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LINEAR OPERATORS FOR WHICH T*T AND
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ABSTRACT. Let @ denote the set of bounded linear operators T, acting on a
separable Hilbert space 9 such that T* Tand T + T* commute. It is shown
that such operators are G,. A complete structure theory is developed for the
case when o(T) does not intersect the real axis. Using this structure theory,

several nonhyponormal operators in § with special properties are construct-
ed. -

1. Let 8 denote the set of bounded linear operators T, acting on a separable
Hilbert space % such that 7* T and T + T* commute. It is shown that such
operators are G). A complete structure theory is developed for the case when
o(T) does not intersect the real axis. Using this structure theory, nonhyponor-
mal operators in @ are constructed. Some results on the structure of o(7T') are
also obtained.

2. Introduction. The class 8 has been studied in [3], [4], [5], and considered
in [8], [9]. Our notation and terminology wxll be that of [5]. We shall review it
briefly. If T € 6, then 4T*T — (T* + T)> > 0[5]. Define

a T+ i\/472‘*T— (T* + T '

Then C is normal, o(C) is contained in the closed upper half-plane, C*C
=T*T,and T+ T* = C + C* [5]. In particular,

A-THA-T)=Q-CHA-C)

forall\. If T € @ and T is completely nonnormal, then o(T) = o(T*), o(C)
C o(T), 3s(T) S o(C) U o(C*), and q,(T) = 0 [4], [3]. The spectral meas-
ure for C is denoted by F(:). Any operator E such that E? = E will be called
a projection. The real numbers are denoted by . UHP (LHP) is the open
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806 S. L. CAMPBELL AND RALPH GELLAR

upper (lower) half-plane, UHP (LHP) are their closures. The restriction of an
operator B to subspace 9 is denoted B|9.

3. T € 8 with o(T) N & = . Our first result will be fundamental in the
sequel.

THEOREM 1. Suppose that C is a normal operator on X and E is a projection
such that

() C*(I-E)=(-E)C*(I-E),{EC*(I-E) =0},
(i) CE = ECE,{(I - E)CE = 0},
(iii) E*(C - C*)I - E) = 0.
Let
() T = CE + C*(I - E).
Then T € 0.
PROOF. Suppose that C, E satisfy conditions (i), (ii), (iii). Note that by (jii)
and (i):
E*C**(I- E)=E*C*(I-E)C*(I- E)=E*C(I-E)C*(I-E)
= E*CC*(I - E).
Let T = CE + C*(I — E). Then
T+T*=CE+C*(I-E)+E*C*+(I-E*)C
=C*+C+[CE-C*E+ E*C*-E*C)
But,
CE-C*E+E*C*-E*C=(C-CYE+E*(C*-C)
=(C-CYE+E*(C*-C)E=(I-E*)(C-C"E=0.
Thus T+ T* = C+ C*. Hence T* = C+ C* - T, or

(3) T* = C*E+ C(I - E).
Using (2), (3) we get
T*T = [C*E + C(I - E)][ECE + (I - E)C*(I - E)] = C*C.

ThusTE€ 6. O
Our next result shows that if o(T) N & = O, then T is in the form of
Theorem 1.

THEOREM 2. Suppose that T € @ and o(T) N R = . Let E be the projection
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obtained by integrating (\ — T)'-l around that portion of o(T) in the upper half-
plane. Let C be as in (1). Then C, E satisfy (i), (ii), (iii) and T = CE
+ C*(I - E).

ProoF. Since A — T*)(A — T) = (A — C*)(A — C) for all A, we have for
allA & o(C) U o(C*)

Cc-cHa-1)"'=[a-0)"'-a-cHTa-T*).

Integrating this first around the upper portion of o(T) and then the lower
portion of o(T') gives

(C-CHE=C-T* or E=(C-Cc*)"Y(c-T1"),

and

(C-C*»I-E)=—(C*-T*) o I-E=(C-C*)"'(T*-*).
By definition of E, we have TE = ET. Now

CE=c(C-c*)"T-c*=(c-c*)'(cT-c*C)
=(C-c*)(Cc- T")T = ET = TE.

Thus (i) holds. Similarly, C*({ - E)= (I - E)T=T(I - E). Thus T
= CE + C*(I — E). There remains only to check (iii);

E*(C-C*Y(I-E)=(C*-T)c*-¢c)'(c-c*)U-E)
=-C*(I-E)+TU-E)=0. O

One might suppose that the existence of the C, E in Theorem 1 is restrictive.
The next theorem shows it is not.

