TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 225, 1977

A GENERAL EXTREMAL PROBLEM FOR THE
CLASS OF CLOSE-TO-CONVEX FUNCTIONS(Y)

BY
JOHN G. MILCETICH

ABsTRACT. For B > 0, Kg denotes the set of functions f(z) = z + a,z?
+ .-+ defined on the unit disc U with the representation f'(z)
= apP(z)s(z)/z, where a € C, p is an analytic function with positive real
part in U, and s is a normalized starlike function. If 0 < 8 < l,and { € U,
let F(u,v) be analytic in a neighborhood of {(f(¢),$): f € Kg}. Then
max{Re F(f(§),$): f € Kz} occurs for a function of the form

J@ =B+ D)7 =)+ X)) ),

where |x| = |y| = 1 and x # y. If 0 < 8 < 1 these are the pnly extremal
functions. A consequence of this result is the determination of the value

region {f($)/5: f € Kg}as{(B+ 1)™' (s — 7' [(1 + 9* (1 + 97 = 1):
Isl, Jel < 181

0. Introduction. Let U denote the unit disc {z: |z] < 1} and S* the family of
univalent functions 5(z) = z + a, z* + .-+ that map U onto a starlike domain.
An analytic function f(z) = z + a, z* + - -+ defined on U is said to be close-
to-convex of order B, B > 0, if there exists a complex number q, a function
s € S*, and a function p analytic and with positive real part in U such that

(0.1) 1@ = apP(2)s(2) /2.

Since f(0) = 1, we may always assume that |a| = |p(0)| = 1. The family of
all functions which are close-to-convex of order 8 will be denoted K. The
class K, was introduced by Kaplan [6] and the general class X, s Was introduced
later by Pommerenke [11]. Geometrically the class Kz, 0 < B < 1, is charac-
terized by the property that the tangent vector to any image curve f(|z] = r)
never turns back on itself by an angle greater than B, i.e.,

[ Relt + 7@y )0 >
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for 0 < 6, < 6, < 27 + 0, and z = re’®. We consider a general extremal
problem for the class Kg, 0 < B <1, which we solve using variational
methods. We suppose that a function F(u,v) is given which is analytic in a
neighborhood of {(f(§),$): f € K} where { is a fixed point in U. We show
that max;¢ K, Re F(f($),8) is attained for a function of the form

5 = Bﬂxly[(i:;ﬁ)ﬁﬂ“]

where |x| = |y| = 1 and x # y. Such functions map U onto the complement
of a wedge of angular opening (1 — 8)7.

Kirwan [8] solved the corresponding extremal problem for the class
%, 2 < k < 4, of functions with boundary rotation at most k7. The class
I{(, k > 2, consists of all locally univalent, analytic functions f(z) = z + azz

+ defined in U which satisfy

[ IR {1 + 'e';f( "ﬂ';‘f;o)}lda < k.

This integral measures the total variation of the argument of the tangent
vector to f(Jz| = r). These functions were introduced by Paatero [10]. The
classes ¥, and Kj are related by the set inclusion ¥g,, C Kg[3].

Kirwan based his proof on a variational formula for functions of bounded
boundary rotation given by Schiffer and Tammi [13] and on the Julia
variational formula [5]. The proof of the stated result for the class K, 0 < B
< 1, depends on the variational formula for starlike functions given by
Hummel [4], the variational formula for functions with positive real part given
by Robertson [12], and on the Julia variational formula as applied by Kirwan.

We apply this general theorem to investigate the value region of f($)/¢,
where ¢ € Ulis fixed, |{| = r. The case 8 = 0 was studied by Strohhécker [14]
and the case 8 = 1 by Biernacki [2]. Denoting this region by D, s we show

that
1 1 1+s5\P
ap,,ﬂc{ﬁﬂs_t[(Hj) —1]:|s|=|t|=r}

and that
11 1+ s\AH
D"'B={B+ls—t[(l+t) —l]: 's|’|t|<"}.

From this result we may infer information about the radius of starlikeness of
Kpg, which is defined to be the radius of the largest disc centered at 0 such that
every function in Kj is starlike in this disc. Denoting this number by r(B) we
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show that

: 11 [(1+s)\
g(ﬁ)=mm{r:Re'B+ls_t[(l_‘_':) —1]=Oon|sl=|t|=r}.

Lewandowski [9] showed explicitly that (1) = 4/2 - 5.

