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Abstract. Let 8 denote the set of bounded linear operators T, acting on a

separable Hubert space % such that T* Tand T+T* commute. It is shown

that such operators are G,. A complete structure theory is developed for the

case when o(T) does not intersect the real axis. Using this structure theory,

several nonhyponormal operators in 8 with special properties are construct-

ed.

1. Let 6 denote the set of bounded linear operators F, acting on a separable

Hubert space % such that F* F and T+T* commute. It is shown that such

operators are Gx. A complete structure theory is developed for the case when

a(T) does not intersect the real axis. Using this structure theory, nonhyponor-

mal operators in 0 are constructed. Some results on the structure of o(T) are

also obtained.

2. Introduction. The class 6 has been studied in [3], [4], [5], and considered

in [8], [9]. Our notation and terminology will be that of [5]. We shall review it

briefly. If F E 9, then 4F* T - (T* + T)2 > 0 [5]. Define

/,) ^ _ (F* + F) + i\/4T* T-(T* + T)2
C =

Then C is normal, a(C) is contained in the closed upper half-plane, C*C

- F* F, and T + T* = C + C* [5]. In particular,

(X - F*)(X - T) = (X - C*)(X - C)

for all X. If F E 6 and F is completely nonnormal, then o(T) = o(T*), o(C)

Q o(T), 3a(F) ç o(C) U o(C*), and op(T) = 0 [4], [5]. The spectral meas-

ure for C is denoted by F(-). Any operator E such that E2 = E will be called

a projection. The real numbers are denoted by bJt UHP (LHP) is the open
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upper (lower) half-plane, UHP (LHP) are their closures. The restriction of an

operator B to subspace 9H is denoted 2?|<91t.

3. T E 9 with o(T) n a = 0. Our first result will be fundamental in the

sequel.

Theorem 1. Suppose that C is a normal operator on % and E is a projection

such that

(i) C*(I -E) = (I- E)C*(I - E), {EC*(I -E) = 0),
(ii) CE = ECE, {(I - E)CE - 0},
(hi) £*(C-C*)(I- E) = 0.

Le?í

(2) F = CE + C* (I-E).

Then T E 9.

Proof. Suppose that C, E satisfy conditions (i), (ii), (iii). Note that by (iii)

and (i):

E*C*2(I- E) = E*C*(I- E)C*(I- E) = E*C(I- E)C*(I- E)

= E*CC*(I-E).

Let F = CE+ C*(I - E). Then

T+T* = CE+ C*(I - E) + E*C* + (I- E*)C

= C* + C + [CE- C*E + E*C* - E*C].

But,

CE-C*E + E*C* - E*C = (C- C*)E + E*(C* - C)

= (C- C*)E + E*(C* - C)E = (/ - E*)(C - C*)E = 0.

Thus T+T* = C+ C*. Hence F* «= C + C* - T, or

(3) T* = C*E + C(I-E).

Using (2), (3) we get

T*T= [C*E + C(I - E)][ECE + (I - E)C*(I - £)] = C*C.

Thus T E9.   D
Our next result shows that if o(T) n 61 = 0, then F is in the form of

Theorem 1.

Theorem 2. Suppose that T E 9 and a(T) n % = 0. Let E be the projection
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obtained by integrating (X - F) around that portion of o(T) in the upper half-

plane. Let C be as in (1). Then C, E satisfy (i), (ii), (iii) and T = CE

+ C*(I- E).

Proof. Since (X - F*)(X - F) = (\ - C*)(X - C) for all X, we have for

allX E a(C) U o(C*)

(C - C*)(X - T)~X = [(X - C)"1 - (X - CT'KX - T*).

Integrating this first around the upper portion of o(T) and then the lower

portion of o(T) gives

(C-C*)E = C-T*   or   E = (C-C*)~X(C- T*),

and

(C - C*)(I - E) = -(C* - T*)   or   I-E = (C-C*)~X(T* -C*).