THEOREM 3. Let C be any normal operator such that o(C ) € UHP. Let M,
be any invariant subspace for C. Let M, = (C — C*)” ‘DIL"' Let E be the
projection onto O, along M,. Then T = CE + C*(I - E) €0and C, E
satisfy (i), (it), (iii).

ProoOF. Let C, 9, 9, be as in the statement of the theorem. Clearly I,
is C invariant. Thus 9, is C* invariant since O;" is C* mvanant Let
(Cc- C")/ denote an analytic square root of C — C* Now (C — C"') ‘:)R,
® (C— c*)"2ont = 9. Multiplying by (C — C*)™"? we see that m,
+ M, = I, + denotmg a direct sum. Thus E is bounded. Conditions (i), (ii)
are now immediate. Condition (iii) is equivalent to (C — C* o, € "JILIL . But
this follows from the definition of 9M,. O
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COROLLARY 1. If T € 0, and o(T) N R = B, then T is similar to the
orthogonal sum of two subnormal operators, T, T, and o(T) = o(T;) U o(T;),
o() N o(Ty) = .

Thusif T € 6, o(T) N & = &, and T is completely nonnormal, any results
about the spectra of subnormal operators may be applied to T.

For a compact set X, let C(X) denote the continuous functions on X and
A(X) the functions on X which are uniformly approximable by rational
functions with poles off X. Then from [6] and the results of this section we
have:

PROPOSITION 1. 4 compact set 2 such that Z N R = & is the spectrum of a
completely nonnormai T € 8 if and only if 2 is symmetric with respect to the real
axis and A(Z N D) # C(E N D) for every open disc D such that = N D
# Q.

The only part that needs to be proved is that if C is normal with an invariant
subspace M, C is the minimal normal extension of C|9, and C|9 is
completely nonnormal, then the T generated by C, 9N is completely nonnor-
mal. We now examine the relationship between the complete nonnormality of
T and the complete nonnormality of C|9.

First we need the following well-known result whose proof we omit.

PROPOSITION 2. Suppose T is hyponormal. If the subspace W is invariant under
T and T|9% is normal, then 9N reduces T.

ProposITION 3. Let 9, € N(T - C), (9, C N(T — C*)) be C,(C*)
invariant subspaces. If C|9n, (C * |9%,) has a normal summand, then T has a
normal summand.

The proof follows from Proposition 2 and the fact that T¢p = C¢, T*¢
= C*¢forp € M, (Tp = C*$,T*¢ = Co for ¢ € IM,).

THEOREM 4. Suppose that T € 0,0(T) N R =, and C, E are as in
Theorem 1. Let M, = E¥and M, = (I — E)X. Then T is completely nonnor-
mal if and only if both C|;, and C *|9r, are completely nonnormal.

PrOOF. Proposition 3 takes care of the only if part. Suppose now that T has
a normal summand so that T = T{ ® T, where T, is normal. Since (A — 7)™
=N\- 7{)"l e\- 7})", one of E or (I — E) has a normal summand and
C has a corresponding normal summand. Hence either C|9%; or C * |9, has a

normal summand. O
Theorem 4 has the following interesting consequence.

THEOREM 5. Let T, C, E, O, be as in Theorem 4. Then T is completely
nonnormal if and only if C|9, is completely nonnormal and C is. the minimal
normal extension of C|9N,.
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PrOOF. C is not the minimal normal extension of C|O, if and only if there
is a subspace 9 C 9M;" which reduces C. But from Theorem 3, 9,
= (C - C*)"'owi-. Clearly (C — C*)™'9t = 9. Thus C is not the minimal
normal extension of C|9, if and only if C*|9, has a normal summand.
Theorem 5 now follows from Theorem 4. O

Theorems 1, 2, and 3 completely characterize T €  with o(T) N A = @.
When considering some specific examples in §5 we will need the following
results.

THEOREM 6. Suppose that T € 0, there exists C, E satisfying (i), (ii), (ii1), and
C — C* is one-to-one. If T is also hyponormal, then T is normal.