1. The variational formulae and outline of proof. Let 0 < 8 < 1 and suppose
that F(u,v) is analytic in a neighborhood of {(f({),{): f € Kp}, where { is a
fixed point in U. We wish to determine the functions in Kz which yield

(1.1) g Re F(f($),%).

The method of proof involves the use of a number of variational formulae
which we now describe.
Since f € KB’ we have

(1.2) 1) = apP(2)s(2) /2,

where s € §*, Rep(z) > 0, p(0) = ¢ and a = e ™Y, The first step in the
proof will be to vary the function s € S* using the Hummel variation for
starlike functions [4]. Hummel showed that given an s € S*, there exists a
function s* € S* of the form

s*(2) = s(2) + (1 - |zo|2){£[‘@ 2tz s2)

2 z-2zy 2
_ 25(2)z+ 29 z5(2)
(13) | (R0
e Is(z)1+22, s(z) - zs'(z) 1 + 22y z5(2)
+?0'[T 1 —zzo‘T““A(zo)( 2 1 —zfz_ 2 )]}
+o(e)

where 4(zy) = s(zy)/zy5'(zp), € is a positive parameter tending to 0, a is an
arbitrary real number, and z; is an arbitrary point in the unit disc. Also the
estimate for o(e) is uniform on compact subsets of U. The varied function
maps U onto a domain obtained from s(U) by making a small radial
displacement of the boundary of s(U).

An application of this variation shows that the function f cannot be
extremal for (1.1) unless s maps U onto the complement of a finite set of
disjoint rays, i.e., Re{zs’(z) /s(z)} = 0 on |z| = 1 except for a finite number of
points.

The next part of the proof involves varying the function p by means of a
formula established by Robertson [12] for functions which are subordinate to
a given function.
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Suppose that p is subordinate to a univalent function p, in U, ie.,
p(2) = py(w(z)) where w: U = U and «(0) = 0. Then

w(2) = (2@ - /(Q@) + 1),

where ReQ(z) > 0 for z € U. Robertson gave the following variational
formula for p(z) which yields a function p* which is also subordinate to py:

e o 20 1. (1= o(p(2)
19 p*@) =2 = 01 = |2l) sy BE@ + 06)
where
5y = 2 (p(2))P' () 22
5e) = (1- ¢(p(z))) {Q(Zo)(zo - z) 0(z9)(1 = Zy2)

e 0,
+oe ){Q(zoxzo -2y Q(zo)(l - zoz)z}

e1022 eioz

+{ ez _ _
(1- ’2'02)2 zo(zo — 2)2 z5(z—2) )’

¢ = pgy =1, 8 is an arbitrary real number, z, is an arbltrary point of U, p is a
parameter tending to 0 and the estimate for o(p ) is uniform on compact
subsets of U.

Using this variation we show that f cannot be extremal for (1.1) unless
Rep(z) = O on |z] = 1 except for a finite number of points. A calculation
then yields that an extremal f must map U onto a polygonal domain. To finish
the proof we employ the Julia variational formula as done in [8] in order to
show that the extremal domain is the complement of an infinite wedge of
opening (1 = B).

The form of the Julia variation required for our application is that

‘N ezf'(2) ’(z) §+z { |dw|} n(w)
(15) f7@) =f@) +=~ g_ AR WO S e ofe).
Here f(z) = z+ayz + +++ maps U conformally onto the domain with
boundary T = {w = f (&) [€] = 1}, y(w) is continuous and piecewise dnﬂ'er-
entlable on T, n(w) is the unit exterior normal to T at w and f*(z) = af z
+ az z+ -+ maps U conformally onto the domain D* with boundary
T* = (w* = w + ey(w)} where ¢ > 0.

We now outline the method of application of the Julia variation which we
will use. This method was originated by Biernacki [2] and has been refined by
others (e.g, [1), [8]). Let ¢ be fixed, [{| < 1. Let f € Kz and let f/* be defined
by (1.5). We expand F(f*({),¢) in powers of ¢, obtaining
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F(f*©).8) = F(f¢)8)

(1.6) et f’(f)ﬁ(g,{i)’g) z+ 51 { oo )IdWI} ;(:?z) dw + ofe)

where we have set Fj(u,v) = 3 F(u,v)/du.
Let us assume that the boundary of f(U) contains three disjoint analytic
arcs, which then correspond to three arcs /, /,, and /5 on |z| = 1. For fixed