By definition of E, we have TE = ET. Now

CE = C(C-C*)~X(T-C*) = (C- C*)~X(CT-C*C)

= (C - C*)~X(C - T*)T = ET= TE.

Thus (ii) holds. Similarly, C*(I - E) = (I - E)T = T(I - E). Thus F
= CF + C*(I - E). There remains only to check (iii);

E*(C - C*)(I -E) = (C* - T)(C* - C)~X(C - C*)(I - E)

= -C*(I-E) + T(I-E) = 0.    D

One might suppose that the existence of the C, E in Theorem 1 is restrictive.

The next theorem shows it is not.

Theorem 3. Let C be any normal operator such that o(C) Q UHP. Let 911,

be any invariant subspace for C. Let 91t2 = (C - C*)~ ^Lx . Let E be the

projection onto 911, along 91t2. Then T = CE + C*(I - E) E 9 and C, E

satisfy (i), (ii), (iii).

Proof. Let C, 911,, 91t2 be as in the statement of the theorem. Clearly 911,

is C invariant. Thus 91t2 is C* invariant since 91LJ1 is C* invariant. Let

(C - C*f2 denote an analytic square root of C - C*. Now (C - C*)1/29H,

® (C- CT'^giti1 = %. Multiplying by (C - C*)~X/2 we see that 911,

+ 91L2 = %, + denoting a direct sum. Thus £ is bounded. Conditions (i), (ii)

are now immediate. Condition (iii) is equivalent to (C — C*)9!t2 £ 9H,1. But

this follows from the definition of 91L2.   D
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Corollary 1. If T E 9, and o(T) n 91 = 0, then T is similar to the

orthogonal sum of two subnormal operators, Tx, T2 and a(T) = a(Tx) U o(T2),

a(Tx) D o(T2) = 0.

Thus if F G 9, o(T) n 91 = 0, and Fis completely nonnormal, any results

about the spectra of subnormal operators may be applied to T.

For a compact set X, let C(X) denote the continuous functions on X and

ft(A") the functions on X which are uniformly approximable by rational

functions with poles off X. Then from [6] and the results of this section we

have:

Proposition 1. A compact set 2 such that 2 n 91 = 0 is the spectrum of a

completely nonnormai T G 9 if and only i/2 is symmetric with respect to the real

axis and 91(2 D D) ¥= C(2 n D) for every open disc D such that 2 n D

#0

The only part that needs to be proved is that if C is normal with an invariant

subspace '311, C is the minimal normal extension of C|9lt, and C|91t is

completely nonnormal, then the F generated by C, 911 is completely nonnor-

mal. We now examine the relationship between the complete nonnormality of

Fand the complete nonnormality of C|9lt.

First we need the following well-known result whose proof we omit.

Proposition 2. Suppose T is hyponormal. If the subspace <tÏÏL is invariant under

T and F|9!t is normal, then 911 reduces T.

Proposition 3. Let 911, Q N(T- C), (9!t2 ç N(T- C*)) be C,(C*)

invariant subspaces. If C|9lt, (C*|9H2) has a normal summand, then T has a

normal summand.

The proof follows from Proposition 2 and the fact that T<$> = C<b, T*<j>

= C*<i> for <? G 911, (F<f> = C*</>, F"> = Cg> for <b G 91L2).

Theorem 4. Suppose that T G 9, o(T) n 91 = 0, and C, E are as in

Theorem 1. Let 91L, = E%and?ÏÏL2 = (I - E)%. Then T is completely nonnor-

mal if and only if both C|9H,, and C* |9H2 are completely nonnormal.

Proof. Proposition 3 takes care of the only if part. Suppose now that F has

a normal summand so that F = F, 8 T2 where T2 is normal. Since (X — T)~

= (X - Tx)~l 9 (X - T2)~ , one of E or (/ - E) has a normal summand and

C has a corresponding normal summand. Hence either C|91L, or C* |9ll2 has a

normal summand.    D

Theorem 4 has the following interesting consequence.