PROOF. Suppose that T € 8, C and E satisfy (i)(iii), C — C* is one-to-one,
and T is hyponormal. Then
T*T - TT* = C*C—[CE + C*(I - E)|[E*C* + (I - E)* C]
= C*C - CEE*C*-E(I- E)'C
- C*(I-E)E*C*-C*(I-E)I-E)'C
) = CEE*(C - C*) + C*EE*(C*-C)
+(C*-C)EC + C*E*(C-C")
= (C* - C)EE*(C* - )
+(C* - C)EC + C*E*(C - C*).

Thus (I - E*)[T*T - TT*](I - E) = 0. But [T*T - TT*] > 0 so that
[T*T - TT*]( - E) = 0. Thus by (4), we have (C* — C)EC(I - E) = 0.
But C* — C is one-to-one. Hence EC(I — E) =0, or EC = ECE = CE.
Since C is normal we also have EC* = C*E by Fuglede’s theorem [10]. Thus
(iii) becomes (C — C*)E*(I—E) =0 or E*(I — E) = 0. But then E*
= E*E. Hence E is hermitian and reduces T. But o(TE) C UHP, TE € 4,
implies T is normal [5]. O

COROLLARY 2. If T € 8, o(T) N R = &, and T is not normal, then T is not
seminormal.

COROLLARY 3. If T € @ is hyponormal and completely nonnormal, then there
does not exist an E satisfying (i), (ii), (iii) where (2) holds.

4. Operators in 8 are G;. An operator is called G, if for all A & o(T),
A = 7)™ is the reciprocal of the distance from A to o(T). That is,
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I = 7)™ = oA, o(T)).
Hyponormal operators are always G, [16].
THEOREM 7. If T € 0, then T is G,.

PrOOF. We may assume that T € 8 and T is completely nonnormal. Let C
be as in (1). Let D, be the complement of @ X [-ie,ie] Then (A —T)
-\ =C*F(D))"'F (D) is analytic on UHP and

A= T)A-C*F(D))'F(D,) = A - T)(A - C*)™'F(D,)
for A & o(C*) C o(T). But for any vector ¢ € I and any real A,
IA - T)A - c*F@,) " FD)4l
= (A - T)(A - C*F(D,))” F(D)$,(\ - T)(A - C*F(D,))” F(D,))
= (A= C*A - C)A - C*F(D)) ' F(D)$,(A - C*F(D,))™ F(D)$)
= {(A - CF(D,))F(D,)$,(A - C*F(D,))”' F(D,)$)
= (F(D)s, F(D)$) = IF(D)$I” < llslP.
Also limy . [(A = T)A = C*F(D))™"|| = 1. Thus

IA - YA = C*F(D)) ' FD)I < 1

for all A € UHP. Hence ||\ = T)(A — C*)7'|| < 1 for all A € UHP, A
& o(T) smce F(D,) converges strongly to I as ¢ — 0 [S]. Similarly ||A - T)

‘A-C) Yl < 1forallA € LHP, A & o(T). Nowif A € UHP, A & o(T),
we have

IR-1)'I=la-)"I=la-DA-cH'0a-0)"l
<la-na-cHn-o)™|
< I =)' = VoA o(C)) = V(R o(C*))
= 1/p(},o(T)).
Similarly, if A € LHP, A & o(T),

IX = )71l < Yo(R, o(T)).

Hence Tis G;. O
From [17, Theorem 1] and Theorem 7 we have:
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PROPOSITION 4. Suppose that T € @ is completeiy nonnormal. Then for any
2y € o(T) and disc D centered at zy, D N o(T) cannot lie on a Jordan arc.

While Propositions 1 and 4 are similar, they are not equivalent.

Knowing that T € 8 is G, allows alternative proofs of some of our earlier
results. For example, that isolated points of o(T’) are reducing cigenvalues for
G, operators is known [14]. It also tells us that the convex hull of o(T) is the
closure of the numerical range of T, Cl W(T) [12]. That is, T is convexoid. It
does not however, provide an alternative proof of the fact that all eigenvalues
of T are reducing [4]. Note that there are nonnormal compact G, operators
[16], though there are no nonnormal compact operators in 4 [4].

If T € 0, then T restricted to any reducing subspace is also in . Thus
T € 0 are not only G, but also reduction-G, [1].

5. Examples and extension of the model. Our first example is, in a certain
sense, canonical for T € 6, T completely nonnormal, o(T) N A = . Theo-
rem 3 will be the basis for most of our constructions.