SR8z + ¢)/(z — §) traces out a circle as z varies on |z| =
Hence, among the three arcs /, /,, and /; there are two, which we denote by
v, and v,, satisfying

gﬁenge{ff'(f)ﬁ(f(f),f)(z +$)/@-8))
< znéi%Re{If’(f)ﬁ(f(f),s“)(z +$)/@ =)}

Let us choose y(w) so that

a9 m{-vmg}

and

(1.7)

<0 ifw e f(y)
>0 ifwe f(YZ)’
=0 ifwe I\(f(n) Y f))

(1.9) Im{ e )’d”" 2’}(,‘2”2)

An application of the variational formula (1.6) to f with this choice of y(w)
yields f*/(0) = 1 by (1.9) and

Re{ty @ AGRE [ 2t tm{ g0 20} D0} > 0

by (1.7), (1.8) and (1.9). Hence, from (1.6) we conclude that

Re F(f*(¢),¢) > Re F(f(}),¢)

and, consequently, if f* € Kj, then f is not extremal for problem (1.1). The
following lemma summarizes the above discussion.

LeMMA 1.1, Let f € Kp, 0 < B < 1, and suppose that the boundary of f(U)
contains three disjoint analytic arcs. Moreover let F(u,v) be analytic in

Ufel( (f(§), ) where § is fixed, |§| < 1. Then
(a) There exist two arcs Y, and v, on dU that satisfy (1.7);

(b) in addition, if Y(w) is defined on 3f (U) to satisfy (1.8) and (1.9) and if f*

dw = 0.
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defined by (1.5) belongs to Kg, then f is not an extremal function for problem (1.1).

2. Statement and proof of the main theorem. We are now ready to state the
main theorem.

THEOREM 2.1. Let § be a fixed point of U and suppose that F(u,v) is analytic
in a neighborhood of {(f(¢),$):f€ Kg} where 0< B < 1. Then
maxse g, Re F(f($),$) is assumed for a function of the form

2.1) f(z)=p,l,1xly[(i:;j)ﬁ+"l]

where |x| = |y| = land x # y.If0 < B < 1 and if F is nonconstant, functions
of the form (2.1) are the only functions for which the maximum is attained.

We remark that a function of the form (2.1) maps U onto the complement
of a wedge with angular opening (1 — B)7. We also note that the case 8 = 0
was established by Kirwan [8].

Before beginning the proof of the theorem, it is necessary to prove the
following lemma.

LEMMA 2.2. Let f € Kp be an extremal function for (1.1) and suppose that
@@= ap(z)ﬁs(z)/z where |a| = 1,a- p(0) = 1, Rep(z) > 0 for |z| < 1 and
s € S*. Then

e m{Fueonle - [ efesaa]}-o
and

e m{EU00- [ #*Otre ) o
Proor. We have

7®) = [} a0 2.

If + € R the function €"s(e™"z) is also in S* and we define the function

56 = [f P @er Dy,
But

s(e-if 2) = s(z — itz + o(7)) = s5(z) — §'(2)itz + of7)
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and €" = 1 + ir + o(r). Therefore

£€) = j;f P (2) {s(z) + i-r[s(zz) - z5'(2)] + 0(1_)} &

= 5@ + #[1© - [ P @5 dz | + o)

In these formulae, the o(7)-estimate is uniform on compact subsets of U.
Expanding F(£($),$) in powers of 7 and recalling that f is an extremal
function, we obtain

ReF(£(),$) ‘
- ReF(f({),f) + Re{i'TFi . [f(f) _j: apﬂ(z)S’(Z)dz] } + 0(7)

< ReF(f($).8)
where we have set F; = dF(f({),$)/du. Hence

Re{i'rFl . [f ®) - j; f apP(2)s'(2) dz] } +0o(7) < 0.

Since 7 can take on either positive or negative values, we conclude that
. §$ By
0= Re{zl‘i . [f({) —f(; ap (z)s(z)dz]}
4
- -m{F - [5©) - [} wPrz] }

which is (2.2).
To obtain the second relation, we set

¢ )
56 = [ e )
where 7 € R. Then f, € KB‘ Moreover,
ple™z) = p(z — itz + o(r)) = p(z) — irzp'(z) + o(r)
and, hence,
PP 2) = pP(2) — Birzp'(2)pP'(2) + o(r).

