(R), and %, f(x)dx > =, g(x)dx.
Assume (F,) has a solution. To prove that then (P) has a solution we employ
the following result of Benilan, Brezis and Crandall [1, §4]:

PROPOSITION 1. Suppose y is a maximal monotone graph in R with 0

€ ¥(0) and 0 € inty(R). Then for every f € L'(R) there is a function v such
that

(@) v, v’ € I°(R) andv” € L'(R),
(0) f(x) + v"(x) € Y(v(x)) ae,,
(©v'(zo) =0, [V, < llv”ly < 20Iflh

REMARK 1. At this point there is a discontinuity in our presentation: except
for Proposition 1 the discussion does not assume the reader to be familiar with
[1] or [3]. The interested reader should attempt to prove Proposition 1 for
himself, at least for the special case when y is continuous. (This one-
dimensional proposition does not require the machinery of [1].)

Proposition 1 allows us to solve as follows certain problems approximating
(P).

fFor 0 < A < sup B(R) there is a number r, € D(B) with A € B(r). Set
B"(x) = B(x + ) — A; then ,BA satisfies the assumptions on y in Proposition
1. And so there exists a w, satisfying (a), (b), (c), with B in place of y. Define
uy, = wy + r,. Then we have

(a) uy, u, € L*(R), u} € L'(R),
) (b) f(x) + u}(x) € BAw\(x) = B (x)) — A ae.,
(©) up(x0) =0, |luylle < lluilh < 2(S1h-

The solution u of () will be constructed as the limit of the u) as A \ 0.
First we show the u, decreases as A decreases. Let p be a smooth, nondecreas-
ing function defined on R such that p(x) = 0 for x > 0, p(x) < 0 for -1 < x
<0,p(x) = -1forx < —1. Now (4 —u,)" € (Bw)) — B(u,)) + 1 —A;
and so, by the monotonicity of S,

pluy — u )y — uy)” > (0 — Npluy, — u,).

Lemma 3(a) implies f%, p(uy — u,)(u\ — u,)"dx < 0. Letting A > n we
conclude that uy > u, a.e.
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To discover a (pointwise) lower bound for the u, we recall that the problem
(F,) has a solution v:

(l}) g(x) +v(x)" € Bu(x)) ae., v'(xw)=0.

As in the preceding we construct approximate functions v, which satisfy
conditions like (2), with g replacing f. The v,, like the u,, decrease as A v 0.
In addition, the v, are bounded from below by v; this is proved by the same
method as above.

We claim that there is some x, € R such that {1, (x,)} is bounded. If not,
then #y (x) = —o0 as A \v 0 for every x € R. Subtract the equation satisfied
by v, from that satisfied by u,:

€) J&) = 8(x) + ((x) — 1y ()" € Bluy(x)) — Bloy(x))-

Multiply this by p(u, (x) — v, (x)) (p as defined above), recall the monotonicity
of B, and integrate:

J7, (100 = 8)pn () = 14, ()) + (g (x) = 14())"play () = () e
> 0.

By Lemma 3(a), we have

@ 15 (6 - 80)pl(x) = 1y (x)) x> 0.

For fixed x, uy(x) > —o0 and v (x) is bounded; therefore p(u,(x) — vy(x))
— —1. So the Dominated Convergence Theorem applied to (4) leads to
JZ% (g(x) — f(x))dx > 0. However this contradicts the assumption on f and
g- Hence there is some x; for which {u,(x,)} is bounded; and this implies,
since [|luyll, < 2|lfl}, that the u, are bounded uniformly on compact sets.
They thus converge monotonically and uniformly on compact sets to a limit
u = limy gu).

Furthermore  u)(x)” + A + f(x) € B(uy(x)) and u,(x)” + 1 + f(x)
€ B(u,(x)) a.e. implies u§ + A < uy +nif uy <w,. Since uj = u; ae. on
[y =u ] uy +A < up +m ae Also ui(x) +A > — f(x) ae. because 0
< Bo(u,\(x)) < 4 (x)" + A + f(x). It follows that the u} converge in Llloc(R)
tou” as A \v 0, and therefore that f + u” € B(u) a.c.

We must show that w'(+c0) = 0. Since [luj [} < 2||fll by (2), Fatou’s
Lemma implies #” € L'(R), and therefore u'(+00) and u'(— o) exist. It suffices
to prove that «'(—o0) = 0, the same equality for u'(+c0) following by similar
arguments. Since u < uy and u;(—o0) = 0, u'(—00) > 0. We multiply both
sides of (3) by p(u, — vy) as before and integrate:



152 M. G. CRANDALL AND L. C. EVANS
L 6@ = @) Pl () = ()
< S (0 - g)pl () - 50 dx
<[ 1) - g0l ax.

Integrate by parts on the left and recall that u (—0) = vj(—o0) = 0:

) BO) - KON 0) — 0N < 156 - gl

Since 4§ — u” in L} .(R), #, > «' in C(R); and similarly for the vy. So for
every y we can pass to the limit as A \v 0 in (5) to deduce

(6) [v'(») = (W]p(y) - v(5) < f_y o [f(0) = g(x)|dx.

Suppose that #(—c0) > 0. Then for all y less than some number, u(y)
< wv(y)-1 and so p(u(y) — v(y)) = —1. Thus sending y = —co in (6)
implies «'(—0) < v’(—0) = 0, a contradiction. Therefore #'(—o) = 0, and
the proof is complete.

ReEMARK 2. We record some additional facts about solutions u of (P) and
themap f € ! (R), > Tf = f + u”. First, T is a contraction by Lemma 3(c).
Next, if u is a solution of (P), then u(+o0) = —oco. Indeed, if there is a
sequence x,, |x,| = oo and u(x ) > —A for some A, then u(x) > —A4

- l#ll, on |x—x,| <1 and measure(u(x) > —A4 — ||o ILO]) c0. But
B(u(x)) > B°(—A — ||lw'|l,) > 0 on this set, contradicting 8%(u(x)) € L'(R).
Second, if u and # are solutions of (F), then Tf = f+ u” = f+ 4" implies
w — @ is a constant. Since u'(+o0) = u(+oo) v = 4. Thus u = 4 + ¢ for
some ¢ € R,c > 0 without loss of generality. Now Tf(x) € B(i(x))
N B((x) + c) a.e. Since #(x) = —oo as | x| = oo, we can choose x so that u(x)
is a point of strict increase of B°, B%(i(x)) < B°(i(x) + r) for r > 0. For this
x we conclude that ¢ = 0. Finally, if f, f € I! (R),, then

™) f_ C@-tha< [ (f-f)a

3) <f< Mae.impliesm < Tf < M ae,
and

©) f € LR, implies [ j(7f)dx < [ j(f)d

for every convex lower-semicontinuous function j: R — [0, 0] satisfying
j(0) = 0. The estimates (7) (which imply that T is order preserving) and (8)
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may be proved directly in a fashion similar to Lemma 3. Alternatively,
according to [1], (7), (8) and (9) hold for the mappings T : f — f + u;, where
uy is as in (2), and one just lets A tend to zero. Also, (7) and (8) imply (9) by
results of [3].

Added in proof. In a paper to appear in the Israel Journal of Mathematics,
S. Fisher shows (among other things) that Theorem 1 remains correct if

B € C(R); B(-%) =0,8>0 and B & L'(R). We also thank Professor
Fisher for a useful remark.
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