ExaMpPLE 1. Let H? be the usual Hardy space of the circle. Let C be
multiplication by ¢® +2i in I* of the circle. Let M, = H and M,

= (2 +sinf)" 'H* . Let T be the operator generated by C, 9, 9,. Then
T € 0, T is completely nonnormal and o(T) is the union of two discs centered
at 2i, —2i and of radius one. By Corollary 2, T is not hyponormal.

Example 1 shows that Conjecture (C) of [4] is false and the class of
operators in 8 is nontrivially larger then was conjectured there. It also shows
that o(T') need not be connected as was suggested in [5].

The point spectrum of the adjoint of an operator is preserved by similarity.
Hence o (T*) = {z]|z = 2i|< 1} U {z]z + 2i|< 1} for the T in Example 1
since CIH is just 2i + S, S a unilateral shift.

If @, B are real scalars and T € 6, then aT + 8 € 6. By taking direct sums
of these operators, T as in Example 1, it is possible to build a completely
nonnormal nonhyponormal operator T € 8 whose spectrum is any closed set
= whose interior is dense in Z, and which is symmetric with respect to the real
axis. Let A be a subset of the unit disc, equipped with a measure g, so that
%(A) is not dense in I2(A,dy). Let %*(A) be the L? closure of R(A). If A has
no interior and we repeat the construction of Example 1 using ﬁz(A) instead
of H%, we geta T € 0, T completely nonnormal, T not hyponormal, and o(T')
with no interior. For example, A could be chosen as a ‘Swiss Cheese’ space
[14].

We shall now briefly consider two possible ways of extending the structure
theory of Theorems 2 and 3 to operators with o(7") N R # . Note from the
proof of Theorem 2, that if o(T) N ® = @, then M, = N(C — T*) while
M, = N(C — T). Conversely;
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PROPOSITION 5. Suppose that T € 0 and C is (1). Let Oy = N(C — T), 9,
= N(C* = T). Then M, M, are T invariant, T|R, = C|9;, and T|R,
= C*|9N,. Furthermore, if C — C* is one-to-one, then O, N 9, = {0}.

Proor. Note that C* - T*=T-C,T*-C=C*-T, and C*C
=T*T.Thus C*(T-C) =(T-C)Tand C(T- C*) = (T-C*)T. O

There need not, however, exist a nontrivial null space for either C
-TorC*-T

PROPOSITION 6. Let S be a unilateral shift. Let C be as in (1). Then
N(C—-S) ={0}and N(C — S*) = {0}.

ProoF. Since S*S = I, C is a unitary operator with spectrum on the upper
half of the unit circle. Thus C|9% is normal for any invariant subspace 9% of
C. By Proposition 2, N(C — S) and N(C — S*) reduce C. But C— S
=§*-C*and C- S* = S — C*. Thus N(C — S), N(C — S*) reduce S.
Since S is completely nonnormal, we have N(C — S) = {0} and N(C — S*)
={0}. O

Since operators in # are G|, another possible extension is to use the results
of Stampfli [18] to generalize Theorem 2. In [18] a method is developed to
integrate a scalar multiple of the resolvent around pieces of o(T'). For
example, if o(T) € D, U D, where D, are two discs, tangent say at 0, then
[18] gives hyperinvariant subspaces 9, 9M, for T such that o(T|ON,)
C D,,o(T|M,) C D, . Ifo(T) N R = @, then this M, M, are complemen-
tary. In general, however, they need not be complementary. This difficulty is
implicit in [18].

ExaMmpLE 2. Let C, = el + (1 + €)i for e > 0 on I? of the circle. Let
R, () = H?, OM,(e) = (sind + 1 + €)' H*L, and E, be the projection onto
oM, (e) along M, (e). Assume for the moment that ||E, || — oo as e — 0. Define
T, using C,, M, (e), M, (e). If 7;, C, are multiplied by the same real scalar, then
T, = C,E, + C} (I - E,) still holds. Define