Here again the estimate o(7) is uniform on compact subsets of U. Then
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50 = [} [P0 - @ )| L + ot

= 1) - Bir [} ap@p"~ (sl dz + ofe).
We again expand F(£(§),$) in powers of 7 and obtain
Re F(£($).8)

= ReF(/(€).) + ReF; - | ~pir [ ap ' @p@s(a)d | + ot
< ReF(f(§).%).

Since f is assumed to be an extremal function and since 7 may assume both
positive and negative values, it follows that

¢
ReF -i j; apP ' (2)p'(2)s(z)dz = 0
ie.,

ImF -j: apP 1 (2)p'(2)s(z)dz = 0
which is the second relation.

PROOF OF THEOREM. Let f € K, be an extremal function for (1.1). Then
f'() = apP(2)s(z)/z where |a| = |p(0)] = 1, Rep(z) > Oand s € S*. Our
first aim is to show that s(z) has an analytic extension to |z| = 1 with a finite
number of points deleted and that, except for these exceptional points,
Re{zs'(z)/s(z)} = O on |z] =

We apply the Hummel variation to s obtaining a function s* € S$* and we
set f*(z) = ap?(2)s*(z)/z. Then

7€) = [} a0 L
and expanding F(f*(¢),¢) in powers of e with the aid of (1.3), we obtain
(24)  F(f*Q)8) = F(f€),8) + 3F(f(¢),$)/3u - h(zg) + ole)

where

o) = ol ~ o) [{ LR £ [ 2250, o2

22—z 2
'(2) 2 + 2 ()
—A(zo)(zsz Z_zg 25(2) ())]
TP - e

) (zs'z(z) i i;ﬁi _ zs'2(z))] }dz.
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Since f is an extremal function for (1.1),
ReF(f*($),$) < ReF(f(§).$).
From (2.4) we obtain
ReF - h(zy) + o(e) < 0

where we have set i = 9F(f({),{)/0u. Dividing by &(1 — |z0|2) and using
the fact that Re{aM + aN} = Re{a(M + N)}, we have

°>Ree"’{ﬁf p”(z)l[s(z)z+zo 5@

2 z-2zp 2
_A(ZO)(zs’z(z) ; t ;Z - ZS;Z) + s(z)) ] dz

A [l [P r(P B D))

But a is an arbitrary real number so we conclude that

o=plf0‘ﬂz_)1(_s(i>z+zo+g(_z)

F4 2 z-z

—A(z) [zs (2) z + 2, zs’2(z) + s(z)] )dz

Z - zO
YapP@) 1 (s 1 + 2z _ s(2) (@) 1+ 2z 25(2)
+1"1f ; z_o(T z "’—’““‘(20)[ 2 1-zpz 2 ])d”°
The solution of the above equation for A(zy) = s(zy)/zy5'(zo) yields

205'(29) /s(zp) = Q(Zo)/R(zo)

where
B /) ’
06y = F f; LA(ZP IR0 -2 1))
C(25@) 1+ 702 _ 25(2) \apP(2)
_E~l;)< 2 1-zz 2 ) z dz
and

RGq) = F fof apB(z)(ﬁZ_)z 2, S(TZ)-)dz

z 2 z-z

+Ff§ “pﬁ(z)(s(zz) i 4_’2; s—(zz—))dz.
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From their definitions it is clear that Q(z,) and R(z,) are not identically zero
unless F{ = 0. But by a result in [7], this can only occur if F is identically
constant, in which case the theorem is trivial. The equation zys'(z,)/s(z)
= Q(z¢)/R(zy) holds for each z, € U. Let us replace z, by t. We see that
Q(?) and R(7) are defined in the annulus [¢| < |¢| < 1/|¢| and, hence, s has an
analytic extension to |t| = 1, except possibly at the finite number of zeros of
R on |t| = 1. A simple calculation shows that if [¢| = 1 then R(¢) = —R(1/?)
and

o) | 20D ap® s@) _
RO R(l ~ RO {F (2)[ S(Z)]dz

-R [, o*0[2-s0)]a }

=2 Imp,{f(g) - [ P05 dz} / R()
=0

by (2.2). Therefore
2.5) Re{ts’()/s()} =0 ont] =1

except for a finite number of points. This implies that args(e'®) is constant on
a finite number of intervals of |t| = 1 whose closure is |f| =