Theorem 5. Let T, C, E, 911, be as in Theorem 4. Then T is completely

nonnormal if and only if C|9H, is completely nonnormal and C is the minimal

normal extension of C|9!t,.
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Proof. C is not the minimal normal extension of C|91t, if and only if there

is a subspace 9ÍL Ç 9H,"1" which reduces C. But from Theorem 3, 9112

= (C - C*)~X<3lj-. Clearly (C - C*)-I9¡t = 911. Thus C is not the minimal

normal extension of C|9H, if and only if 0*1911^ has a normal summand.

Theorem 5 now follows from Theorem 4.   D

Theorems 1, 2, and 3 completely characterize T E 9 with o(T) (~l 61 = 0.

When considering some specific examples in §5 we will need the following

results.

Theorem 6. Suppose that T E 9, there exists C, E satisfying (i), (ii), (iii), and

C — C* is one-to-one. If T is also hyponormal, then T is normal.

Proof. Suppose that F E 9, C and E satisfy öHüi). C - C* is one-to-one,

and T is hyponormal. Then

T*T_ TT* = C*C_[CE+ c*(I-E)][E*C* + (I-E)*C]

= C*C - CEE*C* - E(I - E)*C

-C*(I-E)E*C*-C*(I-E)(I-E)*C

(4) = CEE*(C - C*) + C*EE*(C* - C)

+ (C* - C)EC + C*E*(C - C*)

= (C* - C)EE*(C* - C)

+ (C* - C)EC + C*E*(C - C*).

Thus (/ - E*)[T*T- TT*](I - E) = 0. But [T*T- TT*] > 0 so that

[7* t - TT*](I -E) = 0. Thus by (4), we have (C* - C)EC(I - E) = 0.
But C* - C is one-to-one. Hence EC(I - E) = 0, or EC = ECE = CE.

Since C is normal we also have EC* = C*E by Fuglede's theorem [10]. Thus

(iii) becomes (C - C*)E*(I - E) = 0 or E*(I - E) = 0. But then E*

= E*E. Hence E is hermitian and reduces F. But a(TE) Q UHP, TE E 9,

implies F is normal [5].   D

Corollary 2. // F E 9, o(T) n & = 0,andT is not normal, then T is not

seminormal.

Corollary 3. If T E 9 is hyponormal and completely nonnormal, then there

does not exist an E satisfying (i), (ii), (iii) where (2) holds.

4. Operators in 9 are G,. An operator is called G, if for all X E o(T),

||(X - T)~ || is the reciprocal of the distance from X to o(T). That is,
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IKx-Fr'l^iMMF)).

Hyponormal operators are always G, [16].

Theorem l.IfTE 9, then T is Gx.

Proof. We may assume that T E 9 and F is completely nonnormal. Let C

be as in (1). Let De be the complement of Slx[-/e,/e]. Then (X- T)

• (X - C*F(De))~lF(Dt) is analytic on UHP and

(X - F)(X - C*F(De))~lF(Dt) = (X - F)(X - C*)~lF(Dt)

for X G o(C*) Q a(T). But for any vector d» G DC and any real X,

\\(X-T)(X-C*F(De))-lF(Dc)<¡>\\2

= <(X - F)(X - C*F(De)TlF(De)<b,(X - T)(X - C*F(Dt))~lF(Dt)<t>)

- <(X - C*)(X - C)(X - C*F(Dt))-lF(De)<b,(X - C*F(Dt))~lF(2>»

= <(X - CF(Dt))F(De)<b,(X - C*F(De))-lF(Dt)<t>}

= <F(Z)£)<p,F(£>£)<i»> = ||F(Z>£)<p||2 < U\\2.

Also lim|Xhoo ||(X - F)(X - C*F(Dc))-] || = 1. Thus

IKx-FKX-cViDjr'n^lKi

for all X G ÜHP . Hence ||(X - F)(X - C*)_11| < 1 for all X G ÜHP, X
G o(T) since F(D£) converges strongly to / as e -» 0 [5]. Similarly ||(X - T)

• (X - C)"11| < 1 for all X G LHP, X £ o(T). Now if X G ÜHP, X <2 o(F),
we have

lift - F)"' || - ||(x - f*)-1 || = ||(x - f)(x - c*r'(x - cyl||

<||(X-F)(X-C*r1||||(X-C)-I||

< ||(X - Cyl\\ = l/p(X,o(C)) - l/p(X,a(C*))

= l/p(X,a(F)).