00
T= El ®T, /|lE, |l wheree — 0.
‘-

If ¢, — 0 not too fast, we have T € 6, o(T) is connected, and o(T) N &
= {0}. Let 91, 9N, be the subspaces generated by Stampfli’s theorem. Using
fi» f, nonzero except at zero, we have 9;, 9, are hyperinvariant for
T, o(T|9,) € o(T) N UHP,o(T|9M,) C o(T) N LHP, 9, + 9N, is dense,
and 9M; N 9N, = {0}. The integrals used to define M;, 9N, are the orthogo-
nal sum of the corresponding integral on each 12 space. Since f}, f, were
assumed nonzero away from zero, we have

y [él oM, (e,.)] com, U [é. @%2(6,-)] com,.
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Thus to show that 9, and 9N, are not complementary it suffices to show
||E |l = 0. To see that ||E,|| > o as e — 0, let a,, B, be the two roots of
2+ 2(1 + e)iz — 1. One root has modulus greater then one, the other has
modulus less then one. Assume la,| < 1,1 < |B,]. Note that a,, B, —> —i as
e—0. Let f=—B,(z—B) .} = (1-a,2)z Note that f € H? and }
€ H*:. Now let

=j;+(z—l’+2i(tz+l))"lc

and observe that f € M, (e), (z — 2 + 2i(e + 1)) f € 9My(e). Thus E,g,
= f and ||f]| = oo as e — 0 since B, — —i. But for |z] = 1,

g, =—-B-B)" +22+ 2+ )z-1)"(1-a,2)z
=-Bl-8)"+G-a)"'c-B)"(- a3
=(z-B,)"'(-B, +2).

Thus |lg,|| = 1, || E,g,|l = o0, and hence ||E,|| = oo as desired.

It would be of interest to know if for every completely nonnormal T € 4
such that o(T) N 4 is a single point, one has M, IM, as in Example 2.
Provided o(T) N LHP and o(T) N UHP are separated by the appropriate
curves, Stampfli’s result gives an 9, 9, hyperinvariant for T such that
M, N 9N, = {0}. The difficulty is in showing 9, + 9N, is dense.

If one considers the special case in [18, Theorem 1] where f(A) = X", i = 1,
2, m an integer > 1, one can show that 9%, + 9, is dense if 0 & oP(T*’"),
since

m _ mey _ oyl mey _ oyl
= [, X'O-T) dx+j;02>\ (A - T)""an
Putnam has shown that lf 0€e oP(T*) 0 € 3o(T), and there exists A, = 0
such that |A | ||(T* - A )_ | = 1 as n — oo, then 0 is a reducing exgenvalue
[13]. Putnam’s result is thus one way of getting 9, + O, = K for completely
nonnormal T. However, this result and its subsequent generalizations, force
90(T) to approach 0 almost vertically in order to apply them. Our next result
does much better for operators in 6.

THEOREM 8. Suppose that there exist lines y2 =ax?,a> 0 and fixed, such
that all points in o(T) except zero lie either above Loth lines or below both lines.
Suppose that T € 0 and T is completely nonnormal. Then 0 & op(T* ).

PROOF. Suppose that T*¢ = 0, ||¢]| = 1. Note that for real ¢ e # 0,
€-c*)'E- T*) is unitary. Thus 1= lg]l = e = C*)7'(e— T*)s
= [le(e — C*)™' ll. Now
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_ %
e - C ) ¢ = f(c) - F(d)\)¢

But [e(c — 'X)_'I < lelfe = )\Ol where A is on the two lines. Since the ratio
between ¢ and the dlstance from ¢ to the nearest point on a line is a constant
K, we have |e(e — A)' | < KallX € o(C) and K is independent of e. From
[5] we have 0 is not a pomt mass of F(-). Hence there exists & > 0 such that
IF(lz] < Dol < QK )~!. Also there is an gy > 0 such that {X: |eg(eg — M|
> 1/2) C {z: |z] < ¢}. Now

f.,<c) @ oy FeNe = fM< o 2= F(dNs + f

But

. € o
||'£A|<e| £ —XF(dA)d’“ < KQK) =1/2
and

| 5. 2ot = 7" Faa| < olr2 = 72
Thus |eg(ey — C*)7's|l < ll¢|l which is a contradiction. O

One can weaken the assumptions of Theorem 9 to only T € 8, T complete-
ly nonnormal and there exists real ¢,, ¢, & o(T), €, — 0, such that
e, p(e, o(T)) is bounded mdependently of n.

The example on pp. 280-281 of [13] shows that Theorem 8 is not true for T
which are not in 8 but are G;.

Regardless of whether or not the subspaces generated by Stampfli’s theorem
have dense sum, their existence gives much information about o(T).