We now assume that the extremal f € K satisfies f'(z) = ap(2)s(2) /z,
where s € S* satisfies (2.5). Our aim is to show that p(z) has an analytic
extension to |z| = 1 with a finite number of points deleted and that except for
these exceptional points, Rep(z) = 0 on |z| = 1. We let p(0) = & where
—n/2 < y < 7/2. Then p is subordinate to p,(z) = (€Y +2)/(1 — €"z) and
we will now vary p using (1.4). Then

p¥@) = pP(2) + PP (@) - B(p* (@) - P(2)) + op?)

and

7€) =16 + [ KD @) - ple))de + o?)

where k(z) = aBpP'(z)s(z). Expanding F(f*(¢),¢) in powers of p* and
again setting F; = 3F(f($),$)/3u, we obtain

ReF(£*(¢).8) = ReF(F(6).6) + ReFy - [ K8 (52() — ple)) e + o),

and since f is extremal,
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ReF; - [ XD () - )z + ole?) < 0.

If we set /(z) = (1 — &( pz(z)))z/ 2¢'(p(z)), divide both sides of the above
inequality by —p?(1 — |z|%), and let p tend to 0, we get

8§ ?@) 9(2)!(2)
0 < Re [ﬁe j;) k(Z){Q(Zo)(zo =2 + 00 o - 2)2

_ zl(2) 1(z)
[zo(zo - 2)? * zp(zp — Z)] }dz
-io (§ Pz
+FRe j(; k(z){Tzo)(1 —%7)

QIO _, 160 1,]
0(zp)(1 —Zp2)" (1 —Zy2)
Since Re{aM + aN} = Re{a(M + N)} and since 4 is arbitrary, we find that

Q(zo) = A(zo)/B(zo)

where
_ o (S (kP | k(2)00@)(2)
Alzo) = Fl'l; ((zo -2 (20 -zz)z )dz
$(2k(2)P'(2) | k(2)I(2)Q(2)
+Ef0 ( 1 —Iz"oz + (lz—foz)z )dz
and

§ k(2)l(2) § k(@)
B(zy) = F, | (—zo—z-_——;;idz-}'{ A Zl_—z_z:z—)idz'

The relation Q(z) = A(zy)/B(zy) holds for every z5 € U. As before, we
replace z, by ¢. We see that A(¢) and B(¢) are not identically zero since we can
assume F; # 0 and also that 4 and B are defined in the annulus [§| < |¢|
< 1/[¢|. Calculating Q(1/7), we obtain

o) = (ﬁ fo‘ (zk(Z)p’(Z)t N k(Z)I(z)Q(z)zg)dz

t—z (t _ 2)2
$ k()P (2)zy | k(2)0RI(2)F
o (F  FOORIGRY 1) /-

and hence



318 J. G. MILCETICH

00 + 007D = (R f; Kp@)dz - K [} k@@ ) [im0)
= (2i Im F j;) { k(2)p'(2) dz) / tB() =0

by (2.3). If |t| = 1, then Re Q(¢) = 0 except for the finite number of zeros of
Bonlt| = 1. Since Qis defined on |t| < 1and Q(r) = —Q(1/T)on t] = 1, Q
is meromorphic on C. Then w(f) = (Q(f) — 1)/(Q(¢) + 1) is also meromorphic
on C and

w(l/i) _ Q(l/i) - Q(t) + ] 1

_Q(l/f)+l 00-1 o)

This implies that |w(z)] = 1if [¢| = 1. Since p() = p, (w(?)), p has a meromor-
phic extension to C and
p(/F) = p((1/7)) = p,(1/ (1)) = =p,(w(1)) = —p(0).

Thus except for a finite number of points on |t] = 1, Rep(s) = 0. We observe
that for z = re'®,

Re(zp'(2) /p(2)} = (3/30)argp(re’?),

and, hence, except for a finite number of points on || = 1, Re{tp’(r) /p(?)}
= 0.

We see that the extremal function f of (1.1) has an analytic extension to
|z] = 1 with a finite number of points deleted. We now show that f maps U
onto a polygonal domain. Writing f'(z) = ap(z) s(z)/z and using the above
observation together with (2.5), we compute

() (e

for all but finitely many z with |z| = 1. But Re{l + zf"(2)[f'(2)} for |z| = r
measures the rate of turn of the tangent vector to the curve f({|z| = r}). Since
f is piecewise analytic on {|z| = 1} we see that the boundary of f(U) is
composed of a finite number of line segments, rays, or lines. Hence f maps U
onto a polygonal domain.