Similarly, if X G LHP, X G <r(F),

IKX-Fr'lK l/p(X,o-(F)).

Hence Fis G,.   D

From [17, Theorem 1] and Theorem 7 we have:
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Proposition 4. Suppose that T E 9 is completely nonnormal. Then for any

z0 E o(T) and disc D centered at zQ, D n o(T) cannot lie on a Jordan arc.

While Propositions 1 and 4 are similar, they are not equivalent.

Knowing that F E 9 is G, allows alternative proofs of some of our earlier

results. For example, that isolated points of a(T) are reducing eigenvalues for

G, operators is known [14]. It also tells us that the convex hull of o(T) is the

closure of the numerical range of F, Cl W(T) [12]. That is, Fis convexoid. It

does not however, provide an alternative proof of the fact that all eigenvalues

of F are reducing [4]. Note that there are nonnormal compact G, operators

[16], though there are no nonnormal compact operators in 9 [4].

If F E 9, then F restricted to any reducing subspace is also in 9. Thus

F E 9 are not only G, but also reduction-G, [1].

5. Examples and extension of the model. Our first example is, in a certain

sense, canonical for T E 9, T completely nonnormal, o(T) n 61 = 0. Theo-

rem 3 will be the basis for most of our constructions.

Example 1. Let H2 be the usual Hardy space of the circle. Let C be

multiplication by e'e + 2/ in Û of the circle. Let 91L, = H2 and 91^

= (2 + sin0)~'#2\ Let F be the operator generated by C, 911,, 9IL2. Then

F E 9, Fis completely nonnormal and o(T) is the union of two discs centered

at 2/, -2/ and of radius one. By Corollary 2, F is not hyponormal.

Example 1 shows that Conjecture (C) of [4] is false and the class of

operators in 9 is nontrivially larger then was conjectured there. It also shows

that o(T) need not be connected as was suggested in [5].

The point spectrum of the adjoint of an operator is preserved by similarity.

Hence op(T*) = {z\\z - 2i\< 1} U {z\z + 2/|< 1} for the F in Example 1

since C\H2 is just 2/ + S, S a unilateral shift.

If a, ß are real scalars and T E 9, then aT + ß E 9. By taking direct sums

of these operators, F as in Example 1, it is possible to build a completely

nonnormal nonhyponormal operator T E 9 whose spectrum is any closed set

2 whose interior is dense in 2, and which is symmetric with respect to the real

axis. Let A be a subset of the unit disc, equipped with a measure p, so that

61(A) is not dense in L2(â,dn). Let 6l2(A) be the I2 closure of 61(A). If A has

no interior and we repeat the construction of Example 1 using 61? (A) instead

of H2, we get a F E 9, F completely nonnormal, F not hyponormal, and o(T)

with no interior. For example, A could be chosen as a 'Swiss Cheese' space

[14].
We shall now briefly consider two possible ways of extending the structure

theory of Theorems 2 and 3 to operators with o(T) n 6t ^ 0. Note from the

proof of Theorem 2, that if o(T) n 61 = 0, then 91L2 = N(C - T*) while

9IL, = N(C - T). Conversely;
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Proposition 5. Suppose that T E 9 and C is (1). Let 91t, = N(C - F), 9^

= N(C* - T). Then 9t,, 911^ are T invariant, F|9!t, - C|91t,, and T^

= C*|91t2. Furthermore, if C - C* is one-to-one, then 911, Cl 9ltj = {0}.

Proof. Note that C* - F* = F- C, T* - C = C* - T, and C*C

= T*T. Thus C*(T-C) = (F- C)Tand C(T- C*) - (F- C*)F.   D
There need not, however, exist a nontrivial null space for either C

- ForC*- F.