THEOREM 9. Suppose that T € 0,0(T) N R = {0}, and T is completely
nonnormal. Suppose further that there exist functions f,, f, and domains D,, D,
satisfying the assumptions of 18, Theorem 1 and Theorem 1'). Let ON;, 9, be the
closure of the ranges of

A= ./;lel(k)()\ - T)"]d}\, B = j;szzo‘)(}‘ _ T)_ldA

respectively. Let C be as in (1). Then T|9, = C|9,, and T|9N, = C*|9n,,
o(T|oN,) C UHP, and o(T|N,) C LHP .

Proor. The only part that needs proof is T|9; = CIG.JR,, and T|ON,
= C*|91,. The rest is done in [18]. First note that
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[ (C=-NAMA-T)dA
9D,
= [, €=NFMA- ) A= c*) A - T
1
=~ [ SO -t a-THax =0,
But then

0= fap. € -NHMOA-T)"ar

- Cj;le,(A)()\ -7)"'dx -fw' M)A - T)'ax

= CA — TA as desired.
The proof that (C* — T)B = 0 is similar. [

6. Comments and more examples. While the results of [4], [5] and this paper
have developed many basic properties of the class #, numerous questions
remain. For convenience, let (Q) denote the class of quasinormals [2] and (QA4)
denote operators of the form 7 + T, where [} € (Q), T, = L, T, and T, is
selfadjoint. Then (Q) C (QA4) C 8 and all inclusions are proper. An obvious
problem is to determine what types of restrictions on operators in 4 force them
to be in (Q) or (QA). In particular, are there T € 8 which are subnormal and
not in (QA4)?

It was shown in [4] that if 7% T — TT™ has a kernel, then operators in 8 have
a block decomposition much like the operators in (QA4). If T € # and
T*T — TT* has rank one, then T € (QA).

TueorReM 10. Suppose that T € 0 and T*T — TT* has rank one. Then
= [\ + X\, S] ® N where A, is real, \, > 0, S is a unilateral shift of multipli-
city one, and N is normal.

PROOF. Suppose that T € 8, T* T — TT* has rank one, and T is complete-
ly nonnormal. Then by [4] T has the scalar matrix,

aq 0 0
T = by a, 0
0 bz a3 N
all b; are nonzero, and the (1, l) entry acts on the fange of [T*T - TT *1.
From (2) of [4] we have ba,,, = a,B, la,, > + |b,,,1* = |b,]* + la,,,|*. Also
alb,|> = |b|°q, since T € 6. Let A, = a,. Then A, is real and a; = A, for all

i. Also |b, I is independent of i. Let A, = |b,;| and recall that welghted shifts
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are unitarily equivalent if their weight sequences have the same moduli [10].

a

However, if 7% T — TT* has rank greater then one, the situation is different.
We shall now construct a T € 0 such that T is hyponormal, T & (QA), and
T*T — TT* has rank two.

EXAMPLE 3. Let T be given by
4 0 0 0
5 T=

on countably many copies of a two dimensional Hilbert space. Let

A_Oe,. 3_8,-0
s 0] Lo v

where e, f» 8, v; are real scalars. Then T*T — TT* has matrix Diag{D,0,
0,...} if and only if

(6) A} A, + Bl B, — 4| A} = D,

) AlA,+B'B,=B,_ B, + 4,4}, i>2,
and

®) B*4,,,=A4,B", i>1l

If (6), (7), (8) are satisfied, then T € 0 if A} D is hermitian [4]. Take
0<a<landc—(2+2a) Sete,-ca,fl-—c,and

8 = n = (1 + 1P = 1) = @@+ |1 - )2
Equation (6) gives D = [}?]. Equation (7) becomes

) €1 = €Y/0; fix1 = .8,/ izl
while (8) is
(10) 8:'2+1 = 8:‘2 + eiz-H —f‘il’ 'Yi2+l = 7:‘2 +f'3-l — €

Note that given ¢,, f, 8;, v;, then ¢;, £, are determined by (9) Then (10), if
consistent, gives a unique positive §;,,, v, - A straightforward computation
yields that ¢ = e;, f; = f;, §; = 8;, v, = v;. Thus the sequences 4,, B,,
defined by (9), (10), our initial conditions and the requirement §;, y; > 0, are
well defined and bounded. Furthermore, A} D is hermitian so T € 4. But
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DA} D is not hermitian so T & (Q4) [4]. Note also that T is hyponormal since
D > 0.