We now show that the extremal polygon has only one finite vertex and that
the exterior angular opening is (1 — B)7. For this we need the followmg
geometnc characterization due to Pommerenke [11]. Let f@=z+ a2z

- be a conformal map of U. Then f € K, 0 < B < 1, if and only if the
following condition holds:

(C) The complement, E, of f(U) is the union of rays which are disjoint
(except that perhaps the origin of one ray may lie on another ray) and which
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have the property that for each ray in E the sector of opening (1 — B)7 whose
bisector is the given ray lies in E.

Suppose f is a polygonal mapping and f(U) is not a wedge of exterior
angular opening (1 — B8)r. Kirwan [8] has constructed a variation for polygo-
nal domains which preserves the angle at each vertex. One easily checks, using
condition (C), that if a polygonal domain is the image of a function f of class
Kp, then the polygon obtained by this method of variation is also the image of
a function in K Hence we may define a function ¢ on df (U) so that the
hypotheses of Lemma 1.1 are satisfied and we conclude that f is not extremal
for problem (1.1). Consequently f maps U onto a wedge of exterior angular
opening (1 — B)r and therefore f has the form (2.1) where |x| = |y|
= 1 and x # y. This completes the proof of the theorem in the case 0 < 8
<L

Let B = 1 and let f € K, be extremal for (1.1). For 0 < y < 1, we claim
5@ = f(y2) /[y € Kp,) with B(y) < 1. To see this, write f'(z) = ap(2)Ps(2)/z
as in (1.2). Then f(z) = ap(yz) s(yz)/yz. Now s 52) = s(yz)/y € S* and
largp(yz)| < A, 7/2 < 7/2. If we set p(2) = p(yz)I ", then p, has positive
real part in U and f @) = apy(z) Arg (z) /z, showing that 4, E Kp,, where
BA, < 1. Applying the theorem, in the case B = B(y), there isa functlon 8y
of the form (2.1) such that Re F( 5 €)¢) < ReF (gy(f ),¢). For some increas-
ing sequence {y,} tending to 1, { g,,} converges to a limit function g in K,
which is again of the form (2 1), with B8 < 1. Hence ReF(f(§),$)
< ReF(g(¢),¢) and since f was assumed to be extremal, the inequality is in
fact an equality. It remains only to show that g is of the form (2.1) with 8 = 1.
If not, g € K43, <1, and hence could not be extremal for (1.1) in
Kg, B < B < 1. This completes the proof of Theorem 2.1.

3. Applications. Let 0 < 8 < 1 and let { be fixed, || = r. We wish to
investigate the value region of f({)/¢ as f varies through K. The case 8 = 1
was studied by Biernacki [2] and the case 8 = 0 by Strohhicker [14]. We
define

D5 = (f€)/5: f € Kp)

and let 9D, 5 denote the boundary of D, g.
THEOREM 3.1. If |§| = r < |, then

@ 3Dr,ﬁc{,31131,[(iii)p+l-l]:lsl=lt|=r};

(b) D,’B={'Bl_lslt[(iij)ﬁ+l—l]:Isl,ltl<r}.
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ProoOF. (a) We first show that there exists a set E C D, g which is
everywhere dense in 9D , g and has the property that if 4, € E there is a point
v € €D, g such that {u: lu —v| <|u = v|} C €D, g. To see this, let w be an
arbitrary point of 9D, .8 and let ¢ > 0. Choose v € €D, g such that |w — |
< &/2. The family Kg is compact so D, g is closed and hence there is § > 0
such that {u: |u — v] < 8} C €D, .5 and the boundary of this disc meets D,
in a point ;. By the definition of v, we see that § < ¢/2, which implies
|u; = w| < e. But u; € E and, hence E is everywhere dense in 9 D, .8

Choose an arbitrary € E and let v be the corresponding point in €D,
Thenf($)/¢ # viorallf € Kgandlog (f($)/¢ — v) is analytic on {(f({), g)
Je KB} Applying Theorem 2.1 in the case 0 < 8 < 1 we find that

f() —f%ilake]og(’%z)—u)

— -
is attained only for a function of the form

1 1+ xz\P*!
E,0 =t (B2) -] xnld=1

By construction, m = log |ul — v| so that every point of E corresponds to
some F .. If u € 3D, 5 is arbitrary, there is a sequence {u,} C E with
hm,,_,w , = u. For some x, # y of modulus 1, u, 5 (8)/¢, and a
subsequence of {F, , } converges to a function again of the form F, ,, where
here it is possible that x = y. Hence

= E"y:«) - rrrayl (i iﬁ)ﬂﬂ -1]

If we set x{ = s and y¢ = ¢, we obtain the desired result.

m = min lo
fEKp g

1.