Proposition 6. Let S be a unilateral shift. Let C be as in (I). Then

N(C-S) = {0} and N(C - S*) = {0}.

Proof. Since S*S = I, C is a unitary operator with spectrum on the upper

half of the unit circle. Thus C|91t is normal for any invariant subspace 91L of

C. By Proposition 2, N(C - S) and N(C - S*) reduce C. But C-S

= S* - C* and C - S* = S - C*. Thus N(C - S), N(C - S*) reduce S.
Since S is completely nonnormai, we have N(C — S) = {0} and N(C — S*)
= {0}.   D

Since operators in 9 are G,, another possible extension is to use the results

of Stampfli [18] to generalize Theorem 2. In [18] a method is developed to

integrate a scalar multiple of the resolvent around pieces of a(T). For

example, if a(T) C Dti U D£j where Z>t are two discs, tangent say at 0, then

[18] gives hyperinvariant subspaces 91t,,91t2 for F such that <r(7'['DIL,)

Q Z>ei,a(F|91t2) C DCi. lio(T) n 61 = 0, then this 911,, 91^ are complemen-

tary. In general, however, they need not be complementary. This difficulty is

implicit in [18].

Example 2. Let Ct = e" + (1 + e)i for e > 0 on L2 of the circle. Let

9t,(e) = H2, 91t2(e) — (sinô + 1 + e)~x H2L, and Et be the projection onto

911, (e) along 9lt2(e). Assume for the moment that ||F£ || -* oo as e -» 0. Define

Te using C£, 91, (e), 91L2(é). If Te, Ce are multiplied by the same real scalar, then

Te - CtEt + C*(I - Et) still holds. Define

T= J ®Te¡/\\Et¡\\   where e,-► 0.

If e, -» 0 not too fast, we have F E 9, o(T) is connected, and o(T) C] 61

= {0}. Let 911,, 91t2 be the subspaces generated by Stampfli's theorem. Using

/,, /2 nonzero except at zero, we have 911,, 9H2 are hyperinvariant for

F, a(F|91L,) C o(T) n UHP,a(F|91L2) C o(T) n LHP, 91L, + 91^ is dense,

and 911, n 9H2 = {0}. The integrals used to define 9H,, 9lt2 are the orthogo-

nal sum of the corresponding integral on each L2 space. Since /,, f2 were

assumed nonzero away from zero, we have

U T 2 e9!L,(e,.)l C 911,,       U [ 2 ©91L2(e/)l Q 91L2.
n L/=l J » Li = l J
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Thus to show that 9IL, and 9fC2 are not complementary it suffices to show

\\Et.\\ -+ co. To see that ||Fj -» oo as e -*■ 0, let at, ße be the two roots of

z2 + 2(1 + t)iz - 1. One root has modulus greater then one, the other has

modulus less then one. Assume |a£| < 1, 1 < |/?£|. Note that a£, /?£ -> -i as

e -* 0. Let /£ = -£,(z - ßj~l Jt = (1 - aez)z. Note that ft G H2 and Jt
E H21. Now let

gt=ft + (?-z- + 2i(e+l)TXl,

and observe that ft E 911,(e), (z - 2 + 2/(e + l))"'/e £ 91t2(e). Thus Etgt

= ft and 11/11 -* oo as e -» 0 since 0£ -» -j. But for |z| = 1,

gt = -&(z - ß,Tl + z(z2 + 2i(e + l)z - 1)_1(1 - <*ez)l

- -£(z - ft)"' + (z- «,)-'(> - /5f)-'(l - a£z)

= (z-i8£r1(-/3e + ?).

Thus ||g£|| = 1, ||F£g£|| -* co, and hence ||Fe|| -» co as desired.

It would be of interest to know if for every completely nonnormal T E 9

such that o(T) n 9t is a single point, one has 911,, 91t2 as in Example 2.

Provided a(T) 0 LHP and a(T) n UHP are separated by the appropriate

curves, Stampfli's result gives an 9lt,, 91t2 hyperinvariant for F such that

911, H 9H2 = {0}. The difficulty is in showing 91L, + 9H2 is dense.