For the convenience of the reader interested in studying this example more
carefully we give the B;, 4;, explicitly. As noted, 4;,4 = A4,, B;,s = B;. The
blocks are

[a o [va o ~[va 0]
B"'[o s,]’ B’_[o 1]’ B"[o 1]

I IR

0 ca 0 ca 0 cal
Rl M S P B

0 ¢ {0 ¢ [ o eval
44 [ca 0]' As—[ca 0]’ A6—[0\/E 0 |

In Example 1, the two components of o(T) were not spectral sets since the
projections obtained by integrating the resolvent were not hermitian. Hence
o(T) was not a spectral set of T.

ExAMPLE 4. Let (T} be a family of operators in 8 constructed as in Example
1 such that U;a(7)) is dense in the unit disc. Let T = 2 @ T;. Each 7 has
norm no greater than one. So T is a contraction such that o(T) is the unit disc.
Thus o(T') is a spectral set for T [15, p. 441]. Note that T is nonhyponormal
and completely nonnormal.

However, if T € 0, o(T) is the unit disc and o(C) is contained in the unit
circle, then T is an isometry since T*T = C*C = I. For a related result see
7.

If Te(Q), then T" € (Q) for all positive integers n. Which other
operators in § have powers also in ? As a partial answer we note that

PROPOSITION 7. If T € (QA), then T* € 6 if and only if T € (Q).

-

and

-

Proor. Using the canonical form for (Q) given in [2] it is easy to reduce the
problem to showing that (a + S) & 4 for all real a # 0 where S is a
unilateral shift. It suffices to show that T = 2aS + S* & 4. But

*T = (S* +20)(S+ 20) = 4a® + I + 2a(S + S*),
T+T* =2oS +5%) + 5%+ 5%
Thus T ¢ §if S* + S and S? + S*? do not commute. But
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[(S* + S)(S* + §*?) — (S2 + S*Y)(S* + S)|S
=(S*+S)S*+S*) - (52 +5*H(1 + 5?)
=852+85*?+ 854 +55* - s -st—1=855s"-1+#0.

Thus T & 6.
Note that if T is a weighted bilateral shift with positive weights whose
smallest period is k, then T € 6, T™ & 8 for all m # nk, where n > 0.
The structure of the spectral measure of C and the structure of T are, of
course, related. It was shown in [5] that if T € @ is completely nonnormal,
then F(®) = 0. Since eigenspaces of T + T* reduce T if T is hyponormal [11],
we have

ProrosITION 8. If T € 0, T is hyponormal, and T is completely nonnormal,
then F(L) = 0 for any verticle line L.

ExXAMPLE 5. Let A be the boundary of {x + iy: |x| < 1,]y| < 1} equipped
with linear Lebesgue measure. Let M, = H 2(A), C be the operator of
multiplication by z + 2i and define T as in Example 1. Then T is completely
nonnormal, T € 8, o(C) is a square centered at 2i, and F({z: Rez = 1}) # 0.

Consideration of the shift shows that one can have T € 6, op(T‘) #* I,
and g,(C) = . The converse is not possible.

PrOPOSITION 9. If T € § and XA € op(C ), then at least one of the following
must hold;

(a) A is a reducing eigenvalue of T,

(b) X is a reducing eigenvalue of T,

(c) A\, X are both eigenvalues of T*.

PrOOF. Suppose that T € 0 and C¢ = A¢. Then
A-THA-T)p=A-C*")A-C) =0,
and
A-THA-T=R-C)A-C*=0 0O

The next example shows that (c) of Proposition 9 is actually possible. It is
based on an operator first constructed by Sarason [10, Problem 156).

ExaMpLE 6. Let I, be a one-dimensional Hilbert space, g € 3, of norm
one. Let 3 be the orthogonal sum of I? of the circle and 3Co. Let N
= 9, & 0, where I, is multiplication by z in L2 Let 9N, be the § invariant
subspace generated by 1 & g and zH 2, § is the minimal normal dilation of
Slon,. Let C = § + 2i and define T as in Theorem 3. Then T€ 4. T is
completely nonnormal by Theorem 5, so 6,(T) = &. But 2i € g,(C) since
0 € g,(S). ’
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Note that in Example 6, 36(C) € 80(T). Since $|9n, and $* |9, are both
unitarily equivalent to a unilateral shift we have that the T of Example 1 is
similar to the T of Example 6. However, the C of Example 1 has no point
spectrum and hence is not similar to the C of Example 6.
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