(b) Set
1 1+s B+
B =gy ls-t[(l +t) - l]'
We first show
@3.1) D53 {fys0): Il < Isl = rorlsl < Il = 7).

To do this we fix 1, |t| = r, and consider the curve Iy defined by

(1 + )P = (1 + 9P
B+ D(s=n(1 + PV

Then Tp(9) = (1 + t)'l and I(s) = (1 + N7 e, I reduces to a single point.

Is| =r.

rp(s) =.&3(s’ t) =
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Suppose z € intTp (interior of I,), ie., the index of z with respect to
I‘B, n(I;B,z), is nonzero. We claim z € T, for some @, 0 < a < B. Otherwise,
consider the function H: {|s| = r} X[0,8] = C — {z} defined by H(s,B)
= Iy(s). H is a homotopy of I to Ij relative to {(1 + )~} in C\{z). This
would imply

n(I'B,z) =l f dw ! f —d£—=n(l'b,z) =0,

rilyw—z  2miJow-—2:

contradicting the assumption made on z. Consequently every point z € intIy
corresponds to an extremal function in K, for some a, 0 < a < B. Since
K, C Kg, we conclude that intIz C D, 5 and by the argument principle we
obtain { f4(s,2): |s| < |¢| = r} C D, g. Interchanging the roles of s and ¢, the
above argument shows that {f3(s,2): |t| < |s| = r} C D, 5, which gives us
(3.1). Suppose 0 < < r < land u = f(¢)/¢ € D, g, l§| = 1. If we define
g(z) = f(rz)/r where T = n/r,theng € Kj.Set§ = £/, so that [{| = rand,
consequently,

u=f()/¢=2Q)/S € D,
which shows that D, ; C D, g. We note that Dy g = {1}. Hence
Dr,ﬁ = 0<‘#<,D'l»ﬁ
>\ M, U 1l < el = ror < Isl = 1)
= (G Isb el < 7).

Let C, 5 denote {fz(s,2): |sl,]t| < 7}. For w1 and w € D, , set 1,
= inf{x: w € D, g}. Clearly w € D, 5.Forf € Kp, let f denote the analytic
function defined by f(z) = f(z)/z. The set Us<y, Dx, g is open since it equals

QUK =xf € K= 4 (J&): K <n).
We then have

Do = 8D = Y Jlel <) = 4 J1zd <n)

C fel.;(pf(IZI <n)= xL<Jr°Dx,B C Dy pg=Dyp

showing that D, gis the closure of the open set Us<rDx.p- If V is an arbitrary

xB
disc about w, ¥ meets D, 4 for some x sufficiently near and less than . Since

w € CD, gV contains a point of 9D, B Hence there exists a sequence
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w, € 0D, 5 whereby x, — r, and w, — w. But by part (a) of the theorem,
W, = fo(s,,t,) where |s,| = |t,| = x, implying that w = Sa(s,2) where |s|
= |t| = ry. Therefore w € C, g C C, g, i€, D, g C C, g, which completes
the proof.

As a second application of Theorem 1.2 we consider the problem of
determining the radius of starlikeness, r,(), for the class K. The case 8 = 1
was solved by Lewandowski [9], who showed that £,(1) = 4/2 — 5.

COROLLARY 3.2. If 0 < B8 <K 1,
5(B) = min{r: Refy(s,) = Oon|s| = |t| = r}.

Proor. The function

2(2) =f((z+ {)/(1 + fz))"f(g) €K
O =P
if f € Kgand [§| < 1. Setting z = —¢, we obtain

g=)_ _ 1 Jj©)
(32) =< T I RPYRY

The function f is starlike in [{| < r if and only if Re{{f'($)/f(¢)} > 0 for
|§| < r. Hence r(B) is the largest value of r,0 <r <1, such that
Re{$f'(€)/f(§)} > Oforevery f € Kp. By (3.2), 7,(B) is also the largest value
of r satisfying Re{ f(¢)/¢} > 0 and this is the smallest value of r such that
D, g cuts the imaginary axis, which must then occur at some point of 3D, 4.
The proof is completed by applying Theorem 3.1(a).
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