If one considers the special case in [18, Theorem 1] where/(X) = Xm, i = I,

2, m an integer > 1, one can show that 911, + 9IL2 is dense if 0 G op(T*m),

since

Tm = f    Xm(X - F)"1 dX + [    Xm(X - T)~l dX.

Putnam has shown that if 0 G op(T*), 0 G 3o(F), and there exists X„ -* 0

such that |Xn| ||(F* — X„) || -> 1 as n -> co, then 0 is a reducing eigenvalue

[13]. Putnam's result is thus one way of getting 91L, + 9IL2 = % for completely

nonnormal F. However, this result and its subsequent generalizations, force

3o(F) to approach 0 almost vertically in order to apply them. Our next result

does much better for operators in 9.

Theorem 8. Suppose that there exist lines y = ax , a > 0 and fixed, such

that all points in o(T) except zero lie either above loth lines or below both lines.

Suppose that T E 9 and T is completely nonnormal. Then 0 G op(T*).

Proof. Suppose that T*<b = 0, ||^|| = 1. Note that for real e, e ¥= 0,

(e - C*)~l(e - T*) is unitary. Thus 1 = ||<f>|| = ||(e - C*)~l(e - T*)<b\\

= ||e(e - C*) l<b\\. Now
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*-c*>"'*-JL;,znhï'«»*AC) (e - X)

But |e(e - X) | < |e| |e - X0|~ where X0 is on the two lines. Since the ratio

between e and the distance from e to the nearest point on a line is a constant

K, we have |e(e - X)~ | < K all X E o(C) and K is independent of e. From

[5] we have 0 is not a point mass of F(-). Hence there exists e, > 0 such that

||F({|z| < e,})<i>|| < (2A")-1. Also there is an e0 > 0 such that {X: |£0(e0 - X)|

> l/2}ç{z:|z|<£,}.Now

Ic>fA,w*=Xo(c) (c0 - X) |A|<e, E0 - X
F(dX)<¡> + f eo_

JM>ti e0 - X
F(dX)<b.

But

{,|À|<ei £q ~ A
F(dX)<b< K(2K) ' = 1/2

and

L<M£°-~x)~lf{dX)*< 11*11/2 = 1/2.

Thus ||e0(£0 - C*)~ (i>|| < H^ll which is a contradiction.   D

One can weaken the assumptions of Theorem 9 to only F E 9, T complete-

ly nonnormal and there exists real e„, t„ E o(T), tn -* 0, such that

en p(en,o(T))    is bounded independently of n.

The example on pp. 280-281 of [13] shows that Theorem 8 is not true for F

which are not in 9 but are G,.

Regardless of whether or not the subspaces generated by Stampfli's theorem

have dense sum, their existence gives much information about o(T).

Theorem 9. Suppose that T E 0, o(T) n 6t = {0}, and T is completely

nonnormal. Suppose further that there exist functions fx, f2 and domains Dx, D2

satisfying the assumptions of [IS, Theorem 1 and Theorem 1']. Let 91t,, 9It2 be the

closure of the ranges of

A = /3Z)i/,(X)(X - T)~XdX,       B = /ai)j/2(X)(X - T)~XdX

respectively. Let C be as in (1). FAe» F|91t, = C|9It,, and F|9It2 - C*|91t2,

a(F|91t,) Q UHP,ando(T\WL2) Q LHP .

Proof. The only part that needs proof is F|91t, = C|91t, and F|9Itj

= C* |9It2. The rest is done in [18]. First note that
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fdDi(C-X)fx(X)(X-T)-ldX

= /80( (C - X)/,(X)(X - C)-'(X - CT'(X - T*)dX

= -/ao/iWÍA - CT'(X - F*)¿X = 0.

But then

o = Lri(c-x)Mx)b-TVidX

- c/3fl|/,(X)(X - T)~XdX-j^ Xfx(X)(X - T)~]dX

= ÇA - TA   as desired.

The proof that (C* - T)B = 0 is similar.   D

6. Comments and more examples. While the results of [4], [5] and this paper

have developed many basic properties of the class 9, numerous questions

remain. For convenience, let (Q) denote the class of quasinormals [2] and (QA)

denote operators of the form 7^ + T^ where Tx E (Q), TXT2 = T2TX, and T2 is

selfadjoint. Then (Q) C (QA) C 9 and all inclusions are proper. An obvious

problem is to determine what types of restrictions on operators in 9 force them

to be in (Q) or (QA). In particular, are there T E 9 which are subnormal and

not in (QA)1

It was shown in [4] that if T* T — TT* has a kernel, then operators in 9 have

a block decomposition much like the operators in (QA). If F G 9 and

T*T - TT* has rank one, then T G (QA).

Theorem 10. Suppose that T G 9 and T*T- TT* has rank one. Then

T = [X, + X2 S] © N where X, is real, X2 > 0, 5 is a unilateral shift of multipli-

city one, and N is normal.

Proof. Suppose that T G 9, T* T — TT* has rank one, and F is complete-

ly nonnormal. Then by [4] F has the scalar matrix,

F =

all bi are nonzero, and the (1, 1) entry acts on the range of [T*T— TT*].

From (2) of [4] wehave Z^a,+, = a-b^ |a,+,| + \bi+x\ = |6,-| + |a/+I| . Also

a[\bx | = \bx | a, since F G 9. Let X, = a,. Then X, is real and a¡ = X, for all

/. Also \b¡\   is independent of /". Let X2 = |6(| and recall that weighted shifts

a, 0 0 •

bx a2 0 •

0    b2   a3    ■
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are unitarily equivalent if their weight sequences have the same moduli [10].

D
However, if T* T - TT* has rank greater then one, the situation is different.

We shall now construct a F E 9 such that F is hyponormal, F E (QA), and

T*T- TT* has rank two.

Example 3. Let F be given by

(5) F =
B,   A,

0    0

0    0

0    B2   A3   0

on countably many copies of a two dimensional Hubert space. Let

A,-D«] *-[i3
where <?,,/, 8¡, y¡ are real scalars. Then T*T- TT* has matrix Diag{Z),0,

0,...} if and only if

(6)

(7)

and

(8)

A*AX + B*BX-AXA* - D,

A*At + B*Bt - £,._,5* , + A,Af,      i > 2,

B*Ai+l-AtB*,      i> 1.

If (6), (7), (8) are satisfied, then F E 9 if /I* £> is hermitian [4]. Take

0 < a < 1 and c = (2 + 2a)_1/2. Set ex = ca,fx = c, and

«, - Yi - (1 + M V - O)'72 - (a + |c|2(l - a2)),/2.

Equation (6) gives Z) = [¿°]. Equation (7) becomes

(9) «i+i-W*/.      fi+\=fi8i/yi>      '">!.

while (8) is

(10) 52+, - of + ,2+, -/2„       Yl2+, - y2 +/2, - ef+,.

Note that given e(,/, 8¡, y¡, then el+,,/+, are determined by (9). Then (10), if

consistent, gives a unique positive 8j+x, y(+,. A straightforward computation

yields that ex = e7,/, =/7, 8X = 57, y, = y7. Thus the sequences A¡, B¡,

defined by (9), (10), our initial conditions and the requirement 8¡, y¡ > 0, are

well defined and bounded. Furthermore, A* D is hermitian so T E 9. But
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DA* D is not hermitian so F G (QA) [4]. Note also that F is hyponormal since

Z>>0.

For the convenience of the reader interested in studying this example more

carefully we give the B¡, A,, explicitly. As noted, A¡+6 = A¡, Bi+6 = B¡. The

blocks are

«•-[5 3
and

In Example 1, the two components of <r(F) were not spectral sets since the

projections obtained by integrating the resolvent were not hermitian. Hence

o(T) was not a spectral set of F.

Example 4. Let {1¡) be a family of operators in 9 constructed as in Example

1 such that U¡o(1¡) is dense in the unit disc. Let F = 2 © T¡. Each T¡ has

norm no greater than one. So Fis a contraction such that o(T) is the unit disc.

Thus o(T) is a spectral set for F [15, p. 441]. Note that F is nonhyponormal

and completely nonnormal.

However, if F G 9, a(T) is the unit disc and a(C) is contained in the unit

circle, then F is an isometry since T*T = C*C = I. For a related result see

[7].
If F G (Q), then T" E (Q) for all positive integers n. Which other

operators in 9 have powers also in 91 As a partial answer we note that

Proposition l.IfTE (QA), then T2 E 9 if and only ifTE (Q).

Proof. Using the canonical form for (Q) given in [2] it is easy to reduce the

problem to showing that (a + S) G 9 for all real a j=- 0 where S is a

unilateral shift. It suffices to show that F = 2aS + S2 G 0. But

T*T= (S* + 2a)(S + 2a) = 4a2 + I + 2a(S + S*),

T+T* = 2a(S + S*) + S2 + S*2.

Thus F G 0 if S* + S and S2 + S*2 do not commute. But

B,

B,

5,

A

0   cal 0      cVal

c    OJ 3==|_<Va-      0  j

0    c"l '  0     c\/a"|
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[(S* + S)(S2 + S*2) - (S2 + S*2)(S* + S)]S

- (S* + S)(S3 + S*) - (S2 + S*2)(l + S2)

= S2 + S*2 + SA + SS* - S2 - S*2 - SA - 1 = SS* - 1 # 0.

Thus F E 9.

Note that if F is a weighted bilateral shift with positive weights whose

smallest period is k, then Tnk £ 9, Tm E 9 for all m # nk, where n > 0.

The structure of the spectral measure of C and the structure of F are, of

course, related. It was shown in [5] that if F E 9 is completely nonnormal,

then F(6t) = 0. Since eigenspaces of T + T* reduce F if Fis hyponormal [11],

we have

Proposition 8. // F E 9, T is hyponormal, and T is completely nonnormal,

then F(L) = Ofor any verticle line L.

Example 5. Let A be the boundary of {x + iy: \x\ < l,\y\ < 1} equipped

with linear Lebesgue measure. Let 91t, = i/2(A), C be the operator of

multiplication by z + 2/ and define F as in Example 1. Then F is completely

nonnormal, FEO, o(C) is a square centered at 2/, and F({z: Rez = 1}) # 0.

Consideration of the shift shows that one can have F E 9, o (T*) ¥= 0,

and op(C) = 0. The converse is not possible.

Proposition 9. If T E 9 and X E op(C), then at least one of the following

must hold:

(a) X is a reducing eigenvalue of T,

(b) Xis a reducing eigenvalue of T,

(c) X, X are both eigenvalues of T*.

Proof. Suppose that T E 9 and C<b = X<b. Then

(X - T*)(X - T)<b = (X - C*)(X - C)<¡> = 0,

and

(X-F*)(X-F)<?> = (X-C)(X-C*)<p = 0.   D

The next example shows that (c) of Proposition 9 is actually possible. It is

based on an operator first constructed by Sarason [10, Problem 156].

Example 6. Let %0 be a one-dimensional Hubert space, g E %q oí norm

one. Let % be the orthogonal sum of L2 oí the circle and %0. Let S

= 9lt, © 0, where 91t, is multiplication by z in L2. Let 9It. be the S invariant

subspace generated by 1 © g and zH . S is the minimal normal dilation of

5|91t,. Let C = S + 2/ and define T as in Theorem 3. Then F E 9. T is

completely nonnormal by Theorem 5, so op(T) = 0. But 2/ E ap(C) since

0 E op(S).
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Note that in Example 6, 3o(C) $ da(T). Since Í|91L, and S*^ are both
unitarily equivalent to a unilateral shift we have that the F of Example 1 is

similar to the F of Example 6. However, the C of Example 1 has no point

spectrum and hence is not similar to the C of Example 6.
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